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We study light-matter interactions in two dimensional photonic systems in the presence of a spa-
tially homogeneous synthetic magnetic field for light. Specifically, we consider one or more two-level
emitters located in the bulk region of the lattice, where for increasing magnetic field the photonic
modes change from extended plane waves to circulating Landau levels. This change has a drastic
effect on the resulting emitter-field dynamics, which becomes intrinsically non-Markovian and chiral,
leading to the formation of strongly coupled Landau-photon polaritons. The peculiar dynamical and
spectral properties of these quasi-particles can be probed with state-of-the-art photonic lattices in
the optical and the microwave domain and may find various applications for the quantum simulation
of strongly interacting topological models.

The study of electronic systems in the presence of
strong magnetic fields has a long tradition in condensed
matter physics and led to many important discoveries
such as the quantum and the fractional quantum Hall ef-
fect or flux quantization in superconducting rings [1, 2].
While for a long time such effects have been restricted to
charged particles that couple directly to magnetic fields,
over the past years it has been shown that synthetic mag-
netic fields can also be engineered for a large variety of
neutral systems ranging from cold atoms in optical lat-
tices [3, 4] to photonic and phononic resonator arrays
[5–7]. These systems not only offer the possibility to
simulate magnetic fields of unprecedented strength, but
also allow to explore novel physical phenomena and ap-
plications, which are not accessible with their electronic
counterparts. In particular, the ability to interface pho-
tons and phonons with atoms or solid-state emitters gives
rise to a whole range of intriguing questions about the
nature of light-matter interactions in magnetic and other
topologically non-trivial environments [8–20].

In this Letter we study light-matter interactions in a
2D photonic lattice with an engineered synthetic mag-
netic field. Several previous works have already ad-
dressed the coupling of two-level systems to the chiral
edge modes [8, 13–15, 17], which can be used, for exam-
ple, to transport classical or quantum information in a
robust and unidirectional way [13, 15, 17, 21, 22]. Here
we are interested in emitters coupled to the bulk region
of the photonic lattice, where the presence of magnetic
fields has dramatic consequences on the dynamics of the
light emission process. Intuitively, this can be under-
stood from the fact that an emitted photon cannot prop-
agate away, but it is constrained to orbit around the
emitter due to the effective Lorentz force [23, 24]. More
formally, the formation of photonic Landau levels results
in a highly spiked density of states, such that even in
an infinite and broad-band lattice, emitter-field interac-
tions become intrinsically non-Markovian at all frequen-
cies and coupling strengths. We show that such peculiar

conditions lead to the formation of a novel kind of exci-
tation that we name Landau-photon polaritons (LPPs).
By being composed of circulating [25] and dispersion-
less, but still spatially extended photons, the spectral
and dynamical features of these quasi-particles can be
continuously tuned from a single-mode, cavity QED type
behavior to the many-modes one of strongly interacting
particles in an array of coupled sites in the presence of
a magnetic field. For intermediate parameter settings
the hybridization of chiral photons and highly non-linear
emitters results in a whole zoo of interacting magnetic
lattice models, which are unprecedented in other light-
matter or condensed-matter systems. This makes such
systems particularly interesting for quantum simulation
applications.

Model.—We consider a setup as shown in Fig. 1(a),
where N (artificial) two-level emitters with frequency ωe
are coupled to a 2D photonic resonator array of length
L, lattice positions ~ri = (xi, yi), and spacing l0. Each
lattice site is represented by a localized photonic mode
with frequency ωp and annihilation operator Ψi ≡ Ψ(~ri).
Neighboring lattice sites are coupled via the complex tun-
neling amplitudes Jij = Jeiφij . The photonic lattice is
modelled by the tight-binding Hamiltonian (~ = 1)

Hph = ωp

M∑
i=1

Ψ†iΨi − J
∑
〈i,j〉

(
eiφijΨ†iΨj + H.c.

)
, (1)

where M = (L/l0)2 is the total number of lattice sites.
The Hamiltonian for the combined system is

H = Hph +

N∑
n=1

ωe
2
σnz + g

[
Ψ(~r ne )σn+ + Ψ†(~r ne )σn−

]
, (2)

where the σnk are the Pauli operators for an emitter at
site ~r ne and g is the emitter-field coupling strength.

A magnetic photonic lattice.—We are interested in the
regime N � M , where a few emitters are coupled to
the bulk region of a much larger photonic lattice. In
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FIG. 1. (a) Sketch of a system of two-level emitters coupled to
a photonic lattice with a synthetic magnetic fieldB. The mag-
netic field is implemented by adjusting the hopping phases φij
between neighbouring lattice sites such that around each pla-
quette

∑
� φij = 2πα. (b) The projected density of states,

ρ(~re, ω), is plotted on a logarithmic scale (arbitrary units) as
a function of α and for a lattice of M = 20 × 20 sites. For
this plot, ~re/l0 = (10, 10) and each resonance is represented
by a broadened δ-function with a finite width of γ/J ≈ 10−3.

a standard lattice, where φij = 0, the Hamiltonian
Hph can be diagonalised introducing the annihilation
operators Ψλ =

∑
i f
∗
λ(i)Ψi, where the mode functions

fλ(i) ∼ ei
~kλ·~ri are plane waves, and the corresponding

mode frequencies ωλ form a continuous band of width
8J centred around ωp [see Fig. 1(b)]. For ωe within this
band and g � J , an excited emitter coupled to this con-
tinuum of modes simply undergoes an exponential decay.

Here we consider a different scenario where φij =
e
~
∫ ~ri
~rj

~A(~r) · d~r, with ~A(~r) = B(−y/2, x/2, 0). This ar-

rangement mimics the lattice Hamiltonian for particles
with charge e in a homogeneous magnetic field B. There-
fore, the photons experience an equivalent synthetic mag-
netic field [5]. As usual, we express the strength of the
magnetic field in terms of the dimensionless parameter
α = eΦ/(2π~), where Φ = Bl20 is the flux enclosed in a
single plaquette.

In Fig. 1(b) we plot the projected density of states,
ρ(~re, ω) =

∑
λ |fλ(~re)|2δ(ω − ωλ), as a function of α.

