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We introduce the notion of “generalized bosons” whose exchange statistics resemble those of bosons, but
the local bosonic commutator [ai, a†i ] = 1 is replaced by an arbitrary single-mode operator that is diagonal
in the generalized Fock basis. Examples of generalized bosons include boson pairs and spins. We consider
the analogue of the boson sampling task for these particles and observe that its output probabilities are still
given by permanents, so that the results regarding hardness of sampling directly carry over. Finally, we propose
implementations of generalized boson sampling in circuit-QED and ion-trap platforms.

Quantum random sampling protocols allow us to demon-
strate an advantage of quantum computational devices over
classical computers [1–3]. In a quantum random sampling
protocol the task is to sample from the output distribution of
a certain random quantum computation. Surprisingly, even if
those computations are not universal, the sampling task can in
many cases be computationally difficult for classical comput-
ers [4–17].

This is the case even for random linear-optical computa-
tions: In boson sampling [4] a uniformly random linear mode
transformation is applied to a multi-mode bosonic input state
and measured in the photon-number basis. Boson sampling
protocols come in many different variants, ranging from the
original proposal of Aaronson and Arkhipov [4] with Fock-
state input states (FBS), to Gaussian boson sampling (GBS)
with Gaussian input states [5, 6, 18] and GBS with thresh-
old detectors [19]. The hardness of simulating those schemes
can be traced back to the hardness of computing their out-
put probabilities, which are given by certain polynomials in
submatrices of the linear-optical unitary [6, 20, 21]. Impor-
tantly, the discovery of GBS has enabled recent experimental
demonstrations [3, 22] on much larger scales than is possible
for FBS [23] due to the experimental difficulty of Fock state
preparation.

In this Letter, we further extend boson sampling protocols
to a wider class of quantum systems. Specifically, we in-
troduce generalized bosons, which is a wide class of parti-
cles that hold bosonic commutation relations between differ-
ent sites but have non-bosonic local commutation relations.
For generalized bosons, the local standard bosonic commuta-
tion relations are replaced by an arbitrary diagonal operator
in the local Fock basis. A natural question which we address
in this Letter is therefore whether quantum advantage can be
demonstrated using those generalized bosonic modes analo-
gously to standard bosons.

Specific instances of generalized bosons were first intro-
duced in Refs. [24–26] and find applications for solving inte-
grable systems [27–30] and even interacting bosonic systems
via perturbation theory [31]. As we discuss in more detail
below, modes obeying generalized commutation relation can
also be found in AMO systems. While standard bosons are
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FIG. 1. Boson sampling with generalized bosons. (a) Circuit-QED
implementation of for boson pairs bi = a2i as cavity excitations. The
mode-mixing operation is implemented as a non-linear photon-pair
tunneling. (b) Trapped-ion implementation of super-spins. General-
ized boson (superspin) is encoded in internal atomic states. As de-
scribed in the text the mode-mixing unitary operation is implemented
in a Trotterized way by a sequential application of Molmer-Sorensen
[40] laser beams to each pair of ions. In both cases, the final step is
to perform local population measurement.

non-interacting, systems with non-trivial diagonal commuta-
tion relations can be viewed as interacting. Examples include
conventional spin degrees of freedom, and the so-called para-
boson [32, 33] that has recently been studied in ion-trap sys-
tems [34]. Below, we present and analyze another variant of
generalized bosons in a circuit-QED setup in form of boson
pairs [35–39].

Under this framework, we show that boson sampling can
be simulated efficiently by generalized bosons using Fock
state preparations, occupation number measurements and lin-
ear mode mixing. Consequently, all the complexity results for
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the original boson sampling protocol carry over. While lin-
ear mode mixing is naturally implemented in non-interacting
systems only, we re-interpret a result by Peropadre et al. [41]
to show an approximate, but efficient, simulation of mode-
mixing for generalized bosons, in certain limits. Finally, we
provide specific implementation proposals for a circuit-QED
and an ion-trap platforms.

On a high level, our work can be viewed as addressing the
question whether there is an intermediate system in between
qubits and non-interacting standard bosons in terms of the
level of interaction. Our results show that performing mode
mixing transformations “bypasses” the interactions of gener-
alized bosonic systems, giving rise to the same output proba-
bilities.

Generalized bosons— Let us start by being more specific
about the definition of generalized bosonic particles. Recall
the standard bosonic commutation relations between bosonic
annihilation and creation operators ai and a†i for a mode i

[ai, a
†
j ] = δij , [a†i , a

†
j ] = [ai, aj ] = 0, (1)

where [ · , · ] denotes the commutator and δij is the Kronecker
delta. For generalized bosons, the last two commutation rela-
tions in Eq. (2) remain unchanged, while the first commuta-
tion relation is modified by multiplying the Kroneker delta
by an arbitrary scalar function F of the single-mode occupa-
tion number operator n. Here we define the creation operator
by its action on vacuum as (b†i )

ni |0〉 = f(ni) |ni〉, where
f : N → C is a function that defines the properties of the
generalized boson and |ni〉 is the Fock state with occuptation
number ni at site i. So that we obtain the commutation rela-
tions for generalized bosonic modes bi, b

†
i as

[bi, b
†
j ] = δi,j

∞∑

ni=0

F (ni) |ni〉 〈ni| , [b†i , b
†
j ] = [bi, bj ] = 0, .

(2)

f and F are related and their exact correspondence is dis-
cussed in the Ssupplementary Material [42, Sec. I]. For conve-
nience, we call f(n) as the bosonic factor and only use f(n)
in the following text. A multimode Fock state of generalized
bosons on M modes can thus be written as

|n1, n2, . . . , nM 〉 =

(
M∏

i=1

1

f(ni)

)
b†n1

1 b†n2

2 · · · b†nMM |0〉 .

(3)
We give some examples of generalized bosons and their cor-
responding bosonic factors in Table I.

The basic idea of the FBS protocol due to Aaronson and
Arkhipov [4] is to send a Fock state of N photons in M
modes into a uniformly random linear mode-mixing circuit
described by a unitary matrix Λ ∈ U(M), and subsequently,
to measure the output state in the Fock basis. The linear
optical network Λ performs mode-mixing so that the input
mode operators {ai}Mi=1 are transformed to output operators
ãi =

∑M
j=1 Λijaj . The probability of obtaining an outcome

k = (k1, . . . , kM ) given that the input configuration is given
by l = (l1, . . . , lM ) for ki, li ∈ N such that

∑
i ki =

∑
i li =

N is then given by

Pr(k|l) =
|Perm(Λ[k|l])|2
(
∏
i li!) (

∏
i ki!)

. (4)

Here, the permanent Perm of an N ×N matrix A = (Ai,j)i,j
is defined like the permanent but with only positive signs as

Perm(A) =
∑

σ∈SN

(
N∏

i=1

Ai,σ(i)

)
, (5)

where SN is the symmetric group of N elements. Moreover,
Λ[m|n] is an (N ×N) matrix constructed by repeating the ith

column of Λ li many times, and the jth row ki many times.
Boson sampling for generalized bosons— We are now

ready to present the main theoretical result of our work,
namely, that the output probabilities of sampling from gen-
eralized bosons with Fock-state inputs are proportional to the
output probabilities of standard FBS.

