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Topological phases are intriguing phases of matter which cannot be described
with traditional characterization methods, and numerous efforts has been put to
achieve these exotic phases of matter in a variety of quantum platforms. In this
thesis, we discuss how topological quantum states of matter can be engineered by
utilizing spatially patterned light, which has become available thanks to the recent
advances in beam shaping techniques.

First, we discuss a scheme to construct an optical lattice to confine ultracold
atoms on the surface of torus. We investigate the feasibility of this construction with
numerical calculations including the estimation of tunneling strengths. We then
propose a supercurrent generation experiment to verify the non-trivial topology of
the created surface. We propose a scheme to construct fractional quantum Hall
states which can demonstrate topological degeneracy. We show how our scheme can
be generalized to surfaces with higher genus for exploration of richer topological

physics.



Next, we extend our effort for creation of topologically non-trivial surfaces
for ultracold atoms to the surfaces with open boundaries. This becomes possible by
constructing a bilayer optical lattice with multiple pairs of twist defects. We explain
how a spin-dependent optical lattice can serve as the bilayer optical lattice for this
purpose. We discuss how fractional quantum Hall states can be loaded on this
surface, as well as manipulation and measurement techniques via optical protocols.

Then we turn our attention to electronic systems irradiated by spatially pat-
terned light. In particular, we investigate a way to imprint the superlattice structure
in the two-dimensional electronic systems by shining circularly-polarized light. We
demonstrate the wide optical tunability of this system allows one to realize a wide
variety of band properties. We show that these tunable band properties lead to
exotic physics ranging from the topological transitions to the creation of nearly flat
bands, which can allow the realization of strongly correlated phenomena in Floquet
systems.

Finally, we investigate the Floqut vortex states created by shining light car-
rying non-zero orbital angular momentum on a 2D semiconductor. We analytically
and numerically study the properties of those vortex states, with the methods anal-
ogous to the ones applied to superconducting vortex states. We show that such
Floquet vortex states exhibit a wide range of tunability, and illustrate the potential

utility of such tunability with an example application in quantum state engineering.
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Chapter 1: Introduction

1.1 Motivation

Since Klaus von Klitzing first observed the quantum Hall effect [1], tremendous
efforts have been put to explore and characterize topological phases of matter. The
topological phases are new phases of matter that cannot be described by a symmetry
breaking order parameter in Ginzburg-Landau theory [2,3]. These phases are not
just new phases of matter but also used in applications such as metrology [4] and
quantum information processing [5, 6].

In the early days of the search for topological phases of matter, it was thought
that these states can only exist in condensed matter systems with extreme conditions
such as a high magnetic field. Later, it turned out that topological phases of matter
are more ubiquitous and the search for topological phases have been extended to
various platforms such as ultracold atoms [7-10], superconducting circuits [11-14],
photons in waveguides [15-19], photonic crystal [20,21], and optomechanical systems
[22,23]. This list is keep expanding with developments of new techniques to prepare
and control classical and quantum systems.

Among many techniques to control quantum systems, the optical manipulation

has been highly useful for its wide tunability and its stability. In particular, the



recent advances in shaping optical beams have been successfully applied in systems of
ultracold atoms [24-28]. The ability to pattern the beam profile with high precision,
however, can be effectively applied to other quantum platforms as well and therefore
can open a new possibility of engineering exotic quantum states.

In this thesis, we investigate the possibility of engineering topological quantum
states of matter with spatially patterned light. In particular, we study the ways to
construct a topologically non-trivial surface for ultracold atoms as well as to engineer

topological band structures in driven electronic systems.

1.2 Topological Quantum States

The first widely known topological quantum system is the integer quantum
Hall (IQH) state [1,29-31], which exists in a two-dimensional electron gas under a
strong magnetic field and a low temperature. Shortly after, the fractional quantum
Hall (FQH) effect was observed. It was discovered that the physics behind the FQH
state is quite different from that of the IQH state despite their similar setting.

More recently, spin-orbit-induced topological insulators were discovered [32-
38], demonstrating that topological quantum states can exist beside the quantum
Hall setting. Later, the concept of topological state was extended to the unconven-
tional superconductor [39-43], the superfluid [44], and gapless systems [45-49].

In this section, we briefly review two widely studied of categories of topological
quantum states, the symmetry-protected topological states [50] and the topologi-

cally ordered states [3,51]. The symmetry-protected topological states, such as the



topological insulators, are short-ranged entangled quantum states and they require
particular symmetries to be preserved to maintain topological properties. On the
other hand, topologically ordered states, such as the FQH states, are long-range
entangled quantum states and are robust to any local perturbations regardless of

the preservation of the symmetry.

1.2.1 Symmetry-protected Topological States

In condensed matter systems, an electronic band structure may be charac-
terized by topological invariants while it is separated from the other bands. In
particular, an index calculated from a band is a topological invariant if the index
does not change under any deformation of the Hamiltonian that does not close the
gaps between this band and other bands. So if we think of an insulator occupying a
single band with a non-zero topological invariant, this insulator cannot be adiabati-
cally deformed into a normal insulator if it remains gapped. A symmetry-protected
topological (SPT) phase is a phase of matter where the band can be described by a
non-trivial topological invariant as long as particular symmetries are preserved.

One of the most widely used topological invariant is the first Chern number of
the band manifold. For example, when a band {|¢x)} in a 2D material is represented
by the crystal momentum k = (k,, k,), the Chern number C' of this band can be

written as

1
o - / Pk (k),
27 JBrillouin Zone ( )

k) = =[O, (|0, [11)) — b (¥,
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where Q(k) is the Berry curvature. If an insulator occupies bands whose sum of
Chern numbers is non-zero, we call it a topological insulator. If a topological insu-
lator is interfaced with a normal insulator, the gap should close at the interface since
the topological invariant cannot change otherwise. Since the bulk parts other than
the interface are gapped, electrons can only conduct through the channels on this
interface, and they form gapless boundary modes. In general, if two insulators with
topological invariant m; and msy are put together, there are |m; — my| boundary
modes in total.

Since spin-orbit-induced topological insulators are experimentally realized, sig-
nificant efforts have been put in theoretical classification of different SPT states
based on the symmetry of the system. In particular, it turned out that SPT states
can be classified by 10 classes based on three discrete symmetries: time-reversal
symmetry, particle-hole symmetry, and chiral symmetry [52-54]. In this 10-fold
classification scheme, each class can have integer (Z), Zs, or trivial number as a
topological invariant, depending on the dimensionality of the system. Beyond these
discrete symmetries, spatial symmetries such as reflection [55,56], rotation [57-59],
inversion [60,61], and translation [62,63] have been considered to better classify and

characterize different SPT states.

1.2.2  Topologically Ordered States

Topologically ordered states are long-range entangled states unlike SPT states.

It means that it cannot be transformed into trivial product state with finite number



of local unitary operations in the thermodynamic limit. For example, the Laughlin

wavefunction [64] for the FQH state with filling fraction 1/m is given by

\I/Laughlin({zi}) = €Xp <_i Z |ZZ|2> H(ZZ - zj)ma (12)

i i<j

where z; = x; + 1y; represents the position of ith electron. As exhibited above,
this wavefunction is highly entangled and therefore its physics cannot be captured
by a single particle Hamiltonian. Indeed, the Laughlin wavefunction is the exact
ground state of the quantum Hall Hamiltonian with the Haldane psuedopotential
interaction [65].

To characterize topological orders, the long-range entanglement can be directly
used in the form of entanglement entropy [66,67]. Yet, there are several other ways
to characterize topological orders. One such way is to investigate the degeneracy
of the ground states [68-73]. For example, the Laughlin state with filling fraction
1/m on a Riemann surface with genus ¢g has the ground state degeneracy of m9. To
observe a non-trivial ground state degeneracy, one needs to create a surface with
non-zero g, such as torus (g = 1), double torus (g = 2), and so on. m extracted from
this ground state degeneracy is a topological quantum number of this topological
order and can be used to distinguish different topological phases.

Another way to characterize topological orders is investigating the braiding

statistics of excitations [5,69,74-76]. For instance, the excited Laughlin wavefunc-



tion with two quasiholes pinned at & and & can be written as [64]

‘I’Laughnn, q.h.({zi}; 51752) = €xp (‘i Z |Zi’2>

By adiabatically rotating & around &; in counterclockwise direction, this state picks
up the Berry phase of 2m/m. This means that the statistical angle of exchange
statistics is 7/m and is neither fermionic or bosonic statistics, and these quasihole
(or quasiparticle) excitations are called anyons. In case of the Laughlin state, these
excitations are Abelian anyons since its braiding only yields an extra phase and does
not alter the state vector itself. For other topologically ordered states, excitations
can have non-Abelian braiding statistics [5, 76]. These different braiding statistics

can be used for the characterization of different topological orders.

1.3 Floquet Theory for Driven Quantum Systems

In this section, we review the Floquet theory for time-periodic quantum sys-
tems [77-79]. Especially, we review how such systems can be more simply described
in the high-frequency regime [80,81]. The high-frequency regime is particularly rel-
evant to the optically driven systems since optical frequencies are often far higher
than the energy scales of interest in many quantum systems.

Floquet theory was originally developed for periodic linear ordinary differential
equations by Gaston Floquet [82]. Now let us apply the Floquet theorem, the main

result of the theory, to the Schrédinger equation for a time-periodic quantum system



H(t) = H(t+T) which can often occur in a quantum system driven with frequency
Q = 2x/T. The Floquet theorem tells that the steady-state solution of this system

is given in the form of

[¥a(t)) = exp(—i€at) [da(t)),  |Pa(t)) = |0alt +T)), (1.4)

given that the Hamiltonian H(¢) is Hermitian. Here, the eigenvalues of the system
{€} are called quasienergies and they are bounded in the range of [—2/2,€/2).
This is because we can replace any state with unbounded quasienergy €, with a
bounded quasienergy €, = €/, — nQ (n € N) by setting the periodic states to be
€™ |p,(t)). The motion described by the periodic part of the solution |¢4(t)) is
also called the mircomotion of the state.

The steady solution in Eq. (1.4) indeed resembles Bloch states in its math-
ematical form. Due to this similarity, the bounded range for the quasienergies,
[—€2/2,Q/2), is often called the Floquet-Brillouin zone. Yet, one big difference is
that crystalline systems are periodic over position r which is a quantum operator
that acts on the Hilbert space while time ¢ is merely an external parameter in non-
relativistic quantum mechanics. Therefore, the Floquet theory for periodic quantum
system necessarily involve infinitely many copies of the Hilbert space, one for each
t € [0,7T), while the Bloch theory is completely described within a single copy of the
Hilbert space. This issue can be resolved by lifting the vectors in Hilbert space into
the space called the Floquet-Hilbert space, also called as the Sambe space following

Hideo Sambe [77]. That is, for a vector |¢) in the Hilbert space at time ¢ is lifted



to a vector [¢) |t) in the Floquet-Hilbert space. Now the Schrédinger equation for
a periodic system simply becomes an eigenvalue problem in this Floquet-Hilbert

space,

[H(t) = i0)] |¢a(t)) = €a|Pa(t)) - (1.5)

Here, H(t) — i0; is often called as a Floquet Hamiltonian. In practice, it is

more beneficial to use the Fourier basis:

nag) =7 [ dr ") o). (1.6)

In this basis, the Floquet Hamiltonian can be written as

H(t) =0 = 2.3 GHi) I+ .70 (. gl + 323 nfn, jh{n,

™q g5

H+2Z (1.7)

where H, = T~" [T H(t)e~"dt = H', is the harmonic components of the Hamil-
tonian. To understand the meaning of the Floquet Hamiltonian in this basis, we
visualized each terms of Eq. (1.7) in Fig. 1.1. From this figure, we can perceive
eigenstates of Hj as different orbitals localized around each Floquet-Brillouin zone
in the extended zone scheme. In this interpretation, H,) acts as tunnelings be-
tween different Floquet-Brillouin zones while Z does the role of a linear on-site

potential for the lattice of Floquet-Brillouin zones. In this perspective, the Floquet
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Figure 1.1: A schematic representation of the Floquet Hamiltonian.

Hamiltonian can be understood as a Wannier-Stark problem [83, 84].

1.3.1 High-frequency Expansion

While the full description of a driven quantum system requires the Floquet-
Hilbert space, one may get an effective description within a single copy of the Hilbert
space in the high-frequency regime. One technique to derive this description is to
use the high-frequency expansion (HFE), which is a perturbation expansion in the
limit where 2 dominates over all the other energy scales in the problem.

While there are several schemes to carry out this perturbation expansion,
the Schrieffer-Wolff (SW) transformation [85,86] is particularly useful to obtain
an effective Hamiltonian description. To apply the SW transformation to some
perturbed Hamiltonian Higa = Hup + V, we first let {|¢;)} and {E;} be the

eigenstates and the eigenenergies of H, , with E; < E;;;. Now one consider a subset



of the Hilbert space S which can be spanned by the eigenstates of H,, ,, corresponding
to eigenenergies Ey,--- , E;. Then the SW transformation is applicable if |V] <
min(FEy— Ey_1, Ei41— E;). When this condition is satisfied, the effective Hamiltonian
within § is given by

Heg = Hyp P+ PVP + ;P ( > WalV]ey) [[43) (251 ,V]) P+0(V?*), (18)

k<i,j<I E; — E;

where P is the projection operator onto S.

Back to the HFE, we can use the SW transformation if we choose H, , = Z ,
V=H,and P =P =3, |n,a){n,al where {|a)} is an arbitrary basis that spans
the Hilbert space. Without loss of generality, we can set n = 0. Now the SW
transformation is applicable as long as |H,| < €2 for all g. Note that this condition
requires the static part of the Hamiltonian, Hy, to be smaller than €2 as well. Then,
from Eq. (1.8), the effective Hamiltonian description up to the second order in the

perturbation is given by

e = 3 (ol Hola) 0,0} (0.0] + 22(2 e Erh) ”'H'm)\o,a»«o,m

o 2 (5 a0 —af
= 3 (althla) 0. (0.0 + 303 LU TP, o,
a,8 ¢>0
— (Ho—l—qg% qg‘q) T/ t|thHF®;/OT]t)(tldt. (1.9)

Therefore, we can reconstruct the quasienergy spectrum of this system only by
diagonalizing Hp instead of the entire Floquet Hamiltonian in this regime. Note

that S is fixed to the n = 0 states, so Hr can be factored out from Hp regardless of

10



the perturbation order, therefore a higher order expression for Hg can be found by

applying the higher order expansions of Eq. (1.8) which can be found in Ref. [86].

1.3.2 Rotating Wave Approximation

Now let us treat the rotating wave approximation (RWA) in the perspective of
the Floquet theory in the high-frequency regime. Just as in the previous section, we
can obtain an effective RWA Hamiltonian description with the SW transformation
in Eq. (1.8). Yet, we choose the subspace and the perturbation differently. That is,

we select

Hu.p. = Z + Zn Zj,j’ <j/|H0|.]> |n7]1>><<n7.]|a
Vo= 2 U ) [0, 57 (0, 1,

where {S,} is a set of non-overlapping subspaces of the Hilbert space. We let
{|7,bi(0))} and {Ei(o)} be the eigenstates and the eigenenergies of Hy. Then we define

the spectral gap for each harmonic components, Ay~), as

A, = min (U U {IE” - B —mal [”) € 5., 19)”) ¢sn+m}). (L.11)

n o m=—q,q

Then we require |H,| < A, for all ¢ > 0 to apply the SW transformation. Under

this condition, the effective Hamiltonian up to the first order in the perturbation is

11



given by

Haon = > X (nQ+E”) In, o) n, 01"

" 0)es,

+2° 2 > (' Hw—ali) In 5N {n, ] (1.12)

n'#n|j)€Sy |5)ES ./

To understand the RWA in a detailed example, let us consider a two-band
system Hj perturbed by a simple harmonic driving H;e** + H_;e~**. To describe
how the two bands are hybridized by the driving, we use the RWA. In this case,
we may choose Sy = {|j 1)} to be the upper-band subspace and Sy = {|j ])} to
be the lower-band subspace while we set all the other S,, empty. In this case, the
spectral gap A is set by the interplay of the bandwidth and the driving frequency.
Yet, if we can assume this driving is reasonably local in the momentum space, i.e.
slowly changing over the space compared to the lattice constant, then we can make
A ~ Q by slicing the Brillouin zone and choose Sy and S; within the momenta in
each slice. In this case, we require |H;| < Q for the RWA, and it leads to the RWA

Hamiltonian

Hywa = Z((J"T [ Holj 1)10,5" TH{0, 3 T+ (" 4 [Holi 1) 11,5 I (L5 1|

J»J

+ L THLG D) L IV T+ GO H g D157 (L 5 1) (1.13)

which describes the hybridization of the two bands.

12



1.3.3 Remarks

High-frequency expansion (HFE) Rotating wave approximation (RWA)
Unpertrubed parts: Z Unpertrubed parts: Z, Hy( =)
Perturbation: H, forallqg > =, :) D Perturbation: H, forallg # 0 - p :)
Requirement: |Hq| « Qforallg Requirement: |Hq| &K A, forallg >0
€ €
Z =10 Hiq Hy, Hy Hy,
HO
Q Z=0 = Q
Z=-0 ==

Figure 1.2: Comparison between the high-frequency expansion (HFE) and the ro-
tating wave approximation (RWA).

To summarize, we present the difference between the HFE and the RWA in
Fig. 1.2. While these two approaches are both used in the high-frequency regime, the
requirement of each approximation is slightly different and one need to be cautious.
In general, the HFE is used to find the correction of the entire energy spectrum
due to the second order effect in the perturbation. On the other hand, the RWA is
used to find the interplay of different energy levels (or bands, if there is any good
quantum number which can parameterize the system) connected by the driving as
the linear order effect of the perturbation.

So far, we have not said much about the symmetry of the driving term while
reviewing the Floquet theory. In fact, if the driving term itself has spatial periodic-
ity, the Floquet theory can be extended to a formalism for spacetime crystals [87,88].

13



Beside the spatial lattice translations, the driven quantum systems with other sym-

metries can also lead to rich physics [89,90].

1.4 Optically Driven Quantum Systems

If an electron under the quantum Hamiltonian H(p,r) is applied with elec-
tromagnetic field represented by the electrostatic potential V(r) and the mag-
netic potential A(r,t), its dynamics is described by a new quantum Hamiltonian
H(p + eA(r,t)/h,r) — eV (r) via minimal coupling p — p + eA(r,t)/h. This de-
scription through minimal coupling Hamiltonian is valid as long as the applied
electromagnetic field is the coherent light. If we consider a quantum system driven
by irradiation of electromagnetic wave, we may disregard the electrostatic potential
V(r). The remaining minimal coupling Hamiltonian H(p + eA(r,t)/h,r) is a time-
periodic Hamiltonian which can be understood with the Floquet theory described
in the Section 1.3. In the case of optically driven quantum systems, the radiation
frequency is a few hundreds THz which translates into a few eV per photon. This
is quite high energy scale in many quantum systems, so the approximations in the

high-frequency regime is often applicable.

1.4.1 Neutral Atoms with Driving Fields

While the description of driven electronic material is rather straightforward
since an electron is a charged elementary particle, it is less obvious how optical

driving fields affect the motion of a neutral atom. The essence of this atomic motion
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can be understood with a simple two-level problem. Let us consider the transition
between an atomic orbital |g), which is one of the occupied orbitals of the ground
state of the atom, and an excited orbital |e). Supposing the transition frequency is
wo, the static Hamiltonian of this two-level problem is simply Aw,. |e) (e|. Under the
presence of electric field oscillating with frequency w, the electric dipole potential
energy is given by —d - E(t) where d = —er is the electric dipole operator. While
each orbital has no intrinsic dipole moment (e (g|r|g) = e (e|r|]e) = 0), the transition
dipole moment (jic, = e (e|r|g) = p;,) can be non-zero. Now by writing E(t) - j1¢y =

Qe @t 4 Qe the time-dependent Hamiltonian of this two-level problem becomes
Hatevel = hege [€) (el + B (Qe7™" + Q™) [e) (g] + h (€™ + Qe ™) |g) (] . (1.14)

The temporal Fourier components of this Hamiltonian are Hy = hw,. |e) (e| and
Hy = h2|e) (g] + hQ* |g) (e] = H',. Then we can use RWA in Eq. (1.12) with the

choice of Sy = {|e)} and S; = {|g)}, which leads to the RWA Hamiltonian
Hewa = Twgel0, €)) (0, e] + hw[1, g)) (1, gl + h210, e) (1, g| + ~E2[1, gh{(0, e[, (1.15)

and this RWA Hamiltonian is valid as long as |Q2] < w. By adjusting the offset
energy by subtracting fwg.I from this Hamiltonian and writing the detuning 6 =
w—wge, this RWA Hamiltonian can be also written as hd |1, g) (1, g|+h€0, e)) (1, g|+
|1, 9)(0,e]. Then the eigenenergies of this Hamiltonian are given by ey =

h(0/2) (1 +4/1+ 4|Q|2/52). In the large detuning limit || < 0, the dressed state
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close to the ground state has the eigenenergy e, = hd + A|Q*/d + O (R|Q*/53).
This indicates that the ground state gains an extra energy offset h|Q[*/§ which
corresponds to the AC stark shift [91].

In case the irradiated beam is spatially patterned so that € = Q(r), this energy
offset provides a potential landscape for the atom. The total potential is given by the
summation of energy offsets corresponding to all possible atomic transitions which
are allowed by the selection rule p., # 0. Yet, a term corresponding to particular
transition (|g) — |e)) can dominate if the driving frequency is tuned close to that
transition frequency wg.. In this case, the sign of this potential can be controlled
by choosing the detuning postive (blue-detuned) or negative (red-detuned). This
potential can be shaped into different lattice patterns by superposing several beams,
which are called optical lattices [92,93]. For example, two counter-propagating plane
waves Ej(x,t) = (Egei(q”’“t) + c.c.) $ and Eg(x,t) = (Eoei(’q“’“t) - C.C.) $ yield
the potential U(x) = (4E§ | eg.y|? h/é) cos®(gr) which creates a 1D lattice of a

lattice spacing 7/q.

1.5 Recent Advances in Patterning Optical Beam

While the interference pattern of several optical beams can generate spatial
patterns such as lattice patterns in optical lattices, there are other useful optical
manipulations, such as addressing of single lattice site, which cannot be implemented
by interfering several plane beams. In this section, we briefly review some of the

recent advances in techniques of spatially patterning the optical beams which can
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help to create and control exotic quantum states.