This quantity captures the relevant photonic modes to
which an emitter located at ~re is coupled to. We identify
three qualitatively different regimes. For very small α
the magnetic length lB ' l0/(

√
2πα) exceeds the size of

the lattice, L. Magnetic effects are not yet important
and ρ(~re, ω) recovers the relatively flat shape of a trivial
lattice. In the opposite strong-field regime, lB . l0, the
magnetic length is comparable or smaller than the lattice
spacing and the density of states reproduces the well-
known fractal structure of the Hofstadter butterfly [30].

Most relevant for the current discussion is the interme-

diate regime where l0 < lB < L. In this parameter range
the discreteness of the lattice is not important and we can
use an effective continuum theory, where the eigenmodes
fλ(i) ≡ Φ`k(~ri) are the usual Landau orbitals [23, 31],

Φ`k(~ri) '
l0√
2πlB

√
`!

k!
ξk−`i e−

|ξi|
2

2 Lk−``

(
|ξi|2

)
(3)

with ξi = (xi + iyi)/
√

2l2B and Lk−`` (x) are generalized
Laguerre polynomials. Here the index ` = 0, 1, 2, . . . la-
bels the discrete Landau levels with frequencies ω` ≈
ωb+ωc(`+1/2) [31], where ωb = ωp−4J is the frequency
of the lower band edge and ωc = 4παJ is the cyclotron
frequency. The second index k = 0, 1, 2 . . . labels the
∼ αM degenerate modes within each band. Clearly, both
the transformation from a continuous to a discrete spec-
trum and the localization of the photonic eigenmodes will
strongly affect the physics of light-matter interactions in
such a synthetic magnetic environment.

Single-emitter dynamics.—We first consider the sim-
plest case of a single emitter located at position ~re
in the bulk of the lattice. The emitter is initially
prepared in its excited state and the system’s wave-
function can be written as |ψ〉(t) = e−iωet[ce(t)σ+ +∑
i ϕ(~ri, t)Ψ

†(~ri)]|g〉|vac〉. From this ansatz we can de-
rive an equation for the excited-state amplitude,

ċe(t) = −g2

∫ t

0

dsG(t− s, ~re, ~re)ce(s)eiωe(t−s), (4)

where G(τ, ~ri, ~rj) = 〈vac|Ψ(~ri, τ)Ψ†(~rj , 0)|vac〉 =∑
λ fλ(~ri)f

∗
λ(~rj)e

−iωλτ is the photonic Green’s function.
In Fig. 2(a) we show the evolution of the excited-state

population, pe(t) = |ce(t)|2, for different α and different
detunings from the band edge, δe = ωe − ωb. For α = 0
and M → ∞ the Green’s function G(τ, ~re, ~re) is repre-
sented by a mode continuum and decays on a short time
scale, J−1. It is then valid to make a Markov approxima-
tion and, consistent with a numerical simulation of the
full wavefunction |ψ〉(t), we obtain an exponential decay
of pe(t) with a rate Γ ' 2πg2ρ(~re, ωe) ≈ g2/(2J) [31].
For α 6= 0 the situation is very different and depending
on ωe we obtain either no decay at all or coherent os-
cillations. This behaviour can be understood from the
exact eigenspectrum of Hph plotted in Fig. 2(b). Here
we see the emergence of discrete plateaus at frequencies
ω` connected by a sparse set of intermediate modes rep-
resenting the edge states. Since an emitter in the bulk
does not see the edges, whenever |ωe − ω`| & g there are
no available modes to couple to and the emitter remains
effectively frozen in the excited state.

The situation is very different when ωe ' ω`, in which
case the emitter couples to a flat band, essentially with-
out dispersion. We can then project the Green’s function
on the resonant Landau level and obtain G(τ, ~ri, ~rj) '
G`(~ri, ~rj)e

−iω`τ , where

G`(~ri, ~rj) '
√
αeiθijΦ``(~ri − ~rj) (5)
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FIG. 2. (a) Evolution of the excited-state population, pe(t),
of an emitter located at ~re/l0 = (25, 25) in a lattice of 50 ×
50 sites. The parameters are α = 0 and δe/J = 1.35 (blue
line), α = 0.08 and δe/J = 1.35 (orange line), and α = 0.08
and δe/J = 1.76 (green dashed line). (b) Plot of the lowest
eigenfrequencies ωλ of the two photonic lattices as used for
the simulation shown in blue and orange in (a). The dashed
black lines indicate the corresponding emitter’s frequencies.
(c) Photon density, |ϕ(~ri, tπ)|2, combined with the profile of

the photon current, 〈~jp〉(~ri, tπ), at time tπ = π/(2Ω), for α =
0.08 and ωe = ω`=0,1,2. For all plots g/J = 0.14 and for each
lattice site in the bulk (on the edge) a photon decay rate of
γp/J = 4× 10−4 (γedge/J ∼ 10−1) has been introduced [31].

and θij = −(xiyj − xjyi)/(2l2B) [31]. Under this approx-
imation, Eq. (4) can be converted into a second-order
differential equation, c̈e = −Ω2ce. Here

Ω =
√
αg (6)

is the vacuum Rabi frequency, which has the same value
for all Landau levels. The predicted Rabi oscillations,
pe(t) = cos2(Ωt), are exactly reproduced by the full nu-
merical simulation, keeping in mind that in Fig. 2(a) we
have included a finite loss rate for all photons to describe
a more realistic scenario. Under the same assumptions
we also obtain the photon wave packet

ϕ(~ri, t) = −i sin(Ωt)√
α

G`(~ri, ~re). (7)

At time tπ = π/(2Ω) the excitation is fully converted into
a circulating photon in the Landau orbital ∼ Φ``(~ri−~re),
centered around the emitter. This is shown in Fig. 2(c) in
terms of the density, |ϕ(~ri, tπ)|2, and the photon-current

profile, 〈~jp〉(~ri, tπ) [31]. Note that all these results are

independent of the gauge for ~A and the chosen Landau
basis in Eq. (3), which depends explicitly on the origin of
the coordinate system. However, G`(~ri, ~rj) still includes
a gauge-dependent phase factor, θij , which will become
important when multiple emitters are present.

