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Band Structure
Figure S1 shows the calculated band structure of a semi-infinite (periodic in one axis, finite

in the other) AQH lattice. A 2J-wide edge band region (highlighted in grey) resides between

two bulk bands. Unlike the bulk modes, which lack well-defined momentum, there are two

unidirectional edge bands with opposite pseudospins. These bands travel in opposite directions

and are robust against local disorder (45, 46). Additionally, the lattice unit cell is depicted

schematically.

Figure S1: Band Structure. (a) The band structure of a semi-infinite lattice (finite along the y-

axis, periodic boundary conditions along the x-axis). Here Θ is the phase between neighboring

site-rings along the axis with periodic boundary conditions. The edge band is highlighted in

grey. (b) A schematic of the unit cell of the lattice.

Estimation of Device Parameters
In our second quantized formalism, the strength of interaction β is related to the effective Kerr

nonlinear strength γ common in the literature as γ = β
h̄ω

n2
0Leff

c2
, where n0 is the refractive index,

Leff is the circumference of the individual ring, and ω0 is the pump frequency. In order to

estimate γ, we also require the nonlinear index n2 and the effective mode area Aeff . Here, a

value of n2 = 2.4 × 10−19 m2 W−1 is used (60). The refractive index of SiN at a wavelength

of 1550 nm is taken as n0 = 2.00 (48). A value of Aeff = 0.9× 10−12 m2 was calculated using

FDTD simulation and Leff = 174 μm. With these values, we calculate γ as:

γ =
ω0n2

cAeff

= 1.08 W−1m−1 (S1)
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Figure S2: Modal cross-section. (a) Simulated electric field intensity in normalized units for a

SiN waveguide cross-section of 1200 nm wide by 800 nm thick. Embedded in SiO2 cladding.

(b) Simulated dispersion profile for the waveguide.

We note that the definition of effective Kerr nonlinear strength γ in this paper is common

in the literature but differs from what was used in reference (44), in which it was taken as

ω0cn2/n
2
0Veff . The simulated mode profile and dispersion are displayed in Figure S2, using the

dependence of the refractive index on wavelength reported in (48).

The relevant parameters used in theoretical modeling are estimated from our device as fol-

lows. J , the coupling strength between rings is estimated by comparing the measured drop

spectrum of the lattice with simulation in the linear regime. The full bandwidth of edge and

bulk bands is estimated to be approximately 8J in simulation, while the edge band alone is

approximately 2J . Using this, we arrive at an estimate of J ≈ 2π×25 GHz for our device. In

order to approximate the splitting of individual edge modes, we divide the bandwidth (2J) by

the number of individual edge modes given the size of the lattice (20). This yields a splitting of

2π×2.5 GHz, which is 20 pm.

The extrinsic coupling rate κex and the intrinsic decay rate κin are estimated based on single-

rings coupled to two waveguides, also known as add-drop filters (ADFs). Using the single-mode

approximation, the transmission spectrum of the through port of an ADF with a given κex and

κin is a Lorentzian function:

T =
(ω − ω0)

2 + (κO
ex − κI

ex + κin)
2

(ω − ω0)2 + (κO
ex + κI

ex + κin)2
. (S2)

Here κI
ex (κO

ex) is the extrinsic coupling to the input (output) waveguide. In the case of our

lattice, due to identical coupling gaps, κI
ex = κO

ex = κex. By measuring the transmission from

the through port (see Figure S3) and fitting the curve to the above Lorentzian we extract the

values κex ≈ 2π×30 GHz and κin ≈ 2π×2 GHz. This corresponds to a single-ring loaded
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Figure S3: Through spectrum of an ADF around one resonance. Blue: Experimental data.

Red: Lorentzian fitting.

quality factor of about 1500, and an intrinsic quality factor of about 50,000.

We note that the relatively low quality factor is a result of the large value of J . This value is

chosen in particular due to the role of disorder in the fabrication, which results in the detuning

of the resonance frequencies of rings with identical parameters. Specifically, our topological

devices are robust as long as the disorder in ring resonance frequencies is small compared to

the width of the topological bandgap (2J). Additionally, topological lattices of this nature have

been shown to be more robust to fabrication disorder than other systems, such as 1D chains of

rings (26). While frequency comb generation has been studied theoretically in 1D chains of

rings (16), such structures are expected to be highly susceptible to fabrication disorder.

A propagation loss of -6.2 dB through the topological edge band in the CW direction through

the lattice is estimated by comparing the through port off-resonant transmission with the on-

resonant drop port transmission in the linear regime.

Measurement Setup and Methods
For measurements in the linear regime, we couple a continuous-wave tunable laser to the input

port (via edge couplers) and sweep the wavelength. Concurrently, the output power is mea-

sured at the drop port across the lattice with a power meter. For the measurement of the group

delay of the drop port transmission, we use an optical vector network analyzer. In both cases,

polarization is controlled with a standard 3-paddle polarization controller at the laser output.

A schematic of the experimental setup for nonlinear measurement is shown in Figure S4.

For these measurements, we couple a pulsed tunable laser to a free-space optical setup including

a variable attenuator and a polarization controller comprised of a quarter, half, and quarter wave-

plate. The output is then coupled into a short tapered fiber and edge coupled into the SiN chip

via the input port. Coupling losses are estimated to be 2-3 dB per coupler. The pump and comb

output are collected from the drop port with another tapered fiber and optionally attenuated or
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Figure S4: Detailed schematic of the nonlinear measurement setup. A tunable telecom

pulsed laser is sent through a variable attenuator and polarization controller before being fiber-

coupled and sent into the SiN device. The output of the device is then fiber-coupled and op-

tionally attenuated by a second variable attenuator and notch filter for pump removal before

being sent to the Optical Spectrum Analyzer. The chip is also imaged from above with a 10x

objective, followed by a 50:50 beamsplitter. One optical path is sent to a visible camera, while

the other is filtered by a 1580 nm long-pass filter and sent to an IR-sensitive camera.

filtered prior to being sent into an optical spectrum analyzer.

