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Infinite-range interactions are known to facilitate the production of highly entangled states with applications
in quantum information and metrology. However, many experimental systems have interactions that decay with
distance, and the achievable benefits in this context are much less clear. Combining recent exact solutions
with a controlled expansion in the system size, we analyze quench dynamics in Ising models with power-law
(1/rα) interactions in D dimensions, thereby expanding the understanding of spin squeezing into a broad and
experimentally relevant context. In spatially homogeneous systems, we show that for small α the scaling of
squeezing with system size is identical to the infinite-range (α = 0) case. This indifference to the interaction
range persists up to a critical value α = 2D/3, above which squeezing degrades continuously. Boundary-
induced inhomogeneities present in most experimental systems modify this picture, but it nevertheless remains
qualitatively correct for finite-sized systems.
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The dynamical growth of entanglement in far-from-
equilibrium quantum systems makes them attractive for nu-
merous applications in quantum information science, but
greatly complicates their description. For sufficiently short-
ranged interactions, entanglement growth after a quench is
constrained to within a light cone [1], often allowing for ef-
ficient numerical simulations [2, 3]. On the other extreme,
systems with infinite-range (i.e. distance independent) inter-
actions develop entanglement on all length scales simulta-
neously, but are nevertheless easily characterized in terms
of a small set of collective variables [4]. The interme-
diate territory of long but not infinite-ranged interactions
is comparatively uncharted, and questions surrounding the
growth of entanglement—and the associated computational
complexity—in this regime have recently attracted significant
theoretical [3, 5–10] and experimental [11–13] attention.

An important application of quench-induced entanglement
is the generation of spin-squeezing [14], which has been
sought as a means towards quantum-enhanced metrology [15–
18], and more generally provides a theoretically tractable and
experimentally accessible metric for characterizing entangle-
ment in non-equilibrium systems [19–24]. Strategies to pro-
duce spin-squeezed states [22, 25–28] and the experiments
that have pursued them [16–18, 29–31] are extremely diverse,
but tend to share the idealization of infinite-range interac-
tions and perfectly collective dynamics. Indeed, the difficulty
of studying non-equilibrium systems with long (but not in-
finite) ranged interactions has obscured the extent to which
squeezing is robust to relaxing this idealization. This ques-
tion is, however, of immediate importance to many long-range
interacting experimental systems, including polar molecules
[11, 32], magnetic atoms [33], Rydberg atoms [34, 35],
trapped ions [12, 13, 36, 37], and optical lattice clocks [38],
in which interactions decay with distance.

To answer this question, we consider a generalization of
the single-axis twisting model [14] where the spin-spin cou-
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FIG. 1. (Color online) (a) Spin squeezing in the single-axis twisting
model depicted on the Bloch sphere. The shaded areas represent
the uncertainty due to spin projection noise. (b) A physical process
contributing to the correlation between two spins (in white) via three
intermediate spins. Each leg connecting a white spin to a colored one
caries a factor t/rα, with r the distance between the spins.

plings decay as a power law 1/rα, and analytically compute
how the amount of squeezing scales with the number of spins
N . Remarkably, we find that for spatially homogeneous sys-
tems, the scaling of squeezing with system size is completely
unaffected by the decay of interactions for α < 2D/3, with
D the dimension of space. In the single-axis twisting model
(α = 0), quantum correlations between pairs of spins conspire
to reduce spin projection noise [Fig. 1(a)] below the standard
quantum limit by a multiplicative factor ξ, called the squeez-
ing parameter. For α > 0, the dynamics are not collective and
the spin-state cannot be represented on a Bloch sphere, but the
indifference of squeezing to interaction range can be under-
stood by considering the physical processes that generate such
correlations. An example is shown in Fig. 1(b), where correla-
tions between two spins (in white) are mediated by three other
spins (colored). Each leg represents one application of the
Hamiltonian and hence caries a factor ∼ t/rα, where t is time
and r is the separation between the spins connected by that
leg. For sufficiently small α we can restrict our attention to
processes where the two white spins are minimally coupled—
i.e. by exactly two legs—to each spin mediating their correla-
tion, since these contributions to the correlation diverge most
strongly withN . Summing over the position of the mediating
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spin we find a contribution ∼ t2
´