Few emitters Landau-photon polaritons.—Let us now
extend these results to a scenario with multiple emit-
ters, but still focusing on the regime ωc � g, where the

emitters couple dominantly to a single Landau level. In
this case each emitter only interacts with photons in the
orbital centered around its location, Φ``(~ri − ~r ne ). The
photons themselves do not evolve, because there is no dis-
persion. These special conditions allow us to restrict the
dynamics of the whole lattice to a reduced set of modes
with bosonic operators

B`n =

N∑
m=1

(K−1)nm
∑
i

G`(~r
m
e , ~ri)Ψ(~ri). (8)

Here, the N × N matrix K satisfies (KK†)nm =
G`(~r

n
e , ~r

m
e ) [31], which ensures that the B`n form an or-

thogonal set of modes with [B`n, B
†
`m] = δnm. Projected

onto these modified Landau orbitals, we obtain the effec-
tive Hamiltonian

H
(`)
LPP =ω`

N∑
n=1

B†`nB`n +
ωe
2

N∑
n=1

σnz

+g

N∑
n,m=1

(
σn+KnmB`m +B†`mK

∗
nmσ

n
−

)
.

(9)

It describes the full nonlinear dynamics of LPPs, which
are the quasi-particles formed by the coupling of two-level
emitters to photons in a single Landau level. This model
generalizes the dressed emitter-emitter interactions in-
troduced in [38] and holds even in the presence of a fi-
nite bandwidth J` or local frequency disorder ∆ωp [39],

as long as ωc � g � J`,∆ωp [31]. Importantly, H
(`)
LPP

only involves N independent photonic modes, which is
considerably smaller than the original number of lattice
degrees of freedom. This makes few-excitation physics
numerically tractable, which usually is not possible in
2D waveguide QED systems. In Fig. 3(a) we show the

single- and two-excitation spectrum of H
(`=1)
LPP for N = 3

equally spaced emitters with |~r ne −~rme | = d and assuming
resonance conditions, ωe = ω`=1.

For a single excitation we obtain an upper and a lower
polariton branch, which split into subbands of frequencies

ω±`,ν = ωe ± Ω

√
1 + e

− d2

4l2
B L0

`

(
d2

2l2B

)
λν . (10)

Here λν=1,2,3 = 2 cos[(θ4 + 2πν)/3] and θ4 = θ12 +
θ23 + θ31 = eBA4/~ is the normalized flux through the
area A4 enclosed by the three emitters: as expected on
physical grounds, any θ4 6= nπ leads to chirality, i.e., the
left- and right-circulating polariton modes are no longer
degenerate. The complex dependence of the LPP spectra
on both the enclosed flux as well as on the shape of the
Laguerre polynomials is further exemplified in Fig. 3(b)
where we show the lower part of the emitter’s excitation
spectrum for a N = 4 × 4 square lattice of emitters,
namely

Sne (ω) =

∣∣∣∣〈G|σn− 1

H − ω − iγe2
∑
m σ

m
+ σ

m
−
σn+|G〉

∣∣∣∣2 , (11)
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FIG. 3. (a) The spectrum of H
(`)
LPP in the single- and two-

excitation sector for N = 3 equidistant emitters with vary-
ing spacing d and for ` = 1 and ωe = ω1. (b) Zoom of
the lower polaritonic band of the emitter’s excitation spec-
trum, Sne (ω), for a N = 4× 4 square lattice of emitters with
open boundaries, where ~r ne is the location one of the four in-
ner emitters (the full spectrum is reflection symmetric around
ωe). For this plot, α = 0.08, γe/Ω = 0.02 and ` = 3. The
color scale is normalised to the maximum value. (c) Plot of
the two-photon correlation function C(~ri, ~r

1
e ) for the different

two-photon eigenstates indicated in (a). The green crosses
represent the emitters position, and the red circle marks the
reference emitter’s position ~r 1

e .

where |G〉 is the ground state and γe is the bare decay
rate of the emitters. The repetitive features in this spec-
trum can be understood in terms of an effective Harper-
Hofstadter model with a flux ∼ d2/l2B per plaquette.

Let us move to the multiple excitation case. It is
well-known that in a single-mode cavity QED system,
the Jaynes-Cummings interaction gives rise to an effec-
tive repulsion, U = Ω(2 −

√
2), between two polari-

tons. This interaction can also be clearly identified in
Fig. 3(a), where at large distance d the lowest three
eigenstates in the two-excitation sector are separated
by U from the next three levels. The difference be-
tween these two sets of polaritonic states can be visu-
alized in terms of the two-photon correlation function,
C(~ri, ~rj) = 〈Ψ†(~rj)Ψ†(~ri)Ψ(~ri)Ψ(~rj)〉/〈Ψ†(~rj)Ψ(~rj)〉,
plotted in Fig. 3(c). For d � lB , the energetically low-
est states exhibit strong anti-bunching, C(~ri, ~rj) ' 0 for
|~ri − ~rj | . lB , reminiscent of a Laughlin-type wavefunc-
tion, where particles avoid each other. In contrast, for the
interacting states we obtain C(~r ne , ~r

m
e ) ' 0 for n 6= m,

meaning that both photons occupy the same orbital. At
smaller distances, the kinetic energy, i.e., the overlap
between orbital states becomes more relevant and anti-
bunching gradually disappears with details depending on
the enclosed magnetic flux, θ4. For d ≤ lB , the emitters
couple identically to the field, such that light-matter in-
teractions become fully collective and the spectrum con-
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FIG. 4. (a) Evolution of the excited state populations pne (t)
of N = 3 emitters arranged in a triangle of length d/l0 = 4.
For this plot ` = 0, and α = 1/(16

√
3) ≈ 0.036, such that

the enclosed effective flux is θ4 ' π/2 and the dipole-dipole
interactions become fully chiral (see [31] for details). In the
upper panel the initial state contains two excitations in emit-
ter 1 and 2. In the lower panel the initial state contains just
one excitation in emitter 1. (b) Single-excitation spectrum of
Heff for a square lattice of 20 × 20 emitters and normalized
to the nearest-neighbor coupling strength J̃ = |J̃12|. The two
spectra are obtained for the spacings d/l0 = 2 (αeff = 0.32)
and d/l0 = 5.39 (αeff = 2.32) and in both cases α = 0.08 and
` = 0 has been assumed.

verges to that of a single-mode Tavis-Cummings model
[40].