One promising technique is the holographic beam shaping using digital micro-
mirror devices (DMD) [94]. A DMD is composed of a 2D array of small mirror
patches which are individually turned on and off by switching the orienting angle of
the mirror. With a given angle of the incident beam and the given target amplitude
pattern, the binary map of DMD panel to generate that target amplitude pattern can
be calculated. This can generate an arbitrary amplitude pattern of the beam with
precision comparable to the optical wavelength. This can be used for simultaneous
addressing of single lattice sites for ultracold atoms loaded on an optical lattice, and
therefore can be used for the quantum gas microscope [95]. Further, each mirror
cell can be switched with a rate of a few kHz; therefore, we can also update the
amplitude pattern of the beam with the same rate [96].

Another useful imaging tool for optical manipulation is the optical tweezer [97].
It uses a focused laser beam which maximizes the intensity at a focal point and
the center of the beam profile. If the frequency of the beam is red-detuned from
a particular atomic transition, the AC stark shift on an atom provides a trapping
potential. With a high-resolution optical tweezer, one can individually capture single
atoms and move them around freely. It can even be used to assemble multiple atoms

to construct an arbitrary atomic structure in any dimension up to three [98-100].

1.6  Outline of Thesis

The remainder of this thesis is organized as follows.
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e In chapter 2, we propose an experimental scheme to construct an optical lat-
tice where the atoms are confined to the surface of a torus. This construction
utilizes the spatially shaped laser beams which could be realized with recently
developed high resolution imaging techniques. To study the feasibility of this
proposal, the tunneling strengths for atoms in the torus lattice are numerically
calculated. To illustrate the nontrivial role of topology in atomic dynamics on
the torus, we study the quantized superfluid currents and fractional quantum
Hall states on such a structure. We then numerically investigate the robust-
ness of the topological degeneracy of such fractional quantum Hall states and
propose an experimental way to detect this degeneracy. We also demonstrate
how this scheme for torus construction can be generalized to surfaces with

higher genus for exploration of richer topological physics.

e In chapter 3, we propose an experimental scheme to construct a bilayer optical
lattice with multiple pairs of twist defects. These pairs of twist defects effec-
tively embed the ultracold atoms in a topologically non-trivial surface with
open boundaries. To locate the twist defects in the optical lattice, recently
developed high resolution imaging techniques can be utilized for site-resolving
shaping of the laser beams. To demonstrate the effect of non-trivial topology
in atomic dynamics, we investigate the quantized supercurrents and fractional
quantum Hall states on this structure. We also investigate how the degenerate
fractional quantum Hall ground states on this manifold can be measured and

manipulated via optical manipulations.
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e In chapter 4, we propose an optical method of shining circularly polarized
and spatially periodic laser fields to imprint superlattice structures in two-
dimensional electronic systems, by studying the case of monolayer graphene.
We particularly consider the high-frequency regime where the electronic sys-
tem can remain in the quasiequilibrium phase for an extended amount of time.
We demonstrate that the wide optical tunability allows one to tune different
properties of the effective band structure, including Chern number, energy
bandwidths, and band gaps. We also demonstrate that this tunability of the
superlattice leads to unique physics ranging from the topological transitions
to the creation of flat bands in a kagome superlattice, which may allow the

experimental realization of strongly correlated phenomena in Floquet systems.

e In chapter 5, we propose a scheme to create an electronic Floquet vortex state
by irradiating a two-dimensional semiconductor with the laser light carrying
non-zero orbital angular momentum. We analytically and numerically study
the properties of the Floquet vortex states, with the methods analogous to
the ones previously applied to the analysis of superconducting vortex states.
With this analysis, we show that the number of created vortex modes is equal
to the vorticity of the applied beam. We also show that such Floquet vortex
states exhibit a wide range of tunability, and illustrate the potential utility of

such tunability with an example application in quantum state engineering.

19



Chapter 2: Optical Lattice with Torus Topology

2.1 Introduction

In the past decades, ultracold atoms in optical lattices have been widely used
to study a range of interesting coherent and many-body physics [101]. In particular,
there has been remarkable progress in investigating phenomena [7,8, 102, 103] in
both different dimensions [104-106] and lattice geometries, such as square [102,104],
triangular [107], honeycomb [108], kagome [109], ring [110], cylinder [111], and more
recently ribbon lattices with synthetic dimensions [10].

Meanwhile, intriguing physics can be explored in systems with non-trivial
topologies. For example, it is theoretically predicted that there are topologically
protected degeneracies on surfaces with non-zero genus, like the fractional quantum
Hall (FQH) model [72,112] or spin liquids [113-115]. Such systems are expected to
not only contain rich many-body physics but also possibly be used in topological
quantum computation [113]. While there have been interesting proposals to make
torus surfaces in ultracold atomic systems, using synthetic dimensions [116] and
semi-2D geometries by modifying cylinders [117,118], the experimental construc-
tion of a torus in real space has remained challenging. Moreover, the presence of

edge physics and the finite size effects have made the observation of FQH effect in
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ultracold atoms challenging.

In this chapter, we propose a scheme to construct an optical lattice in which
atomic dynamics is confined to the surface of a torus. Our construction makes
use of recent advances in beam shaping, in the context of ultracold atomic sys-
tems [94,98-100,119]. Specifically, we show that a rectangular square lattice with a
hole in the middle can be turned into the surface of a torus by shaping a single beam
perpendicular to the layers (Fig. 2.1). Moreover, we discuss that this construction
could be generalized to surfaces with higher genus. To illustrate the non-trivial
role of topology in atomic dynamics on the torus, we first investigate the hydrody-
namics of bosonic superfluid on the torus. Specifically, we demonstrate a sequence
of optical manipulations that generates quantized supercurrents in two intersecting
non-contractible cycles. Furthermore, in the strongly correlated regime, we discuss
a FQH model which can be realized on this torus. To numerically investigate the
topological degeneracy on such system, we consider a relatively small square lattice
(6 x 6) with torus topology. We show that the anticipated topological degeneracy
exists and is robust against the discrepancy between inter- and intra-layer tunneling
and disorder. Moreover, we propose a way to experimentally detect the topological

degeneracy.

2.2 Torus Construction

In the following, we show that by using several pairs of laser beams in the

x, y, and z directions, one can build an optical lattice in which atomic dynamics
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Figure 2.1: (a) Schematic beam configuration for a torus surface in an optical lattice.
Plane wave beams in the horizontal directions generate a rectangular lattice in the
xy plane. In the z direction, a superlattice structure created by pairs of blue-
detuned and red-detuned beams confines atoms in two layers. The —z propagating
blue-detuned beam has the beam shape of a square annulus. (Inset) Different laser
intensities turn the inter-layer tunneling on and off in different regions. To complete
the torus surface, only the inter-layer tunneling on in the edge region is allowed.
(b) Generalization of the scheme to surfaces with higher genus (¢ = 2,3 shown for
example) can be achieved by puncturing more holes in the middle of the lattice.

is confined to the surface of a torus (Fig. 2.1). We first make a bilayer system by
creating a superlattice structure in the z direction. Using high resolution optics, we
then tailor one of the beams used in the superlattice structure to have the shape
of a square annulus. This square annulus divides the zy plane into three regions:
bulk, edge, and empty space [Fig. 2.1(a)]. By having a different set of intensities in
these regions, the trap potential can be arranged to only allow atoms to vertically
tunnel through lattice sites in the edge region, thus confining atoms to the surface

of a torus.
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To prepare a bilayer system, we use a 3D optical lattice with a superlattice
structure in the z direction. Red-detuned laser beams with wavevectors +k,X and
+k,y form a 2D rectangular lattice with lattice spacings (a,,a,) = (7/ky, 7/ky).
For the superlattice structure, we use a pair of blue-detuned lasers with wavevectors
+k.Zz and another pair of red-detuned lasers with wavevectors +q.Z. When the
+2 propagating beams do not vary in the xy plane, the combined vertical dipole
potential is given by V,(z) = Vi(2) + Vi(2) = Vijue cos?(k.2) — Vieq cos?(g.2) for
properly chosen relative phases, where Ve (Viea) is the amplitude of the dipole
potential generated by the blue-detuned (red-detuned) beam pair alone. Then atoms
with atomic mass m can be confined at two neighboring minima, which we call the
+2, as shown in Fig. 2.2(b). Atoms in these minima constitute the bilayer system.

To complete the torus surface, we tailor the —z propagating blue-detuned
beam in the shape of a square annulus in the zy plane, adjusted to achieve the
desired inter-layer tunneling only along edge sites. In particular, we make the laser
intensity lower at the edge compared to the bulk region. The resulting potential
barrier in the z direction is shallower at the edge than the bulk, which makes the
inter-layer tunneling non-zero at the edge while negligible in the bulk region. With
the laser intensity of the —z propagating beam set to zero in the empty space region,
the 4z propagating blue-detuned beam generates a higher dipole potential in the
empty space compared to the edge and the bulk region. This difference in dipole
potential energetically prevents atoms from escaping the designated square annulus.

To be concrete, we consider the following beam shapes for the blue-detuned
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Figure 2.2: Numerically evaluated dipole potential and tunneling strengths. We
consider Rb®" atoms with a, ~ a, = 480 nm and k, = k,/2 = 2¢,. In the unit of
recoil energy E, = h*k2/2m (E,, = h*k?/2m),Vy = 8E,, Vg = 60E, = 15E, ,, Vi =
120E, = 30E, ., and Viea = 20E, = 5E,,. (a) Dipole potentials in the zy plane
on the upper layer. (b) Dipole potentials in the yz plane. Inter-layer tunneling
strengths in bulk (JPU¥) and edge (J48¢) are shown for comparison. (c) Numerically
evaluated tunneling strengths represented as the thickness of bonds in the 3D lattice.
Shown tunneling strengths range from 0.03E, to 0.04FE,.

beams:

E+<I', t)

¥ (e”kZ(z_Ct) + c.c.) &y, (2.1)
En bulk
E (r,t)=¥ (e_ikz(z”LCt) + C.C.) e edge

0 empty space

In this discrete setting, bulk and edge regions correspond to the zones around bulk
and edge sites in the square annulus, within the distance a,/2 (a,/2) in the z (y)

direction. The rest of the area is designated as empty space. For illustrative pur-
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poses, we assume the model beam has sharp boundaries between different regions,
but in an experimental realization, one can relax this constraint and construct a
good approximation of Eq. (2.1) using beams with sufficient numerical apertures
(0.17 ~ 0.80) (see Sec. 2.5). The recent progress in beam-shaping techniques for
optical lattices [94,98-100,119] could allow one to realize such a beam profile in the
lab. Note that this beam profile should be placed properly in the xy plane in a way
that regional distinctions in Eq. (2.1) match with the horizontal lattice sites.

This beam profile gives rise to the combined vertical dipole potential including

interference between the +z and —z propagating beams:

V.(r) = Vi(r) = Vieacos*(¢:2), (2.2)
Vi cos?(k.z) + Vi bulk
Vo(r) = Vi cos?(k,z) + V¥ edge ;

Vs empty space

where the lattice potential amplitudes are Vg = 4fy& Ep/k, and the energy offsets
are VB(% = fo(&+ — Epm)* Vs = fo€3. Here, the proportionality constant f,
depends on beam frequency, dipole elements, and transition frequency [120]. By
setting &g > &, the potential barrier between layers in the edge region is shallower
than in the bulk region. This barrier difference leads to an inter-layer tunneling
strength which is stronger in the edge than in the bulk. Moreover, we need to
satisfy two additional conditions: (1) to have a smooth torus, the on-site energy

in the edge and the bulk regions should be the same, and (2) this on-site energy
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should be smaller than the potential in the empty space, so that atoms are trapped
in the designated square annulus. To find on-site energies in these conditions, we
should include the zero point energies in the effective potentials as well. Then, these
requirements can be summarized as

hw hw
[AS TB ARt TE < Vs (2.3)

where the zero point energy of the harmonic confinements are

1 1
Shwse = ch > \/m™ 02V (1)|epm. (2.4)

S=T,Y,2

To evaluate this, we consider the total dipole potential V(r) = V,,(z,y) + V.(r),
where the horizontal dipole potential is V,,(z,y) = Vo{cos?(k,x) + cos?(k,y)} and
V,(r) is given in Eq. (2.2). While it is not obvious to find a set of parameters
satisfying these conditions simultaneously, it is possible to satisfy Eq. (2.3) by tuning
m, kg, ky, k2, @2 Vo, Vied, €+, Ex, €, fo. For example, the parameters in Fig. 2.2 fulfill
these requirements (see Sec. 2.7).

To verify that our beam design leads to the desired optical lattice, we numeri-
cally evaluate the total dipole potential for Rb®" atoms [Figs. 2.2(a) and 2.2(b)]. We
approximately evaluate the tunneling strengths by solving the Schrodinger equation
over the region containing each pair of the nearest neighboring sites (see Sec. 2.7).
Fig. 2.2(c) shows that it is possible to suppress inter-layer tunneling in the bulk,

while simultaneously setting inter-layer tunneling in the edge and intra-layer tun-

26



neling everywhere to be non-vanishing. Here, for boundaries between the different
regions, we use more realistic resolution limited potentials (see Sec. 2.5) instead of
the step functions in Eq. (2.1).

Once our scheme for torus construction is realized, it is straightforward to
extend the scheme to genus-g surfaces [Fig. 2.1(b)]. The only requirement is to
puncture more holes in the beam shape, which requires no higher resolution in
beam-shaping than puncturing a single hole. On such genus-g surfaces, one can

explore richer topological physics as we discuss later.

2.3 Quantized Supercurrents in Two Cycles

To demonstrate how topology plays a non-trivial role in the dynamics of ul-
tracold atoms on a torus surface, we numerically investigated the hydrodynamics of
weakly interacting bosonic superfluids. Previously, in a ring geometry, it has been
experimentally demonstrated that the flow of supercurrents is quantized along the
single quantization axis [110,121]. The quantization of supercurrent results from
the fact that wavefunction of the atomic condensate should be single-valued and its
phase should be compact on a closed cycle. More interestingly, in the torus setting,
there are two intersecting non-contractible cycles [Fig. 2.3(a)] which allow supercur-
rents to be quantized separately along each. In particular, the vorticity, which is
defined as

1

v = ]{ Im (V) -dl (i=12), (2.5)

2 Pavg
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is quantized to an integer, up to a small finite-size fluctuation. Here, pa. is the
average condensate density and ¢ (r) is the condensate wavefunction. To generate
the supercurrents with non-zero vorticities, we stir the atomic condensate with an
extra dipole potential [122]. In particular, we prepare a blue-detuned, focused beam
and move it along each non-contractible cycle to generate the supercurrent flow in
the stirring direction [Fig. 2.3(a)]. The supercurrent flows can be detected through
established methods, such as time-of-flight imaging [121].

To specifically show the quantization along each cycle, we numerically simulate
these stirring procedures [Fig. 2.3(b)]. In the weakly interacting and tight-binding
regime, atomic dynamics in our optical lattice can be described in the mean-field

approximation,

it = —J | Z| Ot = (J077) Gjcete
k;lk—j]=1
2
+{vm(rj,t) —p+ Ul }w}“, (2:6)

where wé- is the condensate wavefunction at site j on layer | (I =1 / | for the
upper/lower layer). Here, |k — j| indicates the distance between site k£ and j and
djcedge = 1 if j belongs to the edge region (0 otherwise). .J is the tunneling strength,
U is the on-site interaction energy, V' is the stirring potential on layer [ and p is the
chemical potential. Superfluid remains stable if the stirring is slower than the sound
speed, \/W [123]. This dynamics can be simulated with the numerical methods

for the Gross-Pitaevskii equation [124-126]. See Sec. 2.8 for further details.

In the simulation, we verify that the stirred superfluid exhibits the quantized
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Figure 2.3: (a) A scheme to generate supercurrents in two cycles. A focused, blue-
detuned laser beam acts as a stirrer along each cycle, namely, cycle 1 and 2. Note
that the stirrer along cycle 2 is focused on the upper layer. A uniform condensate is
loaded on the torus initially, then the stirring potential along cycle 1 (V;) or cycle
2 (V3) is ramped up and down. (b) Quantization of vorticity in two cycles. Dotted
curves in the upper plots indicate the ramping sequences of V; and V5. Solid lines in
the upper plots indicate the number of completed cycles (m) in the stirring process.
The lower plots show vorticities (v;) changing over time. Steady-state wavefunctions
of the different sequences are shown below.

Auﬂ&)

vorticity along each cycle of stirring [Fig. 2.3(b)]. We also see that this vorticity
increases with the stirring speed. As expected, the evaluated vorticity along each
cycle coincides with the wavefunction winding numbers [Fig. 2.3(b)]. Also, we ob-
serve the creation and annihilation of vortex-antivortex pairs during the increment

of vorticity (see Sec. 2.8).
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2.4 Topological Degeneracy in FQH States

Our construction allows one to investigate the dynamics of strongly interacting
ultracold atoms on a torus. As an example, we study a bosonic FQH model, which
could be realized by laser-assisted tunneling [7,8]. Specifically, the lattice FQH

Hamiltonian for bosonic atoms on our torus can be written as

U , .
H = Z Z <2ag,m2a’ln,m2 - J620;ag+17mail7m — Jele?l!ag’erla;,m + HC>
n,m l:ThI/
~ Y (Jallat,, + He), (2.7)
(n,m)€edge
01/ (n,m) = (nFm)¢ 014 (n, m) = M,
T ’ 9 » Yy s 5
Here, al, ,, annihilates an atom at site (n,m) on layer [. J and .J' are the

effective intra- and inter-layer tunneling strengths, and U is the on-site interaction
energy. With proper size of square annulus, the synthetic magnetic flux per unit cell
can be set to ¢ (see Sec. 2.10). To obtain the tunneling phases in Eq. (2.7), we apply
a magnetic field in such a way that the Zeeman energy gradient becomes A, (A,) per
site in the = (y) direction. Then we apply Raman beams whose detuning matches
with A, (A,) to induce the tunneling in the z (y) direction [Fig. 2.4(a)]. Since the
surface orientations of two layers are opposite to each other, the required tunneling
phases in each layer should be different as well. This can be achieved by targeting
the different Raman beams on the different layers [Fig. 2.4(b)]. To do so, we use
a triplet of beams for each tunneling term, namely Ti—;.4 = {i,i+,i—}. Here, the

beam i (it) has the frequency w; (w;+) and the wavevector k; (k;+). In this triplet,
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Figure 2.4: (a),(b) A scheme for FQH Hamiltonian. Different Raman beam triplets
Ti—1~4 give the different tunneling phases in Eq. (2.7). Schematic beam configu-
ration of T3 is shown for an example. Zeeman eneargy difference A, (A,) in the
x (y) direction is matched with detuning of Raman beams in triplets Ti—1 3 (Ti=2.4)
to give tunneling terms in the same direction. To address each layer independently,
beam i+ and i— in triplet Ti_y 2 (Zj—3.4) destructively interfere at lower (upper)
layer. (c¢) Exact diagonalization of FQH Hamiltonian for 3 hardcore bosonic atoms
on a 6 x 6 square lattice (N, = N, = 6) with periodic boundary conditions and
¢ = 7/3, magnetic length g = /27/¢. E, (|1)s)) indicates the s-th lowest eigenen-
ergy (eigenstate). (d) Energy spectrums with distinct intra-layer (J) and inter-layer
(J') tunnelings. (e) Spectrum with a random disorder of scale 0.05J. Energy split-
ting between the ground states is 5x 1073J. (f) Inserting flux ®, through the handle
of torus is equivalent to the boundary condition with twist angle a,. (g) With ad-
ditional potential V(y) = (0.01J/N,)y, the spectral flows in o, can be detected by
measuring the y-coordinates of the states.
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the beams i+ and i— have the same x and y components and have the opposite z
components in the wavevectors. These two beams then form a standing wave in z
direction. By aligning the beams i+ and i— to destructively interfere at the lower
(upper) layer, the beam triplet T; can solely address the upper(lower) layer. In a
rotating frame, these Raman beams result in the effective tunneling terms given in
Eq. (2.7) (see Sec. 2.9).

We numerically investigated the topological degeneracy in FQH system on the
torus. In particular, FQH systems with filling fraction ¥ = 1/m on a torus surface
have m-fold ground-state degeneracies [72,112]. To numerically diagonalize the FQH
Hamiltonian, we put the upper layer part of Hamiltonian in Eq. (2.7) on a 6 X 6
square lattice with periodic boundary conditions [Fig. 2.4(c)]. For filling fraction
v = 1/2, we have the anticipated two-fold ground-state degeneracy [Fig. 2.4(d)].

To examine the robustness of this degeneracy, we calculate the energy spec-
trum for varying inter-layer tunnelings (J') and a disorder potential [Figs. 2.4(d)
and 2.4(e)]. We can see the two-fold degeneracy persists within slight ground en-
ergy splittings which are smaller than the tunneling strengths, the disorder scale,
and the excitation gap. Therefore, this topological degeneracy in a small FQH
system is robust against potential experimental imperfections.

Furthermore, one can measure the topological degeneracy by measuring the
spectral flow during the synthetic magnetic flux insertion though the handle of
the torus. As shown in Fig. 2.4(f), the insertion of flux ®, is equivalent to the
boundary condition ¥ (z + N,,y) = ¥(x,y)exp(ia,) where o, = (e/h)P,. For
v = 1/m, the spectral flow of each ground state shows the 2mm-periodicity in
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o, [127,128]. To observe this periodicity, we can introduce a small energy splitting
by applying a potential V(y) oc y. Such a spectral flow is manifested in the y-
coordinate expectation values of the ground states (see [Fig. 2.4(g)], Sec. 2.11).
This average atom position can be experimentally detected through the density

measurements.

2.5 Validity of Model Laser Beams

In our design of optical lattice, we assume each laser beam maintains the beam
shape in their propagating direction. While such assumption is reasonable for the
plane wave beams, the model beam shape in Eq. (2.1) with this assumption would
violate Maxwell’s laws. If we modify this model beam to satisfy Maxwell’s laws, the
beam shape should change as the beam propagates. For this modified beam to be
a good approximation of Eq. (2.1), we should check the change of beam shape is
modest over the region in which our bilayer system is located. On the other hand,
beam shaping with a high precision requires experimental schemes to focus laser
beams in the targeted area. To make sure that our beam design is experimentally
feasible, we should check if the highest numerical aperture (NA) required in our
design is achievable with the current technology.