dDr/r2α ∼ N × t2N−2α/D

(the final step here follows from dimensional analysis, and
noting that the linear system size scales as N1/D). Because
t always enters in this manner, all correlation functions can
be written in terms of N and a rescaled time τ = tN−α/D.
Therefore, even though ξ depends on N , t and α, we can ap-
proximate it as a universal function ξ(N , τ) of the system size
and a rescaled time, with no reference to the range of interac-
tions. It follows that, at least for sufficiently small α, the de-
cay of interactions only affects the time at which the optimal
squeezing occurs, but does not affect how much squeezing can
be achieved. In what follows, this claim will be substantiated
with an explicit calculation, and we will determine the criti-
cal value of α above which this simple picture breaks down.
Before proceeding, we note that most experimental systems
are not spatially homogeneous (owing to boundary effects),
and for sufficiently large N such inhomogeneity will be seen
to impose a finite minimal value for ξ that is independent of
system size. Nevertheless, we will demonstrate that the qual-
itative picture just described persists in relatively large (but
necessarily finite) systems.

Model and formalism.—We consider non-equilibrium spin
dynamics generated by the Hamiltonian

H =
J
2

∑

i, j

σ̂z
i σ̂

z
j

|ri − r j|α , (1)

where indices i, j label sites of a regular lattice, which are lo-
cated at positions r j. Note that this Hamiltonian reduces, in
the limit α → 0, to the single-axis twisting model. The sim-
plest protocol for generating spin-squeezing from the Hamil-
tonian in Eq. (1) is to initiate all of the spins pointing along a
common direction in the xy plane; without loss of generality
we choose the x-axis [Fig. 1(a)]. The variance of the total spin
measured along a direction cos(ψ)ŷ + sin(ψ)ẑ perpendicular to
the x-axis is given by

∆ψ(t)2 =
1
4

∑

i, j

〈(σ̂y
i cosψ + σ̂z

i sinψ)(σ̂y
j cosψ + σ̂z

j sinψ)〉,

where we have taken advantage of the fact that all single-
spin expectation values in the yz plane vanish by symme-
try. In the initial state the variance is isotropic and given by
∆ψ(0) = N/4. At any later time t, the variance depends on
ψ. Minimization of the variance with respect to the angle ψ
at fixed t can be carried out without explicitly evaluating the
correlation functions involved [14], yielding the squeezing pa-
rameter as a function of time [39],

ξ(t)2 ≡ N−1∆2
min(t) = 1 +A(t) −

√
A(t)2 + B(t)2, (2)

where

A(t) =
1

2N
∑

i, j

(
〈σ̂y

i σ̂
y
j〉 − 〈σ̂z

i σ̂
z
j〉
)
, (3)

B(t) =
1

2N
∑

i, j

(
〈σ̂y

i σ̂
z
j〉 + 〈σ̂z

i σ̂
y
j〉
)
. (4)

In general ξ(t) will decrease with time (starting at ξ(0) = 1),
obtaining a minimum value before eventually growing large.
We characterize the time t̃ at which ξ is minimized, and the
squeezing ξ̃ = ξ( t̃ ) achieved at that time, by how they scale
with the system size N in the N → ∞ limit [40],

ξ̃2 ∼ Nν and t̃ ∼ Nµ. (5)

For infinite-range interactions (α = 0), the behavior of the
system simplifies because the dynamics is constrained to a
small set of collective states, known as the Dicke manifold
for its role in the theory of superradiance [4]. Equation (2)
then takes a simple closed form, and analysis of its asymp-
totic behavior yields ν = µ = −2/3 [14]. Note that ν = 0
and ν = −1 correspond, respectively, to the standard quantum
limit and the Heisenberg limit; the single-axis twisting model
produces squeezed states that fall in between these two limits.