Chiral dipole-dipole interactions and effective flat-band
models.—The situation is most transparent and intrigu-
ing when the emitters are sufficiently detuned from the
nearest Landau level, |ωe − ω`| � g. In this case they
are only weakly dressed by the photons, which gives
rise to effective dipole-dipole interactions of the form

Heff =
∑
n,m

(
J̃nmσ

n
+σ

m
− + H.c.

)
. Here

J̃nm '
g2

ωe − ω`
|G`(~r ne , ~rme )|eiθnm , (12)

are complex hopping amplitudes, which inherit the mag-
netic features from the photonic Green’s function. There-
fore, also in this almost decoupled limit, dipole-dipole in-
teractions between N ≥ 3 emitters depend sensitively on
the magnetic flux and can lead to a fully chiral transport
of excitations. As illustrated in Fig. 4(a), a single ex-
citation flows in the clockwise direction (accordingly to
our conventions), while two excitations lead to an anti-
clockwise dynamics for their relative hole [41].

More generally, the effective emitter Hamiltonian Heff

can be viewed as a magnetic lattice model for hard-
core bosons, with various additional interesting features.
Analogously to Fig. 3, the magnetic flux associated with
the phases θij strongly depends on the emitter’s arrange-
ment and already for a simple square lattice it can be
considerably enhanced, i.e., αeff = α(d/l0)2. Further, the
tunneling matrix elements are no longer constrained to
nearest neighbors and depending on the spacing, the lat-
tice geometry and the Landau-level index `, a whole zoo
of magnetic models with different band-structures and
field strengths can be realized by simply adjusting those
parameters. For example, in Fig. 4(b) we show the single-
excitation spectrum of Heff for a square lattice of emit-
ters for two different spacings d/l0 = 5.39 and d/l0 = 2,
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but equivalent effective field strengths. In the first case,
only nearest-neighbor couplings are relevant and we re-
cover the regular Hofstadter butterfly with αeff ≈ 2.32
(which is equivalent to αeff ≈ 0.32). In the second exam-
ple, long-range hoppings are important and the spectrum
of the bulk modes becomes essentially flat. This situa-
tion is reminiscent of the spectrum of the Kapit-Muller
Hamiltonian [42], a prototype toy model for strongly in-
teracting magnetic systems. Interestingly, such abstract
models arise very naturally from the coupling of emitters
to a magnetic photonic reservoir.

Conclusions.—In summary, we have shown how the
presence of synthetic magnetic fields changes the physics
of light-matter interactions in the bulk of 2D photonic
lattices. For moderate magnetic fields this physics can
be very accurately described in terms of LPPs, which
share the nonlinearity of the matter component and the
chiral properties of Landau photons. Our predictions are
accessible to state-of-the-art experiments in the optical
[21, 26–28] and microwave [10] domain. In the many
emitter case, our platform naturally allows the quantum

simulation of various interaction-dominated topological
systems, which do not appear in electronic systems with
only nearest-neighbor interactions.

ACKNOWLEDGMENTS

We thank Giuseppe Calajo and Francesco Ciccarello
for stimulating discussions. This work was supported
by the Austrian Academy of Sciences (ÖAW) through
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Supplementary material for:
Light-matter interactions in synthetic magnetic fields: Landau-photon polaritons

I. CONTINUUM LIMIT

The magnetic Hamiltonian Hph for the photonic lattice is quadratic in the field operators and can be written in a
diagonal form as

Hph =
∑
λ

ωλΨ†λΨλ, where [Ψλ,Ψ
†
λ′ ] = δλ,λ′ . (S1)

By making the ansatz |ϕλ〉 = Ψ†λ|vac〉 =
∑
i fλ(~ri)Ψ

†(~ri)|vac〉 for a single-photon eigenstate of Hph, the eigenfrequen-
cies ωλ and the corresponding mode functions fλ(~r) can be derived from the eigenvalue equation

(ωλ − ωp)fλ(~ri) = −J
[
e−iφxfλ(~ri + ~ex) + eiφxfλ(~ri − ~ex) + e−iφyfλ(~ri + ~ey) + eiφyfλ(~ri − ~ey)

]
. (S2)

Here ~ex,y are the two lattice unit vectors and we introduced the short notation

φx,y =
e

~

∫ ~ri+~ex,y

~ri

~A(~r) · d~r ' e

~
~A(~ri) · ~ex,y. (S3)

In the last step we have assumed that the vector potential doesn’t vary considerably over the extent of one lattice site.
If we restrict ourselves to moderate fields and low-frequency excitations we can also replace fλ(~r) by a continuous
function and perform a Taylor expansion,

fλ(~ri + ~ex) ' fλ(~ri) + l0
∂

∂x
fλ(~ri) +

l20
2

∂2

∂x2
fλ(~ri). (S4)

Then, up to second order in l0, the terms on the right hand side of Eq. (S2) can be approximated by

− J
[
e−iφxf(~ri + ~ex) + eiφxfλ(~ri − ~ex)

]
' −2Jfλ(~ri)− Jl20

[
∂

∂x
− i e

~
Ax(~ri)

]2

fλ(~ri) +O(l30). (S5)

Therefore, we end up with a partial differential equation

~(ωλ − ωb)f(~r) =
1

2m

[
−i~~∇− e ~A(~r)

]2
f(~r), (S6)

where ωb = ωp − 4J and m = ~/(2Jl20) is the effective mass in the lattice.

A. Landau orbitals

Equation (S6) is the Schrödinger equation for a charged e particle in a magnetic field, for which the eigenfunctions

are the well-known Landau orbitals, fλ(~r) ≡ Φ̃`k(~r). In this work we use the symmetric gauge, ~A = B(−y/2, x/2, 0),
where [S1]

Φ̃`k(~r) =
1√

2πl2B

√
`!

k!
ξk−`e−

|ξ|2
2 Lk−``

(
|ξ|2
)
. (S7)

Here Lk−`` (x) are generalised Laguerre polynomials, lB =
√

~/eB and ξ = (x+ iy)/
√

2l2B . The wavefunctions depend
on two indices, ` and k. The index ` = 0, 1, 2, . . . labels the Landau levels with frequencies ω` = ωb + ωc(` + 1/2),
where

ωc =
eB

m
= 4παJ. (S8)

Each of these Landau levels contains a large number of degenerate sublevels, which are labeled by the second quantum
number k = 0, 1, 2, ..., kmax [S2]. For a finite system the level of degeneracy can be estimated by kmax ≈ αM � 1



8

(where M is the total number of lattice sites). For all our analytic calculations we take the limit kmax → ∞, which
is a good approximation for moderate field strengths and sufficiently far away from the boundaries.