To construct an approximation of the —z propagating beam (E_) in Eq. (2.1),
in a way that Maxwell’s laws are satisfied, we reconstruct the 3D intensity profile of

this model beam with Hermite-Gaussian (HG) decomposition (Fig. 2.5). Each HG
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mode has the form of [129]

Em(r,y,2) = & wO)Hl (ﬂx> Hon (ﬁy> o <_x2 +92>

w(z w(z) w(z) w?(z2)

w2+ )z 27z .
X exp (—ZA(ZQ (w20 —1 \ + ZU(Z)) )

w(z) = Jwd+ (Az/muwp)?,

2

n(z) = (I+m+1)tan™! (22 n (iw%/)\)2> : (2.8)

Here, H(x) is the Ith order Hermite polynomial, A is the wavelength of the beam
and wy is the beam waist radius. Since each mode is a solution of the electromag-
netic wave equation, any superposition of concentric and confocal HG modes satisfy

Maxwell’s laws. In particular, we consider the superposition such that

M
‘E* (I', t) ’z:O,t:O = Z Clmglm(xa Y, 0) (29)

[,m=0

Since |E_| is an even function in x and y, we can omit modes with odd [ or odd
m. While full HG decomposition requires M — oo, we set M = 120 to keep the
required NA of the beams experimentally accessible. We also need to replace the
step functions in |E_| with smoother functions. In particular, we use sinusoidal

functions in the overlapping region between the different regions. For example, if
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Figure 2.5: (a) Intensity profile of the reconstructed beam through HG decompo-
sition. Here, IZZY indicates the maximum intensity at z = 0. The beam shape is
almost maintained over |z| < zg, where the bilayer system are located. (b) Numeri-
cal apertures of HG modes used in the reconstructed bean, which ranges from 0.17
to 0.80. We used HG modes up to the order of 120, while only the even modes are

used for the symmetry reason.

the cut is located at x = 0, beam amplitude changes as

& —a,/2 < x < —ba,/2
E(@) =1 (& — &) cos? {(7x)/(2bay) + 7/4} || < bag/2 (2.10)
& ba,/2 < x < a,/2

where b = 0.7 between the edge and the empty space, and b = 0.4 for the rest of
boundaries. To carry out the numerical evaluation in Fig. 2.5, we use A = 480 nm
and wy = 1264 nm over the lattice with a, = a, = 480 nm. As shown in Fig. 2.5(a),
the intensity profile of the reconstructed beam almost maintains its beam shape over
the region of our bilayer system. Therefore, one can construct an approximation of
the model beam that satisfies Maxwell’s laws.

To see if this reconstructed beam in Fig. 2.5(a) is achievable with reasonable
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NA, we calculate numerical aperture of each HG mode used in the reconstructed
beam. Since Eq. (2.8) is separable in z/w(z) and y/w(z), we can define the radius
of the mode [, 7/(2), in a way that the intensity proportion of the HG beam of mode
[,m that passes through the ellipse {r|z?/r?(z) + y?/rm(2)* < 1} is equal to the

certain fidelity. By setting this fidelity to be 0.99, we get

f (<)>Hl () o (—5) da

1t (1) oxp (i) do

= v/0.99 (2.11)

Since 7(z) is proportional to w( \/wo + (Az/mwg)?, i(2) ~ ayz for z > wi/\.
Then the numerical aperture for the /th mode is given by NA; = sin(tan™! ;) =
(140a;?)~Y/2, which is evaluated in Fig. 2.5(b). As shown in the figure, the numerical
apertures of HG modes used in Eq. (2.9) range from NA = 0.17 to NA = 0.80.
Since high-order HG beams are already implemented with NA=0.8 [94] and the
focused beam with NA=0.92 for addressing of ultracold atoms is experimentally
reported [130], the reconstructed beam in Fig. 2.5 is experimentally promising.

We also use the focused laser beams used in supercurrent generation procedure
(Fig. 2.3) . Since the focused laser beam with NA=0.92 is reported [130], we use
this number as the benchmark for the stirring laser beams. With the NA=0.92
and the wavelength A = 480 nm, the Gaussian beam has the waist radius wy =
MA/m(NA™* — 1)%5 = 65 nm, which is far smaller than the lattice spacing in the
numerical evaluation in Fig. 2.2. This tells that the focused beam used in stirring in
the cycle 1 is experimentally feasible. For the stirrer along the cycle 2, we need to

obtain enough imbalance in intensities of the focused laser beam reaching upper and
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lower layers. In our numerical evaluation of the optical lattice, the distance between
the upper and lower layers is zg = 120 nm. If this Gaussian beam is focused at one
of the layers, the central laser intensity at the other layer is

L, =1 {1 + (AZ‘)Q)z}_ — (0.051)1, (2.12)

Twg

where [ is the central laser intensity at the focused layer. This provides a lower

bound of the intensity ratio v = I,,/Iy which we introduce and compare later.

2.6 Conditions for On-site energies

In our torus construction, we have following set of independent parameters:
m, kg, ky, k2, @2 Vo, Vied, €+, Er, Eg and fy. Yet, the required conditions for the on-
site energies stated in Eq. (2.3) are not represented in these parameters directly.
To express Eq. (2.3) with this set of parameters, we first express the overall dipole

potential as

V(r) = Vo{cos®*(k,) + Cos2(ky)} — Viea c08%(q.2) + Vi (r),
4fo€1Ep cos?(k,z) + fo(Ey — Ep)? bulk

Vi(r) = 4fo€ Egcos?(k.z) + fo(Er — Er)? edge ;o (213)

fo&3 empty space
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by using Vi/p = 4fofEnyp, Viigh = folEx — Ep/p)?, and Vs = fo€2. Now the zero

point energy of the harmonic confinements can be expressed as

h

WB/E

h
§wB/E<m7 kza ky? kza 4z, VE); Ked? €+7 EEa 8B7 fO)

h
5 ) \/mf1 RV (r)|en/e

S=T,Y,2
Vo
hky + Ey)\| =—
( + y) 2m
217 2k2 foE.LE
+h\/qz2md cos(2¢.2/E) — fon;B/E cos(2k.2p/E),

where zp/g is the smallest positive number satisfying

0:Viea sin(2q.25/5) = 4k o€+ Ep/p sin(2k.2p/8).

Now Eq. (2.3) becomes

h h
folEx — Ep)* + —wp = fo(E4 — Er)* + —wr < fof2,

2 2

(2.14)

(2.15)

(2.16)

and it is completely determined by the forementioned set of independent parameters.

We also show that the parameters used in Fig. 2.2 satisfy these conditions.

We evaluate the on-site energy for each site and verify that it is the same for all

sites (Fig. 2.6). As shown in the figure, on-site energies in the bulk and the edge are

matched so that atoms can tunnel to each other within the same layer. By doing so,

one can make the torus surface smooth. Also, this on-site energy is lower than the

dipole potential in the empty space, which indicates that the leakage to the empty
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Figure 2.6: On-site energy presented with the dipole potential along several lines in
the optical lattice. On-site energies in the bulk and the edge are set to be equal,
which leads to a smooth torus surface.

space is energetically prevented.

2.7 Numerical Evaluation of Tunneling Strength

To find the tunneling strength between two neighboring sites, we use the iso-

lated two-site model for this pair of sites. If F; and E5 are on-site energy site 1 and 2

E, —J*
in this pair, the model Hamiltonian is given by , whose eigenenergies

—J By

are given by ex = (Ey + E»)/2 + \/\J|2 + (Fy — E3)?/4. Conversely, the tunneling

strength |J| is given by

1
1J| = 5\/(e+ — e )2 — (B, — E»)2. (2.17)
To evaluate Fy, Es, and €4, we numerically solve the 3D Schrodinger equa-
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tions. For example, for two sites located at (x,y, z) = (—a,/2,0,0) and (z,y,2) =

(a;/2,0,0), we take points in the real space as

T, = —a, + (n—1/2)0x, y, = —a,/2+ (n—1/2)dy,

Zp = —a,/2+ (n—1/2)dz, (2.18)

for n € N such that

X1 =A{x,n < Ny} Xo = {x,|N, <n <2N, 1Y ={ynn < Ny}, Z = {z,|n < N, },

where dz = a,/N,, éy = a,/N,, and 0z = a,/N,. Denote the position (z,y,z) =

(xi,yj, 21) as ijk. Now the discrete Schrodinger equation gives the following Hamil-

tonian:

—(1/2)6x72 if i —il =1, j/ =4, k¥ =
—(1/2)0y 2 it =q, |j—jl=1 K=k

h2

Hiprign = % —(1/2)022 if i' =4, j' =g, |k —k|=1
602 + V(zi, vy, 21) ifi' =i, j'=4, K=k
0 else
where 6% =0z %+ Sy 2 + 0z 2 (2.19)

Here, V(z,y, z) is the dipole potential introduced in Eq. (2.2). Now E; (E,) is the
lowest eigenenergy obtained by numerically diagonalizing this H over X; X Y x Z

(XoxY x Z), while e_ and e, are the first and second lowest eigenenergies obtained
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by numerically diagonalizing H over (X; U X5) x Y x Z. From Eq. (2.17), we can
evaluate the tunneling strength between the two targeted site.

This method can be applied to every pair of neighboring sites, as presented
in Fig. 2.2. For the tunneling strengths in the figure, we use N, = N, = N, = 60
in the evaluation. With the dipole potential presented in Fig. 2.2, in the unit of
recoil energy E, = h?k?/2m, calculated tunneling strengths are given as follows;
the intra-layer tunneling strength between two bulk sites is 0.032F)., the intra-layer
tunneling strength between an edge site and a bulk site is 0.041E,., the inter-layer
tunneling strength between two edge sites is 0.036E,., and the inter-layer tunneling

strength between two bulk sites is 0.002FE,..

2.8 Numerical Simulation of Dynamics in Condensate with Stirring

Potentials

As presented in Eq. (2.6), in the mean field limit, the dynamics of condensate

wavefunction is determined by

ihou)t = - u; U = (T3 6jccase
ilk=jl=1
2
+{VT/¢(rj,t) —p+ Ul }zﬁ}”, (2.20)
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where j runs over sites in each layer. Stirring potential V'(r;, t) = Vi(z,y,t) =

Vir,¢,t) (I =1/ | for upper/lower layer) in this equation is given by

Stirring along cycle 1:

Vi, t) = Vi(t)e @ X0 +y-Y(0)?)/2d7

Vi, 6) = Vi(t)e [@-X @) -y )/

Stirring along cycle 2:

Vi, t) = Va(t)(emr—Ra)?/2d5 o yo—r(r—Rp(0))*/2d3)
(2.21)

Vi, t) = Va(t)(ye " Ba®)?/2d5 4 o~(r—Rp(0)?/2d3)

Here, (X (t),Y () = Ro(cos 22, sin 22), Ry(t) = Ry + (R — Ry) (mod(, 1)) and
Rp(t) = Ry + (Ry — Ry) (mod(—t/79,1)). In each stirring sequence in Fig. 2.3(b),
Vi(t)(i = 1,2) ramps up from 0 to Vipax, then remains at Viax;, and finally ramps
down to 0. Stirring periods are 7, = 12004/J and 7, = 920h/J for the first two
graphs and 75 = 10004/J and 75 = 460h/J for the last two graphs.

In the simulations presented in Fig. 2.3, we consider a torus embedded in two
layers of 108 x 108 square lattice (a, = a, = a) with a 36 x 36 puncture in the middle.
Numerical parameters used in this simulation are U = 0.0041J, u = 27.4J, Vipax1 =
3.0J, Vipax2 = 4.0J, Ry = 36.0a, Ry = 32.0a, Ry = 128.0a,d; = 12.0a,ds = 4.0a,v =
0.2. Note that v used in this simulation is well above the lower bound obtained in
Eq. (2.12).

By observing the course of dynamics of the atomic condensate more closely, one

can find that each addition of vorticity is accompanied by a particular procedure

of creating, moving, and annihilating vortex-antivortex pairs. For example, the
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Figure 2.7: Condensate wavefunction during the stirring procedure presented in the
leftmost graph in Fig. 2.3(b). Determination of vortex and antivortex is opposite in
upper and lower layers due to their opposite orientations of surfaces.

procedure of vorticity addition of the leftmost graph in Fig. 2.3(b) is illustrated in
Fig. 2.7. As shown in the figure, once vortex-antivortex pairs are created on the
upper and lower layers, the vortex (antivortex) in the upper (lower) layer moves
toward the inner edge, while the antivortex (vortex) in the upper (lower) layer
moves toward the outer edge. Around each edge, newly paired vortex and antivortex
annihilate with each other. This is topologically equivalent to the operation that
moves an antivortex along the loop 2 once, which results in the addition of a unit
vorticity to the loop 1. Similarly, an operation that moves an antivortex along the

loop 1 once adds a unit vorticity to the loop 2.
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2.9 Laser-Assisted Tunneling Terms for Quantum Hall Hamiltonian

Here we introduce the expression of laser-assisted tunneling terms based on the
approach of [8]. To adopt the laser-assisted tunneling in the horizontal direction, we
may apply a magnetic field with linear tilts in x and y direction to obtain additional
potential A, (x/a,)+ Ay (y/a,). We set A, # A,. For the tight-binding model with
Wannier basis {|wy,m,)} and bare tunneling strength .J, overall Hamiltonian with the

additional potential is

Hy = Z {(nA:v +mA,) |Whim) {Wnm|

n,me”z

— J (Jwnsvym) (Wam| + [Wn 1)) (W] + H)} - (2.22)

This Hamiltonian can be diagonalized with Wannier-Stark basis {|nm)}, which is

described by [131]

2J 2J
lnm) = Y J, (A) J (A) W) (mts)) > (2.23)

r,SEL Yy

where J,. is the Bessel function of the 1st kind with order r. It is straightforward
to show that Hy|nm) = (nA, + mA,) |nm) with the aid of recurrence relation of
Bessel function, J,_1(x) + Jo41(x) = 2rJ.(z) /.

Now we apply pairs of Raman beams p; and ps with detuning ¢(|p1| — |p2|) =
A;/h, qi and qo with detuning c(|qi| — |q2|]) = A,/h. Then two-photon pro-

cess between the two beams generate a time-varying dipole potential Vi, (x,y,t) =
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Q, cos(dp-r—A,t/h—0,)+Q, cos(dq-r—A,t/h—0,), where 0p = p1—p2

= p.X+Dp,7,

0q = q; — q2 = ¢, X + ¢q,¥ are relative wave vectors and 6,0, are relative phases

between the two beams in each pair. In Wannier-Stark basis in the tight binding

limit (J < A,, A,), this dipole potential has the following relevant components:

QEE r— Ql’ 0p(n,m) —1 QJ2 T
5 (nm|e OPT=At/1=02) |y — 5 € bp(nm) o =i(Aat/It02) 1O (AQ ) = AL (1),
Q Q, . QJ?
7@/ (nm|e (da-r—Ayt/h—0y) |nm> — 7yez%(n,m)e—z(Ayt/)‘H—@y) + 9] ( Az ) = gLyTZL@)’
Qy
? <(n_'_ 1>m|e:|:z (6pr—Agt/h— Gz)|nm>
Q J +i0p(n,m) Fi(Azt/h+0z) izpmaz QJ2
2A ——e e (1 ) +0 Az )
Q
7@/«”_’_ )m‘eiz (da-r—Ayt/h—0y) ’nm>
Q J :|:7,9 g(n,m) Fi(Ayt/h+0y) +igraz QJ?
2A ety v (1 —e ) + O Az |
Q.
7( (m+ )|6j:z opr—Agt/h— 933)|nm>
Q J :I:u9 (n,m) Fi(Azt/h+0g) +ipya QJ2
QA » e (1—6 yy)—l—O Az |
Q,
7< <m+1)|€:tzéqr Ayt/h—0y) ’nm>
- Q,J 0J?
QA eiza (n, m)e¥z(A t/h+0y) (1 izqyay) +0 ( Az > ) (224>
Here, 0,(n,m) = npya, + mpya,, 0,(n,m) = ng,a, + mgya,. Now the overall
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Hamiltonian is

= {(”Ax +mAy + AL () + ADS () + AL (E) + AW (1)) [nm) (nm)]
J (@) ) (
A (g(pxam)Anm(t) + 9(gz02) Ay, ) n+ 1)m) (nm| + H.c.
J (@)
Y (9(pyay) AL () + g(qya,) A c.c.) [n(m + 1)) (nm| + He.p,
Yy
where g(z) =1 — €. (2.25)

To get rid of differences in diagonal terms, we can use a transformation U to

a rotating frame,

U = exp [Z > {nAz—;mAyt —21Im <A"Z’"”;t) + A%(ﬂ)} |nm) (nm|]

n,m

S e B0m) inm) (nm . (2.26)

n,m

In this rotating frame, the effective Hamiltonian is given by

Hyo = UHU'+ih(0,U)UT

S JE @) |[(n+ Vym) (nm| + JE (&) In(m + 1)) (nm| + H.c.

Nz, My
= > {Ajei(B(”*l’m)_B(”’m” (g(pxagc)A(x)( )+ 9(quar)AY) (1) + c.c.)
X |(n+ 1)m) (nm| + H.c.
OB (0,0, AR (1) + g0y, AUL(D) + )
v

x [n(m + 1)) {nm| + Hc} (2.27)
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By using Jacobi-Anger identity e®*? = Y _,i"J,(2)e™ | we get

ei(B(nJrl,m)fB(n,m))

= ifat/h exp {—zzAQx sin pm;x cos(by(n, m) + pra./2 — Ayt/h — ‘933)}

202, G0

X exp {—ZA sin 5
Y

_ ez’Azt/h Z J, (_ Qizac sin (paca;c>> ireir(ep(n,m)erzaz/QfAzt/hf@z)
r x

= cos(0,(n, m) + qea./2 — Ayt/h— Hy)}

2

202 O o
X E JS <_Ay sin (q; )) ZSeZS(%(n,m)+qxax/2—Ayt/h,—0y)7
s y

6i(B(n,erl)fB(n,m))

— iAyt/h exp {—z’ 2AQm sin pyzay cos(b,(n,m) + pya, /2 — Ayt/h — 91)}

2Q
X exp {—sz sin qy;y cos(0y(n,m) + qya,/2 — Ayt/h — Hy)}
Y

— eiAyt/hZJr (_

20 .
x Z Js (_Ay sin (Qy;y>> isezs(gq(n,m)—i—qyay/Q—Ayt/h—Gy). (228)
s Yy

L sin (pyay> i7 @i (Op(n;m)+pyay /2= Aat/h—6y)
A, 2

For brevity, we define

Cpaty) = (2Qu(y)/ Day)) SIN(Pa(y)Ga(y) /2),

Coay) = (2 / Au(y)) SIN(Ga(y)Aa(y) /2)- (2.29)

By time averaging Eq. (2.27) over the time scale ~ i/ A, we obtain following effective
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tunneling amplitudes:

J,

(z) . i(0p(n,m)—0z) _ ipzaz
Jnm,eff - 2Aw {6 (1 e )JO (Cp,x>
_efi(ep(n,m)féz)<1 o efipmagc)ej2 (Cp@) ei2(9p(n,m)+pzaz/276?z)} J[) (qu)
JQQU 7 n,m)— e
= DO (1 0e0) (G + o (Cpa)} o (Cp)
= JN(Cpa) Jo (Coa) exp{i(fp(n, m) — 0, + (praz — m)/2)},
JQ % n,m)— iQya
Jégr)z,eff — QAZ {6 (8q(n,m) 91/)(1 e y)JO (Oq,y)

_e—i(eq(”,m)—ey)(l _ e‘¢‘1y“y)(]2 (Cq,y) 6i2(9q("’m)+Pyay/2—9y)} JO (Cp,y)

JQ, . .
= TAyel(Gq(n’m)iey)(l — ') {Jy (Cq,y) + Ja (Cq,y)} Jo (Cny)
y

= JJ1(Cyy) Jo (Cpy) exp{i(bg(n, m) — 0, + (gya, — 7)/2)}. (2.30)

Since 6, and 6, are linear in n and m, the resulting effective Hamiltonian
describes the charged particle under the presence of a uniform magnetic field [132].
These expressions can be further simplified in perturbative regime, €2, Q, < A,, A,
In such case, Cp 1(); Coaty) < 1, 50 Jo(C) = 1+ O(C?) and J;(C) = C/2+ O(C?).

Then by setting 6, = (p,a, + 7)/2 and 0, = (¢,a, + 7)/2, we get

P JQ:E . z Az .
K =~ sin (P20 expli(npaa + mpa,)).
JQ
JY%Y)L,CH - —Aysin <qy2ay) exp{i(ngza, + mgqyay,)}. (2.31)
y
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2.10 Beam Configuration for Quantum Hall Hamiltonian on Torus

For the simplicity of construction, we assume our lattice spans from (n,m) =
(1,1) to (n,m) = (L,L) = (p+2q¢+1,p+2¢+1). Here, p is the width of the square
puncture in the middle while ¢ is the width of the square annulus, in the unit of
lattice spacing. To obtain the tunneling phases shown in Eq. (2.7), we need our

Raman beams to satisfy following conditions:

ki), = —(ki). = (7/4)2;", i=1to4. (2.32)

k1| — [ki+| = [ksx| — k3| = (w1 —wix)/c = (w3x —w3)/c = Ay /hc,

|k2| — |k2:|:| = |k4:|:| — |k4| = (CUQ —CUQi)/C = (u}4:|: — W4>/C = Ay/hc. (233)

(kl - kl:l:):]c - (k2 - k2:|:)m - (k3:t - k3)x - (k4 - k4:|:)x - (b/za:m

(kix —ki)y = (kax —ka)y = (ksx — ks)y = (ks —Kus)y = ¢/20,.  (2.34)

(p+ q)¢ mod 2w = (q + 2)¢ mod 27 = 0. (2.35)

Here, the relative phase between beams k;; and k;_ are adjusted in a way that the
vertical standing wave between them have a node at z = —zy (i = 1,2) or z = z

(1 = 3,4). That is, the beam triplets 77 and T» target the upper layer while the beam
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triplets T3 and T}y target the lower layer. Eq. (2.32) is required to guarantee that
beams labeled with + and beams labeled with — to show constructive interference
at targeted layer while they destructively interfere at the non-targeted layer. Eq.
(2.33) implies that 77 and T35 give laser-assisted tunneling in the  direction while
Ty and Ty give laser-assisted tunneling in the y direction. Eq. (2.34) ensures that
synthetic magnetic flux threading each plaquette in the outward direction to be ¢,
with a choice of symmetric gauge. Expressions for laser-assisted tunneling terms
are identified in Eq. (2.30) and Eq. (2.31). With given conditions, phases of the

tunneling terms in Eq. (2.31) are given by

(@) (k1 —ki1) - Ty = (n—m)¢p/2  upper layer
Arg (_Jnm,eff) = ’
(ks+ —ks) -rpm = (n+m)p/2  lower layer
(k2 —ko+) Ty = (n —m)g/2 upper layer
Arg (= Jier) = ,
(katr —ka) - Tpp=—(n+m)p/2  lower layer

where r,,, = na,X +ma,y. (2.36)

To have the uniform synthetic magnetic field all over the torus surface, we need
to make every plaquette in the side areas to have flux ¢ in the outward direction.
Keeping the inter-layer tunneling real, the outward flux from each plaquette in side
areas are shown in Fig. 2.8(a). While the outward fluxes from different sides are

not identical in general, we may set all of them to be identical up to modulo of 2.
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Figure 2.8: (a) Flux per plaquette toward the outside of torus along the side areas.
p is the width of the square puncture in the middle, and ¢ is the width of the square
annulus. Size of the square lattice is then L x L, L = 2¢ + p + 1. (b) tunneling
phases of sample lattice with p =2,¢ =4,¢ = 7/3.