Theorem. Consider a linear transformation Λ ∈ U(M) of
M modes of a generalized bosonic algebra on those modes
with bosonic factor f . Then the probability of measuring out-
come k given a Fock input state |l〉 is given by

Pr(k|l) =

(
N∏

i=1

f(ki)

f(li)ki!

)2

|Perm(Λ[k|l])|2 . (6)

We prove the Theorem in the Supplementary Informa-
tion [42, Sec. II]. Consequently, the complexity of FBS for
generalized boson remains the same as the complexity in the
standard boson case [4]. As it turns out, it is also possible to
construct an analogue of the Gaussian phase-space formalism
and a corresponding GBS, which however, is highly unnatural
for generalized bosons and hence we defer a detailed discus-
sion to the Supplementary Material [42, Sec. III].

We have pointed out that the output probabilities of FBS
are essentially unchanged under varying the diagonal com-
mutation relations between the bosons. But does this connec-
tion extend beyond being a mathematical curiousity? While
the preparation of Fock states, the implementation of a linear-
optical mode transformation and a measurement in the Fock
basis are natural operations in the context of quantum optics,
whether the same is true for generalized bosons is unclear a
priori. Vice versa, our result implies that FBS can be imple-
mented whenever those operations are possible.For those plat-
forms, it can then be used as a quantum advantage benchmark
to compare their performance in a hard-to-simulate regime
with other platforms.

General implementation scheme— We now describe the
main idea of implementing FBS for generalized bosons by
generalizing the implementation for a spin- 1

2 chain due to Per-
opadre et al. [41]. While Fock-state preparations and mea-
surements are natural, and for every fixed particle number
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Boson type Definition F (n) f(n)

Standard boson a 1
√
n!

Boson pair [35–39] b = a2 2 + 8n
√

(2n)!

Spin-S boson [43, 44] b = Sx − iSy (n− 2S) θ(2S − n)
(
n!(2S)!
(2S−n)!

) 1
2

q-boson [24–26] bb† − qb†b = qN , q ∈ C [n+1]q !

[n]q !
− [n]q !

[n−1]q !

√
[n]q!

m-paraboson [32, 33] [b, b†] = 1 + (2m+ 1)eiπNm 1 + (2m+ 1)eiπn
∏n
k=1

(
2k+2m+3+(2m+1)e2πk

2

) 1
2

TABLE I. Various generalized bosons and their generalized bosonic algebra, defined in terms of either the function F (n) or f(n), see Eq. (2).
For spin-S boson, the spin operators are Sx =

∑2S
j=1 σx, Sy =

∑2S
j=1 σy , θ(x) is the Heaviside step function which is zero for x < 0 and 1

for x ≥ 0. For q-bosons, N is defined such that [bq, N ] = bq, [b
†
q, N ] = −b†q . [n]q = qn−q−n

q−q−1 , [n]q! =
∏n
j=1[j]q , Nm is the number operator

of m-paraboson.

there exists a unitary that realizes linear mode mixing, it does
not seem possible to implement this unitary efficiently in gen-
eral. Recall that a mode-mixing transformation exp(−itH)
arises naturally for standard bosons evolved for time t un-
der the quadratic Hamiltonian H =

∑M
i,j=1 hi,ja

†
iaj with

coefficient matrix h ∈ CM×M . In contrast, the non-trivial
commutation relation of generalized bosons create arbitrary
higher-order terms in the Baker-Campbell-Hausdorff expan-
sion when evolving an operator bi under a Hamiltonian that is
quadratic in the generalized bosonic operators bi, b

†
i . In other

words, quadratic Hamiltonians of generalized bosons are in-
teracting, and vice versa, non-interacting evolution is gener-
ated by highly complex Hamiltonians.

The idea of Peropadre et al. [41] is to prevent those interac-
tions between individual bosons from happening. To achieve
this, they perform a space-time mapping, allowing them to
swap input modes with output modes in a single oscillation so
that there are no collisions during the time evolution. Specifi-
cally, they consider a system of 2M modes separated into M
input and M output modes, which is evolved for a short, con-
stant time under the Hamiltonian

HBS =
M∑

i,j=1

(a†j,outRjiai,in + h.c.) (7)

acting on standard bosonic modes with annihilation operators
{ai,in}Mi=1 and {ai,out}Mi=1 on the two halves of the system,
respectively. Here R ∈ U(M) is a unitary matrix. It turns out
that evolving the initial Fock state |φ(0)〉 = |lM 〉in⊗|0M 〉out
under this Hamiltonian for time π/2 results precisely in a state

|φ(π/2)〉 = (−i)N
N∏

i=1

M∑

j=1

Rj,ia
†
j,out |0〉 , (8)

so that a measurement in the Fock basis on the output modes
reproduces the boson sampling protocol.

Let us now consider the analogous generalized bosonic

Hamiltonian

HgBS =

M∑

i,j=1

b†j,outRjibi,in + h.c (9)

evolved for time π/2 with initial state |φ(0)〉 conceived of as
a generalized Fock state. Then the generalized bosonic alge-
bra will introduce an error into the output state, since during
the time evolution bosons will ‘meet’ and thus experience the
non-trivial diagonal commutation relation.

Peropadre et al. [41] show that for spin-1/2 systems, in the
dilute limit of M ∈ Ω(N4) and for initial states with only
0 or 1 particles in a mode will go to zero as O(N2/

√
M) in

Frobenius norm in the asymptotic limit. Hence, their result
can be read as showing that in this regime, the Hamiltonian
(9) approximately realizes linear mode mixing under the uni-
tary R. Importantly, this translates into a total-variation dis-
tance bound between the corresponding output distributions
of O(N2/

√
M).

In the following, we devise two possible implementations
of the generalized boson sampling protocol by simulating the
Hamiltonian (9) in circuit-QED and trapped-ion platforms, re-
spectively. Each protocol includes the preparation of a Fock-
state of generalized bosons, a simulation of Hamiltonian time
evolution under HgBS, and a measurement in the Fock basis
of generalized bosons.

Circuit-QED implementation— We start by considering
photon pairs as the generalized boson where the annihilation
operator is simply the square of a standard boson annihila-
tion operator: bi ≡ a2

i with [ai, a
†
j ] = δi,j . It is straight-

forward to show that [bi, b
†
j ] =

∑∞
ni=0(2 + 8ni) |ni〉 〈ni| δij .