Scaling of squeezing for α , 0.—For interactions that de-
cay with distance the dynamics is no longer constrained to the
Dicke manifold. However, correlation functions can still be
computed using the exact solutions of Refs. [19, 41]. We find

A(t) =
1

4N
∑

i, j

( ∏

k,i, j

cos
(
ϕik−ϕ jk

) −
∏

k,i, j

cos
(
ϕik +ϕ jk

))
,

B(t) =
1
N

∑

i, j

sin
(
ϕi j

) ∏

k,i, j

cosϕik, (6)

where ϕik = 2Jt|ri − rk |−α. To proceed we will expand these
functions as series in time and analyze, at each order in time,
the leading contributions in powers of the system size N . To
this end, it is helpful to give the terms in these expansions
diagramatic representations. For example, Fig. 2 shows a
schematic representation of the series expansion forA(t).

+ + + . . .

= +=2'ik'jk= � 1
N
P

i 6=j

= �P
k

+ + + +

='2
ik+'2

jk

A(t) =
1
2

✓ ◆

odd

FIG. 2. Expansion of Eq. (6) [see also Eq. (S1)]. Each diagram has
an associated combinatorial factor, which is obtained by multiplying
the entire diagram by 1/m! for each group of m identical vertices, and
then multiplying each black vertex by 1/(2n)!, where n is the number
of legs connected to that vertex. The subscript “odd” implies to keep
only diagrams with an odd number of wavy legs.

These diagrams facilitate a sorting of contributions to A(t)
and B(t) by powers of N . For example, in the case α = 0 it
is straightforward to see that tree diagrams—those for which
each black vertex is connected by a single leg to the central
white vertex—contribute dominantly (in powers of N) at any
order in time.

To obtain a valid expansion for the squeezing parameter ξ(t)
near t = t̃, we assume thatA(t̃) � B(t̃), which can be verified
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at the end of the calculation. This assumption enables us to
rewrite ξ(t) as the following convergent series

ξ(t)2 =1 − 1
2
B(t)2

A(t)
+

1
8
B(t)4

A(t)3 − . . . (7)

Inspection of Eq. (7) reveals that ξ(t) � 1 requires δ(t) ≡
A(t) − 1

2B(t)2 > 0 must satisfy δ(t) � A(t), 1
2B(t)2. Plug-

ging A(t) = 1
2B(t)2 + δ(t) into Eq. (7) and working to lowest

nontrivial order in both δ(t) and B(t)−1, we then obtain

ξ(t)2 ≈ 1 + 2δ(t)
B(t)2 . (8)

Our goal is now to understand the asymptotic behavior of
Eq. (8) for large N by expanding the correlation functions
involved diagramatically.

For 0 < α < D/2, each black vertex attached by a single leg
contributes at order t2N1−2α/D to a given diagram, as can be
verified by converting the sums involved into integrals [42].
Summations over black vertices with more than one leg either
converge or diverge less strongly with N , and therefore A(t)
is dominated by tree diagrams. Factoring out all contributions
from wavy legs, we obtain

+ . . .

!
+A(t) ⇡ 1

2

 
+ . . .

!
+

!
+

⌘
odd

+

A(t) ⇡ 1
2

✓ ◆ ✓ ◆
⇥+ + + ++ . . . + . . . .