That is,

—(g+1)¢p mod 27 = (p+ g+ 1)¢ mod 27 = —(2¢ + p+ 1)¢ mod 27 = ¢, (2.37)

which is equivalent to the condition Eq. (2.35). To illustrate how this scheme works
altogether, tunneling phases in a lattice with p = 2,¢ = 4,¢ = /3 is shown in
Fig. 2.8(b). From this figure, one can check that outward flux from every single

plaquette is the same as ¢.

2.11  Measurement of Topological Degeneracy

In Fig. 2.4(g), the spectral flow and the flow of the y-coordinates in the chang-
ing twist angle show very similar graphs to each other. To briefly understand the

physics behind this resemblance, we can consider the thin torus limit [133]. For
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Figure 2.9: (a) The relation between the energy splitting and difference in y-
coordinates becomes clear in the thin torus limit. Case of N, = 6,v = 1/2 is
shown for an example. (b) Average y-coordinates during the adiabatic flux inser-
tion, in the presence of potential V' (y) = (0.01J/L,)y. Flux corresponds to a, = 4w
is inserted over the time interval of 50004/ ..

a short interaction length, the two-fold degenerate ground states for v = 1/2 are
given as |010101---) and |101010- - -) where each 0 and 1 indicates the occupation
at each orbital. While there is some freedom to choose these orbitals, we select
the orbitals localized in the y direction on the torus (z,y) € [0, L,) x [0,L,). If a
perturbative potential V' (y) = (AV,/L,)y is applied, the energy shift in each ground
state is proportional to the y-coordinate expectation values of each state, as shown
in Fig. 2.9(a). Since this energy splitting is a finite-size effect which should vanish in
the thermodynamic limit, the proportionality constant presented in this thin torus
limit is not precise. Yet, in a finite-size system, this effect can be experimentally
detected.

With a proper cooling scheme, we can prepare atoms to be in a particular
ground state due to the energy splitting. Yet, to observe the 4m-periodicity in
spectral flow of each state, the flux should to be inserted adiabatically. To see if
such an adibatic evolution is possible, we simulate the procedure of flux insertion
on the system in Fig. 2.4(g) [Fig. 2.9(b)]. As shown in the figure, change in y-
coordinates can be detected in a proper adiabatic time evolution. By measuring

the atomic densities for the varying twist angle, one can detect the anticipated
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periodicity and therefore measure the topological degeneracy.

2.12 Outlook

Aforementioned generalization of the scheme to a genus-g surface leads to a
topologically protected m?-fold degenerate ground-state subspace for abelian and
non-abelian FQH states. In that context, one can implement modular transforma-
tions to probe topological orders, measure fractional statistics, and realize fault-

tolerant logical gates for topological quantum computations [134, 135].
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Chapter 3: Twist Defects in Optical Lattice

3.1 Introduction

Ultra-cold atoms in optical lattices have been broadly used to study a vari-
ety of coherent and many-body physics for the high tunability of the optical lat-
tices [92,93,136,137]. Among many attempts to create various lattice structure in
different dimensions using this tunability of optical lattices [107,109,111,138-143],
the creation of topologically non-trivial surfaces have drawn huge attentions for
its possibility to host the topologically ordered phases of matter such as fractional
quantum Hall (FQH) states [72,112] or spin liquids [113—-115]. Such phases of mat-
ter is interesting not only for their rich many-body physics but also for the possible
applications in the topological quantum computation [113]. While several schemes
have been proposed to create topologically non-trivial closed surfaces for the ultra-
cold atoms [118,144], the experimental realization of such schemes still remains as
a challenging problem.

One common challenge in the schemes suggested so far is the necessity of
creating a closed surface. To create a closed surface, one needs to connect all the
boundaries to each other and such task is often experimentally demanding. However,

one can still create topologically non-trivial surfaces by introducing twist defects in
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a bilayer system [145-149]. Here, twist defects are the point defects created at the
end of line defects that sew each layer of a bilayer system with the other layer, as
shown in Fig. 3.1(a). As long as the line defects are located far enough from the
boundary of the system, one can map the entire bilayer system with g + 1 pairs
of twist defects to a g-genus surface up to two punctures that does not harm the
topological nature of the system.

In this paper, we propose a scheme to construct a bilayer optical lattice
with multiple pairs of twist defects. Specifically, we use spin-dependent optical
lattice [150-154] in checker board shape where each spin of the atomic ground
state to represent each of layer in the bilayer system. To create pairs of twist
defects, we use Raman process to generate inter-layer tunneling across the line
defects which are set by site-resolving laser fields, where such spatially shaped
beams can be achieved with recent advancements in high-resolution imaging tech-
niques [24,94,98-100,119,155-157]. To exhibit the role of topology in the dynamics
of atoms on the creates surface, we first study the hydrodynamcis of bosonic su-
perfluid stirred around the twist defects. Specifically, we introduce sequences of
local optical manipulation that can generate quantized supercurrents and verify its
feasibility with numerical simulations. Moreover, to study the topologically ordered
phases in strongly correlated regime, we discuss a FQH model realizable on our
lattice construction. We also illustrate how the topologically ordered phases can
be measured through randomized local unitary operations even in the presence of
open boundaries. Finally, we discuss how the braiding of twist defects guided by the

modulation of the laser field can be used for the operation among the topologically
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Figure 3.1: (a) Bilayer surface with twist defects. A surface with g+ 1 pairs of twist
defects is topologically equivalent to a g-genus surface up to two punctures. (b) The
upper (lower) layer is consisted of atoms in the spin-up (spin-down) state. Atoms
with different spin states are put in alternating order in a checkerboard lattice. For
the demonstration purpose, a sample non-contractible loop is drawn in red.

degenerated states.

3.2 Bilayer Lattice with Twist Defects

To construct a bilayer lattice, we consider spin-up (spin-down) state of an al-
kali atomic ground state, [1) (|{)), represents the upper (lower) layer of the bilayer
system (Fig. 3.1). With Zeeman energy splitting € > 0, these two layers are energet-
ically separated. To avoid the undesired interaction between different layers, we let
different spin states stay on alternating sites in a checkerboard lattice. For this, we

create a spin-dependent dipole potential Vi, (r) generated by following plane wave
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laser beams with different polarizations [Fig. 3.2(a)]:

E(r,t) = &> (e“kyfc + z'e“kxy) et c.c.
s==%1

= [81(.77, y)él + 5,1(1', y)éfl] eith tcc.,

2 1
Vi) = fo ¥ [( o A1/2)63<x,y>®1

s==+1

1 1
+ — sE2(z,y) @ 04 . 3.1
(Aw A1/2> (1) (31)

where &1, = (X +i¥)/V/2, & = % are circular polarizations and I = [1) (1| + |[1) (1],
o, =M — ) {|. w = ck is the beam frequency, where we set & = 1 from
now on. fo is the proportionality constant, and A;/, (Asz/e) is the detuning from
atomic transition Sy — Pi/2 (S1/2 — Pg/2). By setting the beam frequency to
satisfy Agjs = —2A s, the dipole potential becomes Vi (r) = —Vj cos kx cos ky®@ o,
where Vy = 12f0€2 /A, /2. This potential confines atoms with different spin states in
alternating sites of a checkerboard lattice with lattice spacing a = 7/k. Note that
extra pair of laser beams is required to confine the atoms in the z direction.

We need a few more laser beams to to create a line defect sewing different
layers. First, we need Raman beams to restore the inter-layer tunnelings across the
designated line. For this, we shine a pair of red-detuned beams whose frequency
difference matches with the Zeeman energy spltting e [Fig. 3.2(b)]. We set the
polarization of one of these beams to be & = (&;+&_,)/v/2 and the other beam to be
7 = & so that spin state can flip through the resonant Raman process between these

beams. By shaping the beam with polarization X to target only the sites around the
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Figure 3.2: (a) The spin-dependent checker board lattice is generated by pairs of
counter-propagating laser beams in the x and y direction. These beams have in-
plane polarizations, which are represented as small black arrows. (b) Different layers
are connected through the Raman beam pair with detuning equal to Zeeman energy
€. The intensity pattern of one of these beams define the location of line defects.
Additional beam with a stripe intensity pattern generates potential barriers to block
undesired tunnelings. (c) Numerically calculated tunneling strengths for different
pairs of neighboring sites. Here, the dipole potential is evaluated with Vy, = 5F,.,
Vi, = 25E, where E, = k*/2M is the recoil energy. V, is set to satisfy Eq. (3.3) with
these parameters.

designated line defect, we can control the area affected by this Raman process. Next,
we need another beam that creates potential barriers to block undesired tunnelings.
In particular, we shine a blue-detuned beam targeting the area around the line
defect, with an intensity pattern of stripe ridges with period a [Fig. 3.2(b)]. Along

with the previous Raman beam targeting the same area, the overall dipole potential
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becomes
V(r) = Viu(r)+ A(r) {Vb sin? <7ry) - V,} , (3.2)

where the regional function A(r) is 1 if r is within the distance of a/2 from the
line defect and is 0 otherwise. V4(V;) is the potential amplitude created from the
blue-detuned (red-detuned) beam. Then, this potential creates barriers along the
direction of line defect which prevent atoms around the line defect to tunnel into
the other lattice sites than the nearest ones across the line defect.

To make the surface around the line defects smooth, we need to calibrate the
on-site energy of every site equal. Here, on-site energy of a lattice site is the sum
of dipole potential and the zero point energy of the harmonic confinement at that

site. Then the calibration condition is

02V (r)| _
Fr, = Er,, FrR =V(R) + Z (| L&"”R, (3.3)
s=xz,y

where R (Ro) is the position of a lattice site that is (is not) adjacent to the line
defects. M here is the atomic mass. This condition can be satisfied by tuning V},
V, and V. in Eq. (3.2) appropriately.

In order to check if our dipole potential can generate the desired lattice model,
we numerically evaluate the different tunneling strengths based on the potential in
Eq. (3.2). For this, we calculate pseudo Wannier functions for different lattice sites

and evaluate overlaps between them to obtain different tunneling strengths. To make
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the beam design more experimentally accessible, We modify the regional function
in Eq. (3.2) so that it has smooth boundary. Calculated tunneling strengths with a
sample set of parameters satisfying Eq. (3.3) are shown in Fig. 3.2(c). As shown in
the figure, it is possible to keep the undesired tunneling strengths far weaker than
the desired tunneling strengths. Note that our optical lattice design heavily relies on
capabilities of generating arbitrary beam intensity patterns with a high precision,
while the recent progress in beam-shaping technologies enable us to engineer such

laser beams.

3.3 Quantized Supercurrents along Different Non-contractible Loops

To illustrate how topology affects the dynamics of ultracold atoms on the sur-
face with twist defects, we numerically study the hydrodynamics of weakly interact-
ing bosonic superfluid on such surface. A distinct phenomenon we can expect is the
supercurrent flowing along each non-contractible loop. While there are several ways
to create supercurrent flows in a bosonic condensate, one can stir the condensate
with extra spin-dependent potential along some of the non-contractible loops. This
requires blue-detuned dipole potentials addressing on different layers selectively, and
it can be achieved by tuning the frequency of extra beam relatively closer to one
spin-flip transition than the other transitions, remaining in the far-detuned limit
compared to the tunneling strengths [Fig. 3.3(a)]. With careful arrangement of
stirring paths, supercurrent flows along different non-contractible loops can be gen-

erated, and that dynamics can be captured through following mean-field description
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Figure 3.3: (a) The frequency of a laser beam is set close to the excitation from the
spin-up (spin-down) state to the excited spin-down (spin-up) state. By controlling
the detuning much smaller than the Zeeman energy e and much larger than the
typical tunneling strength J, this beam can effectively generate the dipole potential
only on the upper (lower) layer. By using these layer-targeting beams as stirrers
for different non-contractible loops, one can generate supercurrent flows along those
loops. (b) Simulation of stirring procedures for different stirring loops. Generated
supercurrent flows show the quantized vorticities along the stirred non-contractible
loops. For the clarity of vorticity counting, guide lines (white) for non-contractible
loops are drawn.

of the bosonic condensate:

O, = —J > a0 — J Y Ujplik { (i, iy, 1) —pp+U |¢ip|2} Yip.  (3.4)
(.k) i, K]

Here, 15, is the condensate wave function at site i = (i, %,) on layer p, where i, + 1,
must be even (odd) for p =1 (}). p =] (1) for p =1 ({). (j, k) indicate the nearest

neighboring pairs of sites j,k that intersect with the line defects. [j,k] indicate
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pairs of sites j, k such that |j — k|? = 2 where the pairs do not intersect with the
line defects. J is the tunneling strength, U is the on-site interaction energy, V, is
the stirring potential on layer p, and p is the chemical potential. With this mean-
field description, we simulated the supercurrent generation procedures as shown in
Fig. 3.3(b).

Since the condensate wave function is single-valued, supercurrent flows gener-
ated along each non-contractible loop is quantized in a certain way. In particular,

up to some finite-size fluctuation, the vorticity defined as following is quantized to

an integer:
1 N-1
Uy, = Im (¥ ;o 3.5
n 27Tpavg ; (wlsa'swl,s#»l .s+1) ( )
where i,0q, -+ ,iyony = igo( are lattice points along the non-contractible loop L,,.

Pavg is the average condensate occupation per site. Dyanmics of these vorticities
during the stirring procedures are presented in Fig. 3.3(b). As shown in the fig-
ure, these vorticities converge into different integers after strring, depending on the

strength and speed of stirrer.

3.4 FQH States with Twist Defects

More interestingly, strongly interacting ultracold atoms on the surface with
twist defects can exhibit exotic topological physics. A good example to study is

FQH system on such surface, and one of the simplest bosonic lattice model for such
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Figure 3.4: (a) A uniform dipole potential gradient can be created by an out-of-
focus Gaussian beam. (b) To create uniform synthetic magnetic field, we apply a
Raman beam pair with the momentum kick perpendicular to the linear potential
gradient. This makes an atom to accumulate a total phase of ¢ when circulating
each plaquette on each layer. (c¢) By applying randomized on-site potential through
site-resolving tailored laser light, one can perform random unitary operations. By
processing the particle occupation measurements followed by the random unitary
operations, one can obtain the fractional Chern number. (d) The Hall conductivity
can be determined by measuring the Hall drift of the center of mass in response of
a extra linear dipole potential gradient. (e) By slowly altering the targeting region
of the focused beams configuring the line defects, one can deform the line defects as
desired. Through some sequences of such deformation, one can braid arbitrary two
twist defects.

system is Harper-Hofstadter-Hubbard (HHH) Hamiltonian [132,158]:

H= ) {Z Zaifa?p _J ;} &iTpaj,s Iy (eijm/?aiTpajp + Hc)} . (3.6)
1,J

=t | i [i,]

Here, aiTp creates an atom at site i = (i,,1,) on layer p, where i, + i, must be
even (odd) for p =1 (}). Conventions for p, (i,j), and [i,]j] are the same as in

Eq. (34). J and J' are the effective intra- and interlayer tunneling strengths,
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U is the on-site interaction energy. ¢ represents the threaded flux per each square
plaquette on each layer. This HHH Hamiltonian is known to host the bosonic lattice
version of Laughlin states [158]. In the presence of g + 1 pairs of twist defects,
the Laughlin states with filling fraction 1/m (m even) have m9-fold topologically
protected degeneracy, just as in the g-genus surface [147].

The HHH Hamiltonian can be realized within our setup by using the laser-
assisted tunnelings [7,8]. For this, we require a uniform dipole potential gradient
which can be created by an out-of-focus Gaussian beam. This potential gradient
introduces a uniform on-site energy difference between nearby lattice sites in its
direction, and a pair of Raman beams is applied in a way that their detuning matches
to this on-site energy difference. By adjusting the direction of momentum kick from
the Raman beam pair to be perpendicular to the dipole potential gradient, one can
create synthetic flux ¢ per each square plaquette on each layer. Along with the
on-site interaction between atoms, this scheme complete the HHH Hamiltonian in
Eq. (3.6).

Furthermore, pairs of twist defects not only provide a topologically non-trivial
surface, but also can be used for non-trivial quantum operations on the topological
states hosted on this surface. For instance, the braiding of twist defects follow a
non-Abelian statistics despite the fact that underlying Laughlin states only have
Abelian quasiparticles [145,147,148]. That is, by braiding different twist defects,
one transforms the topological quantum state to a different state rather than mere
acquisition of a phase factor. Such braiding operation can be naturally performed
in our setup, since the location of line defects are solely defined by the target area of
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focused laser beams. By slowly adjusting the targeting area of these beams, one can
deform the line defects as desired. By undergoing a sequence of such deformations,
one can do arbitrary braiding of twist defects as presented in Fig. 3.4(e). If the
deformation of line defects is inconvenient, there is also another way to realize the
braiding operations by performing a sequence of projective measurements [134].
While our scheme prepares the FQH states in the presence of open boundaries,
there are still several ways to measure the topological properties of these states. In
a recently developed scheme using randomized measurement [159, 160], the atom
population over the lattice is measured repeatedly given the application of random-
ized unitary operation, and one can calculate the many-body Chern number out of
these population measurement results. The randomized unitary operation in this
process can be realized in our setup by applying randomized disorder dipole po-
tential through a site-resolving, arbitrarily shapable laser beam [Fig. 3.4(c)]. Also,
one can determine the Hall conductivity by measuring the Hall drift speed of the
atomic center of mass as a linear response to a extra uniform dipole potential gra-
dient [9,161]. It is also possible to do projective measurement of the many-body

states by using an interferometry using an auxiliary qubit [135,162].

3.5 Evaluation of Tunneling Strength

To evaluate tunneling strength between neighboring sites, we numerically cal-
culate a pseudo-Wannier function for each lattice site based on the lowest band. To

be concrete, let our lattice sites are located at R,,, = ro + maj + nas where rq
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is the origin and a;,as are primitive lattice vectors. Let us define region A,,, as
Apn = {r|[(r — ro) - a1] = m,[(r — ro) - az] = n} where [z] indicates the largest
integer smaller than or equal to z. For a given potential V' (r), we numerically solve
the Schrodinger equation

L oo
H ==V 4 V(1) (3.7)

with the standard finite difference method with the meshes divided in the directions
of a; and a;. We solve this equation over each A,, , with the periodic boundary con-
ditions, and take the ground state wavefunction ,,,(r) and set it vanishes outside
of Ay n. Now we construct a large region A = A(m, ni)(mams) = Uz, UnZn, Amn-
Denote Q1 =my—mi+ 1, Q2 =ny —ny + 1, and Q = Q1Q)2. By solving Eq. (3.7)
over A(m, n)(ma.ns) With the periodic boundary conditions, we obtain the s-th lowest
state wavefunction Wy(r) for s = 1,--- Q. Also we order the lattice sites in this

large region as (m,n) — 1 = (m — 1)Q2 + n. Now we construct a @ x () matrix M

such that

t=1

Q -1/2
Ml/s = /A \Ilzk(r)\IIS(r)CFra Mls - Ml/s (Z |Mt,s|2> . (38)
l

For each unit vector h; such that (h;); = ¢;;, we find g; = M ~'h;. Then we define

our pseudo Wannier function for stie ¢ as

Q
Wir) = (gi)s Vs(r). (3.9)

s=1



Note that for a periodic potential V(r) = V(r + a;) = V(r + ay), this expression
represent exact Wannier functions which satisfy [, Wi (r)W;(r)d*r = d;;.

To find the tunneling strengths between sites (m,n) and (m + 1,n), we find
the pseudo Wannier function for the large region A = A(;;,—1 n—1)(m+2,n+1)- Then the

tunneling strength between these sites are given by

1

‘](p,q)(pﬂ,q) = ‘AW:@+1,n(r) {_QZ\JV2 + V(r)] Wm,n(r)d2r . (3.10)

To apply this method to our checker board lattice, we set a; = aX + ay,
az = —aX + ay, and rg = 0 (aX) for the upper (lower) layer. Let us denote the
Wannier functions for the upper (lower) layer as W1t (r) . Intra-layer tunnelings

in Fig. 3.2(c) can be evaluated with Eq. (3.10), while we use the potential in Eq.

(3.2) with Vg =5E,, V; = 25, and V, = /(V; + Vo/2)E, — \/VoE, /2. We replace
the regional function A(r) with a function with the smooth boundary. For example,
to target the lattice sites at paX + qay (p = p1,p1 +1and ¢ = ¢1,- -+ ,¢2), we use

the following regional function

A(r) = h(z/a,p1 —d,pr + 1 + d,w)h(y/a,q1 — d, g2 + d, w),

1 if ‘s — sds2) o sammwe
Lsin{r(s—s1)/ws}, if |s — 51| < wy/2
h(87817327w8) = (311)
1singn(s—sa)/ 1} if s — so| < wsy/2
O lf ‘S . 51—582 > 82—821+ws

where we set d = w = 0.1 in Fig. 3.2(c).
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3.6 Details of Supercurrent Flow Generation Simulation

As presented in Eq. (3.4), the mean-field description of the bosonic condensate

is given by

iy = =T 3 Wipbinc = J D Uiplic + {Vpliar iy 1) = 11+ Ui}y (3.12)

(k) (k]

Here, 15, is the condensate wave function at site i = (i, i,) on layer p, where i, + i,
must be even (odd) for p =1 ({). p =1 (1) for p =1 ({). {(j, k) indicate the nearest
neighboring pairs of sites j, k that intersect with the line defects. [j, k] indicate pairs
of sites j,k such that |j — k|?> = 2 where the pairs do not intersect with the line
defects. J is the tunneling strength, U is the on-site interaction energy, V, is the
stirring potential on layer p, and p is the chemical potential.