For imaging, we collect out-of-plane scattering from the SiN chip with a 10x objective lens

with a numerical aperture of 0.28. The image is sent through a 50:50 beamsplitter to a visible

wavelength camera as well as an infrared (IR) sensitive camera. A 1580 nm long-pass filter is

included prior to the IR camera to filter out the pump laser.

Pump Laser Characterization
The pump laser used in the nonlinear measurements described in this work is a tunable pulsed

laser. The pulse duration is designed to be approximately 5 ns with a repetition rate of 250

kHz. This relatively long pulse duration (compared to the longest timescales of the lattice dy-

namics) and low repetition rate provide access to a high power quasi-continuous wave regime.

In particular, operation in this regime allows power requirements to be satisfied and detrimen-
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tal thermal effects to be minimized while numerical modeling using a single frequency pump

remains applicable.

Three pump laser spectra are shown in Figure S5 for three different central wavelengths. As

can be seen, the laser background remains approximately 30 dB suppressed from the laser peak

regardless of the pump central wavelength. The spectral linewidth of the pump is approximately

3 pm.

The same laser envelope can be observed when sending the pump through a topological

lattice and collecting the drop port spectrum. The output spectrum of an identical AQH lattice

as the one used in the nonlinear measurements in this work with a pump power below the comb

formation threshold is shown in Figure S6. The broad laser background is transmitted through

several edge bands as well as link-ring bands, producing a characteristic structure that can be

observed in the main text.

Figure S5: Laser characterization. The unfiltered spectrum of the pump laser at approximately

(a) 1546.5 nm, (b) 1548.5 nm, (c) and 1550.5 nm.

Comb Contrast
Figure S7 shows a reference spectrum comparable to that of Fig. 3e with the pump laser in-

cluded.

Nesting Comparison
In order to contrast the high-resolution spectra in Fig. 4 with more typical, non-nested fre-

quency combs, we generate a bulk comb as described in the main text, as well as a frequency

comb in a single-racetrack resonator with identical dimensions as the site-ring resonators in the

topological lattice, shown in Figure S8. The on-chip peak power used for the bulk comb is
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Figure S6: Laser background drop spectrum. The output drop spectrum of an AQH lattice

when the pump is detuned and below the comb formation threshold.

Figure S7: Comb Contrast. Spectrum of a topological frequency comb comparable to that of

Fig. 3e with the pump laser included.

approximately 122 W with a pump wavelength of 1547.43 nm. The single-racetrack resonator

is coupled in an add-drop filter configuration, where there are two bus waveguides. Notably,

the coupling gaps here are increased from 300 nm to 600 nm in order to increase the loaded

Q factor from ≈ 1500 to ≈ 21, 000. For the single-racetrack comb, the pump wavelength is

1547.32 nm and the peak power is approximately 104 W. Linewidths for the main peaks of each

comb tooth are approximately 3 pm, 13 pm, and 18 pm respectively.

Generation and Spectra of Imaged Modes
For the CCW and CW topological frequency comb images in Fig. 5, the peak pump power in

the waveguide was approximately 92 W and 100 W respectively. The wavelength was tuned

through the edge band to a value of 1547.97 nm. In order to generate a bulk comb, the peak

pump power in the waveguide was approximately 125 W and the laser was tuned onto resonance

with a bulk mode at 1547.43 nm. Through port spectra of each of these combs are displayed

in Figure S9. We note that while the pump power used here for the bulk mode is significantly

higher than that of the topological combs, a broader systematic study would be required to
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Figure S8: High-Resolution Spectra of Individual Comb Teeth. (a) A high-resolution comb

tooth from the topological frequency comb, displaying nesting. (b) A high-resolution comb

tooth from a bulk comb. (c) A high-resolution comb tooth from a single-racetrack comb.

determine the minimum power required to generate frequency combs in bulk modes of the

lattice. Due to the highly variable nature of these bulk modes, such a study is outside the scope

of the present work.

Figure S9: CCW, CW, and bulk comb spectra. The generated comb spectrum when the

pump is tuned in resonance with a (a) CCW mode, (b) CW mode, and (c) bulk mode. Filtered

wavelengths are highlighted in grey, while imaged wavelengths are highlighted in red.
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Simulated Nonlinear Mode Profiles
Mode profiles for four pump detuning values, simulated as outlined in Ref. (44), but with real-

istic device parameters, are displayed in Fig. S10. Additionally, only comb teeth at wavelengths

longer than 1580 nm are displayed in order to more closely replicate the experimental data. In

particular, panels (a) and (b) show two topological frequency comb profiles with pump wave-

lengths within the edge band (with detunings of 0.70 and 0.65 J from the center of the edge

band, respectively). As can be seen, the intensity is confined to the lattice edge in both cases,

but the uniform intensity profile seen in linear simulations is not necessarily maintained. Panels

(c) and (d) show two additional comb profiles where the pump wavelength lies within the bulk

region (with pump detunings of 1.39 and 1.34 J , respectively).

Figure S10: Simulated nonlinear mode profiles. (a,b) Simulated topological frequency comb

mode profiles for two different pump detunings within the edge band. (c,d) Simulated frequency

comb mode profiles for two different pump detunings within the bulk band.
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