Here, “≈” means “equal to leading order in N at all orders
in t”, and a product of two diagrams is carried out by joining
their white vertices. The two series in parentheses above can
be resummed to give

A(t)≈ 1
2N

∑

i, j

sinh
(V(ri, r j)

) × exp
( −

∑

k

(ϕ2
ik + ϕ2

jk)
)
, (9)

where V(ri, r j) ≡ ∑
k ϕikϕ jk. In the supplemental material

[42], we show that for a homogeneous system the terms with
one wavy leg, which can be obtained from Eq. (9) by ex-
panding the sinh to first order, coincide with the expansion
of 1

2B(t)2 to leading order in N at all orders in time (this also
holds true for D/2 < α < D, even though non-tree diagrams
must be included in this case). Thus we have

A(t) ⇡ 1
2

✓ ◆ ✓ ◆
⇥+ + + ++ . . . + . . . .

◆ ✓ ◆
⇥ + + ++ . . . + . . . .�(t) ⇡ 1

2

✓

◆ ✓ ◆
⇥ + + + + . . . ,

1
2
B(t)2 ⇡ 1

2

✓

The equivalence between the set of diagrams with a single
wavy leg and 1

2B(t)2 has a clear physical origin: In the expan-
sion ofA(t), these diagrams generate correlations between the

(b)
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FIG. 3. (Color online) (a) Schematic plot of Eq. (11), demonstrating
how the optimal squeezing results from a competition of two dif-
ferent diagrams. (b) Scaling of spin-squeezing with the interaction
exponent α. The blue (red) points show the scaling ν (µ) for three
different values of N = 103, 104, 105 (from darker to lighter shades),
calculated using Eq. (6). The solid blue (red) lines are the corre-
sponding results obtained from Eq. (11). The black-dashed lines are
analytic results, valid for N → ∞, and reported in the table on the
fourth page of the manuscript.

y components of two spins at sites i and j through their mu-
tual precession around the z-projection of a single interme-
diate spin k. On the other hand, that same diagram can be
viewed as the product of two independent processes that gen-
erate yz correlations, either between the spins i and k or spins
j and k, and therefore also provides the leading contribution
in the expansion of B(t)2.

In the exponent of Eq. (9), we encounter sums that scale (at
the time of optimal squeezing) as t̃2 ×N1−2α/D ∼ N2µ+1−2α/D.
These sums will be small in the large N limit as long as
µ < α/D − 1/2, in which case we set the exponential to
unity; this condition will be assumed, and can be shown to
be self-consistent at the end of the calculation. Setting this
exponential to unity amounts to dropping all diagrams con-
taining dashed legs inA(t), B(t)2, and δ(t), and so at this level
of approximation we have

B(t)2 ≈ 1
N

∑

i, j

V(ri, r j) =
∑

i, j

ϕikϕ jk ≈ U(t)2, (10)

where U(t) ≡ ∑
i ϕik. Note that the equality results from ho-

mogeneity, and the second ≈ implies equality to leading order
inN . Still working under the assumption µ < α/D− 1/2, one
can check that at the time of optimal squeezing δ(t) is dom-
inated by the lowest-order diagram (with three wavy legs),
given by Y(t) = 1

N
23

3!
∑

i, jV(ri − r j)3, and therefore

ξ2(t) ≈ 1 +Y(t)
U(t)2 . (11)

The diagrams that represent U(t) and Y(t), and their contri-
butions to the behavior of ξ2(t), are shown schematically in
Fig. 3a. Physically, Y(t) corresponds to a process where the y
components of two spins become correlated via their mutual
interaction with three other spins (as in Fig. 1b). By convert-
ing sums into integrals and doing dimensional analysis, these
diagrams can readily be seen to scale as U(t) ∼ N(tN−α/D)
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and Y(t) ∼ N4(tN−α/D)6. Therefore, in terms of a rescaled
time τ = tN−α/D, Eq. (11) obtains the same form that it would
in terms of the bare time t at α = 0. As an immediate conse-
quence, the optimal squeezing exponent ν cannot depend on
α and must take on its α = 0 value of ν = −2/3. Similarly,
we conclude that τ ∼ N−2/3 (because this is how t scales at
α = 0), giving µ = −2/3 + α/D.