Note that the Landau orbitals given in Eq. (S7) denote the wavefunctions in the continuum. They are normalized
to ∫

d2r Φ̃∗`k(~r)Φ̃`′k′(~r) = δ``′δkk′ . (S9)

The corresponding normalized wavefunctions on the lattice, as given in Eq. (3) in the main text, can then be obtained

by identifying Φ`k(~ri) = Φ̃`k(~r = ~ri)l0. These wavefunctions have the important property that

Φ``(~r = 0) =
√
α. (S10)

This implies that the coupling between a single emitter and a single photon is independent of `.

B. Lattice corrections to the Landau levels energy

The continuum approximation is strictly valid only in the limit ωc/J ∼ α → 0. While for the parameter regimes
considered in this work this approximation still gives very accurate predictions for the wavefunctions, there are notable
corrections to the frequencies ω`. To derive the lowest-order corrections to the equally spaced Landau levels, it is more
convenient to use the so-called Harper equation [S3], which is just the discrete single particle Schrödinger equation

from above, but expressed in the Landau gauge, where ~A = B(0, x, 0). This equation reads

− J [fλ(~rj + ~ex) + fλ(~rj − ~ex)]− 2J cos (2παj − ky) fλ(~rj) = (ω` − ωp)fλ(~rj), (S11)

where ky labels the momentum in the y-direction, which is a good quantum number in the Landau gauge and
fλ(~rj) = χλ(xj)e

ikyyj . Different values of ky only lead to a translation of the wavefunction and for a sufficiently large
lattices we can take ky = 0 without loss of generality. Then, following Ref. [S4], we replace χλ(xj) by a continuous,
slowly varying function and expand both the cosine and the discrete derivative in Eq. (S11) up to fourth order in l0,
i.e.,

− J [χλ(x+ l0) + χλ(x− l0)] ' −2Jχλ(x)− Jl20
∂2

∂x2
χλ(x)− Jl40

12

∂4

∂x4
χλ(x) (S12)

and, using x = jl0 and 2πα = (l0/lB)2,

− 2J cos (2παj)χλ(x) '
[
−2J + J

l20
l4B
x2 − J l40

12l8B
x4

]
χλ(x). (S13)

With the definitions introduced above we then obtain the Schrödinger equation

~(ω` − ωp − 4J)χλ(x) =

[
− ~2

2m

∂2

∂x2
+

1

2
mω2

cx
2

]
χλ(x)− 1

48~J

[
~4

m2

∂4

∂x4
+m2ω4

cx
4

]
χλ(x). (S14)

The first term on the right hand side is just the Hamiltonian of a harmonic oscillator, from which we recover the
the equidistant Landau levels, ω` = ωb + ωc(` + 1/2). The second term contains the lowest order corrections to the
purely harmonic oscillator, which are fourth order in the momentum and the position operators. By including these
corrections in perturbation theory we obtain the more accurate Landau spectrum [S4]

ω` ' ωb + ωc

(
`+

1

2

)
− ω2

c

32J
(2`2 + 2`+ 1). (S15)

For example, based on this formula, the gap between the two lowest Landau levels is given by

ω1 − ω0 ≈ 4παJ
(

1− π

2
α
)
. (S16)

If we assume a value of α = 0.08, as in many examples in the main text, we find

ω1 − ω0

J
≈ 0.874. (S17)

This value already deviates about 13% from the zero-th order approximation and already agrees very well with exact
numerical result.
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C. Photon current

In Fig. 2(c) in the main text we plot the profile of the mean photon current ~jp(~ri). On the discrete lattice we

define the x (y) component of ~jp(~ri) as the average between the number of photons per unit of time passing from site
~ri to site ~ri + ~ex (~ri + ~ey) and the number of photons per unit of time passing from site ~ri − ~ex (~ri − ~ey) to site ~ri.
Explicitly, the two components of the photon current are defined as

~jxp (~ri) = i
J

2

[(
eiφxΨ†(~ri + ~ex)− e−iφxΨ†(~ri − ~ex)

)
Ψ(~ri)−H.c.

]
, (S18)

~jyp (~ri) = i
J

2

[(
eiφyΨ†(~ri + ~ey)− e−iφyΨ†(~ri − ~ey)

)
Ψ(~ri)−H.c.

]
. (S19)

The plots in Fig. 2(c) in the main text show a vector plot of the expectation value of this operator with respect to
the exact single-excitation wavefunction |ψ〉(tπ).

To connect this expression to the usual current density operator in the continuum limit we identify ~jc(~ri) = ~jp(~ri)/l0
and Ψc(~ri) = Ψ(~ri)/l0, such that [Ψc(~r),Ψ

†
c(~r
′)] ≈ δ(~r − ~r′) in the limit l0 → 0. Then, by expanding ~jp(~ri) to lowest

order in l0 we obtain

~jc(~r) =
1

2m

[
Ψ†c(~r)

(
−i~~∇

)
Ψc(~r)−H.c.

]
− e

m
~A(~r)Ψ†c(~r)Ψc(~r). (S20)

II. PHOTON PROPAGATOR AND LANDAU GREEN’S FUNCTION

Since the photons are noninteracting, the dynamics of the photonic lattice can be fully captured by the single-photon
Green’s function,

G(t, ~ri, ~rj) = 〈vac|Ψ(~ri, t)Ψ
†(~rj , 0)|vac〉 =

∑
λ

fλ(~ri)f
∗
λ(~rj)e

−iωλt. (S21)

In the long-wavelength limit and for moderate magnetic fields, the mode functions fλ(~ri) can be approximated by
Landau orbitals and

G(t, ~ri, ~rj) '
∑
`k

Φ`k(~ri)Φ
∗
`k(~rj)e

−iω`t. (S22)

Note that for a simple square lattice it is in principle still possible to obtain an exact expression for G(t, ~ri, ~rj) in
terms of a continued fraction [S5]. However, this expression must still be evaluated numerically and does not offer
much physical insight in the considered regime of moderate field strengths, where the continuum approximation is
more intuitive and provides sufficiently accurate results.