For the numerical simulations in Fig. 3.3, the condensate wavefunction is ini-
tially prepared as the static solution of Eq. (3.12) for V,(iz,,,t) = 0 on a 120 x 120
square lattice so that the lattice site iy, i, is located at z = (i, —0.5)a, y = (i,—0.5)a.
We set © = 30J and U = 0.004J. The line defects are located at z = 40a and

x = 80a for y € [40a,80a]. For the stirring sequences along the non-contractible
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loop L1, the stirring potential is set to be

Vy(insip )]y, = VoRa(t) 37 e ((liam09)aXe 0 (0o, (0} )

C=A,B
t/T 0<t<T
1 n<t<m-—m1 ~
Ry(t) = , t=mod(t,T),
(11 —t)/7 -7 <t<m
0 T St
1 + vt 0<t<T,
T T, <t< T, + T,
XA,T(t)_ 9
9 —v(t—T,—T,) T,+T,<t<2T,+T,
2y T, + T, < 1 < 2T, + 2T,
Y1 0<t<T,
Y +o(t —Ty) T, <t<T,+T,
YAﬁ(t)— 9
Yo T,+T,<t<2T,+1T,
v+ o(T — 1) T, + T, < I < 2T, + 2T,

Xp(t) = 1200 — Xaq(t), Yea(t) = Yar(t), Xay(t) = Xaq(t),

YA7¢(T,) = 120@ — YA7¢(t), XB7¢(25) = 120@ — XA,T(t)7 YB7¢(2§) = 120@ — YA,T@)?

To— X1+ Y2 — T — X1 Y2 — N
_ T, = T, = . 3.13
v T)/2 ’ v Y v (3:13)

Here, x1 = 30a, x5 = 50a, y; = 20a, yo = 100a, ro = 10a. For the sequence that
quantized v; to 1, Vo = 25J, 7y = 320J 71, 7{ = 32771, = 640J7!. For the

sequence that quantized vy to 2, Vo = 26J, 7 = 265J 71, 7{ = 26.5J 1, T = 530J .
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The stirring potential for the sequences along the non-contractible loop Lo is

Vp(ix?iyvt)‘Ll = VORZ( )ZSPP (t)

% Z e 1((iz—=05)a—Xc, PIO)ESS ((ly*0~5)a*Yc,p/(f))2}/(2r(2))’
C=A,B
/75 0<t<T]
1 Ty <t <Ty—T, ~
Ry(t) = , t = mod(t,T),
(1o —t)/7) Ty — Ty <t < Ty
0 T2 St
s — (vt —40a + z1)/A |40a — z1 — vt| < A/2
0 60a — z1 — vt| < 20a — A/2
St (t) = )
2+ (vt —80a + 1) /A 180a — 1 — vt| < A/2
1 elsewhere
1 + vt 0<t<T,
- T, <t<T,+T,
Xaq(t) = ,
zy—v(t—T,—T,) T,+T,<t<2T,+T,
1 O, + T, < I < 2T, + 2T,
Y1 0<t<T,
i+ ot —T,) T, <t<T,+T,
YA,T<t> - )
n T.+T,<t<2T,+T,
v+ o(T — 1) O, + T, < I < 2T, + 2T,
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Spt) = Spy(t), Sp(t) = Sip(t) = 1 = Si(2),
XB,T<t) = XA,T(t), Y37T(t) = 120a — YA,T(t), XA7¢(15) = 120a — XA,T(t),

YA7¢(t) = YA7T(t)> XB7¢(t) = 120a — XA,T(t), YB7¢(t) = 120a — YA7T(t)>

Tog — X1+ Y2 — N To — X1 Y2 —
! T/2 v Y v (3:.14)

Here, 1 = 20a, x5 = 100a, y; = 70a, y» = 90a. For the sequence that quantized
vg to 1, Vo = 18J, 7 = 335J1, 7{ = 33.5J71, T' = 670J~!. For the sequence that

quantized vy to 2, Vo = 18J, 7y = 320J 7L, 7{ = 32J71, T = 640J L.

3.7 Laser-assisted Tunneling and Quantum Hall Hamiltonian
The Hamiltonian of the checker board lattice with a linear potential gradient
is described by

Ho = 3 my A (W) (Wl = Jo (IWn, 10y 12) (Wal + Wi 41, 41) (Wal 4+ Hec.) , (3.15)

where |[W,) = |W,, n,) is the Wannier state at site n = (n,,n,). In the limit that

Jo < A, this Hamiltonian can be diagonalized as

J2
Hy =Y _n,Aln)(n|+ 0O <A0> ,

where |n> - |n17ny> = |an,ny> + Z Z

p==%1q==%*1

2o

W) - (3.16)

Now we apply a pair of Raman beams with detuning A and the momentum kick of

0k = 0kx, dka mod 27 = ¢/2. The time-dependent dipole potential by this beam
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pair is V (r,t) = Qcos(0kz — At — ). By considering a transformation to a rotating
frame U = exp(iHt), relevant components of this potential are (n, £ 1,n, + 1|V|n) =
(Jo/2A)(e*ke — 1) [ei("”’/Q—At_(’) + c.c.] In the perturbative Raman beam regime
(Q < A), we can get following effective Hamiltonian,

Hyg = UH+ VU +i(5U) UT\Q@

= XX ¢, +pymy + 1Vn) e+ pymy + 1) (n] + He.
n p==+1

Q<A
— Z Z %Sm <m>
e A 2
x e ¢/2=0tpBkatm)/2 1 4 pony, + 1) (n| + H.c., (3.17)

which is equivalent to the non-interacting part of Eq. (3.6) in the region except line

defects, up to some irrelevant constant phases.

3.8 Braiding of Twist Defects

To deal with a surface with g + 1 pairs of twist defects, let us label the twist
defects and non-contractible loops as in Fig. 3.5(a). Here, we only consider the twist
defects and loops with natural number indices. With this convention, one can see
that the counter-clockwise braiding of twist defect p and ¢, R, ;, = R,p, acts on each
non-contractible loop as following:

Br—1 = Pr—1 + a1 —
Roy 101 (1<k<g+1),

Br = Br — ax—1 + oy,

Ropops1 t oy = o — B (1 < k < g), (3.18)
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Figure 3.5: (a) Non-contractible loops around twist defects. (b) Transformation of
non-contractible loops under the braiding of neighboring twist defects.

while other loops remain unchanged and ay = 8y = ay41 = Bg+1 = 0. Also, braiding

of distant twist defects can be expressed as
Rij= Ry Ry 1 Ryjor- - Rivay (i < ). (3.19)

To see how these braiding operations change the FQH ground states in detail,
let us consider the Laughlin states with filling fraction v = 1/m from now on.
If we denote the Wilson loop operator along the loop v as W(y), W(y)W(y') =

exp[—i(2m/m)|W ()W () if v pass through 4 from the left to the right. Therefore,

W (a; )W (B;) = exp[—i(2m/m)d;;|W (8;)W (cvi), (3.20)
where all the other pairs of Wilson loop operators commute to each other. Then W™
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commutes with any Wilson loop operator, so we can consider W™ = J¢. Since Wilson
loop operator is unitary, eigenvalues of any W are restricted to €>™/™ n € Z,,.

Then we can choose bases for the ground states as

W (o) |-+ ymy, -y, = e2malm | p)
W(ﬁz)' 7nj’...>az|... ’nj_lmodm,...>a’
W) |-+ g, )y = ,ny+ 1 mod m, ),
W(B) |- ’nj"">6 = eimni/m ... 7nj;"'>5, (3.21)
forj=1,---,9, n; € Zy,. Let U,, be the unitary operation acts on the ground

states by performing the braiding R, ,. Since Royox+1 : ax — o — B,

UQk,2k+1W<O‘k)U2Tk,2k+1 = "W ()W (Br)

— (Zy layer-exchange symmetry) —
U2k,2k+1WT(O‘k>U2Tk,2k+l = "W ()W (B)

“ U2k,2k+lw<ak)U2Tk,2k+1 = e O () WT(By)

s e2X — eii%/m’ x=rnm—mn/m (r € 7). (3.22)
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Since W (a)™ = W(B)™ =1,

U2k,2k+1w(ak)mU2Tk,2k+1 = X [W(Oék)WT(ﬁk)}m
— eimxefi@ﬂ'/m)[m(mfl)/Z]W(OékanJf(Bk)m

™) = Uppop1 Ubopgr = 1 (3.23)

so we can choose any 7 such that » = m mod 2. Without loss of generality, we set
r = m. Now this braiding acts non-trivially only on {|ng); = |-+ ,ng, )5k €

L}, sO

Uskorr1 ) s = UsparpiW(aw) ng — 1) 5 = eXW ()W (By)Usg 241 |r — 1)
B B B
= X W (ar)WH(B)] ™ 10)
_ einkxei(%/m)[nk(nk+1)/2]WT(ﬁk)nkW(ak)nk |0>B

—im(n2 /m+mny

— ¢ M |ni) s s (3.24)

with Uy o+1 ]())[3, = \O)B. We may repeat this procedure for braiding Rog_1or as
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well,

U2k71,2kW(5k71)U2Tk71,2k = eiX/W(kal)W<Oék71)WT(O¢k>
— (Z5 layer-exchange symmetry) —
U2k—1,2kWT(5k—1)U§k,172k = eXWH (B )W (1) W ()

U W Ul = e i/ MYy W wi
< U196 W (Br—1)Usp_q 91, = € (Be-1)W (1) W ()
— X = T2/m N — o — 1 /m (r € 7), (3.25)
Vst st W (Bs) " Ul 1 = €™ [W (B W e W )™

_ eimxei(Qﬂ/m)[m(erl)/Q}W(ﬁkil)mw‘[(akil)mww&k)m

_ eifr[m(rfl)JrQ] — U2k,2k+1U2Tk,2k+1 — [’ (326)

so set r = m again without loss of generality. These results hold for k —1 <> k. This

braiding acts non-trivially only on {|ng_1,n), = |-+, e—1, Mk, - ), |Mk—1, 7% €
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U2k71,2k ‘nkfl, nk>a
= Usp—1,26W (Br—1) |1 + 1, ),

= X' W (Bt )W (1 )W () Uspp—1,25 |11 + 1,13.),,

m—ng_1

= e W (B )W ()W ()| Usi—1.0% [0, 11),,

m—ng_1

— i@m—ng_1—np)X’ {W(ﬁk_ﬁW(Oék—l)WT(ak)}

m—ng

X [W(Bk)W(Oék)WT(Oék—l)} 10,0),

_ i@meng g —m) i(2m fr)[(m—ns 1) (m—ng_11)/2] i(2n /) [(m—n) (m—nxt 1),

X W(Ozk,l)mfnkfl W(ﬂkil)mfnkfl WT(Ozk)mfnkfl

XW (a)™ " W (Br)™ " |0,0),,

_ eiw[nz_l/m+ni_1/mfm(nk,1+nk)]

« W(Oék—1)m_nk_1 W<5k_l)m—nk_16i27rw(nk_1—nk)/m |07 nk>a

iﬂ[ni71/m+ni71/m—m(nk_l-‘rnk)]€i27rnk,1(m—nk,1)/m i2mng(ng_1—ng

=e e )/m M1, Nk,

—im[(ng_1+nk)? /mtm(ng_1+ng

=e )l |1, Mg, (3.27)

with ngfl’gk |0, O>a == ‘O, 0>a'
As the simplest example, consider the case of v = 1/2 Laughlin states with

two pairs of twist defects. Then the braiding operations become

Uio = 10) 0], = #11) (U, = T (10) (0], + 11} (1l,) + 2 (10) 1], + 1) 0]

Uns = 10) (0] — 1) (1, (3.25)
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3.9 Outlook

While we considered bilayer square lattice in this work, similar optical lattice
construction may be created for different bilayer lattice geometries and twist defects
within them. Such variety in lattice geometry would help to realize different kinds
of lattice models on the topologically non-trivial surface.

Presence of long-ranged interactions, such as Rydberg interaction [163] or
dipole interaction between polar molecules [164], can also help creating various quan-
tum many-body states. For example, the presence of interaction between different
spins on a FQH Hamiltonian can help generating Halperin states [165] which can
have ground state degeneracy not accessible by Laughlin states [146, 147].

With further efforts in engineering different geometries and interactions, one
may construct a Hamiltonian hosting non-Abelian states such as the Kitaev model
[76]. If such non-Abelian states are prepared, the presence twist defects and braiding

operations of them can realize the universal topological quantum computation [147].
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Chapter 4: Optical Imprinting of Superlattices in Two-dimensional

Materials

4.1 Introduction

A superlattice structure in two-dimensional (2D) materials has opened a new
way to engineer electronic bands, starting with the investigation on a honeycomb
superlattice structure in monolayer graphene [166]. Recently, Moiré pattern in a
twisted-bilayer van der Waals heterostructure has been immensely successful in
generating a variety of band structures, including Hofstadter butterfly [167, 168]
and flat bands [169-173]. These bands can induce intriguing strongly correlated
phases such as fractional Chern insulator [168], anomalous Hall phase [174, 175],
Mott insulating phase [173,176-178], nontrivial magnetic phases [174,179-181], and
superconductivity [172,178,182-184]. Yet, this passive way of creating a superlat-
tice has been largely limited by the microscopic structure of the 2D materials since
different samples should be prepared for different superlattice structures. Therefore,
it is interesting to find alternative ways to synthesize a spatiotemporal structure in
2D materials.

At the same time, the recent progress in the beam-shaping technique has en-
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abled the generation of arbitrary beam patterns with high resolution comparable to
the optical wavelengths [94,98-100, 119, 185], which already found remarkable suc-
cesses in ultracold-atom systems [24-28]. This wide tunability of light can be natu-
rally applied to 2D electronic systems to imprint arbitrary superlattices, regardless
of the underlying microscopic lattice structure. This is particularly interesting in the
context of the “Floquet topological insulator,” where the illumination of circularly
polarized (CP) light can turn a trivial system into a topological insulator [186-195].

In this chapter, we propose a method to create superlattice structures in a
2D material by shining spatially periodic laser beams, as schematically shown in
Fig. 5.1. We illustrate the idea with an example of monolayer graphene irradiated by
a circularly polarized beam with a superlattice structure, where the beam amplitude
is spatially periodic. To demonstrate the tunability of this superlattice structure
and unique physics originating from the superlattice, we first study the case of a
square superlattice and explore the topological phase transition induced by varying
the superlattice size. Then, we investigate the topological phase transitions, when
the square superlattice is sheared to a stretched hexagonal one. In particular, we
examine the relationship between this topological phase transition and the role of
lattice geometry in creating complex tunneling phases. Further, we demonstrate
the possibility of creating more exotic lattices by superposing multiple lattices, with
an example of tuning between a hexagonal and a kagome lattice where the flat
bands can be obtained. These flat bands particularly can harbor strongly correlated

phenomena in Floquet systems.
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4.2 Graphene with Spatially Patterned Light

Let us consider a monolayer graphene with the inter-atomic distance a and the
tight-binding energy ¢ between the nearest neighbors. The low-energy description

for this monolayer graphene under the electromagnetic field A(r,t) is given by

H=v[p+eA(r,t)] - (1.0,%+0,3), (4.1)

where o0,,0,,0, are Pauli matrices acting on sublattice degrees of freedom, v =
(3/2)ta is the Fermi velocity at Dirac points, and 7, = %1 is the valley index [196].
In particular, if we shine the CP beam with spatial amplitude pattern A(r,t) =
Ap(r)e™ (X + i§) + c.c. (Fig. 5.1), the effective Floquet Hamiltonian to the first

order in w™! becomes [78-81,186,197-199]

4e20?

Hep = v(T2pa0s + Dyoy) + 72 \Ao(r)\2 0. (4.2)

w

We denote the peak amplitude of Ay(r) as Ag. Then, Eq. (4.2) becomes a valid
description when frequency w is high enough (w > ev.Ay) and the amplitude varies
in length scale larger than a (Ap/max {|VAy(r)|} > a). For brevity, we set h = 1
from here on.

We specifically study the superlattice structure created by a spatially periodic
amplitude |Ap(r)| = |Ao(r + Ly1)| = |Ao(r + Ly)|. While the 2D material with

spatially modulated beams has been studied in the different contexts [200-202],
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Figure 4.1: A 2D material irradiated by a spatially periodic CP light with frequency
w. Here, we use the example of a monolayer graphene. The superposition of multiple
CP Gaussian beams generates a periodic amplitude pattern Agy(r) with translation
vectors Ly and L. |L;| = . Upper inset: We denote the interatomic distance of
the graphene as a and the tight-binding energy between the nearest neighbors as
t. Lower inset: Each Gaussian beam has a peak amplitude Ay and a half waist w
(black lines). The overall beam amplitude (red line) results from the superposition
of the Gaussian beams.

here we investigate the generation of a superalttice with spatially periodic beams. In
particular, to make the beam experimentally relevant, we consider the superposition

of CP Gaussian beams positioned on the superlattice,

- . 2
R S (13)

ni,n2 2w

where w is the radius of each Gaussian beam. This beam configuration is achievable

with recent progress in beam-shaping technologies [94, 98-100, 119, 185]. For the
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cases |Li|,|La| = [ > a, the Brillouin-zone folding occurs on a momentum scale
1/1. Furthermore, the hybridization of Floquet sidebands is suppressed for v/l < w
so that the low-energy description is captured by Eq. (4.2) (see Appendix A).
We obtain Bloch eigenstates |¢,x) and eigenenergies E,, ), where m is the band
index and k is the crystal momentum within the Brillouin zone set by reciprocal
lattice vectors of L; and Ly. Note that Eq. (4.2) preserves particle-hole symmetry
(0.H}50, = —H.g) and therefore the energy spectrum is symmetric with respect to

the zero energy. Also, 0, Hegoy = so two valleys have the same spectrum

eff’n—)—‘rz’
and eigenstates up to a unitary operation, o,. This also ensures that both valleys

have the same Chern number. For brevity, let us only consider the 7, = 1 valley

from now on.

4.3 Illumination of Square Superlattice

We first consider the simplest case of a square superlattice, L; = I[X and L, =
ly. Before directly diagonalizing Eq. (4.2), we can make some speculations. First of
all, the contribution from the spatial average of | Ao(r)| opens up the gap around the
zero energy (Ay) as in the case of the graphene under the CP uniform light, where
the Chern number, C;, of the first band above E = 0 is nonzero [186-188,200,203].
C; remains nonzero for small [, as far as the maximum kinetic energy within the
Brillouin zone, which is of the order of v/l is much larger than the spatial Fourier
components of the o, term in Eq. (4.2), which is of the order of e?*v2A%/w. On

the other hand, as [ — oo, the contribution of the kinetic term becomes negligible
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and therefore the bands become flat. Also, the Bloch wavefunctions look similar
regardless of k and therefore the bands become topologically trivial. Therefore,
there must be a topological phase transition where C; changes from a nonzero value
to zero as we increase [. This topological transition would occur at a superlattice
size that makes the two energy scales e*v*A3/w and v/l comparable to each other.
For a succinct description of this phase transition, we use the rescaled superlattice

size

X = (ve? A3 Jw)l (4.4)

so that the critical superlattice size x. is O(1). Here, x represents the ratio of the
effective superlattice potential over the kinetic energy.

To study the detail of this topological phase transition, we numerically diago-
nalize Eq. (4.2) as shown in Fig. 5.2(a). Along with the energy spectrum, we present
the Chern number C of each band calculated based on Ref. [204]. In Fig. 5.2, we set
Ay = 0.006(ea)™t, w = 0.06t, and w/l = 0.3. With these parameters, we can check
that the topological phase transition occurs at x. = 0.965, which is close to 1. This
topological transition accompanies the direct gap closing at k = M and the band
inversion between the first- and second-lowest positive-energy bands. To see this,
we compare the particle and current densities of the lowest positive-energy band’s

wave function at the direct gap closing point. Here, for the Bloch wavefunction of
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Figure 4.2: (a) Energy spectrum for square superlattices with different superlattice
size x. We set Ay = 0.006(ea)™t, w = 0.06t, and w/l = 0.3. Only the positive-
energy spectrum is shown for simplicity. The Chern numbers of low-lying bands,
C, are presented as colors. The topological phase transition occurs at x. = 0.965.
Upper inset: Direct gap at k = M between the first- and the second-lowest positive
band (dy) is plotted in the vicinity of x.. Lower insets: The particle density n(r)
and current density j(r) of the Bloch wavefunction of the lowest positive band at
k = M are shown for y = 0.8 < x. and Yy =4 > x.. In the density plots, the centers
of the Gaussian beams are located at the corners of the plotted region. The particle
density is shown in units of [=2. The amplitude of the current density is presented
with the color in units of ev/I? and the direction of j(r) is represented by arrows.
(b) Orbital magnetization My, for the lowest positive band for different superlattice
sizes. (c) For the lowest positive band, we plot the energy gap below the band (A;),
the energy gap above the band (A;), the direct band gap at k = M (d,), and the
bandwidth (0 E) with respect to the superlattice size y. ag is the minimum value of
(4e2v?/w)| Ap(r)|?. The black dashed lines are asymptotic lines showing that El/v

is constant, indicating F oc x .
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the mth band, ¥ (r) = (r|¢m k), the particle and current densities are given by

n(r) = P(r)v(r), (4.5)

a}ﬁﬁ¢(r) = —evd!(r) (0.% + 0,9) U(x).

) = —el(r)

The comparison of n(r) and j(r) before (x = 0.8) and after (y = 4) the transition
point shows a drastic change in the wave function, which signifies that the band
inversion has occurred in the phase transition. In the current density plot, one can
also find that the circulation direction of the electron flips as the band inversion
occurs. This phenomenon can also be captured in the calculation of the mth band
contribution to the orbital magnetization [205-207],

(9 |um7k)
Ok,

Hy + E,.x) (4.6)

orb = Im

/ dzk 8 umk](

where k) = e 5T [ x) and H, = e *THge™ ™. In Fig. 5.2(b), one can see
that M, of the lowest positive band shows the sign flip at the phase transition
point, agreeing with the observation in the current density plots. We also remark
that even if this topological phase transition theoretically exists regardless of the
Gaussian beam size, it is desirable to keep w comparable to [ for experimental
realizations since a fainter superlattice will imply a smaller direct band gap.

This topological phase transition could be experimentally detected in several
ways. The change in C; causes the difference in the Hall current carried by the chiral

edge state, and such difference can be revealed by transport measurements, similar to
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Ref. [190]. For the bulk property, one can measure the orbital magnetization, where
the sudden jump would be observed at the phase transition shown in Fig. 5.2(b).
As the superlattice size y increases, the electrons become localized at the local
minima of |Ag(r)|. This provides an explanation for the exponential suppression of
the bandwidth of the lowest positive-energy band (6F) in x [Fig. 5.2(c)]. For well-
localized electrons, the dynamics can effectively be described by a tight-binding
model, and the tunneling energy of that model is approximately given by the WKB
integrals. This integral decays exponentially with the distance between the super-
lattice sites, so the bandwidth decreases exponentially as well. The band gaps (A,
Ay, 0pr) decay as O(x 1), where the details of this band gap scaling are explained

in the Appendix B.