Equation (11) actually remains valid as α exceed D/2, but
the calculation leading to it becomes more difficult, in part
because the expansion ofA(t) is no longer dominated by tree
diagrams. A detailed analysis reveals that the leading order di-
agrams for A(t), which have one wavy leg, continue to agree
with 1

2B(t)2 to leading order inN at all orders in time [42]. In
addition,Y(t) andU(t)2 continue to give the dominant contri-
butions to δ(t) and B(t)2, respectively, as long as the diagram
Y(t) diverges with N , which persists until α = 2D/3. Thus
the result (ν, µ) = (−2/3, α/D − 2/3) holds for 0 ≤ α < 2D/3.
For 2D/3 < α < D, the numerator in Eq. (11) no longer di-
verges with the system size, while the denominator scales as
t2N2−2α/D. The system-size dependence therefore factors out,
giving ξ2 ∼ N2(α/D−1), causing the optimal squeezing to occur
at a time that is independent of N . For α > D all diagrams
are convergent in the large N limit, and neither t̃ nor ξ̃ scale
with the system size, giving µ = ν = 0. These results can be
summarized as follows,

0 2D/3 D
↵

Full squeezing
(obtained at later times 

than for           )

Partial squeezing 
(   scales less favorably 

than for          )

Squeezing is 
independent of 

system size↵ = 0
⇠̃

↵ = 0

µ
⌫ �2/3

�2/3 + ↵/D 0
2(↵/D � 1)

0
0

To verify Eq. (11) and the associated scaling, we have com-
puted µ and ν by direct numerical evaluation of Eq. (6) for
N = 103, 104, 105, and plotted them as points in Fig. 3(b).
They can be seen to converge toward the asymptotic scaling
results (black dashed lines) in the large system limit, and are
increasingly well approximated by Eq. (11) for larger N .

Effects of inhomogeneity.—In the presence of spatially de-
caying interactions, most experimental systems also lack spa-
tial homogeneity due to boundary effects (though exceptions
certainly can exist, e.g. ring traps for ions [43]). For suffi-
ciently fast-decaying interactions, this lack of homogeneity is
only expected to be relevant near the edge of the system, and
thus should not be important in the large N limit. However,
for interactions that are sufficiently long-ranged to generate
significant spin-squeezing (α < D), edge effects cannot in
general be ignored (see for example Refs. [44, 45], in which
boundary conditions in ion chains are shown to play an impor-
tant role in local quench dynamics). In the absence of homo-
geneity, the cancellation of leading order diagrams between
A(t) and 1

2B(t)2 is imperfect, which results in a leading con-
tribution to δ(t) determined by the variance of Uk(t) ≡ ∑

i ϕik
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µ
,
⌫

↵/D

10
lo

g 1
0
⇠2

⌫

µ

FIG. 4. (Color online) (a) Squeezing parameter as a function of time
for a 1D chain with 200 spins, for a variety of exponents α ranging
from 0 to D = 1 (darker to lighter). Solid curves are for periodic
boundary conditions, while dashed curves are for open boundary
conditions. (b) Scaling of squeezing with system size, again eval-
uated for a 200-spin 1D chain. The blue (red) line shows ν (µ) for
periodic boundary conditions, while the blue (red) disks show ν (µ)
for open boundary conditions.

(which is now position dependent)

X(t) =
1
N

∑

k

Uk(t)2 −
( 1
N

∑

k

Uk(t)
)2
. (12)

For generic open boundary conditions and α < D, this vari-
ance will scale as N2−2α/D (the same as the lowest order
contribution to B(t)2), and vanishes for any finite system as
α → 0. In the large system limit for any α > 0, we can thus
approximate

ξ(t)2 ≈ 1 +Y(t)
B(t)2 +

X(t)
B(t)2 . (13)

Since the second term stays finite as N → ∞, this expression
leads to a minimum squeezing parameter that is independent
of system size.

