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Experimental advances in cavity QED are raising the prospect of using light to probe quantum mate-
rials beyond the linear response regime. The capability to access quantum coherent phenomena would
significantly advance the field. However, theoretical work on many-body systems coupled to light in the
quantum coherent regime has been select. Here, we investigate the radiative properties of a finite-sized
quantum wire in a microwave cavity. Examples of quantum wires include single-walled carbon nanotubes,
a key experimental system in the field of nano-optics and plasmonics. We find that, for a variety of excited
states, the repeated emission of photons results in the generation of many-body quantum entanglement.
This leads to an increase in the rate at which subsequent photons are emitted, an example of Dicke super-
radiance. On the other hand, Pauli blocking tends to reduce this effect. Bosonization, the description of the
excitations of a one-dimensional electron system as a gas of bosons, is found to be a powerful theoretical
tool in this context. Its application means that many of our results generalize to wires with strong electron-
electron interactions. The quantum wire thus represents a new platform to realize Dicke-model physics
that does not rely on the various fine tunings necessary in traditional realizations involving many spatially
isolated emitters. More broadly, this work demonstrates how quantum entanglement can be generated and
measured in a many-body system.
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I. INTRODUCTION

Light-matter coupling underlies many of the exper-
imental probes of condensed-matter systems. In the
linear-response regime, a system excited by an external
perturbation relaxes before it can be excited again [1]. On
the other hand, the observation of certain quantum coher-
ent effects requires a probe to interact with a system many
times before decoherence sets in. This places a lower limit
on the probe-system coupling strength [2–5]. The inher-
ent weakness of light-matter coupling—dictated by the fine
structure constant α = 1/137—would seem to preclude
accessing the quantum regime using light. However, strong
light-matter coupling can be achieved using cavity QED
technology [2–8].

The possibility of probing or even altering quantum
systems using cavity QED is now receiving a great deal
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of attention [2–18]. Low-dimensional quantum systems
are particularly well suited to such approaches [7,10–
12,17,19,20]. Plasmons, a fundamental excitation of one-
dimensional (1D) electron liquids, have been observed in
carbon nanotubes [21]. Recently, the spectrum of plasmons
in graphene has been probed in a van der Waals het-
erostructure microcavity [22]. More ambitious proposals
call for the use of light to fundamentally alter the properties
of condensed-matter systems [2].

While much of this excitement has been stimulated by
recent advances in cavity-QED technology [2], the study of
light-coupled matter in the quantum coherent regime has a
long history. The Dicke model, introduced nearly 70 years
ago [23], describes N noninteracting spin-1/2 degrees of
freedom coupled to a photonic mode [24–27]. A signal pre-
diction of the model is superradiance, the phenomenon in
which radiation generates entanglement, and this in turn
leads to an increase in the rate that subsequent radiation is
emitted [9,25].

In order to realize the full potential of recent techno-
logical advances to probe quantum materials, a greater
understanding of condensed-matter systems in the quan-
tum coherent regime is needed. This motivates the current
work, which investigates a finite-sized quantum wire in a
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FIG. 1. A quantum wire in a microcavity coupled to a single
photonic mode. Inset shows top-down view of the wire on a sub-
strate. Leads, indicated by arrows, are attached at the ends of the
wire.

microcavity. A sketch of the proposed setup is shown in
Fig. 1. Our analysis focuses on specific excited states of
the wire and the subsequent radiative cascade. We detail
the many-body states the system passes through as the
system emits photons. For the case of a single electron-
hole pair, we find that the photon emission generates
momentum-space entanglement [28] between the electron
and hole, which in turn leads to Dicke-like superradiance.
This increasing emission rate closely tracks the growth
of the entanglement entropy of the wire. For the case of
two excited electrons with similar energies, Pauli blocking
comes into play and reduces the effects of superradiance.

The proposed experimental setup leverages recent
advances in the experimental technology associated with
the fabrication of devices in microcavities [6,22]. The
current proposal also benefits from the technological capa-
bilities involving gating and lead connection to a sample
in a microcavity [29,30]. We consider a cavity in the
microwave regime. The 10-µm-wire considered here is
resonant with 160-GHz cavity mode. Other realizations
involving optical frequencies are also possible. Remark-
ably, the experiment presented in Ref. [22] has demon-
strated measurements of plasmons in the THz gap, thus
dramatically increasing the range of wire sizes that can be
used. The light-matter coupling strength g (Hz) ideal for
probing quantum materials is of intermediate strength—it
should exceed the intrinsic decay rate of excited states in
the wire, but still be small compared with the cavity-mode
frequency. The latter constraint ensures that the wire and
cavity mode do not hybridize.