This expression is clearly diagonal in the Fock basis as re-
quired by the definition of generalized bosons; see also Ta-
ble I. Although photon pairs have been generated in various
parts of the electromagnetic spectrum, our scheme requires
mode-mixing of photon pairs that is quartic in the standard
bosonic operators. Fortunately, the generation and manipu-
lation of such photon pairs has been extensively studied in
circuit-QED systems [35–39, 45]. In particular, we consider
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an array of non-linear resonator interacting with a bus waveg-
uide via a non-linear process (see Fig. 1(a)) as described by
the Hamiltonian

Heff =
∑

i

gia
†2
i c+ H.c.−∆c†c− χ

∑

i

a†ia
†
iaiai (10)

in the frame rotating at the cavity frequency ωc. Here, χ, gi
and ∆ are the circuit parameters defined in the supplemen-
tary material, ai is the cavity annihilation operator and c is
the bus bosonic resonator mode annihilation operator satis-
fying [c, c†] = 1. In particular, we assume that the cou-
pling g can be externally controlled. We note that our im-
plementation allows for the dynamical independent laser con-
trol of coupling coefficients gi = gi(t). Adiabatically elim-
inating the bus cavity mode we find the effective Hamilto-
nian Hpair =

∑
Ji,j (t) b†i bj with the tunneling being Ji,j =

gi(t)g
∗
j (t)/∆ − χδi,j . We note that the on-site interaction χ

will be ignored in the following as it can be eliminated by ei-
ther choosing the coupling constants such that |gi|2/∆ = χ
or by coupling to an additional Josephson junction in anal-
ogy to [35]. The Hamiltonian Hpair is formally equivalent to
HgBS required to perform the mode-mixing operation [41].
In the case in which the coefficients gi are time independent,
the resulting Ji,j is only a rank-1 matrix and therefore does
not allow for the implementation of an arbitrary unitary mode
transformation. A more general interaction pattern can be ob-
tained by, e.g., using a multimode cavity. Alternatively, due
to the independent dynamical control over coupling terms gi
any Hamiltonian can be implemented in a trotterized fashion
as shown in the Supplementary Material [42, Sec. ??].

We now discuss the Fock-state b† |0〉 preparation step of
the protocol. The arbitrary Fock-state preparation has been
demonstrated experimentally in the circuit QED setups [46].
For that we first assume the non-interacting limit gi → 0. In
this case in the non-rotating frame the Hamiltonian Eq. (10)
is local and diagonal in the Fock basis |ni〉 with eigenvalues
εn = nωc − n(n− 1)χ. In order to prepare the desired Fock
state we now assume the system is initially prepared in the
vacuum state |0〉. The system is then weakly driven with the
driving Hamiltonian being Hdr = Ωdr/2

∑
i(ai exp(iωdrt) +

a†i exp(−iωdrt)), where ωdr and Ωdr are the frequency and
the amplitude of the driving. In the limit of weak driving
Ωdr � χ, upon tuning the driving frequency to the two-photon
resonance ωdr = ε2/2, the system undergoes a two-photon
Rabi oscillation |0i〉 → b†i |0〉 with the period given by a two-
photon Rabi frequency Ω2 =

√
2Ω2

dr/(4χ).
The leading error in Fock state preparation is due to popu-

lating the state |1〉 with probability p1 ≤ Ω2
dr/(4|ε1 − ωdr|2).

This probability can be minimized by reducing the Rabi fre-
quency, trading off against decoherence. A further improve-
ment may be achieved by employing the adiabatic protocol
[47] which assumes the control over the detuning of the drive.

The final step of the protocol is the measurement of the pho-
ton number distribution. This can be done by standard means,
e.g., by employing the quantum nondemolition measurement

protocol as experimentally demonstrated in [48, 49]. The fi-
delity of the measurement is limited by the cavity decoher-
ence.

Trapped-ion implementation— We now discuss an imple-
mentation of spin-S generalized bosons using a trapped-ion
quantum simulator, as schematically shown in Fig. 1(b). To
this end, we consider a chain of ions in a linear Paul trap [50].
Each ion is considered to be a two-level system {|g〉α , |e〉α}
with the corresponding transition frequency denoted as ωeg .
We encode the super-spin S(i) as collective excitation of a
subset of ions {α}i such that the lowering operator can be de-
fined as: S(i)

± ≡ N−1/2
∑
{α}i σ

(α)
± , where N is the num-

ber of ions encoding the superspin and σ
(α)
− ≡ |g〉α 〈e|,

σ
(α)
+ ≡ |e〉α 〈g|.
We split our implementation into three steps: state prepa-

ration, unitary mode mixing via Eq. (8), and measurement.
The initial superspin Fock (Dicke)-state preparation can be
performed using the technique experimentally demonstrated
in Ref. [51]. It consists of two steps: first the preparation of
the motional Fock state by selectively driving the first mo-
tional blue sideband. The second step consists of driving the
target superspin ions resonantly with the red motional side-
band thereby transferring the excitation into the Dicke state
N−1/2

∑
{α}i |e〉α.

We now discuss a Trotterized way [52] of implement-
ing time evolution under the long-range Heisenberg-exchange
type interaction Hint = J(i,j)S

(i)
+ S

(j)
− + H.c. featuring in

the Hamiltonian (7). As extensively discussed in the litera-
ture [53], such an interaction between any pair of ions can
be generated driving ions in a generalized Mølmer-Sorensen
[40] laser configuration. More precisely we consider a pair
of bichromatic laser beams driving the transition e ↔ g
with the laser frequencies respectively tuned to ωeg + ∆ and
ωeg − ∆ where ∆ is laser detuning. As we discuss in the
Supplementary Material [42, Sec. IV] this generates the ion-
ion interaction characterized by the Hamiltonian H

(XY )
(α,β) ≈

J (α,β){σ(α)
+ σ

(β)
− + H.c.}, where the interaction coefficient

scales as J(α,β) = J0/ |α− β|ζ with 0 < ζ < 3 and J0

is interaction constant. Time evolution under the desired
Hamiltonian Hint can then be obtained in a Trotterized way
by running the interaction H

(XY )
α,β for each pair of ions for

a time δtα,β inverse proportional to the interaction strength
J(α,β) to preserve the spin symmetry δtα,βi,j ≈ δti,j × J̃/Jα,β ,
where J̃ = min{i}α{j}β [Ji,j ]. To the lowest-order in Floquet-
Magnus expansion we find:

Heff ≈ J0N

∑
i,j δti,j

{
S

(i)
+ S

(j)
− + H.c.

}

∑
i,j

∑
α,β δti,j × |α− β|

ζ
. (11)

By performing the summation and assuming the densest
unitary operation (δti,j = δt) for ζ ≈ 0 and N = 2, corre-
sponding to S = 1, we find the interaction betweenNS super-
spins to be of the order max(J (α,β)) = 4 × J0/

(
N2
S −NS

)
.
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We note that this scaling can potentially be improved by per-
forming optimization of the Mølmer-Sorensen laser configu-
ration [54]. The number of available superspins can be es-
timated as max(J (α,β)) > γ, where the decoherence rate is
γ ≈ 1Hz. By taking J0 ≈ 1kHz we find the number of avail-
able superspins to be of the order of NS ≈ 50.

Measurement results in the collective basis can be inferred
from just local spin measurements due to the restriction to the
collective states of each superspin.

Outlook— Universal circuit sampling and boson sam-
pling formalize natural notions of random computations in
the circuit model and the linear-optical model of computa-
tion, respectively. Viewed from the perspective of general-
ized bosons, these systems are captured by spins and standard
bosons, respectively. In contrast to standard bosons spins are
strongly interacting. Our results can be viewed as address-
ing the question whether there is an intermediate system in
between qubits and non-interacting standard bosons in terms
of the level of interaction. Indeed, generalized bosons pro-
vide a natural framework for thinking about this question and
we make some first progress by showing that boson sampling
can be simulated in such intermediate systems. Having said
that, it is less clear that this is indeed the most natural notion
of random computation in these contexts. An exciting open
question is thus to identify as well as to assess the computa-
tional complexity of natural random computations for various
physical platforms.