Implications for experimental systems.—These results shed
light on the importance of both translational invariance and
collective dynamics on spin-squeezing, and have implications
for a number of experimental systems where interactions are
only approximately independent of distance. For example,
in trapped ion experiments, finite detuning from the center
of mass mode results in interactions that decay as a weak
power law in space [36, 46]. For systems with open boundary
conditions, our results demonstrate that even arbitrarily slow-
decaying interactions cause the maximum achievable squeez-
ing to be independent of system size in the large N limit.
However, because the coefficient preceding N2−2α/D in X(t)
can be very small (Uk(t) does not fluctuate very much in space
for very long-range interactions), Eq. (11) and the pursuant
scaling arguments are still relevant on a qualitative level for
characterizing spin squeezing with open boundary conditions,
as long as the system size is not too large. In Fig. 4(a) we
show that the squeezing for open and closed boundary condi-
tions is not actually that different for a linear chain with only
hundreds of spins. Moreover, in Fig. 4(b) we see that the scal-
ing behavior predicted for periodic boundary conditions—e.g.
squeezing that is weakly dependent on α for α < 2D/3 and
then falls off continuously, eventually vanishing for α > D—
remains qualitatively correct for systems with open boundary
conditions.
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Outlook.—Entanglement generation via spin squeezing has
been shown to be robust against excursions outside of the
Dicke (collective-spin) manifold. For large systems the spin
squeezing parameter is, however, sensitive to the existence
(or lack thereof) of boundary-induced inhomogeneities. It
seems very likely that this sensitivity indicates a failure of the
squeezing parameter—which is explicitly designed to capture
the entanglement of permutationally (and therefore transla-
tionally) invariant spin systems—to properly capture the en-
tanglement generated in inhomogeneous systems. From a
more fundamental standpoint, it would therefore be worth-
while to explore whether the scaling with system size of quan-
tum Fisher information [47, 48], entanglement depth [23], or
any other metrics of entanglement, persists for spatially de-
caying interactions, even in geometries where the scaling of
the spin-squeezing parameter does not.
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acknowledge support from NSF QIS, ARO, ARO MURI,
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S1. SUPPLEMENTAL MATERIAL

In this supplemental material, we describe in more detail how correlation functions can be expanded in terms of the diagrams
described in the paper. We also derive the scaling properties of different types of diagrams for various ranges of α, and provide
some additional details on the derivation leading from Eq. (8) to Eq. (11) of the main text.

As a preliminary remark, we emphasize that the scaling of ξ̃ and t̃ in the large N limit cannot be understood by simply
expanding ξ(t) as a power series in time. The reason is that, though squeezing does occur at short times (and thus t̃ is indeed
a small parameter), the existence of the large parameter N makes it impossible to assign, a priori, preference to low-order
terms in this expansion. This is the fundamental reason why a careful expansion to high orders in time, which we carry out
diagrammatically, is necessary. As a simple (though still subtle) example, consider the α = 0 case, which was first studied in
Ref. [14]. There, one finds that while N t2 is a suitable small parameter, N t actually becomes large (in the large N limit) at
the time of optimal squeezing, as can be immediately verified by plugging in the scaling t̃ ∼ N−2/3. Therefore, a simultaneous
expansion in both ε = N t2 and δ = 1/(N t) is necessary to capture squeezing dynamics at low order. That such an expansion
is not necessarily (and indeed turns out not to be) analytic in time confirms our initial statement that low orders in short-time
perturbation theory will fail to describe spin squeezing. It is nevertheless useful to expand all two-spin correlation functions
as series in time, and study the leading order contributions, in powers of the system size N , at each order. Understanding this
scaling to all orders in time will allow us to identify suitable small parameters in which to expand ξ, and to thereby identify its
scaling with N for non all-to-all interactions.