To carry out the sum over the index k in the continuum limit, it is convenient to re-express the Landau orbitals as

Φ`k(~r) =
√
α 〈k|D(ξ)|`〉 , (S23)

where D(ξ) = eξa
†−ξ∗a is the displacement operator for a bosonic mode with annihilation operator a and |`, k〉 are the

corresponding number states [S6]. This identification allows us to make use of the general relation for displacement

operators, D†(ξ)D(β) = D(β − ξ)e− 1
2 (ξβ∗−ξ∗β), to show that∑

k

Φ`k(~ri)Φ
∗
`k(~rj) = α

∑
k

〈`|D†(ξj)|k〉 〈k|D(ξi)|`〉

= α 〈`|D†(ξj)D(ξi)|`〉 = αe
1
2 (ξiξ

∗
j−ξ

∗
i ξj) 〈`|D(ξi − ξj)|`〉 ,

=
√
αeiθijΦ``(~ri − ~rj),

(S24)

where θij = −i(ξiξ∗j − ξ∗i ξj)/2 = −(xiyj − xjyi)/(2l2B). Note that by going from the first to the second line we have
used the completeness relation, 1 '

∑
k |k〉〈k|. This assumes that the degeneracy of each Landau level is sufficiently

large, which corresponds to having a system sufficiently larger than the magnetic length lB not to feel finite-size
effects. Under these approximations the total lattice Green’s function reduces to the continuum Green’s function of
a single charged particle [S7]. It can be explicitly expressed as a sum over all Landau levels

G(t, ~ri, ~rj) '
∑
`

G`(~ri, ~rj)e
−iω`t, (S25)
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where

G`(~ri, ~rj) =
√
αeiθijΦ``(~ri − ~rj). (S26)

Remarkably, resuming the degeneracy of each Landau level, the only non-vanishing contributions to the Green’s
function comes from the orbitals Φ`` with zero angular momentum, Lz ∼ k − ` = 0.

A. Gauge transformations

The vector potential ~A is only defined up to the gradient of an arbitrary function. Once a representation of the
vector potential is fixed, one can still change to an equivalent representation by adding the gradient of a suitable

function, ~A(~r) 7−→ ~A(~r)− ~∇Λ(~r). In order to have a gauge independent Schrödinger equation (and thus, consistently,
gauge independent observables) the phase of the wave function must change accordingly, ψ 7−→ eieΛ/~ψ. The same it
is true for the photonic Green’s function which transforms under gauge transformations as

G(τ, ~ri, ~rj) 7−→ eie(Λ(~ri)−Λ(~rj))/~G(τ, ~ri, ~rj). (S27)

The immediate consequence of this is that the Green’s function must split in two parts, a gauge invariant amplitude,
and a gauge dependent phase, where the amplitude depends only on the distance |~ri − ~rj |:

G(τ, ~ri, ~rj) = eiθijGinv.(τ, |~ri − ~rj |). (S28)

In the intermediate flux regime, where the continuum approximation holds, Ginv(τ, |~ri−~rj |) ∼
∑
` Φ``(|~ri−~rj |)e−iω`t,

while θij is still depends on the choice of the gauge.

B. Landau-level projector

Equation (S25) shows that in the continuum limit the photonic’s Green’s function can be written as the sum
over the components G`(~ri, ~rj) for each band. This decomposition is particularly relevant when the splitting ωc is
sufficiently large and emitters couple dominantly to a single band. The G`(~ri, ~rj) are real-space representations of the

band-projector operators P̂` [S8, S9], i.e.,

〈ri|P̂`|rj〉 = G`(~ri, ~rj) =
∑
k

Φ`k(~ri)Φ
∗
`k(~rj). (S29)

In this sense, one can define photonic operators Ψ̃`(~ri) =
∑
j G`(~ri, ~rj)Ψ(~rj), which are field operators projected

onto a single Landau level. In general, these operators are not orthogonal and therefore the bosonic operators B`n
introduced in Eq. (8) in the main text are linear combinations of those projected operators. By evaluating the
commutators

[B`n, B
†
`n′ ] =

∑
m,m′

K−1
nm(K−1

n′m′)
∗
∑
ij

G`(~r
m
e , ~ri)G

∗
` (~r

m′

e , ~rj)δij

=
∑
m,m′

K−1
nm(K−1

n′m′)
∗G`(~r

m
e , ~r

m′

e )

=
[
K−1G(K−1)†

]
nn′

!
= δnn′

(S30)

we see that the operators B`n represent an independent set of modes when KK† = G, where G is an N×N matrix with
elements G`(~r

m
e , ~r

m′

e ). For explicit calculations we diagonalize G and take the square root of each of its eigenvalues
χi. After transforming back to the original basis we obtain

K = U†diag(
√
χ1,
√
χ2 · · ·

√
χN )U, (S31)

where U is the diagonalizing matrix. Note that the matrix-K is not uniquely defined and here we always use the
positive square roots of the χi. In the case of N = 2 emitters we obtain the result

K =
1√

Tr[G] + 2
√

det[G]

(
G+

√
det[G]1

)
, (S32)
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or, explicitly,

K =

√
α

2


√

1 +
√

1− e−|ξ0|2L2
`(|ξ0|2) e−|ξ0|

2/2L`(|ξ0|2)√
1+

√
1−e−|ξ0|2L2

`(|ξ0|2)

e−|ξ0|
2/2L`(|ξ0|2)√

1+
√

1−e−|ξ0|2L2
`(|ξ0|2)

√
1 +

√
1− e−|ξ0|2L2

`(|ξ0|2)

 , (S33)

where ξ0 = |~r1 − ~r2|/
√

2l2B .