A key open question for generalized boson sampling is the
question whether it is possible to certify samples produced
in such models. For standard bosons, state preparations
can indeed by verified by making use of the formalism of
Gaussian quantum information [55]. Unfortunately, as we
discuss in more detail in the Supplementary Material [42],
this formalism does not carry over to generalized bosons, and
it is therefore unclear whether or how generalized bosonic
state preparations can be efficiently verified.

Acknowledgements. We thank Ze-Pei Cian, Abhinav
Deshpande and Yixu Wang for useful discussions. This
works was supported by ARO W911NF-15-1-0397, National
Science Foundation QLCI grant OMA-2120757, AFOSR-
MURI FA9550-19-1-0399, Department of Energy QSA pro-
gram, and the Simons Foundation. D.H. acknowledges finan-
cial support from the U.S. Department of Defense through a
QuICS Hartree fellowship.

∗ These authors contributed equally to this work.
[1] Frank Arute, Kunal Arya, Ryan Babbush, Dave Bacon,

Joseph C Bardin, Rami Barends, Rupak Biswas, Sergio Boixo,
Fernando GSL Brandao, David A Buell, et al., “Quantum
supremacy using a programmable superconducting processor,”
Nature 574, 505–510 (2019).

[2] Qingling Zhu, Sirui Cao, Fusheng Chen, Ming-Cheng Chen,
Xiawei Chen, Tung-Hsun Chung, Hui Deng, Yajie Du, Dao-

jin Fan, Ming Gong, Cheng Guo, Chu Guo, Shaojun Guo,
Lianchen Han, Linyin Hong, He-Liang Huang, Yong-Heng
Huo, Liping Li, Na Li, Shaowei Li, Yuan Li, Futian Liang,
Chun Lin, Jin Lin, Haoran Qian, Dan Qiao, Hao Rong, Hong
Su, Lihua Sun, Liangyuan Wang, Shiyu Wang, Dachao Wu,
Yulin Wu, Yu Xu, Kai Yan, Weifeng Yang, Yang Yang, Yangsen
Ye, Jianghan Yin, Chong Ying, Jiale Yu, Chen Zha, Cha Zhang,
Haibin Zhang, Kaili Zhang, Yiming Zhang, Han Zhao, Youwei
Zhao, Liang Zhou, Chao-Yang Lu, Cheng-Zhi Peng, Xiaobo
Zhu, and Jian-Wei Pan, “Quantum computational advantage
via 60-qubit 24-cycle random circuit sampling,” Science Bul-
letin 67, 240–245 (2022), arXiv:2109.03494.

[3] Han-Sen Zhong, Yu-Hao Deng, Jian Qin, Hui Wang, Ming-
Cheng Chen, Li-Chao Peng, Yi-Han Luo, Dian Wu, Si-
Qiu Gong, Hao Su, Yi Hu, Peng Hu, Xiao-Yan Yang,
Wei-Jun Zhang, Hao Li, Yuxuan Li, Xiao Jiang, Lin Gan,
Guangwen Yang, Lixing You, Zhen Wang, Li Li, Nai-Le
Liu, Jelmer J. Renema, Chao-Yang Lu, and Jian-Wei Pan,
“Phase-Programmable Gaussian Boson Sampling Using Stim-
ulated Squeezed Light,” Phys. Rev. Lett. 127, 180502 (2021),
arXiv:2106.15534.

[4] S. Aaronson and A. Arkhipov, “The computational complexity
of linear optics,” Th. Comp. 9, 143–252 (2013).

[5] Craig S. Hamilton, Regina Kruse, Linda Sansoni, Sonja
Barkhofen, Christine Silberhorn, and Igor Jex, “Gaussian bo-
son sampling,” Phys. Rev. Lett. 119, 170501 (2017).

[6] Regina Kruse, Craig S. Hamilton, Linda Sansoni, Sonja
Barkhofen, Christine Silberhorn, and Igor Jex, “Detailed study
of gaussian boson sampling,” Phys. Rev. A 100, 032326 (2019).

[7] Michael J. Bremner, Ashley Montanaro, and Dan J. Shep-
herd, “Average-case complexity versus approximate simula-
tion of commuting quantum computations,” arXiv preprint
arXiv:1504.07999 (2015), arXiv:1504.07999.

[8] Sergio Boixo, Sergei V. Isakov, Vadim N. Smelyanskiy,
Ryan Babbush, Nan Ding, Zhang Jiang, Michael J. Bremner,
John M. Martinis, and Hartmut Neven, “Characterizing quan-
tum supremacy in near-term devices,” Nature Phys 14, 595–600
(2018), arXiv:1608.00263.

[9] Adam Bouland, Bill Fefferman, Zeph Landau, and Yunchao
Liu, “Noise and the frontier of quantum supremacy,” in 2021
IEEE 62nd Annual Symposium on Foundations of Computer
Science (FOCS) (2022) pp. 1308–1317.

[10] Yasuhiro Kondo, Ryuhei Mori, and Ramis Movassagh, “Quan-
tum supremacy and hardness of estimating output probabilities
of quantum circuits,” (2021), arXiv:2102.01960.

[11] Xun Gao, Sheng-Tao Wang, and L.-M. Duan, “Quantum
Supremacy for Simulating a Translation-Invariant Ising Spin
Model,” Physical Review Letters 118 (2017), 10.1103/Phys-
RevLett.118.040502.

[12] Tomoyuki Morimae, “Hardness of classically sampling the one-
clean-qubit model with constant total variation distance error,”
Phys. Rev. A 96 (2017), 10.1103/physreva.96.040302.

[13] Juan Bermejo-Vega, Dominik Hangleiter, Martin Schwarz,
Robert Raussendorf, and Jens Eisert, “Architectures for Quan-
tum Simulation Showing a Quantum Speedup,” Phys. Rev. X 8,
021010 (2018).

[14] J. Haferkamp, D. Hangleiter, A. Bouland, B. Fefferman, J. Eis-
ert, and J. Bermejo-Vega, “Closing Gaps of a Quantum Advan-
tage with Short-Time Hamiltonian Dynamics,” Phys. Rev. Lett.
125, 250501 (2020).

[15] Adam Bouland, Joseph F. Fitzsimons, and Dax Enshan Koh,
“Complexity Classification of Conjugated Clifford Circuits,”
in 33rd Computational Complexity Conference (CCC 2018),
Leibniz International Proceedings in Informatics (LIPIcs), Vol.



6

102, edited by Rocco A. Servedio (Schloss Dagstuhl–Leibniz-
Zentrum fuer Informatik, Dagstuhl, Germany, 2018) pp. 21:1–
21:25.

[16] Mithuna Yoganathan, Richard Jozsa, and Sergii Strelchuk,
“Quantum advantage of unitary Clifford circuits with magic
state inputs,” Proceedings of the Royal Society A: Mathemat-
ical, Physical and Engineering Sciences 475, 20180427 (2019).

[17] Bill Fefferman, Michael Foss-Feig, and Alexey V Gorshkov,
“Exact sampling hardness of ising spin models,” Physical Re-
view A 96, 032324 (2017).

[18] A. P. Lund, A. Laing, S. Rahimi-Keshari, T. Rudolph, J. L.
O’Brien, and T. C. Ralph, “Boson Sampling from a Gaus-
sian State,” Physical Review Letters 113 (2014), 10.1103/Phys-
RevLett.113.100502.