A. Series expansion of correlation functions

To begin, we can expand the correlation functions in Eq. (6) of the manuscript. Of particular importance is the expansion for
A(t); defining Υk ≡ (ϕik + ϕ jk)2, we find

A(t) =
1

4N
∑

i, j

( ∏

k,i, j

cos
(
ϕik−ϕ jk

) −
∏

k,i, j

cos
(
ϕik +ϕ jk

))
(S1)

= − 1
2N
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2!
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2!
+ . . .


odd

!
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+ + + . . .

+ . . .+ +2

!

+ + + +

+3 + ++2 +3 +

=
1

2

 

=
1

2

 

In the second line, the subscript “odd” implies that, when expanding out a product of multiple Υ’s, we should only keep terms
that have an odd number of cross terms of the form ϕikϕ jk. In the third line, in light of the rules in Fig. 2 of the manuscript, the
subscript implies that we should only keep diagrams with an odd number of wavy legs.

http://dx.doi.org/10.1126/science.1232296
http://dx.doi.org/10.1103/PhysRevLett.72.3439
http://dx.doi.org/10.1103/PhysRevLett.72.3439
http://dx.doi.org/10.1103/PhysRevA.87.032324
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B. Analysis of the leading order contributions

In the case of α = 0, each black vertex contributes a power of N to a diagram. Given that each leg contributes a factor of t2,
the leading diagrams at each order in time are all those with the same number of legs and black vertices. In the case of m legs,
such diagrams are proportional to t2mN1+m. For 0 < α < D/2, each vertex with a single leg contributes a factor of t2N1−2α/D,
while any vertex with more than one leg either converges or diverges less strongly with N . This result is easy to check for a
dashed-line vertex by analyzing the sums

∑

k,i

1
|ri − rk |2mα ∼

{ N1−2mα/D if 2mα < 1;
1 if 2mα > 1. (S2)

Thus for α < D/2 a black vertex with a single dashed leg always diverges, and grows faster with system size than a black
vertex with more than one leg. The contribution of a vertex with a single wavy leg depends on the positions of sites i and j,
which are eventually summed over. To analyze the contribution from such vertices we must therefore understand the behavior
of V(ri, r j) =

∑
k |ri − rk |−α|rk − r j|−α. This sum can be estimated by converting it to an integral; for example in 1D, using a

continuous coordinate rescaled by the system size z = j/N , we would have

V(ri, r j) ≈ N1−2α
ˆ 1

0

dz
|x − z|α|z − y|α . (S3)

This integral converges for all x , y whenever α < D (the singularities at z = x, y are integrable), and thus the overall scaling
of V is determined entirely by the prefactor N1−2α. For α < D/2 the integral remains finite even as x → y, which implies that
V(ri, r j) remains proportional to N1−2α in the large N limit even if the separations between sites i and j grows with the system
size. Thus we find thatV(ri, r j) ∼ N1−2α f (i, j), where f (i, j) is a function that stays finite in the limit of large (i.e. on the order
of the system size) values of |ri − r j|. The validity of the above derivation does not rely (except in detail) on the lattice structure
or dimension, and hence we find more generally that V(ri, r j) ∼ N1−2α/D f (i, j). Because the function f (i, j) tends to a finite
value for extensively large separations, the summation over i and j yields two powers of the system size N , and therefore the
contribution of a diagram with m legs and vertices scales as N1+m(1−2α/D) regardless of the types of legs.

In light of the above discussion, and still restricting our attention to the case α < D/2, we can approximate the correlation
functionA(t) by keeping just the leading order contributions in N at each order in time:

+2 +3 +

+
1
2

 

1
2
B(t)2 �(t)

+ . . .

!
A(t) ⇡ 1

2

 
+4 +4

⇡ 1
2

 
+ . . .

!
+4+3+2 +4 + . . .

!
.