4.4 Superlattice Shearing

To further investigate the role of the superlattice geometry, let us shear the
square superlattice by angle 6 so that L; = (%X and Ly = [(tan 0% + §). From the
perspective of the Floquet Chern insulator created by uniform CP light, in a large
superlattice size limit where the tight-binding description is valid, we might inter-
pret the electron tunneling between superlattice sites as the chiral currents around
the strongly irradiated region. That is, the paths that these chiral currents flow
would give the major contribution to the path integral from one superlattice site
to another. In this viewpoint, two superlattice sites can have a compler tunneling

phase between them if the system has no reflection symmetry along the line con-
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0=0,m/4 = tan 0.5 -
Square lattice Hexagonal lattice 0

with strain 0 0 tan“10.5 7Tl/4

© gy

Figure 4.3: (a) We shear a square lattice by angle . Tunneling between two sites can
be understood as the flow of chiral edge currents around each Gaussian CP beam.
If the system has reflection symmetry around the line connecting the two sites,
this tunneling should be real. Otherwise, the tunneling can have a complex phase.
As examples, the next-nearest-neighbor tunnelings for the § = 0, 7/4 case and the
6 = tan'(1/2) case are presented. (b) The Chern number of the lowest positive
energy band C; is shown as a phase diagram between the shearing angle € and the
superlattice size x. (c) Energy spectra for x = 2.4 at selected angles are shown
where the colors of low-lying bands represent the Chern numbers. The particle
density in units of /=2 is plotted for angles before and after the phase transition.
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necting the two sites [Fig. 5.3(a)], which is analogous to Ref. [16]. Then we can see
that the tunneling terms of the tight-binding model for the square lattice (§ = 0 and
0 = 7/4) are real. At angles close to § = tan~'(1/2), the localized electrons form
a hexagonal superlattice under a uniform strain and can have complex tunneling
phases between the next-nearest neighbors. Then we can construct a tight-binding
model for the lowest positive band similar to the Haldane model [208], as explained
in the Appendix C. Similar to the Haldane model, a complex tunneling phase in the
next-nearest-neighbor tunneling makes C; nonzero at this angle. With these con-
siderations, we can predict successive topological phase transitions as we increase 6
from 0 to 7 /4.

We obtain the phase diagram numerically in Fig. 5.3(b) by calculating the
Chern number of the lowest positive-energy band for each value of y and 6. As we
predicted, we can observe the successive topological phase transitions at x larger
than a certain value, which corresponds to the phase transition point described in
Fig. 5.2. Another salient feature is that the C; = 1 regime very sharply blows up
toward the angle § = tan~'(1/2), at which the x region for C; = 1 diverges. This
can be explained by combining the fact that the size of tunneling strengths decreases
exponentially with the distance between the superlattice points and another fact that
the Dirac cones can disappear and the topologically trivial gap opens in the extreme
strain (see Appendix C). We can also see that the topological phase transition also
accompanies the gap closing and the band inversion, as shown in the particle density

plots [Fig. 4.3(c)].
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4.5 Hexagonal Lattice to Kagome Lattice

To engineer favorable features such as flatter bands, we can create an even more
complicated superlattice by superposing different kinds of lattices. For instance, we
consider the superposition of the triangular lattice beam Ay;(r) and the hexagonal
lattice beam 7 Apey(r), where r is the amplitude ratio of the two lattices (Fig. 4.4).
When the contribution from the hexagonal lattice beam is negligible, the localized
electrons form a hexagonal superlattice and the lowest part of the positive-energy
spectrum can be explained by a two-band model. As r increases, electrons are
confined to a kagome superlattice [109] and the lowest part of the positive-energy
spectrum can be explained by a three-band model including a flat band. Note that
slight gaps are observed in both the two-band model for the hexagonal superlattice
and the three-band model for the kagome superlattice. The gap in the two-band
model can be explained with the Haldane model with complex phases in the next-
nearest-neighbor tunneling, as shown in Fig. 5.3(a). The gap in the kagome lattice
comes from the complex phase in the nearest-neighbor tunneling [81,209]. At r = 0,
we can see that the third band is nearly flat, while it is gapped well from the other

bands. This flat band can be potentially used to stabilize strongly correlated phases.

4.6 Experimental Feasibility

For numerical calculation, we have set Ay = 0.006(ea) ™!, w = 0.06¢, and w/l =

0.3 for Fig. 5.2 and Fig. 5.3. With the typical values of t = 3 eV and a = 0.142 nm
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Figure 4.4: Superposition of the triangular lattice beam, Ag;(r), and the hexagonal
lattice beam rApex(r). As we increase the ratio r, we effectively change the electron
superlattice from the hexagonal lattice to the kagome lattice. Energy spectra for
X = 5.4 at selected values of r are shown where the colors of low-lying bands
represent the Chern numbers. By zooming in the spectrum, we can check the gaps
in the two-band model and the three-band models in the lowest part of the spectrum.
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for the monolayer graphene, these parameters of the laser field correspond to the
field amplitude 7.6 x 10° V/m, the beam frequency 43.5 THz, and beam spot size
0.1pm (FWHM). This is similar to the beam frequency in a recent experiment [190]
while the peak intensity is about 4% of the beam used in the same experiment. With
these parameters, the typical size of the gap (A, in Fig. 5.2) is 4 meV. Fig. 4.4 uses
Ay = 0.0015(ea)™ and w = 0.06t while w/l = 0.3 and w/l = 0.15 for A;(r) and
Apex (1), respectively. Finally, we remark that due to the injection of photons into the
system, heating effects could eventually destroy the nontrivial topological behavior
that is initially formed. Therefore, we only consider the prethermal regime where
electron-electron and electron-phonon scatterings can be ignored [198]. In the past
few years, the existence of this transient regime has been convincingly demonstrated

in several pump-probe experiments [189,190,210].

4.7 Floquet Effective Hamiltonian in High Frequency Regime

Let us consider the Hamiltonian given by Eq. (4.1) with A(r,t) = Ay(r)e™!(X+

i§) + c.c. Then we can write the time-dependent Hamiltonian as

H(t) = U(szxax + pyay) + 26UTzAO(r) eXp(iTzwt)O'+

+2evT, Ao (r) exp(—iTwt)o_, (4.7)

where 0y = (0, £ i0,)/2. For this Hamiltonian, the nonzero temporal Fourier
components H, = (w/2) OQW/‘” H(t)e "“7dr are Hy = v(T,p,0, +p,0,) and Hy, =

2evT, Ag(r)ox. Then the effective Hamiltonian in the high frequency regime is [78—
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81,186,197,198]

H, H_
Heff = HO + Z [ L q] + O(CUiQ)
q>0 qw
HH - H_ H

= Hy+ + O(of2)
w

4e20?

|Ag(r)? 0. + O(w™2). (4.8)

= U(szzax +py0y) + 7 w

The description in terms of Eq. (4.8) is valid as long as H, < w for every q.
The condition w < evAg ensures that H,—; < w. For Hy < w, we require v/l < w
and the parameters we use in this chapter satisfy this condition. Yet, one may
wonder if the band structure is affected by the hybridization of different Floquet
sidebands [81, 191] since the driving frequency that we consider in this chapter
(w = 0.06t) is much smaller than the original bandwidth of the graphene which is
of the order of . To see how much our band structure is affected by the Floquet
sidebands’ hybridization, we calculate the band structure presented in the left figure
of Fig. 5.2(a) by diagonalizing the Floquet Hamiltonian, H(t)—i0;. For the spatially
periodic Hamiltonian H(r,t) = H(r+Ly,t) = H(r+Lo, ), we find the quasienergies
€sx and the corresponding quasimode wavefunctions W i (r,t) = exp(—iest) P, k(r, t)

through

efik-r [H(t) o ,lat] eik-l‘(I)s,k<I‘, t) = Es,kq)s,k(ra t)v

(I)&k(r, t) = Z Cs(ﬁy)llkaei{(mlG1+m2G2+k)-rfnwt}’
n,mi,ms
(n) 2
Z Cs,mlmgk = 17 (49)

n,mai,ma
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Range shown
in Fig.2(a), left

r

Figure 4.5: Calculated band structure of the square superlattice with e Aqga = 0.006,
w = 0.06t, w/l = 0.3, and x = 0.8. (a) Calculation with Eq. (4.8). (b) Calculation
with Eq. (4.9). The color of the plot represents the overlap with the zeroth Floquet
(0)

s

sideband, p

where G;—; 2 are the reciprocal superlattice vectors satisfying G; - L; = 279;;. Here,
the quasienergies are restricted to the zeroth Floquet sideband, €,y € [—w/2,w/2].
For the time-independent Hamiltonian H(t) = Hy, Eq. (4.9) becomes an eigenvalue
equation for Hy by fixing the Floquet sideband index n, and n = 0 corresponds to
the eigenstates with energy in [—w/2,w/2|. Therefore, if we consider the case that
oscillating terms are slowly turned on, the relevant quasimodes should have high

overlaps with the zeroth Floquet sideband, which is quantified by

2

C(O)

s,mimak

RS

miy,ma2

(4.10)

For the comparison of the two descriptions given by Eq. (4.8) and Eq. (4.9),
we calculate the band structure plotted in the left of Fig. 5.2(a) with these two
descriptions, respectively (see Fig. 4.5). For the band structure calculated with Eq.

(4.9), we represented the overlap with the zeroth Floquet sideband, pg?l){, for each
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state. In the energy much lower than w/2, the spectrum calculated with the high-
frequency expansion and the quasienergies of the Floquet eigenstates with high
overlaps with the zeroth Floquet sideband agree with each other. As the energy
approaches w/2, the Floquet sideband hybridization due to the resonant process
affects the band structure. Therefore, one can use the high-frequency expansion

description in Eq. (4.8) for energies far smaller than the driving frequency.

4.8 Band Gap Scaling in Superlattice Size

We consider the eigenvalue problem of the effective Hamiltonian in Eq. (4.2),

a(r) —1v(0, — 10y) Un Ung
=F

—iv(0y + 10y) —a(r) up up

< —iv(0, —i0y)up = [E — a(r)]ua, —iv(0; +10y)us = [E + a(r)|up (4.11)

where a(r) = (4e*v? /w)|Ao(r)|*>. This can lead to

Viug + 4E2 _UQQ(F)QUB + (0 + Zay)g(i)]o[[((i:; — i0,)up|

= 0. (4.12)

In the vicinity of minima of a(r), we can approximate this function as a harmonic
potential with rotational symmetry. This is valid for the square lattice of the Gaus-

sian beam with the fixed ratio ¢ = w/I,

2,2 12 2
a(r) = e’ A 3 e {EmbPronal ) | (4.13)
w ni,n2
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For this case, one can show that

oo|  _aal  _Pa|
O r=(1/2,1/2) dy (1/2,/2) dxdy (1/2,1/2) ’
I? 2
o = 0‘|(1/2,l/2) >0, = —0% = 58504 >0,
1/2,1/2) 1/2,1/2)
8@0 8061

Then we can write a(r) = o + ay(r/1)?, where r is the distance from the minima of
a(r). Now we can use polar coordinates (r, ¢), with 8, £i0, = a~'e**?(0, £ir~19,).

Due to the rotational symmetry, we can impose up(r) = 3(r)e"™?. Then,

Lo, (ra,6) - o5+ [EQ — a3 200 (1)~ a? (Tﬂ 8

2011 (r0, +m)p
(E — ap)l? — ayr?

= 0. (4.15)

Note that [ — oo limit corresponds to V?us + v 2(E? — a3) = 0. The positive
spectrum in this limit is [ag, 00) with no gap in between. To study the behavior of
the positive spectrum for large [, we may define 0F = F — ay. For the low-lying
spectrum, we can only consider the limit where 0 F < «g. Then we can simplify Eq.

(4.15) into

2

1 m 1 7\ 2 2(r0, +m)p
;ar (r@rﬁ) - TTB + ’172 [20[0(5E - 2040041 <l> ‘| 6 + W =0 (416)
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up to the correction terms of the order of O(6E?),O(n™*). Now the rescaling r =
(VD)% (apay)V4€ and 6FE = (o /)% (v/1)(J¢€) gives

m? 2(£0: +m)8

135(505/3) 626+2( 52)6+ 5 =0 (4.17)

and this equation is independent of [. Then the spectrum of de is independent of [, so
that 0 E should scale as [~!. This means that A, —2ag and A, should be proportional
to [7'. This explains the inverse proportionality of band gaps in x = (ve?A2/w)l

shown in Fig. 5.2(b).

4.9 Tight-binding Model for Hexagonal Lattice under a Uniform
Strain
Let us consider the effective lattice model for the sheared lattice in the vicinity

of angle § = tan™' 0.5. By considering the terms up to the next-nearest neighbors,

we can build a tight-binding model similar to the Haldane model,

Hgsy Z ( 2655_)1’” - tgcffzj_l) c%‘,% (4.18)

s

3

(A)

+ (s m+1 nt S$2Cm o1+ 83 C(A)Jr n+1) (A)

+ (Slcm 1,n + S2C£nBZL+1 + 8361(nBJZ1i n— 1) 5‘521 + H.c.
Here, C%{LB)T creates an electron in the sublattice A or B at the unit cell (m, n)
and t;—123 (Si=123) is the nearest- (next-nearest)-neighbor tunneling amplitude, as
shown in Fig. 4.6. This model can be thought of as a hexagonal lattice under a
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Figure 4.6: Tight-binding model for the hexagonal lattice under a uniform strain,
in the vicinity of angle § = tan™1 0.5 in the sheared lattice.

uniform strain. By considering the inversion symmetry of the corresponding pairs

of lattice sites, we can find that Im(¢;) = Im(¢y) = Im(¢3) = 0. Now we can write

the Bloch Hamiltonian of this tight-binding model as

V(k) + hy(k)o, + hy(k)o, + h.(k)o.,

2Re[sy cos(k - (Ly — Ly)) + sy cos(k - Lg) + s3cos(k - Ly)],

L,+L L, — 2L L, — 2L
—t1008<k' 1; 2)—t200s<k';>—tgcos<k-¥>,

3 3
L, +L L, — 2L L, — 2L
_tlsin<k. 1+ 2>_t281n(k-;>—tgsin<k-¥>,
3 3 3
2Im [sysin(k - (Lg — Ly)) + sgsin(k - Ly) + s3sin(k - Ly)] , (4.19)

where the o, = 41 corresponds to the sublattice A or B. In the absence of the

next-nearest-neighbor tunnelings, V' = h, = 0 and the location of the Dirac points

is determined by h,(k) = h,(k) = 0. If this equation has two solutions, we denote
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those solutions as k = +Kp. In Eq. (4.19), we can see that the second-neighbor
tunnelings solely determine the o, component of the Bloch Hamiltonian and do not
affect the o, and o, components. By turning on the second-neighbor tunnelings,
we effectively turn on the mass term around each of the Dirac points £Kp. Since
h,(—Kp) = —h,(Kp), the sign of the effective mass term is opposite at the two
different Dirac points. Then, each Dirac point equally contributes 1/2 to the Chern
number, just as in the Haldane model. Therefore, if the two Dirac points exist in the
absence of the next-nearest-neighbor tunneling, the lowest positive band has nonzero
Chern number when the next-nearest-neighbor tunneling is turned on. Regarding
this condition, the equation h,(k) = h,(k) = 0 has two solutions as long as |t; —t;| <
|tx| for every i # j # k # i. Since the tunneling strength decreases exponentially
in the intersite distance, t1, ts, and t3 become very different as the superlattice size
gets larger. Then there is no Dirac point after some value of y, as shown in the
square-lattice case. Yet, at angle § = tan='0.5, t; = o, so that |t; — t;]| < |tx] is

satisfied as long as t3 # 0, and therefore C; can remain nonzero at this angle.

4.10 Gauge-Independent Calculation of Orbital Magnetization

We want to numerically calculate the orbital magnetization of the mth band

expressed in Eq. (4.6),

_ d’k 0 (uml O |t xc)
My = Im / T (Hk+Em7k)T€y

d2k G(um,k| 8|um,k> 1 ko
Im/(%)ze o Ok, +§/ o)

5 eEmyk.Am,k, (420)

(
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where A, x = 2Im (8;% <um,kj\) Ok, |umx;) is the Berry curvature. To numerically
calculate it, we first need to discretize the Brillouin zone and calculate the Bloch
state |t x,). Although the orbital magnetization is gauge independent, we need
local gauge fixing to make |1y, k) differentiable. While this local gauge fixing works
well for smooth A, k, it can work badly for the system in the vicinity of the topo-
logical phase transition. To avoid this subtlety, let us find a way to calculate this
quantity in a gauge-independent way. For Berry curvature A,,x, a method for
gauge-independent calculation is known [204]. Similar to this method, we can cal-
culate the first integral of Eq. (4.20). For this, let us consider a square patch

whose four corners are q;; = k; + (0k/2)(s;%X + w;¥), where (s1,w;) = (=1, —1),
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(s2,we) = (1,—1), (s3,w3) = (1,1), and (s4,wy4) = (—1,1). Now

’Um,qz,j> = |Um,i) + 9

ok?
g (O, lumne) + 2550500, 0, ) + 85, lum i) + O(K?),

(Sjakz U x;) + W;Ok, |Um,kz>)

4
En_ajlkl H <um,qz,j ’sz |um7ql,(jmod4)+1>
j=1
4
=1+ 5k’ReZ (Sj (um,kl |8kz\um,kl> + wj (um7kl\8ky|um7kl>)

i=1
+0k*Re (tm i | Vie|tmi,) + 0k*Re >
J

S Wj

2

(Unm 1, | Ok, Ok, U 1c;)

(5%2 4
1E . >~ 575 Gmody+1 (Fr, (tm i |) i Ok, [t 1)
m,Kj

J=1

_|_

+5W(moda)+1 (O, (Um e, |) Hie, O, [t 1e,)
TW; S (jmoda)+1 (8ky <um,kl‘) Hy, Ok, |tm,)
FW;W(jmodd)+1 <8ky <um,kl‘) Hy, Ok, \Um,kl)} + O(0k?)

=1 + 2(5]{32R,e <um,kl |Vi|um7kl>

20k?
—+1 Im (8;% (um,kl |) Hklﬁky |um,kl> + O(5l€3), (421)
’I’I’L7kl
and therefore
eEm,k 4
87T2 lArg (H <um7ql,j |Hkl |um1ql,(jmod4)+l>>
j=1
e
— Hlm (8;% <Um,kl |) Hklé)ky |um,kl> (51{52 + 0(5/{53), (422)

and this corresponds to the first integral of Eq. (4.20) over the square patch that we
considered. One can easily check that this expression is invariant under any gauge

transformation, |u,;,x) — exp[iA(k)] |umx), YA(k), and does not require any local
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gauge fixing.

4.11 Outlook

By considering Coulomb interaction in our nearly flat and topologically non-
trivial bands, one could potentially induce strongly correlated phases such as frac-
tional Chern insulators [168,211-213], superconductors [172,178,182-184,214,215],
or magnetic phases [174,179-181]. Moreover, by irradiating with frequencies compa-
rable to the bare tunneling strength, instead of the high-frequency regime considered
here, higher-order terms become relevant [81], and therefore, one can induce a wider
class of structures. While we focus on the Dirac semimetal system in this chapter,
our scheme can also be applied to other 2D materials such as semiconductors [216].
Our approach can be combined with other methods, such as surface acoustic waves
in a solid-state platform [217], for trapping, cooling, and controlling charged parti-
cles, and for simulation of quantum many-body systems. Finally, these ideas could
be used to engineer a new class of dielectric materials for potential applications in

optical devices [218].
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Chapter 5:  Floquet Vortex States Induced by Light Carrying the Or-

bital Angular Momentum

5.1 Introduction

Quantum vortices and localized quantum states associated with them have
long a subject of active interest in diverse areas of physics [219-224]. To create and
observe such quantum vortex states, numerous efforts have been made in diverse sys-
tems such as Bose-Einstein condensates [225-230], superconductors [231,232], and
magnetic materials [233-235]. While the quantum vortex states themselves exhibit
many exotic quantum and classical many-body phenomena [236-241], their stability
as topological defects makes them a promising quantum platform for applications
such as quantum information processing [5,242,243].

Recently, Floquet systems have become popular as a useful way to engineer
exotic quantum states [15,79, 186, 188,190, 197,200, 201, 244-246]. Moreover, there
have been many recent advancements in the spatial control of optical beams in
atomic systems [94,98,100,119]. These techniques have the potential to be applied
to electronic systems and can provide a wide range of tunability in quantum state

engineering.
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In this chapter, we present a scheme to create Flouget quantum vortex states
by shining a light field carrying orbital angular momentum (OAM) on a two-
dimensional (2D) semiconductor, as illustrated in Fig.5.1. In small detuning and the
weak field limit, we show that electronic Floquet vortex states are localized around
the optical vortices with localization length bounded by the shape and intensity of
the optical field. We also show that the number of vortex state branches is directly
given by the vorticity of the light, which quantifies the OAM carried by each photon.
Such close relation with OAM of light distinguish these vortex states from the edge
states of the uniform Floquet Chern insulator [188] or the vortex states introduced
in Ref. [200,201]. While many characteristics of these Floquet vortex states carry
close analogy with superconducting systems, we show that the Floquet vortex states
in the current system benefit from a very broad range of tunability. For example,
the freedom to choose the size of the optical vortex can be used as a knob to control
the non-linearity of the vortex state spectrum. To demonstrate how such tunability
can be exploited for quantum state engineering, we construct a scheme of quantum
information processing based on optically manipulating Floquet vortex states, with

simple single-qubit and two-qubit operations.