[19] Nicolás Quesada, Juan Miguel Arrazola, and Nathan Killoran,
“Gaussian boson sampling using threshold detectors,” Phys.
Rev. A 98, 062322 (2018).

[20] L.G. Valiant, “The complexity of computing the permanent,”
Theoretical Computer Science 8, 189–201 (1979).

[21] Andreas Björklund, Brajesh Gupt, and Nicolás Quesada, “A
faster hafnian formula for complex matrices and its benchmark-
ing on a supercomputer,” ACM J. Exp. Algorithmics 24 (2019),
10.1145/3325111.

[22] Han-Sen Zhong, Hui Wang, Yu-Hao Deng, Ming-Cheng Chen,
Li-Chao Peng, Yi-Han Luo, Jian Qin, Dian Wu, Xing Ding,
Yi Hu, Peng Hu, Xiao-Yan Yang, Wei-Jun Zhang, Hao Li, Yux-
uan Li, Xiao Jiang, Lin Gan, Guangwen Yang, Lixing You,
Zhen Wang, Li Li, Nai-Le Liu, Chao-Yang Lu, and Jian-Wei
Pan, “Quantum computational advantage using photons,” Sci-
ence 370, 1460–1463 (2020).

[23] Hui Wang, Jian Qin, Xing Ding, Ming-Cheng Chen, Si Chen,
Xiang You, Yu-Ming He, Xiao Jiang, Z. Wang, L. You, J. J.
Renema, Sven Hoefling, Chao-Yang Lu, and Jian-Wei Pan,
“Boson sampling with 20 input photons in 60-mode interferom-
eters at 1014 state spaces,” Phys. Rev. Lett. 123, 250503 (2019),
arXiv:1910.09930.

[24] Chang-Pu Sun and Hong-Chen Fu, “The q-deformed boson re-
alisation of the quantum group SU(n)qand its representations,”
Journal of Physics A: Mathematical and General 22, L983–
L986 (1989).

[25] L C Biedenharn, “The quantum group SUq(2) and a q-analogue
of the boson operators,” Journal of Physics A: Mathematical
and General 22, L873–L878 (1989).

[26] M. T. Rouabah, N. Mebarki, and M. F. Ghiti, “Q-deformed
su(1,1) and su(2) squeezed and intelligent states and quantum
entanglement,” AIP Conference Proceedings 1444, 241–245
(2012), https://aip.scitation.org/doi/pdf/10.1063/1.4715427.

[27] Anjan Kundu et al., “q-boson in quantum integrable systems,”
SIGMA. Symmetry, Integrability and Geometry: Methods and
Applications 3, 040 (2007).

[28] P D Jarvis and M A Lohe, “Quantum deformations andq-boson
operators,” Journal of Physics A: Mathematical and Theoretical
49, 431001 (2016).

[29] David Palazzo, Cylindric symmetric functions and quantum in-
tegrable systems, Ph.D. thesis, University of Glasgow (2019).

[30] Jan Felipe Van Diejen, Erdal Emsiz, and Ignacio Nahuel Zur-
rián, “Completeness of the bethe ansatz for an open q-boson
system with integrable boundary interactions,” arXiv preprint
arXiv:1611.05922 (2016).
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I. GENERALIZED BOSONS

In this section, we introduce the definition of generalized boson. In the next section, we will then show that FBS will still
yield a permanent when sampling from the output distribution of linear mode mixing applied to generalized Fock states.

To define generalized bosons, first, recall the definition of a standard boson from regular quantum field theory [1]. Let A be a
nonempty set. We can associate each i ∈ A with a pair of operators ai, a

†
i , corresponding to annihilating and creating a boson,

respectively. Those operators satisfy the following commutation relations

[ai, a
†
j ] ≡ aia†j − a†jai = δij , [a†i , a

†
j ] = [ai, aj ] = 0, (S.1)

where δij is the Kronecker delta.
For generalized bosons, we proceed analogously, except that we relax the diagonal commutation relation requirement in the

following sense

[bi, b
†
j ] = δi,j

∞∑

ni=0

F (ni) |ni〉 〈ni| , [b†i , b
†
j ] = [bi, bj ] = 0, (S.2)

where F : N0 → C may be an arbitrary complex-valued scalar function. We recover the definition of standard bosons by
defining F (n) ≡ 1, ∀n ∈ N0, which corresponds to the identity operator.

∗ These authors contributed equally to this work

ar
X

iv
:2

20
4.

08
38

9v
1 

 [
qu

an
t-

ph
] 

 1
8 

A
pr

 2
02

2



2

We define the generalized Fock basis by the action of the generalized bosonic creation operator on the vacuum state as

(b†)n |0〉 = f(n) |n〉 , (S.3)

where f : N0 → C is an alternative characterization of a generalized boson that is equivalent to F . For n = 0, we always have
f(0) = 1 due to Eq. (S.3).

To see this, let us first show how F is determined by f . To this end, observe the following standard relation for the action of a
creation and annihilation operator on a Fock state |n〉

b† |n〉 =
f(n+ 1)

f(n)
|n+ 1〉 , b |n〉 =

f(n)

f(n− 1)
|n− 1〉 . (S.4)

Given this, we can compute

F (n) = 〈n| [b, b†] |n〉 =
f(n+ 1)2

f(n)2
− f(n)2

f(n− 1)2
. (S.5)

Conversely, we can construct f given F recursively via the following relation

f2(n+ 1)

f2(n)
=
f(1)2

f(0)2
+

n∑

i=1

F (i).∀n ≥ 1, (S.6)

and the requirement of f(0) = 1 as well as the observation that f(1)2

f(0)2 = F (0) so that f(1) =
√
F (0). So once we fixed F (i)

∀i ∈ N and f(0) = 1, f is recursively determined by Eq. (S.6). In particular, if we choose F (i) = 1,∀i we obtainf(n) =
√
n!

as we would expect.
So the bosonic factor completely determines all the structure of generalized bosons and vice versa. We will see how the order

structure of f(n) will play an important rule in our context.
We can then define the multimode Fock state of generalized bosons in M modes as

|n1, n2, ..., nM 〉 =

(
N∏

i=1

1

f(ni)

)
b†n1

1 b†n2

2 ...b†nNM |0〉M . (S.7)

II. BOSONS SAMPLING WITH GENERALIZED BOSONS

We now derive FBS for generalized boson and show its output probability is still proportional to a permanent of mode-mixing
matrix Λ.

Theorem 1 Consider a linear transformation Λ ∈ U(M) of M modes of a generalized bosonic algebra on those modes with
bosonic factor f . Then the probability of measuring outcome k given a Fock input state |l〉 is given by

Pr(k|l) =

(
N∏

i=1

f(ki)

f(li)ki!

)2

|Perm(Λ[k|l])|2 . (S.8)

where Λ[m|n] is an (N ×N) matrix constructed by repeating the ith column of Λ li many times, and the jth row ki many times.
Proof. The unitary transformation Λ acts like the following:

b→ Λ†b, b† → ΛT b. (S.9)

We can expand the Λ†b by using multinomial expansion theorem (to use multinomial expansion, we must only require [bi, bj ] =

[b†i , b
†
j ] = 0 . We first compute Λ acting on the input state |l〉 = |l1, l2, . . . , lM 〉We have

Λ |l1, l2, ..., lM 〉 = (S.10)
M∏

i=1

1

f(li)

∑

{nij ,
∑M
j=1 nij=li}

li!∏M
i,j=1 nij !