III. RESONANT INTERACTIONS IN THE SINGLE EXCITATION SECTOR

We consider the dynamics in the single excitation sector, meaning that we restrict the dynamics to states of the
form

|ψ〉(t) =

[
N∑
n=1

cn(t)σn+ +
∑
λ

ϕλ(t)Ψ†λ

]
|g〉|vac〉, (S34)

where λ labels the single photon eigenstates. Plugging this ansatz into the time dependent Schrödinger equation,
i∂t|ψ〉 = H|ψ〉, where H is given in Eq. (2) in the main text, we obtain the following equations of motion

iċn = (ωe − iγe/2) cn + g
∑
λ

fλ(~r ne )ϕλ,

iϕ̇λ = (ωλ − iγp/2)ϕλ + g
∑
m

f∗λ(~rme )cm,
(S35)

where we included a decay of the emitters with rate γe and photon losses with rate γp. We can formally integrate the
second equation (for the photon populations) and obtain

ϕλ(t) = −ig
∑
m

f∗λ(~rme )

∫ t

0

e−i(ωλ−iγp/2)(t−t′)cm(t′)dt′, (S36)

where we assumed ϕλ(t = 0) = 0 (i.e., initially there are no photons in the system). By reinserting this result into
the equations for the emitter’s amplitude we end up with

ċn(t) = −i(ωe − iγe/2)cn − g2
∑
m

∫ t

0

G(t− t′, ~r ne , ~rme )e−γp(t−t′)/2cm(t′)dt′. (S37)

This result is still completely general and used to produce the numerical results presented in Fig. 2 in the main text.

A. Spontaneous emission in a non-magnetic lattice

We consider here in detail the single emitter case. Considering the transformation ce(t) 7→ ce(t)e
−i(ωe−iγe/2)t, Eq.

(S37) can be rewritten as

ċe(t) = −g2

∫ t

0

K(t− t′)eγ̄(t−t′)/2ce(t
′)dt′, (S38)

where γ̄ = γe − γp and the integral kernel is given by

K(t) =

∫ +∞

−∞
ρ(~re, ω)e−i(ω−ωe)tdω, (S39)

with ρ(~re, ω) =
∑
λ |fλ(~re)|2δ(ω−ωλ), as defined in the main text. In an infinitely large system, the density of states

becomes a smooth function of ω. When the coupling is small and the emitter’s resonance is sufficiently far away from
eventual singular points [S10], we can approximate it as a constant, ρ(~re, ω) ' ρ(~re, ωe) = τ/(2π). In this way the
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integral kernel can be approximated by a delta function, K(t− t′) ' τδ(t− t′), which is evaluated at the upper bound
of the integral. We then recover the usual exponential decay

ċe(t) = −g
2τ

2
ce(t). (S40)

In a 2D system with eigenmodes fλ ∼ ei
~k·~r and an approximately quadratic dispersion, ωk ' ωb + J |~k|2, we obtain

τ ' 1/(2J) and

Γ ' g2

2J
. (S41)

For smaller lattices, delimited by sharp edges, the emitted photons will be reflected at the boundaries and for longer
times the decay of the emitter will deviate from a purely exponential shape. To avoid such boundary effects we have
included in the numerical simulations in Fig. 2(a) in the main text a larger photon loss rates at the edges to mimic
an infinitely extended system. To implement the dissipative boundaries it is more convenient to rewrite Eq. (S35)
using the photon’s wave function ϕ(t, ~r) =

∑
λ fλ(~r)ϕλ(t), which gives (in general for N emitters)

iċn = (ωe − iγe/2) cn + gϕ(t, ~r ne ),

iϕ̇(t, ~ri) =
∑
j

[−Jij + (ωp − iγ̃p(~ri)/2)δij ]ϕ(t, ~rj) + g
∑
m

δmicm, (S42)

where now we introduced a space dependent photonic dissipation γ̃p(~r). In our simulations we used a Fermi-function-
like profile

γ̃p(~r) = γp +
γedge

1 + exp[−(r −R0)/2]
. (S43)

Typically we tune the parameters such as R0 ' L/2, where L is the characteristic size of the system, and γedge '
γp × 103. Note that these additional loss channels do not affect the evolution of the coupled emitter-photon state in
the case of a finite α.

B. Flat-band approximation

When the light-matter coupling g is larger than the width of the `-th band, but still much smaller than the gap to
the other bands, we can make a resonance approximation. To do so we discard the contributions from all the other
bands and treat the `-th band as degenerate. Under these assumptions, i.e, |ωe − ω`k| � g and g � |ω`k − ω`±1k′ |,
and by changing into a damped rotating frame, cn(t) 7→ cn(t)e−i(ωe−iγp/2)t, we obtain the approximate result

ċn(t) ' − γ̄
2
cn − g2

∑
m

∫ t

0

G`(~r
n
e , ~r

m
e )cm(t′)dt′, (S44)

where γ̄ = γe− γp is the difference between the loss rates. Taking the time derivative of this equation we obtain a set
of second order differential equations for N coupled harmonic oscillators,

c̈n(t) = − γ̄
2
ċn(t)− g2

∑
m

G`(~r
n
e , ~r

m
e )cm(t). (S45)

C. LPP spectrum

By taking the Fourier transform of the cn(t) in Eq. (S45) we obtain the eigenvalue equation

(ω2 + iωγ̄/2− Ω2)cn(ω) = g2
∑
m 6=n

G`(~r
n
e , ~r

m
e )cm(ω), (S46)

from which we can derive the complex eigenvalues of the resonant LPPs, which represent the resonance frequencies and
the decay rates of the coupled eigenmodes. After transforming back into the original frame, these complex eigenvalues
are

ων = ωe − i
γe + γp

4
± Ω

√
1 + Λν − γ̄2/(16Ω2), (S47)
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where the Λν are the eigenvalues of the matrix

M =
1

α

 0 G`(~r
1
e , ~r

2
e ) G`(~r

1
e , ~r

3
e ) · · · G`(~r 1

e , ~r
N
e )

G`(~r
2
e , ~r

1
e ) 0 G`(~r

2
e , ~r

3
e ) · · · G`(~r 2

e , ~r
N
e )

...
. . . · · ·

 . (S48)

For the example of three equidistant emitters,

1

α
G`(~r

n
e , ~r

m
e ) = e

− d2

4l2
B L0

`

(
d2

2l2B

)
eiθnm (S49)

and Λν = e−d
2/(4l2B)L0

`

(
d2/(2l2B)