5.2 Model

We consider Hy = (vky, vk,, M) - o as our model for a spinless 2D semicon-
ductor [32,247]. For brevity, we have set h = 1. Here, 0 = (0,,0,,0,) are Pauli

matrices. M is a half of the band gap and v is a parameter determining the cur-
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Figure 5.1: (a) A 2D semiconductor illuminated by a laser light carrying OAM. The
applied light field has the optical vortex structure of size £. The figure illustrates
the case of vorticity m = 1. (b) The laser field has frequency w, and couples the
conduction and the valence bands of the semiconductor with the gap 2M. The
detuning is 6 = w — 2M. In the rotating frame, the hybridization gap of about
2€)y develops around the resonance ring whose radius and thickness are ky and
ks, respectively. (c) For the light field with non-zero vorticity m, |m| branches of
Floquet vortex states develop in the middle of the hybridization gap. Around the
zero energy, each branch has linear dispersion with energy separation wy between
nearby states in the branch. Note that the energy spectrum is illustrated with
respect to the electronic pseudo-OAM, I.

vature of the band dispersion j:\/ M? + v? (k2 + k2), where the positive (negative)
energy states correspond to the conduction (valence) band. We vertically shine a
linearly-polarized laser field with a non-zero orbital angular momentum (OAM),
A(r,t) = A(r)e™'R + c.c. on a semiconductor, as illustrated in Fig. 5.1 where w is
the frequency of the laser field. The OAM of the laser field is represented in the az-
imuthal phase factor of A(r) = Ay(r)e™?, where r = /22 + y2 and ¢ = arctan(y/z).
The integer m here is the vorticity of the field, and we refer the vortex structure

with non-zero vorticity in the light field as an optical vortex. Due to this vortex
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structure, Ao(r) should vanish at r = 0. We set the size of optical vortex to &, which
means that Ag(r) smoothly saturates to Apax at 7 > €. With the minimal coupling

k = (k;, k,) = k + eA(r,t), we obtain the time-periodic Hamiltonian
H(t) = Hy+ evA(r,t) - 0. (5.1)

When w > 2M, the frequency detuning 6 = w — 2M becomes positive and the
conduction and valence bands become resonant at the resonance ring of momentum,
k| = ko = vil\/m. From Eq. (5.1), the applied laser field generates
position-dependent Rabi frequency €(r) = evAy(r) and hybridizes the conduction
and valence bands while opening an energy gap about 2{); around the resonance
ring, where Qp = lim, ., Q(r). To describe these hybridized bands, we consider
the transformation into the rotating frame, U(t) = P.e 2 4 P et/2 where P,
(P,) is the projection operator into the conduction (valence) band. In the weak
field limit Qy < Vwd, we can drop the fast oscillating terms from the rotated
Hamiltonian —iUT(¢)9,U(t) + UT(¢t)H (¢)U(t) and obtain the effective Hamiltonian
under the rotating wave approximation (RWA). Furthermore, we consider the small
detuning regime § < w. In this regime, we can write § ~ v?k2 /M and vk, < M.

Then, for the small momenta |k| = O(kg) (see Sec. 5.5),

where 04 = (0, £i0,)/2.
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5.3 Floquet Vortex States

Because of the breaking of the translational symmetry by the optically-induced
vortex, it is possible to have electronics states with energies inside the spectral gap
that are localized in the vicinity of the vortex. From Eq. (5.2), we can estimate the
spatial extent of such states. First, one can readily observe that the diagonal com-
ponents are dominant over off-diagonal elements for most of ks except the vicinity
of the resonance ring. This means that the hybridization mostly occurs at the mo-
menta in the narrow region near the resonance ring, and the thickness of this region
can be estimated by finding the range of |k| that makes the off-diagonal elements
of Eq. (5.2) comparable to or larger than the diagonal elements. We find that the
hybridization of the two bands occurs at |k| — kg = O(ks) where ks = ko$o/0, that
characterizes the momentum range over which the Rabi frequency and dispersion of
Eq.5.2 are comparable around the resonant momentum ring. If any intragap state
develops within this hybridization gap, such a state should be a superposition of the
Bloch states within this momentum region. Therefore k; ' serves as a lower bound
for the spatial size of such intragap state. If a localized intragap state develops
around the optical vortex, this state cannot extend to the region where Ag(r) sat-
urates to Anax since the field is nearly uniform and therefore the system remains
gapped. Therefore such a localized intragap state has an upper bound O (k:gl + §)
for its size.

By using the semiclassical argument introduced in Ref. [248], one can show

that |m| branches of intragap states develop around the optical vortex with vorticity
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m (see Sec. 5.6). We call these states Floquet vortex states, and we can obtain a fully
quantum-mechanical description of the dispersion and wavefunction of these states
by applying mathematical methods used for superconducting vortices [222,249-251].
To do so, we note that while the effective Hamiltonian in Eq. (5.2) does not commute
with the electronic OAM, L= —10y, it does commute with the electronic pseudo-
OAM, [ = —idy + (m/2)o.. Then the eigenstates of this effective Hamiltonian can
be written in the form of vortex states,

. . T
Pna(r) = (€00, (), 00, () (5.3)

"y

Here, the branch indexn =1, - - - , m represents different branches of Floquet vortex
states. Ome can also show that this system satisfies the particle-hole symmetry
which requires ¢, i(r) = ioy i, 1, ,(r) and By, = —Ejyj41-n1, where B, is the
corresponding eigenenergy for v, ;(r). In the large optical vortex regime k;' < &,

the low-energy spectrum of these Floquet vortex states are given by [251]

Enp = miwy + [n— (Im| +1)/2]@, where
5 oo Q(’I") —(2’60/6) j‘r Q(r/)d,r,/d 6 2
wy = Jo- = To r’ o = (m/ )T  (5.4)
ko fo e~ (2ko/9) fO @0’ . ko fooo e~ (2ko/9) fo Qrdr’ 1.

Here, the energy separation between nearby states and branches, wy and @y, respec-
tively, are solely determined by the bulk properties and the details of the radial beam
profile Ag(r). These parameters are independent of the system size and therefore

the energy separation between states remains in the thermodynamic limit.
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Figure 5.2: (a) Numerically calculated energy spectra in terms of pseudo-OAM I.
We use w = 2.05M, Apax = 0.09M (ev)™!, and Ag(r) = Apax [1 — exp{—72/(2£?)}],
& = 20ks, and suppose a disk sample of radius 25¢. The numerical spectra agree with
the analytically expected dispersion in Eq. (5.4) including the number of intragap
state branches and the slope of the linear dispersion for small |E)| and . Electronic
density profiles of selected states are presented in the insets. (b) Dispersions for
m = 1 with identical parameters with (a) except the optical vortex size £ and the
disk size 500ks. As £ reduces, the linear region of the spectrum shrinks while the
energy separation between the nearby states increases.

This analytic expression of the dispersion is valid for the low-energy and the
low-l regime, |E,, ;| < Qo and || < \/6/790' Fig. 5.2(a) presents how this analytically
found dispersion agrees with the numerical dispersion obtained by diagonalizing Eq.
(5.2) (see Sec. 5.9). As shown in the figure, the number of intragap state branches
is given by |m|. The analytic dispersion and the numerical dispersion agree for the
low-energy and low-I/ regime, and deviate from each other as the energy or [ moves

away from zero. Nevertheless, we can still use Eq. (5.4) to get a rough estimate of
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the pseudo-OAM differences between different intragap state branches, in the large
optical vortex regime (see Sec. 5.7). Assuming the entire intragap state branches are
linearly dispersing, the different branches at the same energy would have the pseudo-
OAM momentum difference of &y/wy = O (kokgl /{:55). This large difference in the
angular momentum prevents the vortex modes from different branches to hybridize
each other. With the same assumption, the number of states in a single branch can
be also estimated as 2Q/wy = O(ko&).

Note that these Floquet vortex states around the optical vortex are distin-
guished from the edge states of topological Floquet Chern insulators [188] or the
vortex states introduced in Ref. [200,201]. For the edge state of the Floquet Chern
insulator to develop, the bulk part of the system should have a non-zero Chern
number, while the Floquet vortex states we are discussing appear regardless of the
Chern number of the system. This point becomes clear by investigating the system
under irradiation of a circularly-polarized light beam which also carries a non-zero
OAM (see Sec. 5.8). While the bulk part of such system becomes a Floquet Chern
insulator as explained in Ref. [188], there are still |m| branches of Floquet vortex
states in the middle of the hybridization gap. The Floquet vortex states in our sys-
tem also differ from the vortex states in Ref. [200,201] where the vortex structure
does not couple with the electronic kinetic terms and has no trivial way to realize
in experiments.

While many properties of the Floquet vortex states can be analyzed with the
similar techniques used for superconducting vortex states, our Floquet vortex states

have wider tunability due to the freedom to control the size of optical vortices. For
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superconducting vortex states, the size of vortices is tied to O (kgl) since the BAG
equation should be satisfied in a self-consistent way. However, Eq. (5.2) does not
have such constraints and we have the freedom to choose the size of the optical
vortex. To illustrate the consequence of this freedom, we display the numerical
dispersion for different optical vortex sizes in Fig. 5.2(b). As shown in the figure, as
the optical vortex size & gets smaller, the linear region of the spectrum shrinks and
therefore the non-linearity of the spectrum is enhanced. This adjustable non-linear
dispersion of Floquet vortex states invites the possibility of using them as a platform

for quantum state engineering.

5.4 Quantum Information Processing with Floquet Vortex States

To illustrate the potential utility of the Floquet vortex states as a platform
for quantum state engineering, we show how one and two-qubit operations can be
performed in this system. As we have seen in the previous section, we can increase
the energy level spacing and the spectral non-linearity by reducing the size of the
optical vortex. It is this enhanced non-linearity that allows to create qubits out of
the Floquet vortex states and manipulate them (Fig. 5.3).

Specifically, we consider two Floquet vortex states with pseudo-angular mo-
mentum /y and lp + 1 of an intragap branch with index n. That is, (r|0) = 1,4, (r)
and (r|1) = ¥, ,+1(r). (While here we choose the vortex states from the same in-
tragap branch, alternatively vortex states from different branches can be also used.)

To manipulate this qubit, we may apply an extra linearly-polarized field to create
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Figure 5.3: (a) The non-linearity of the dispersion allows one to encode different
Floquet vortex states as qubits. For example, the vortex states with pseudo-OAM
lp and Iy + 1 from the vortex state branch with index n (red arrow) or the branches
with indices n and n + 1 can be used to encode a qubit (blue arrow). Arbitrary
single-qubit rotation can be performed by shining an extra linearly polarized light.
While the polarization fig determines the rotation axis, the beam amplitude E
and the irradiation time determines the rotation angle. (b) Two-qubit gates can be
performed by bringing two vortices close to each other and then separating them
back.

an oscillating potential

Vext () = €Eexig - T cos(Qexit), (5.5)

where & is the amplitude of the applied electric field and fig = cos ¢oX + sin ¢o¥

is the polarization of the field. Then, in the rotating frame with frequency ey, the
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effective Hamiltonian for this qubit space becomes

Qex Qex
Hy quit = <Elo + t) 0) (O] + <El0+1 - t) 1) (1]

+ [e€ext (1|r cos(¢ — ¢0)[0) [1) (0] + H.c.],

(117 cos( = 60)[0) = [ v} 41 (¥)r cos(6 = Go)in 1)

— e Z /o u;loﬂjs(r)un,lms(r)?gdr. (5.6)
s==+

By setting Qext = Ey1g+1— En iy, We can effectively tune Hi_qubis to be a superposition
of o, and o, with an arbitrary ratio between them. Then this extra field implements
an arbitrary single-qubit rotation where the rotation angle is tuned by the field
amplitude & and the irradiation time, while the rotational axis is set by the
polarization fig. Note that this qubit is isolated from other vortex states because
the field with frequency matched to the energy difference E, ;41 — E,;, cannot
couple to other modes due to the non-linear dispersion of the vortex states.

For two-qubit operations, we can move two vortices close to one another. This
will lead to a hybridization, J, between the modes with the same quantum numbers
on the two vortices. Yet, single-electron hopping from one vortex to another may be
energetically unfavorable due to the on-site interaction energy U. This will generate
an effective superexchange interaction ~ J?/U, with the corresponding two-qubit

Hamiltonian,

2

id [/01) (01] 4 |10) (10| + (]10) (01| + H.c.)], (5.7)

H. 2-qubit — —
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where [s152) = [$1) ® |s2) (s12 = 0,1) are the computational basis for the two-qubit
space. Since we have full control over the location of the vortices, we can tune
our time-evolution operator to act as a VSWAP gate up to some single-qubit o,
operations, as shown in Sec. 5.10. This v/SWAP gate and previously introduced
single-qubit rotations constitute a gate set for universal quantum computation [252,
253]. We stress again that this proximity-based scheme of two-qubit gate is only
possible because the current system allows enhanced freedom to change the locations
of Floquet vortex states. This is a big advantage that Floquet vortex state qubits
have over other qubits based on solid-state systems such as quantum dots [254-256].

While the state preparation in Floquet systems is a challenging problem in
general, one may be able to prepare the desired Floquet state by using proper
bosonic and fermionic reservoirs through dissipative engineering [197,199,257]. Once
the initialization method is established, the desired qubit state can be prepared by
controlling the backgate voltage, similar to the initialization procedure in quantum-

dot qubit systems.

5.5 Application of Rotating Wave Approximation

As stated in the main text, we consider following model Hamiltonian H, =
vky, £vk,, M) -0 = Dy - o for our semiconductor. We now consider the electromag-
Y g

netic radiation A(r,¢). Then the minimal coupling k — k + e A(r,t) leads to the
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following time-dependent Hamiltonian,
H(t) = Ho+evA(r,t)-o=Hy+V(t)=Hy+ [Ve* +cc| 0. (58)
Then the projection operators to conduction and valence bands are
P = /d2ch,k - /d2k(1 +dy)/2, P, = /koPv,k - /d2k(1 —dy)/2, (5.9)

where dy, = Dy /|Dy|. Considering the rotating frame U(t) = P.e™*! 4 P,e™*, the

rotated Hamiltonian is

H.y = —iU(0)OU(t) +UN)HE)U(t)

= % (P,—P.)+Dyx-0+ PV(t)P.+ P,V(t)P,

+e“' PV (t)P, + e “'P,V(t)P. (5.10)

In the weak field regime evA,., = 2y < w, we can obtain RWA Hamiltonian by

dropping fast oscillating terms from H,,

HRWA = <Dk — ;}dk) -0+ Vk, (511)
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where

Vk = qu(V* 'O')P%k—f—Pv,k(V'O')Pc,k
= {ReV:.-o0+i[lmV-0,dx 0] — (dx-0)(ReV -0)(dx-0)} /2
1
= 5 [RQV + (dk x ImV — ImV x dk) — (dk . ReV)dk + (dk X ReV) X dk] e

+ [ImV . dk — dk -ImV — (dk X ReV) . dk] . (512)

)
2

For small detuning regime § = w — 2M < w, § ~ v?k2 /M and vky < M. Then, for

small momenta |k| = O(ky),

1
dk = (d:p,ka dy,ka dz,k) = m(vkx, Uky, M)
vk, vk, v?k? vk

<Dk——wdk>-a _ <1—LWQ>(UKMU@MAD-U

> Ny
2 3]{23
_ ;ka%@@+o<aﬁ>. (5.14)

Now we consider a linearly polarized light carrying OAM. The magnetic potential

of this field is A(r,t) = {Ao(r)eim%w - c.c.} %. With this, V, = 0, and from Eq.
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(5.12),

Vk == 5 [(ReV + dz kReV dz k — dm,kRerde + dy,kR/e.v‘r.xdy7k) Oy

-+ (dz’klm‘/;; + Imedz,k — deRerdy,k — dy7kRerd17k) Oy

+ (—d%kIng'c — d%kRe‘/g;d%k - dz,kRe%dx,k) Jz]

% (ImV, dyxe — dypaImV, — dsscReVidy i + dyReVad, i)
Uk’o
= ReV,o0, + ImV,0, + O (evAmaXM> ) (5.15)

Therefore, with further assumption of weak field ¢y < vd M, the RWA Hamiltonian

becomes

M

( _ ) +[Q(r)e ™o, + He] + 0 (QO\/E) : (5.16)

so we derived the RWA Hamiltonian in Eq. (5.2).

[\D

Hpwa = <k2 ko) o, + { vAo(r)e” + + H. c} + 0 (evAmaxz;\/[]%>

[\CR e

Due to the OAM of the light, the RWA Hamiltonian Hgrwa and the static
semiconductor Hamiltonian H, have different symmetries. While H, commutes
with electronic OAM —id;, Hrwa commutes with pseudo-OAM [ = —id,+(m/2)o.
To demonstrate this, we use [—i0y, k;| = ik, and [—i0y, k,] = —ik,. These yield

[—i0y, ky + iky] = £(k, £ ik,) and [—idy, k?] = 0, therefore

[—i8¢, HRWA] = —m (Q(T)e_im¢0'+ — HC) s
o2, Hewa] = 2(Q(r)e ™0, — Hee.), (5.17)
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so [—i0p + (m/2)0,, Hrwa| = 0. Since [ is a good quantum number, the wave

functions for each [ have the form of
Gna(r) = (XD, (), im0y, ()T (5.18)

where n is the branch index. With this, Hrwa leads to following eigenvalue problem

for each [,
62 o 1 (lFm/2)? 2
Enlun’l,i(r) = $27k§ 8T + ;ar — T + kO un7l¢(7")
+Qr) (7). (5.19)

By observing this Hamiltonian, one can see this Hamiltonian preserves the particle-
hole symmetry ¢, ;(r) = ioy ), 1, ,(r) and B, j = —Ejy11-5,. Here the branch

index n should alter to |m| + 1 —n as [ changes to —I.

5.6 Number of Floquet Vortex States Branches

Since Hrwa (k) in Eq. (5.2) is particle-hole symmetric and gapped except the
vortex core, the intragap modes develop around the vortex core are expected to cross
the zero energy, if any exists. We may use the semiclassical approach introduced
in Ref. [248] to investigate the number of such intragap modes. Let us consider
the Hamiltonian in the classical regime, Hrwa — H - 0, where the momentum
and the position commute each other. This semiclassical treatment is justified as

long as ko§ > 1. Here, the vector H = H(k,r, ¢) resides on the 3D parameter
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space (k,7,¢). Now such Hamiltonian yields energy E?(k,r, ¢) = |H(k,r,¢)]* =
62(k* k3 — 1)*/4 + Q(r)? and E = 0 is achieved at k = ko and r = 0. To consider
the surface surrounds this zero point, let us consider the surface |E| = AE for small
energy AFE. Such surface would be located in the vicinity of that zero point, so
we can write k = ko + Ak and r = Ar. To the leading order, This surface can
be written as AE? = (§/ko)2Ak?* + Q(Ar)2. Without loss of generality, we can
regard Q(Ar) = AAr. Now the surface |F| = AE becomes an ellipsoid and can be
parameterized by the polar angle 6 and the azimuthal angle ¢: Ak = (kgAE/§) cos 0,
Ar = (AE/N)sinf, Az = Arcos ¢, Ay = Arsin¢. Then the skyrmion number of
H on this ellipsoid is equal to the number of branches that passes the zero energy
in the intragap spectrum. Since the skyrmion number is a topological invariant,
we did not lose the generality even if the actual behavior of (r) for small r is not
linear. For the current parameterization,

12

0
H| papg, = $QUr)[cos(me)x + sin(me)§]| + 2 (k% — 1) %

|E|=AE, ¢y
= AE/[sinf (cos(me)& + cos(me)§) + cos 2] = AE H(0, ¢), (5.20)

and now the skyrmion number is calculated as

1 20 (9H OH\ A 1 g ogmo
Nua = E/o dgb/o d@(aex&»ﬂ_%/o dgb/o d msing =m. (5.21)

Note that the number of intragap branches N4 is solely determined by the winding

number of the applied field, regardless of the winding number along the momentum
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direction. Yet, the presence of intragap branches crossing the zero energy does not
guarantee the existence of the exact zero mode, since the mini gap can develop
within each branch in the process of quantization. For further analysis, a fully

quantum mechanical approach is required.

5.7 Estimation of Energy Separations in Large Optical Vortex Regime

Following the formalism in Ref. [251], we find the energy separations between

the Floquet vortex states and the intragap state branches, respectively,

0 anr)e_(zko/‘s) Jo atyar’ g, . d(m/2)

k(] fooo e—(2k0/5) for Q(’r‘/)d’r‘/dr ’ “Wo = k() fooo e—(2k0/5) for Q(r’)dr/dr’

wo = (5.22)

for low energy, low pseudo-OAM, and large optical vortex regime, as explained in
Eq. (5.4).

In this appendix, we demonstrate how these energy separations depend on
radiation parameters such as )y, d, w as well as the radial profile of the applied
light beam. For this, we estimate wy and @y for variants of radial beam profile.
Specifically, we consider the radial profile

Qr) = Dolr/Ot forr <t g1 (5.23)

Qo for r > ¢
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With this, we define F(r) = exp [—(2ko/d) [y ©(r)dr'] and it becomes

exp — 2ks€ <f>q+1

g+1 \¢

forr < ¢

F(r) = (5.24)

exp [—2]{35 (r — ﬁf)} for r > ¢

With ks& > 1, this F(r) can be roughly estimated by a step function §(z) =

[sen(z) + 1/2,

1/(g+1)
f(’f’) = 9 (Tcut - T) ) Teut = O (5 <q2];:§1> ) . (525)

With this,

o0 Q(T) Tcut ’r’qil o Q()Tgut . —q/(q+1)
/0 F(r)dr o~ /0 Qo e dr = € —O(Qo[lgég] a/(q )7

[T F @) = v =0 (6(kse) ), (5.26)
0

then

JoS 1 Q(r) F(r)dr

Tk Joe F(r)dr ~0 (QO(kof)fl(k(;f)*(qfl)/(qﬂ))
S o= o) e
= o Fr = O 0k (s V) (5.27)

As seen in this estimation, energy separations wy and @y depend not only on radiation
parameters like €y, d, w, but also on parameters related to the size (§) and shape
(q) of the radial profile of the beam.

From these results, we can further estimate the number of vortex modes in a

121



branch as
20 /wy = O (ko€ (ks&) @ /01 (5.28)

Also, we can estimate the angular momentum difference between branches as

ko

Qo /wo = O (l%(kég)q/ <q+1>> . (5.29)

With ¢ > 1, the lower bound of these estimations are given as 20 /wy = O (k&)

and G /wo = O (koky ' V/Fs€).

5.8 Illumination of Circularly Polarized Light

The hybridization gap for the bulk part of systems with linearly polarized
light is in the order of €)y. For the most of systems with different beam polarization,
it is still true and therefore results in similar RWA Hamiltonian with Eq. (5.2).
However, the situation is different for circularly polarized light. As explained in
Ref. [188], a semiconductor valley with valley Hamiltonian Hy + = (vk,, vk, M)
becomes a Floquet Chern insulator when illuminated by circularly polarized light
Ai(r,t) = A(r)(X £19)e™" + c.c.. In such Floquet Chern insulator, the size of
hybridization gap is in the order of §€y /M, instead of {2y. In this appendix, we derive
the RWA Hamiltonian for the light carrying OAM with this circular polarization.
Then we calculate the wavefunctions and dispersion of Floquet vortex states given by

that Hamiltonian. For simplicity, we only consider the valley Hamiltonian Hy = Hy 4
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and the field A(r,t) = A, (r,t) from now on.
The RWA Hamiltonian derived in appendix A is valid regardless of A(r,t) up
to Eq. (5.14). By using A(r,t) = A(r)(X +i9)e™" + c.c., we have V, = iV,. This

yields

1
Vk = 5 [Rev + (dk x ImV — ImV X dk) — (dk . RGV)dk + (dk X RGV) X dk] *0

i

—|—§ [ImV -dg —dg - ImV — (dk X ReV) . dk]
= (1 —d.x)(ReVo, —ImV,o,)(1 —d,x)/2 (5.30)
1 , , , eV A a0 k3
~3 [(dyx — tdyx)(ReV, —ilmV,)(dyx — idyx)o+ +H.c.]+ O (]\430> :
Then the RWA Hamiltonian becomes
ev? _ imeb .
Hiwa = —535 [(kx + iky) Ao(r)e™ (ks + ik,)o— + Hee.|
2 31.3
U a2 g2 vky
ok k0>o—z+o(M2>
§ | (kg +iky) o (ke +iky)
= - Qr)eme =Y 5 4 H.c.
oYi [ e (r)e e o_+Hc
5 (K2 )
—|—=-1]0, o — 1. 31
+2<k3 )a —i—O( M) (5.31)

In the bulk far from r» = 0, this system becomes a Floquet Chern insulator and
therefore hosts edge states in the middle of hybridization gap. These states are
localized at the boundary of the sample and has nothing to do with the OAM of
the beam. We aim to find fully quantum mechanical solution for intragap states

localized around the optical vortex. For this, we use a similar method used in

123



Ref. [222,249-251]. Note that, due to scale change, we redefine ks = ko$2/M for
this section.