(

M∏

j1=1

Λj11b
†
j1

)n1j1 (

M∏

j2=1

Λj22b
†
j2

)n2j2 )...(

M∏

jM=1

ΛjMMb
†
jM

)nMjM |0〉M . (S.11)

=
∑

∑M
j=1 kj=N

Ck|l |k〉 ,
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where the coefficientCk|l is given by

Ck|l =
M∏

i=1

li!

f(li)

M∏

j=1

f(kj)
∑

{nij :
∑M
j=1 nij=li,

∑M
i=1 nij=kj}

∏
i,j=1 Λ

nij
ji∏M

i,j=1 nij !
. (S.12)

We use the following combinatorial identity [2, 3]

∑

{nij∈N0:
∑M
j=1 nij=li,

∑M
i=1 nij=kj}

∏
i,j=1 Λ

nij
ji∏M

i,j=1 nij !
=

(
M∏

i=1

1

li!

)


M∏

j=1

1

kj !


Perm(Λ[k|l]). (S.13)

Finally, we get (notice that f(0) = 1):

Ck|l =

(
N∏

i=1

f(ki)

f(li)ki!

)
|Perm(Λ[k|l])| . (S.14)

which finishes the proof as Pr(k|l) = |Ck|l|2.
In particular, when we choose the standard-bosonic f(n) =

√
n!, (S.14) reduces to the output probabilities of standard FBS

Pr(k|l) =
|Perm(Λ[k|l])|2
(
∏
i li!) (

∏
i ki!)

. (S.15)

which recovers the result of FBS [2, 3].
Since the prefactors of the probabilities will always be a constant in the collision-free subspace, i.e., whenever ki, li ∈ {0, 1},

the hardness results of Aaronson and Arkhipov [2] directly apply to generalized boson sampling.

III. GAUSSIAN BOSON SAMPLING FOR GENERALIZED BOSON

In this section, we generalize the Gaussian-state formalism to generalized bosons. As it turns out, key features of this formal-
ism do not generalize, making it somewhat contrived. Nonetheless, it can be used to show that the outcome probability of the
analogue of GBS are also given by Hafnians.

To begin with, we introduce the definition of a coherent state, central to the Gaussian formalism, in Sec. III A. We then derive
the P and Q function in Sec. III B and use it to compute the outcome probabilities of generalized GBS in Sec. III D.

A. Generalized Coherent States

In this section, we introduce the coherent state of generalized bosons. We define |α〉 = 1√
N(α)

eαa
† |0〉 for a generalized

bosonic operator a with bosonic factor f as

|α〉 =
1√
N(α)

∞∑

n=0

(αa†)n

n!
|0〉 =

1√
N(α)

∞∑

n=0

(α)n

n!
f(n) |n〉 , (S.16)

where N(α) is a normalization factor that enforces 〈α|α〉 = 1, as given by

N(α) =
∞∑

n=0

|α|2nf2(n)

n!2
. (S.17)

We can then compute the inner product of two generalized coherent states 〈β| and |α〉 as

〈β|α〉 =
1√

N(α)N(β)

∞∑

n=0

(β∗α)2nf2(n)

n!2
. (S.18)

Indeed, if we choose the bosonic factor to be f(n) =
√
n!, then we obtainN(α) = e|α|

2

, which reproduces the standard coherent
state

|α〉 = e−
|α|2
2

∞∑

n=0

αn√
n!
|n〉 = e−

|α|2
2 eαâ

†
e−α

∗â |0〉 . (S.19)
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B. P and Q Functions for Generalized Boson

Phase space methods are widely used in quantum optics. The advantage of phase space methods is that in order to compute
an expectation value of an observable, one only needs to compute an integral over phase space instead of calculating a trace.
Specifically, the P and Q functions are the most widely used representatios of observables and density matrices in phase space
[4, 5], respectively.

In this section, we define the P and Q functions for generalized bosons. Before we start studying the P and Q functions, we
need to first figure out the normalization constant of the generalized coherent basis. In the single mode case, we have the integral

∫
|α〉 〈α| d2α = κI. (S.20)

where κ is a positive constant. For example, for the q-boson coherent state, we have κ = π, and for the spin coherent state, we
have κ = 4π

2S+1 . The expectation of an operator O can then be written as an integral over a two-dimensional phase space with
coordinates α, α∗:

tr[ρO] =

∫
d2α

1

κ
〈α| ρO |α〉 . (S.21)

We use this expression in order to define the phase space representation of a density matrix ρ, named Q-function, as Qρ(α) =
1
κ 〈α| ρ |α〉 where the κ−1 factor serves to ensure that the Q-function is normalized in the sense of

∫
Qρ(α)d2α = 1 & (S.22)

Intuitively, we can think of the Q-function as the projection of the density matrix ρ onto the coherent-state basis. In the M -mode
case, the Q-function is then given by Qρ(α) = κ−M 〈α| ρ |α〉, where |α〉 = |α1〉 ⊗ · · · ⊗ |αM 〉.

Since the Q-function is the phase space representation of a density matrix ρ, similarly, we also map the observable to its
corresponding phase space representation namely the P -function. For the purpose of this work, we only need observables which
are projective measurements in the Fock basis. The P -function of a single-mode projective Fock measurement |n〉 〈n| is defined
as the function Pn : C→ R which satisfies

|n〉 〈n| =
∫
d2α |α〉 〈α|Pn(α). (S.23)

For the multi-mode case, the P -function Pn is defined by the analogous relation |n〉 〈n| =
∫
d2Mα |α〉 〈α|Pn(α).

Given those definitions, we can write the probability of measuring a multi-mode Fock state |n〉 = |n1, n2, ..., nN 〉 on a density
matrix ρ as

Pr(n) =

∫
d2MαQρ(α)Pn(α). (S.24)

For generalized bosons, the Q-function can be obtained straightforwardly while the P -function is nontrivial. Since |n〉 =
|n1〉 ⊗ · · · ⊗ |nN 〉 is a product state, its P -function is a product of single-mode P -functions acting on each mode individually.
This can be seen by generalizing Eq. (S.26) to multi-mode Fock states. It turns out that the single-mode P -function for |n〉 〈n|
can be written as

Pn(α) = N(α)
1

f(n)2

(
∂2

∂α∂α∗

)n
δ(α)δ(α∗). (S.25)

To see this, let us verify it by the definition of P -function. by integrating Pn(α) over phase space

∫
d2α |α〉 〈α|Pn(α) =

∫
d2α |α〉 〈α|N(α)

1

f(n)2

(
∂2

∂α∂α∗

)n
δ(α)δ(α∗)

=
1

f(n)2

∫
d2α

∞∑

k,l=0

αkα∗l

k!l!
f(k)f(l) |k〉 〈l|

(
∂2

∂α∂α∗

)n
δ(α)δ(α∗)

=
1

f(n)2

∫
d2αδ(α)δ(α∗)

(
∂2

∂α∂α∗

)n ∞∑

k,l=0

αkα∗l

k!l!
f(k)f(l) |k〉 〈l|

= |n〉 〈n| .