)
× λν , where λν are the eigenvalues of the reduced matrix

M̃ =

 0 eiθ12 e−iθ31

e−iθ12 0 eiθ23

eiθ31 e−iθ23 0

 . (S50)

Therefore, the λν are determined by the solutions of

λ3 − 3λ− 2 cos(θ4) = 0, (S51)

which only depend on the gauge invariant sum of all the phases,

θ4 = θ12 + θ23 + θ31 =
A4
l2B

=
eBA4

~
. (S52)

The solutions are explicitly given by

λν = 2 cos

(
θ4 + 2πν

3

)
. (S53)

IV. BAND-GAP CHIRAL EXCITATION FLOW

The condition of perfect chiral or non-chiral excitation flow in an equilateral triangle of emitters, strongly detuned
from any specific Landau level, is related to the eigenvalues of J̃nm. In particular, a fully chiral or completely
non-chiral flow appears, when one of the single excitation eigenvalues become zero or when two of them become
degenerate. Indeed the single excitation sector of the equilateral triangular system is fully described just looking at
the eigenvalues/eigenstates of the band-gap interaction itself

J̃ = G0

 0 eiθ12 eiθ13

e−iθ12 0 eiθ23

e−iθ13 e−iθ23 0

 , (S54)

where G0 = g2/(ωa − ω`)Φ``(|~r na − ~rma |) can be regarded just as a constant, since we consider an equilateral triangle
geometry. The characteristic polynomial of the system is given by

λ3 − 3G2
0λ− 2G3

0 cos(θ∆) = 0, (S55)

which is exactly the same polynomials used to find the eigenvalues in the resonant case (up to a scale factor G0). We
have that perfect chirality/non-chirality are realised, respectively, when θ∆ = nπ/2 with n odd-integer, or θ∆ = nπ

with n even-integer. This information is just given by the determinant of the effective interaction, which is det[J̃nm] =

2G3
0 cos(θ∆). When det[J̃nm] = 0 we have perfect chirality, on contrary, when det[J̃nm] = ±2G3

0 chirality is lost, as
the magnetic field were turned off. This can be worked out exactly, by considering that cn(t) =

∑
ν

∑
m cm(t =

0)fν(m)fν(n)e−iλνt, where cn(t), for n = 1, 2, 3 is the population of the n-th emitter, and fν(n), λν are, respectively
the eigenvectors, eigenvalues of the dynamical matrix (S54). Assuming the excitation is initially loaded just in the
first emitter, i.e. cn(t = 0) = δ0n, and considering θ∆ = nπ/2 we have

|c1(t)| =
∣∣∣∣13 +

2

3
cos
[√

3G0t
] ∣∣∣∣

|c2(t)| =
∣∣∣∣13 +

2

3
cos

[√
3G0t+

4π

3

] ∣∣∣∣
|c3(t)| =

∣∣∣∣13 +
2

3
cos

[√
3G0t+

2π

3

] ∣∣∣∣
(S56)
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FIG. S1. (a-d) Disorder averaged excitation spectrum S̄ne (ω) for fixed value of the disorder strength (as indicate in each plot).
Each plot is averaged over Ndis = 1000 realisations. (e) Disorder averaged excitation spectrum S̄ne (ω) as a function of ∆ωp.
For each value of ∆ωp the excitation spectrum is averaged over Ndis = 50 realisations. For all figures we have assumed a
M = 20 × 20 photonic lattice, α = 0.08, δe/J = 0.47 (corresponding to the resonance with the ` = 0 Landau level) and
g/J = 0.08.

This solution clearly shows that the chirality emerges from the 2π/3 phase shift between the three different populations
oscillations.

V. DISORDER

All our calculations in the main text are based on the assumption of an ideal lattice for the photons. In practice,
fabrication uncertainties will result, for example, in random local offsets of the bare photon frequency ωp, which will
affect the energies and wavefunctions of the photons. To estimate the effect of disorder on the LPPs, we now replace
ωp with a random offset at every site, ω̃ip = ωp + δωip, where δωip is sampled from a Gaussian distribution centered
around zero and with a width ∆ωp.

In the case of emitters resonantly coupled to the lattice, we expect the main physics is barely affected by the
disorder, provided that ωc � g � ∆ωp (where for higher Landau levels ωc is replaced by the frequency difference
between two neighbouring levels). We now illustrate this point more explicitly on the simplest case of the single
emitter. We consider the excitation spectrum, as defined in the main text,

Sne (ω) =

∣∣∣∣〈G|σn− 1

H − ω − iγe2
∑
m σ

m
+ σ

m
−
σn+|G〉

∣∣∣∣2 , (S57)

where H is now affected by the onsite disorder, as defined above. A good quantity that will provide a clear visualization
of the effect of disorder is the average excitation spectrum defined as

S̄ne (ω) =
1

Ndis

Ndis∑
k=1

Sne (ω), (S58)

where Ndis is the number of disorder realizations. In each realization the onsite energies ω̃ip for each site are chosen
randomly, as described above. In Fig. S1 we plot the resulting average excitation spectrum for a single emitter,
in resonance with the lowest Landau level. This plot shows that the Rabi splitting (and thus the presence of the



15

chiral bound state) is almost unaffected for disorder strengths up to ∆ωp/g . 1 and even up to values of ∆ωp/g ' 1
the splitting is still visible. In this regime the main effect of disorder is a broadening of the lines. Only at larger
disorder strengths the LPPs break up and the excitation spectrum reduces to a single line centered around the emitter
frequency. Note that in the considered regime of interest, ωc > g, the condition ∆ωp < g also implies that the disorder
does not mix the Landau levels. Therefore, the chiral properties of the LPPs remain preserved.

For emitters that are detuned from the nearest Landau level we expect that the constraint on the level of disorder
can be further relaxed and the sufficient condition to observe all non-resonant effects detailed in the main text is to
have min{ωc, |ωe − ω`|} � ∆ωp. Large quantitative and qualitative deviations from the main results of this work are
expected once the disorder approaches the scale of the cyclotron frequency, affecting both the amplitude, but also the
phase of the emerging dipole-dipole interactions.
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