For the simplicity of discussion, we normalize the RWA Hamiltonian as h =
(M /v?)Hgwa. We first demonstrate that h commutes with pseudo-OAM [ = —id +
(m/2+41)0,. Note that the pseudo-OAM operator here differs from the pseudo-OAM
operator for the systems with non-circularly polarized light by an extra term of o,.
Similar to the linear polarization case, we use [—i0y, k,| = iky, [—104, k] = —ik,,

[—i0y, ky £ iky] = £(k, £+ ik,), and [—id,, k*] = 0, therefore

[—i0p, h] = —(m + 2)2(]\? [(kx —iky)e "™ (k, — ik,)o, — H.C.} ,
(0., h] = QA(;) ((ky = iky)e™ ™ (ky — iky)oy — Hee, (5.32)

so we eventually have [—i0y+(m/2+1)0,, h| = 0. Therefore, [ is a conserved quantity
and we can block-diagonalize h along this [. Within the block for [, wavefunctions

can be written as in Eq. (5.3),

Gilr) = (" (), e u_(n)) (5.33)
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where IL = [ F (m/2 + 1). The eigenstates satisfy

1 1 12 Q 20+ 1 -
euy(r) = -3 (83 =0, —++k2> +(r) + 25\:[) <83+ ;L O + ;2 )u(r)
'(r) I
a7 <8T+> u_(r),

1 1 12 Q 20-1 Lyl
eu_(T) = 2 <83+Tar_ +k2> ( )+ 25\? (03— r Or + :2 >u+(7“)

+§;,](\;) ( ) — l:) uy (). (5.34)

As in the system with linearly polarized light, this RWA Hamiltonian preserves the

particle-hole symmetry. By replacing [ by —{ in this equation, [, — —I, so one can

readily show that 1_;(r) = io,;(r) with €| ;, = — ¢|,. Equivalent to Eq. (5.34),
b = o2 8 kg O, =
€t 5g | urlr) = + + uy (r) + + - u-(r)
Q( ) [ 2041 +l
s (a d 2 LB )
b Y P 2 _h
<e+2r2>u_(r) = 3 (@—f—rar — +kp r + Oy . uy(r)

(r)
r) (p_ =1y Ll
— (@ >u+ (5.35)

where o = \/Z2 + (m/2+1)? and § = I(m + 2). While it is difficult to find the
generic solution for this equation, we can find the low-energy solution for the regime
I/ky < k;j' < & Let us consider a radius r* such that 12/ky < r* < k;'. For

r < r* Q(r) — 0 and therefore we can decouple u(r) and u_(r) in Eq. (5.34),
2, 1 -
Oy + =0 — = + ki £ 2¢ | ux(r) =0, (5.36)
r r
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which yields the solution

u+ (1) = C1Jix(m/2+1) < (k¢ £ 26)'/’) (5.37)

where J,(r) is the Bessel function of the first kind. The Bessel function of the second
kind can be ruled out since the solution should be finite at » = 0. In the low-energy
theory, € < k2, we can write \/kZ & 2¢ ~ ko + p where p = ¢/ko < k.

For r > r*, we take the ansatz

us(r) = fe(r)HD (kor) + g+ (r)H (kor) (5.38)

where H(V(x), H?)(x) are the Hankel functions of the first kind and the second

kind. Let us deal with the solutions for fi(r) first. Let us denote H("(z) = H(x)

for short. Denoting that (92 + r~'0, — o?/r?* + k2)H (kor) = 0, Eq. (5.35) can be

written as
5
()

"H Q I
—;<1H+2f’+H’+f*; >+2M (f’_H+f_H’+r>
+£W<f"H—|—2f Hl—l—fHH 2l+1(fH+fH) l+l,f H)

o
1 'y I Q' r
2( "H+2f H + r>—|—2M<f+H+f+H—r>
Q / 1" 20 — / l+l_
2M( UH R OfLH b fH — S 4 fH) f+H>-(5~39)
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To simplify these equations, we estimate and compare the magnitude of different
terms in these equations around r = k;'. For this, we take the ansatz fi(r) =
fx,0)(r) explins(r)] where f} ¢/ fx ) = O(ks), ne = O(ks/ko), and 1y /ne = O(ks)
around 7 = (ks)~'. We further restrict the eigenenergy to be e = O (k?). Assuming
| f+.0)/f-] = O(1) and noting that 9, H" (kor) ~ ikoH® (kor) for kor > 12, the

lowest order equations of Eq. (5.39) become

O(koks) : Fikofi o) — kgQ2M) ™ fx ) = 0,

fi 0
2r

B
0 (k(?) : (6 toa) 0= Ko £ oynx + Ko fi o) F

k20 ko2

1400% 1
D lEonE T iy

2+ 1)fr).  (5.40)
By solving the equations of the order of O(koks), we get
1 T .
J+.0) = Bexp (—Q(k’o/M)/0 Q(T’)dr’) = —if_ ). (5.41)

This solution indeed satisfies the supposition f% ¢/ f+ ) = O(ks). Then the equa-

tions of the order of O (k%) become

k2Q) B koS 1
kon;—23\4(77++77)=6+2r2+]\0h(li4), (5.42)
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or equivalently,

120 B ke
koOr(n+ +1m-) — W(Th +1n-) =2+ T 21@;
koS2
ko0 (s —n-) = 2](\]47, (5.43)

The solutions of these equations can be found as

2 kg " Qrdr! oo B koQ(?’J) _ ko T,Q'r“ dr’
lr) ) = = O [ (e Dy PO o
rQ(r
ne(r) —n-(r) = /0 2]547«)/‘”,' (5.44)

We have (ko/M) [, Q(r)dr = O(1), € + 8/(2r%) + lkoQ2(r) /(M) < O (k2) for
r > O(ks'), and lim,_,0Q(r)/r < oo, so the suppositions ny = O(ks/ko) and
0. /n+ = O(ks) are justified around r = (ks)~*. One might worry that n, (r) —n_(r)
diverges as r — oo, but 7, (r) —n_(r) is bounded to O(ks/ko) as long as r < O (k:gl)
and the wavefunction vanishes for r > k; ' due to the behaviors of f ()(r), so the
solutions become consistent.

We can also obtain the solutions for g.(r) by taking the complex conjugate
on Eq. (5.39) since 9, H® (kor) ~ —ikoH? (kor), therefore g.(r) = fi(r). Finally,

we can write down u(r) for r > r* as

we(r) = 0FV/2Be3tko/M) [T a0dr (5.45)

x (R ) (o) 2 T2 O (k)
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for some relative phase k. Now let us match the solutions in Eq. (5.37) and Eq.
(5.45) at r = r*. For this, with kor* > [?, we can use the asymptotic forms of Bessel

functions,

2 2 1 4172 — 1
J,,(:c)z,/acos (x— VI T+ y8x ), (5.46)

for v = O(l). Now from Eq. (5.37),

2
N2 Cpy| ————— 5.47
ug (1) £\ ko £ P (5.47)
., 20FmTF2+1 20FmTF2)?-1
X CoS ((ko +p)r* — 1 T ( S(kgzlzp))r* :

By matching the constant factor in Eq. (5.45) as B = C, we have

[ 2 o
ui(r*) ~ C+ We—%(ko/M) fo Q(r)dr

20+ 1 40> -1 1F1 1
+ * kor™ — - = 5.48
X Cos ( N+ (r*) + Kk + kor Y + Y + 5 (n 2) 7r> (5.48)

where n is odd integer. Now by comparing Eq. (5.47) and Eq. (5.48), we have

20— 20 FmF 2 15} 1q:1< 1)
T+ n T
4 2kor* 2

p
o) o

tne(r*) + K Fpr +

Here, we now let n be any integer by using the freedom to choose the sign of
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C./C_. In fact, this n serves as the branch index, so we put this branch index for
each state from now on. That is, ¥y tovy;, us — Up+, Nt — Np+, and € = ¢,.
We now drop O(%) terms from Eq. (5.49) since p/(kir*) = pr*/(kor*)* < pr,
and p/(k3r*) = (p/ko)/(kor*) < 1/(ker*) < 1. Then, from Eq. (5.49), we get
k= (a—1l—n+1/2)(r/2)— [5 dr'Q(r")/(4M7r") and

2¢,

+1
R e (== (5.50)
]{?0 kQT*

Now to match Eq. (5.44) and Eq. (5.50), let us evaluate the integrals in Eq. (5.44).
First, we argue that the factor exp (k—]\f[ e Q(r)dr) in Eq. (5.44) can be dropped
out. To justify this, we suppose €(r) is a non-decreasing function that saturates to

Qo without loss of generality. Then

r koQ(r* ko2
0, (tog e 17 20 0]\5” ) < oo

ko (7o)

— 1< e NI o GkoQor™/M (5.51)

since 7* < k;'. This also matches the functional form of the slowly varying

envelopes in Eq. (5.47) and Eq. (5.47). After getting rid of this factor from
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T+ (1) + 1~ (1) In Eq. (5.44),

* * _ 2 o /6 kOQ( ) _ko fT Q(,,J)drl
77n,+(7” )+77n77(74 ) = _k-o/r* ( +ﬁ+l M,r. e MJo d,r
_ 2t 26 / et Jo QDA g o ﬂe—i’;—g Jraehar |

l{?() k()?" S
—i—/ 6 2l )e M fo

2e,1" I5; 1 foo
ko kor* ¢ (ko 0 ¢ # ’ 4
+2ml [R(o0) — R(r")],

r Q v’ 7 7
where R(r) = [ ) =8 i atyar gy (5.52)

o 2Mr!

We further argue that this R(r*) term can be dropped out from Eq. (5.52). For
the estimation, we suppose Q(r) = Qy(r/£)? for r < £ and Q(r) = Qq for r > &,

without loss of generality. Here, 1 < ¢ = O(1). Then R(r*) = O (Z—g (%)q> while

R (k(s_l) =0 (ig (&) ) Since 7* < k3!, R(r*) < R (k:gl) < R(oc0). Finally, by

comparing Eq. (5.50) and Eq. (5.52), we obtain the low-energy spectrum as

E,;=mlwy+ [n+ (m+1)/2|0g, where

_ " A Ydr!
5 [ 21 ~(Fo/AD Jo achar’

~ Uzko(ﬂ/2)
Wo = Mfooo o~ (ko/2) fOrQ(T,)dT,dT. (5.53)

Wo = _ T Nar! 0
2M kg fooo [3 (ko /M) fo Alrhdr dr

Here, we recovered the factor (v?/M) in Hrwa = (v2/M)h as we restore €, — E,, ;.
In Fig. 5.4(a), energy dispersion of circular polarized light for different vorticities
m is shown. The non-linearity of dispersion for the illumination of CP light is also

demonstrated in Fig. 5.4(b), as can be seen by decreasing the optical vortex size,
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Figure 5.4: (a) Numerically calculated energy spectra as a function of pseudo-
OAM .  We use w = 2.05M, Ap.e = 0.09M(ev)™, and Ay(r) =
Amax [1 — exp{—1%/(26?)}], £ = 20ks, and the disk sample of radius 25¢. The numer-
ical energy dispersions agree with the analytically expected spectra in that includes
the number of intragap state branches and the slope of the linear dispersion for small
|Ey| and [. (b) Demonstration of dispersions’ dependence on optical vortex size £
for m = 1 with identical parameters with (a) except { and the disk size that the
latter is fixed on 500ks. The linear region of the dispersion shrinks and the energy
separation between subsequent states increases as £ decreases. On the right-hand
side, the electronic density profile of the vortex state for m = 1 just below the zero
of the energy is illustrated.

the energy separation between subsequent vortex states increases.

5.9 Numerical Diagonalization for the Low-energy Spectrum

For more efficient numerical diagonalization of Hgrwa, we can diagonalize the

block-diagonalized Hamiltonian for each [, as presented in the eigenvalue problem
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in Eq. (5.34). As shown in Eq. (5.18), wavefunctions for each [ are written as
_ (ili=m/2)9 i(1+m/2) g
Una(r) = (e U4 (1), € tn (1)) - (5.54)

Yet, it is tricky to apply a naive finite difference method due to the boundary
condition at » = 0. Rather, we use the basis which can diagonalize the Hamiltonian
onto the space of u, . (r) and w, _(r), assuming the system is confined on a disk of
radius R. That is, we use basis functions {uy o(r)} such that

1 12
[@f + -0, — % + k& 26i,a] Uz (1) =0, (5.55)
r r
where eigenenergies €4, are set by the boundary condition uy o(R) = 0. a € N.
Here, I = lFm/2. Indeed, Eq. (5.55) are the Bessel equations and we immediately
find that uso(r) = Cradiy (\/ (k3 £ 2614 4)r) since uy o(r) should be bounded at
r = 0. The normalization factors Cy , are determined by [i° [us o (r)[*rdr = 1. Now

suppose z) is the ath non-negative zero of the Bessel function of order v, J,(2).

Then we have

1 /2N g2
(k22 ) R=2") s e f = = ('za ) T+ 2 (5.56)

[\

While there are infinitely many eigenfunctions uy ,(r), we only take eigenfunctions
with the N-smallest positive eigenenergies and the N-largest negative eigenenergies
for each uy ,(r), because we would like to calculate the low-energy spectrum around

the zero energy. Since the eigenenergies are monotonic in «, we can label such
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eigenfunctions as a = ig + 1,--- ,ig + 2N for us o(r) and a = jo + 1,--- ,jo + 2N
for u_ ,(r). Now we can calculate the rest part of the Hamiltonian from Eq. (5.34)

as

Moo= [t i)Y oo ()

Along with block-diagonal matrices (Hy)sy = vy o450s9/M and (H_ )sg =

vZe_ jo1+s0s.s /M, we can construct a 4N-by-4N matrix

) Hy M
H = : (5.57)

eff,proj
Mt H_

and we can diagonalize this matrix to obtain the low-energy spectrum and wave-

functions.

5.10 Two-qubit Operation of Floquet Vortex State Qubits

For the separation d between the two vortices, the Hamiltonian regarding the

two modes used for the qubit can be written as

Hd.v.(d) = Hon+Hhop(d)a

Hon = Z Z EnJO'FSCLPCs,P+UCI),pCO,PCLPCI,P )
P=L,R |s=0,1
Huop(d) = > Ju(d) (c] gear + Hee.), (5.58)
s=0,1
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where CL p creates an electron on the left (P=L) or the right (P=R) vortex at the

mode with pseudo-OAM [y + s. On-site interaction energy U is determined by the
Coulomb repulsion between the two modes used for the qubit. While Jy(d) and
J1(d) are not strictly identical, we may regard them equally in practice since the
amplitude of the tail part of the radial wavefunction is determined mostly by the
radial profile of the beam rather than the pseudo-OAM. so, we set Js—o1(d) = J(d)
from now on. Hyp(d) in Eq. (5.58) can send a state to the outside of the two-qubit
space, but such leakage is energetically unfavorable due to the on-site interaction
energy U. Then the effective Hamiltonian in the two-qubit space can be obtained
through the Schrieffer-Wolff transformation in the regime of J(d) < U. If we denote
the projection operator onto the two-qubit space as P,, the effective Hamiltonian

can be written as

HQ—qubit<d) - HonP2

1 <<i|Hh0p|k><k|Hh0plj> (i Huop k) (K| HioplJ)
1,5,k

3 ~ - . : Py i) (j| P

2 (i|Hon|i) — (k|Honlk) — (j|Honlj) — </€|H0n|k>> 5 |9) (J] Pa
J(d)?

- (U) S+ (Eiy + Eig1) P,

S = |01)(01] + |10) (10| + (|01) (10| + H.c.). (5.59)

For simplicity, we can drop the diagonal term (£, + Fj,+1)P>. Now, let us consider

a dynamic sequence that approaches and then separtes two vortices, d(¢). The
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time-evolution of this process is given by

U = exp {—z’ / Hg_qubit(d(t))dt}

exp[—iU~" [ J(d(t))2dt] — 1
; )s

= [®I+<

1 0 0 0

0 exp(—10©)+1  exp(—i©)—1 0
2 2
= , (5.60)
exp(—10)—1  exp(—i10)+1
0 =5 — 0

where the matrix in the last row is written in computational basis {|00) , |01) , [10) , |11)}

and © = U~ [ J(d(t))*dt. Here, I is an identity operation on a single qubit. Now,

by controlling the dynamic sequence in a way that e=© = i, we obtain

= (02 ®I)VSWAP(0. ® I). (5.61)

5.11 Discussion and outlook

The most important challenge in using periodic driving in condensed mat-

ter systems are the heating effects. However, recently there have been several

136



theoretical proposals to restrain such destructive effects by using bath engineer-
ing techniques [197-199,257-262]. In particular for Floquet topological insulators
(FTI) [188] created by irradiating light to semiconductors as in our proposal, it has
been demonstrated that in the weak-drive limit and in the presence of a phononic
heat bath, heating effects produced by electron-electron and electron-phonon in-
teractions can be suppressed provided that the bath-induced relaxation rates are
sufficiently large [199]. For such baths key features of FTIs such as the existence
of protected edge states can be preserved in the steady state which can make our
proposal also stable in the steady state. Also, recent experiments [190,246] on the ir-
radiated 2D material also provide another evidence that quantum states engineered
by periodic driving on condensed matter systems can be stabilized in the lab.
While vortex states can also be engineered in cold atoms [226-230], there are
several advantages to engineer them in electronic systems. One main advantage
is the possibility of creating and manipulating multiple vortex states more conve-
niently, as demonstrated in the aforementioned qubit manipulation. While this is
in principle possible in BEC systems too [263], controlling the transition of nu-
merous atoms can be more challenging than manipulating a single electron. Also,
our Floquet vortex state is spin-independent unlike the cold atom systems with
spin-orbit-angular-momentum coupling [229,230, 264-267], and this spin degrees of
freedom can provide extra knobs for state engineering such as the Zeeman field.
To further elaborate the scheme for the quantum information processing, it
would be interesting to study the possible measurement protocols for the OAM of

the Floquet vortex states. One potential candidate for such protocol is through the
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measurement of optical Hall conductivity, which might have different responses on
the states with different OAM. Also, since our system has multiple non-linearly-
dispersed Floquet vortex states, the extension to the qudit system is a natural topic
for future study. While we briefly examined the possibility of such vortex state as
a qubit, there are a lot of unanswered questions such as the heating, decoherence,
and sensing in this platform. While we treated the vortex state of a single electron,
it would be interesting to study how the presence of Coulomb interactions can
change the vortex state structure or even help to create exotic many-body states.
Another interesting direction is to investigate lattices of optical vortices and other
field patterns such as electromagnetic skyrmions [268]. It would be also interesting
to investigate how our approach can help to control optical properties of materials

like van der Waals layered magnetic insulators.
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Chapter 6: Discussion and Outlook

In this dissertation, we have investigated several schemes to engineer topolog-
ical quantum states of matter with spatially patterned light. In this chapter, We
compare ultracold atom schemes with each other and highlight their advantages and
disadvantages. We also suggest some ideas to further develop the schemes.

The closed surface construction in Chapter 2 and the open boundary surface
construction in Chapter 3 have different advantages. The closed surface construction
can avoid unwanted effects of the boundary. For example, the measurement of
ground state degeneracy of the Laughlin states via spectral flow in Chapter 2 is
only possible in the intermediate-sized systems since it is a finite size effect. If one
creates a system of such size with an open boundary, the effect of the boundary would
ruin the desired physics in the bulk. On the other hand, the open boundary surface
construction has the same orientation in both layers. This implements orientation-
sensitive states easier compared to the closed surface construction where the two
layers have the opposite orientation. For example, the FQH Hamiltonian could be
built with far fewer laser beams in Chapter 3 since the same set of laser beams
worked for both layers.

Schemes in Chapter 2 and Chapter 3 not only differ in the existence of bound-
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ary but also differ in their methods to implement the bilayer structure. The real
space implementation in Chapter 2 does not require an external magnetic field as
well as laser-assisted tunnelings which have dangers to heat up the system. On the
other hand, the spin-dependent implementation in Chapter 3 has better control over
the interlayer tunneling and can easily image each layer separately. Also, the spin-
dependent implementation does not have to maintain the intensity profile in the
perpendicular direction. This can give better resolution and control for the beam

pattern.

Closed surface | Open boundary surface

Boundary effect No Yes

Orientation of layers Opposite Identical

Table 6.1: Comparison of the closed surface construction and the open boundary
surface construction.

Real space | Spin-dependent
Need an external magnetic field No Yes
Need laser-assisted tunneling No Yes
Interlayer tunneling control More difficult Easier
Single layer imaging More difficult Easier
Uniform intensity Required Not required
in perpendicular direction

Table 6.2: Comparison of bilayer implementation schemes.

Different advantages of each construction and implementation schemes dis-
cussed so far are summarized in Table 6.1 and Table 6.2. Based on these character-
istics, one may mix and match different construction and implementation schemes

that fit best with the goal of the experiment. For example, if one is not interested
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in achieving the quantum Hall states but wishes to control the interlayer tunnel-
ing better, one may try the closed surface construction with the spin-dependent
implementation of the bilayer structure.

As we discussed in Chapters 4 and 5, it is intriguing to see how such optical
patterning can be also implemented in solid-state systems. The optical imprinting
scheme in Chapter 4 not only provides a wide variety of spatial patterns on the 2D
materials but also can provide dynamically changing patterns as well. For example,
the topological phase transitions investigated in Chapter 4 can be demonstrated in
real-time. Dynamically changing spatial patterns may even implement the spacetime

crystals [87,88].
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