(S.26)
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Here, we use the property of the delta function, since once we take the partial derivative
(

∂2

∂α∂α∗

)n
inside integral, only the |n〉

component remains after integration. Because the delta function eliminates all the terms depending on α after partial derivatives,
|n〉 is the only component that does not depend on α after we take the partial derivative.

The P -function of a multi-mode Fock state |n〉 is then given by

Pn(α) =
1

∏M
i=1 f(ni)2

e
∑M
i=1 ln(N(αi))

M∏

j=1

(
∂2

∂αj∂α∗j

)nj
δ(αj)δ(α

∗
j ). (S.27)

C. Generalized Gaussian states

Given the phase-space representation in terms of the P and Q funcction, we define a Gaussian state for generalized bosons
analogously to the standard case, if it has a Gaussian Q-function in the sense that

Qρ(α) =
1

g
√
|σQ|

e−
1
2α
†σ−1
Q α (S.28)

for some positive semidefinite matrix σQ, called the covariance matrix. Here, α = (α1, α2, ...αM )T ,α† = (α∗1, α
∗
2, ...α

∗
M ),

|σQ| is the determinant of σQ, and g is a normalization constant which makes
∫
Q(α)d2Mα = 1 with d2Mα =

∏M
i=1 d

2αi.
Let us point out, however, that Gaussian states are highly unnatural for generalized bosons. Let us elaborate this point:

Generally speaking, given a basis, one can define a Gaussian state in the Q representation for generalized bosons. Here, we did
so by introducing a generalized coherent state, and defining the Q-function in the generalized coherent state basis. However,
in contrast to the standard boson, the displacement operator will not prepare a Gaussian state, and neither will the squeezing
operator prepare a Gaussian state. Hence, it is unclear how to prepare a generalized Gaussian state.

Put differently, coherent and squeezed states of standard bosons always have a Gaussian Q function, and moreover zero
stellar rank within the stellar-rank formalism introduced by Chabaud et al. [6, 7]. Conversely, a coherent or squeezed state of
generalized bosons may not to have a Gaussian Q function, the clear classification of states in terms of their stellar rank will not
be applicable in general case. In particular, the inner product between coherent states is not Gaussian see Eq. (S.18).

D. Gaussian Boson Sampling for Generalized Boson

Let us now derive the outcome probability of GBS for generalized boson and show that we still get a Hafnian by assuming
our state has a Gaussian Q-function. To do so, we write Pn as

Pn(α) =
1

∏M
i=1 f(ni)2

e
∑M
i=1 ln(N(αi))

M∏

j=1

(
∂2

∂αj∂α∗j

)nj
δ(αj)δ(α

∗
j ) (S.29)

We then evaluate the phase space integral (S.24) with the expressions for the Q function (S.28), and the P function (S.29),
obtaining

Pr(n) =
1

∏M
i=1 f(ni)2

1

g
√
|σQ|

M∏

j=1

(
∂2

∂αj∂α∗j

)nj
eln(N(α)− 1

2α
†σ−1
Q α|αj→0. (S.30)

From this, we recover standard GBS [8, 9] by choosing N(α) = e|α|
2

and f(n) =
√
n! because the expression in the argument

of the exponential can be written as a quadratic form in the matrix I2M−σ−1
Q , where I2M is the 2M -dimensional identity matrix.

Indeed, from the perspective of generalized bosons, it looks like for the standard boson case, the resulting expression is a
miracle since we get the exponential quadratic term e|α|

2

for the normalization coefficient N(α). However, observe that only
the second derivative on each mode contributes to the outcome probability if we only measure outcomes nj ∈ {0, 1} in every
mode. This is because when letting αj → 0 the exponential term will approach unity since N(0) = 1 for arbitrary generalized
bosons. This corresponds to the second-order term in the series expansion of ln(N(α)) around α = 0. Let us therefore compute
the series expansion of N(α) in |α| =

√
α∗α around |α| = 0 as

ln(N(|α|)) = c0 + c1|α|2 + c2|α|4 + c3|α|6 + . . . . (S.31)
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As argued above, when restricting to nj ∈ {0, 1} for 1 ≤ j ≤ M , only the term linear in |α|2 = α∗α will give a nontrivial
contribution to the outcome probability. Hence, only c1 is effective in this case, because all the higher order terms in |α| will be
eliminated by α→ 0. We obtain

Pr(n) =
1

∏M
i=1 f(ni)2

ec0M

g
√
|σQ|

M∏

j=1

(
∂2

∂αj∂α∗j

)nj
ec1|α|

2− 1
2α
†σ−1
Q α|αj→0. (S.32)

Then we do the similar calculations as shown in Refs. [8, 9] which is based on the derivative expansion formula [10] converting
partial derivatives of an exponential quadratic function to a summation over all perfect matching permutations (PMP) of product
of matrix elements. Such a summation over PMP of products of matrix elements is exactly the Hafnian function. We have our
final result:

Pr(n) =
ec0M

g
∏M
i=1 f(ni)2

1√
|σQ|

Haf(As) (S.33)

Here

As =

(
0

⊕M
i=1 c

(i)
1 IM⊕M

i=1 c
(i)
1 Im 0

)
(I2M − σ−1

Q ). (S.34)

We finished the proof.
We also find that parallel results hold for the case of nonzero displacement. In this case, the Q function looks like:

Qρ(α) =
1

g
√
|σQ|

e−
1
2 (α−dν)†σ−1

Q (α−dν). (S.35)

We calculate the probability to observe a Fock state |n1, ..., nM 〉 where ni ∈ {0, 1} is [10]. We arrive at

Pr(n) =
ec0M exp

[
− 1

2d
†
νσ
−1
Q dν

]

g
∏M
i=1 f(ni)2

√
|σQ|

M∏

j=1

(
∂2

∂αj∂α∗j

)nj
exp

[
1

2
αtAα+ Fα

]∣∣∣∣∣∣
α=0

. (S.36)

We get:

Pr(n) =
ec0Me−

1
2d
†
νσ
−1
Q dν

g
∏M
i=1 f(ni)2

√
|σQ|

|π|∑

j=1
πj∈{2M}






|B1
j |∏

k=1
B1
j∈πj

Fk


Haf(AB2

j
)




=
ec0Me−

1
2d
†
νσ
−1
Q dν

g
∏M
i=1 f(ni)2

√
|σQ|

[
Haf(AS) +

∑

j1,j2,j1 6=j2
Fj1Fj2Haf(AS−{j1,j2}) + ...+

2M∏

j

Fj

]
(S.37)

where the first sum is over all partitions of the set of 2M indices , the product is over all indices in the blocks B1
j and the

remaining indices in blocks B2
j form AB2

j
, a submatrix of A, which we then take the hafnian of.

IV. TRAPPED-ION IMPLEMENTATION

In this section we discuss the details of physical implementation of the boson sampling protocol in trapped-ion setups.