The set of diagrams with a single wavy leg can be simplified by factoring out the vertex common to all diagrams, and resumming
the remaining diagrams to give

1
2

1
N

∑

i, j

V(ri, r j) exp[−
∑

k,i, j

(ϕ2
ik + ϕ2

jk)] =
1
2

∑

i, j

(
ϕil exp(−

∑

k,i, j

ϕ2
ik)

)(
ϕ jl exp(−

∑

k,i, j

ϕ2
jk)

)
(S4)

≈ 1
2
B(t)2, (S5)

where the ≈ means “correct to leading order in N” at each order in time. The equality in Eq. (S4) can be verified by recalling
the definition ofV and exchanging summations:

∑

i, j

V(ri, r j) =
∑

l

∑

i, j,l

1
|ri − rl|α|rl − r j|α = N

∑

i, j

ϕilϕ jl. (S6)
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Eq. (S5) then follows immediately by expanding the sin functions in the definition of B(t) to lowest order (which is correct to
leading order in N). This approximate equality is the origin of the similarity between A(t) and 1

2B(t)2. We can also resum the
entire series (including any number of wavy legs) to give

A(t) ≈ 1
2

1
N

∑

i, j

sinh[V(ri, r j)] exp[−
∑

k,i, j

(ϕ2
ik + ϕ2

jk)]. (S7)

Expanding the sinh function to first order gives the 1
2B(t)2 contribution, while the 3rd and higher order terms give δ(t). Now that

we have the desired series representation for δ(t), and can see that the leading terms at order t2m in time scale as N1+m(1−2α/D).
Truncating this series to lowest (6th) order in time and plugging it into Eq. (8) of the manuscript leads immediately to Eq. (11).

The situation for α > D/2 requires slightly more care. First of all, dashed legs (∼ ∑
k |ri−rk |−2α) now converge, and hence the

diagrams with a single leg per vertex are not parametrically larger (inN) than diagrams with the same number of legs but fewer
vertices—hence we cannot select a simple set of dominant diagrams at a given order in time. Similarly, for fixed |ri−r j|,V(ri, r j)
no longer diverges in the large N limit, as suggested by the prefactor in Eq. (S3). Indeed, for a separation |ri − r j| that grows
proportionally to the system size,V(ri, r j) actually tends to zero as a power law as N → ∞. An immediate consequence is that
the leading order contributions to A(t) are diagrams with only a single wavy leg, which suggests (incorrectly) that the leading
contributions to δ(t) might be of a different character than they were for α < D/2. However, these leading order contributions are
still precisely (i.e. to leading order in N) canceled by the factor of 1

2B(t)2 in the definition of δ(t). The cancelation of this more
general class of diagrams, which includes those having one wavy leg and other dashed legs connected to the same vertex, is a
consequence of the identity cos(a ± b) = cos(a) cos(b) ∓ sin(a) sin(b), employed inside the products of equation Eq. (6) before
the expansion.

To determine the next-to-leading-order contributions, we note that for α > D/2 the integral in Eq. (S3) has a power law
divergence ∼ |x − y|1−2α for small |x − y|. In a diagram with m wavy legs, the summation over i and j can be converted into an
integral

∑

i, j

V(ri, r j)m ≈ N1+m(1−2α)
ˆ

dr
(ˆ

dz
|z|α|z − r|α

)m

. (S8)

Because the inner integral has a singularity ∼ r1−2α, the outer integral converges whenever m(2α − 1) < 1, and so the overall
scaling of the digram is determined by the prefactor N1+m(1−2α). For m(2α − 1) > 1 the outer integral gains a system-size
dependence (due to the non-integrable singularity at r = 0) ∼ Nm(2α−1)−1, canceling the prefactor and causing the diagram to
converge in the large N limit. From this discussion, it follows that progressively higher order diagrams converge first as α
exceeds D/2, and the last remaining divergent diagram contributing to δ(t), namely Y(t) ∼ N4−6α/D, converges for α > 2D/3.