A. Setup

The setup we have in mind is shown in Fig. 1 of the main text. More precisely we consider a chain of ions in a Paul trap. Each
ion is considered to be a two-level system {|g〉i , |e〉i} with the corresponding transition frequency ωeg . We encode superspin
S(α) as collective excitation of a subset of ions {i}α such that the lowering operator can be defined as:

S
(α)
± ≡ 1√

N

∑

{i}α
σ

(i)
± , (S.38)

where N is the number of ions encoding the superspin and σ(i)
− ≡ |g〉i 〈e|, σ

(i)
+ ≡ |e〉i 〈g|.
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Mølmer-Sorensen interaction

As extensively discussed in the Ref. [11], the Ising-type interaction between of ions can be generated using the Moelmer-
Sorensen [12] laser configuration. More precisely we consider a pair of bichromatic laser beams driving the transition e ↔ g
with the laser frequencies respectively tuned to ωeg + ∆ and ωeg − ∆ where ∆ is some detuning having two different Rabi
frequencies Ω±. Here we assume the possibility of selective driving of a pair of ions as shown in Fig. 1. This generates the
ion-ion interaction characterized by the Ising Hamiltonian:

HI = Ji,jσ
(i)
x σ(j)

x + h
(
σ(i)
z + σ(j)

z

)
, (S.39)

where the interaction coefficient scales as Jij = J0/ |i− j|ζ with 0 < ζ < 3 and h denotes the transverse field.

B. Mode-mixing operation

In this section, we discuss the implementation of the two-mode mixing operation on a pair of superspins. More precisely we
show how an interaction with the Hamiltonian Hint = J (α,β)S

(α)
+ S

(β)
− + H.c. can be achieved in the setup described above. As

discussed and experimentally demonstrated in [11] the basic XY Hamiltonian between any two spins can be achieved from the
Ising Hamiltonian Eq. (S.39) in the limit of a large transverse field. In this case only the excitation-number preserving terms
remain relevant and we find:

H
(XY )
i,j = Ji,j

{
σ

(i)
+ σ

(j)
− + H.c.

}
+ h

(
σ(i)
z + σ(j)

z

)
. (S.40)

Since the interaction preserves the number of excitations we can absorb the transverse-field term by transforming into the
interaction picture with respect to it. The desired HamiltonianHint can be obtained in a Trotterized way by running the interaction
Eq. (S.40) for each pair of ions for a time δti,j inverse proportional to the interaction strength Ji,j to preserve the spin symmetry
Eq. (S.38) δtα,βi,j ≈ δtαβ × J̃/Ji,j , where J̃ = min{i}α{j}β [Ji,j ]. To the lowest-order in Floquet-Magnus expansion we find:

Heff ≈
∑
i,j δti,jJi,j

{
σ

(i)
+ σ

(j)
− + H.c.

}

∑
i,j δti,j

≈ J0N

∑
α,β δtαβ ×

{
S

(α)
+ S

(β)
− + H.c.

}

∑
α,β

∑
i,j δtαβ × |i− j|

ζ

This Hamiltonian is equivalent to the Hamiltonian of interestHint.We can now estimate the order of magnitude of the interaction
strength for the nearest-neighbor superspins. Using [11, 13] ζ ≈ 1 and J0 = 1kHz we find the overall interaction constant for
the nearest and next-nearest neighbor superspins being respectively J (α,α+1) ≈ 44Hz and J (α,α+2) ≈ 21Hz. For comparison
the typical decoherence rates can be estimated to be of the order of 1Hz [11].

V. CIRCUIT-QED IMPLEMENTATION

In this section we provide details of the circuit-QED implementation of the boson-pair generalized boson. The preparation
step is discussed in the main text. Here we only focus on the implementation of the mode-mixing unitary operation. In this
derivation we closely follow [14].

A. Mode-mixing Hamiltonian

We now consider the implementation of the mode-mixing unitary operation. Here for simplicity we only consider two cavities
(ωi=1,2 denote frequency and ai is the mode annihilation operator) which interact with four Josephson junctions (ωJ denote
frequency and J is the mode annihilation operator) and two two-level systems. The Hamiltonian of the system reads [14]
H = H0 +Hd:
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H0 =ωc
∑

λ

a†λaλ + ωJ
∑

λ

J†λJλ + ω0c
†c− EJ

24

∑

i

φ4
i , (S.41)

Hd =
∑

i

Ωi (t) J†i + H.c., (S.42)

where the phases are:

φ1 = φaa1 + φbb+ φJJ1 + H.c.,
φ2 = φaa2 + φbb+ φJJ2 + H.c.,

and φa,b,J denote the corresponding participation ratios. The Rabi frequencies are assumed to be given by:

Ωi (t) = Ωie
−iωdt

We now transform into the interaction frame with respect to the driving frequency ωd and discard the rapidly rotating terms.
Renormalizing the frequencies such as to include the Stark shifts due to driving the effective Hamiltonian can be put under the
following form (we ignore quartic terms for b as we assume it does not contain more than 1 photon at the time):

Heff =
∑

i

(
gia
†2
i c+ H.c.

)
−∆c†c− χ

∑

i

a†ia
†
iaiai,

where gi = − 1
2φbφ

2
cφJ

Ωi
∆J

is a complex effective tunneling coefficient, ∆J = ωd − ωJ , and the induced quartic non-linearity is

χ =
φ4
c

4 . The detuning is denoted as ∆ = 2ωa − ω0 − ωd. In the following we will drop the on-site nonlinear term proportional
to χ. As discussed in [14] it can be dynamically compensated by coupling to an additional Josephson qubit.

1. Adiabatic elimination of cavity bus

We now perform the adiabatic elimination of the cavity bus degree of freedom c assuming the driving is weak enough such
that gi � ∆. The resulting Hamiltonian is

Heff =
∑

i,j

gig
∗
j

∆
a†2i a

2
j .

Now assuming the coupling coefficients are time-dependent gi = gi (t) we can implement any coupling between any pair of
sites in a Trotterized fashion in complete analogy to Sec. IV B.

B. Fock-state preparation

We now consider the preparation of Fock state 1√
2
a2
i |0〉 in the system described by the Hamiltonian (S.41, S.42) but with the

driving Hamiltonian to be of the form

Hd = Ωdr

∑

i

cos(ωdrt)(ai + a†i ).

In rotating-wave approximation we get for each site:

Heff =
Ωdr

2
(ai + a†i )−∆aa

†
iai − χa†ia†iaiai

with ∆a = ωdr−ωa. We now assume the system is initially prepares in the Fock |0〉 state and the frequency of the drive is tuned
into resonance with the two-photon resonance such that ∆a = −χ. The system undergoes Rabi oscillations |0〉 → |2〉 with the
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Rabi frequency given by Ω2 =
√

2Ω2
dr/(4χ). The estimate of fidelity can be obtained by comparing the Rabi frequency and the

corresponding detunings as discussed in the main text.
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entropy via randomized measurements, Science 364, 260 (2019).
[12] K. Mølmer and A. Sørensen, Multiparticle entanglement of hot trapped ions, Phys. Rev. Lett. 82, 1835 (1999).
[13] P. Jurcevic, B. P. Lanyon, P. Hauke, C. Hempel, P. Zoller, R. Blatt, and C. F. Roos, Quasiparticle engineering and entanglement propaga-

tion in a quantum many-body system, Nature 511, 202 (2014).
[14] Z.-P. Cian, G. Zhu, S.-K. Chu, A. Seif, W. DeGottardi, L. Jiang, and M. Hafezi, Photon pair condensation by engineered dissipation,

Phys. Rev. Lett. 123, 063602 (2019).