This work makes use of bosonization, a theoretical tech-
nique that describes an electron gas or liquid in terms of
noninteracting bosons. These bosons represent a “good”
basis for the description of light-matter coupling. Addi-
tionally, the unitary transformation linking the electronic
and bosonic bases [31] suggests a procedure for prepar-
ing certain excited states of the wire. While we discuss
the preparation of many of the excited states considered

here, their preparation is likely difficult, particularly in the
bad cavity limit considered here. However, the prepara-
tion of these states is not necessary to observe the physics
described here. Rather, the specific states considered here
give insight into the generic features of the radiative behav-
ior. For example, the case of a single electron-hole pair is
particularly important since all excited states of an electron
gas are composed of such pairs.

The paper is organized as follows. In Sec. II, we intro-
duce the physical setup of interest: a quantum wire coupled
to a photonic mode. In Sec. III, the bosonization technique
is introduced. Section IV presents several examples of cas-
cades. In Sec. V, the effects of the curvature of the electron
dispersion as well as electron-electron interactions are dis-
cussed. Finally, in Sec. VI, we present our conclusions and
outlook for future work.

II. PHYSICAL SETUP

The physical setup, shown in Fig. 1, consists of a quan-
tum wire of finite length L in a photonic microcavity
with characteristic length Lcav. The fabrication of quan-
tum wires in semiconducting heterostructure is routine,
and here we propose their incorporation into a microcavity
[22]. In Appendix B, estimates of possible experimental
parameters are given.

Given that the strength of electron-electron interactions
in one-dimensional quantum wires formed from semicon-
ductor heterostructures is highly tunable [32], we focus on
the case that the electrons are noninteracting. The effect of
interactions is disscussed in Sec. V. For theoretical conve-
nience, the wire’s electrons are taken to be spin polarized,
with a dispersion given by εk = �2k2/2me, where k and me
are the wave number and mass of the electron and � is the
reduced Planck’s constant. Low-energy excitations of the
wire are described by the effective Hamiltonian

H0 =
�∑

j =−�
�ωj c†

j cj , (1)

where the operator c†
j creates an electron in the j th single-

electron state, which has an energy �ωj . The integer j
indexes the single-particle states, as shown in Fig. 2(a).
The zero of energy is set by the Fermi level: we take j = 0
to be the highest energy state that is occupied when the
quantum wire is in its ground state |G〉. The effective the-
ory has a linear dispersion ωj = vFj /L, where vF is the
Fermi velocity [33]. Effects associated with curvature of
the dispersion will be addressed in Sec. V. The integer �
is a high-energy cutoff.

As detailed below, we focus on the case in which the
wire emits photons into a single cavity mode of frequency
nω1. The cavity-wire coupling strength is g (Hz). The loss
rate of all cavity modes is taken to be κ , which for theoret-
ical convenience, is assumed to be in the bad-cavity limit
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(a)

(b)

FIG. 2. Three excited states of the electron gas with energy
3�ω1 in the (a) electronic (fermionic) (b) bosonic bases. In (a),
only the most energetic electrons are shown. These electronic and
bosonic states are related by the unitary transformation Eq. (D6).

g � κ . In this regime, the characteristic rate at which the
wire emits photons into the cavity is

� = 4g2

κ
, (2)

as given by Fermi’s golden rule, see Appendix A and Ref.
[34]. Since � � κ , this is also essentially the rate that
photons are emitted into the bath coupled to the cavity
mode.

It is important to consider other mechanisms that allow
the quantum wire to relax. For example, electron-phonon
scattering likely plays a role. Additionally, the wire can
emit noncavity photons. The total rate of the various pro-
cesses that do not result in the generation of a cavity photon
is denoted by γ [6]. The cascades studied in this work
require that γ � �. Here, this condition defines the “quan-
tum coherent regime” discussed in the Introduction. On the
other hand, light-matter coupling should remain a weak
perturbation with � � ω1. This ensures that there is not
strong hybridization of the quantum wire and the photonic
mode.

We consider the radiative decay rate of the many-body
state |α〉, which we take to be an eigenstate of the Hamilto-
nian Eq. (1). Its decay rate is given by Fermi’s golden rule
[25]

	α = �〈α|D†
nDn|α〉, (3)

where

Dn =
∑

m

c†
m−ncm. (4)

Except for several examples discussed in Secs. IV C and
V, we will consider the case n = 1. As described in
Appendix A, the derivation of Eq. (3) assumes the dipole

approximation. The operator Dn plays the role of a many-
body lowering operator, taking |α〉 to

|α′〉 = Dn|α〉√
〈α|D†

nDn|α〉
, (5)

its daughter state after the decay. The energy of the photon
is �ω1. Tacit to Eq. (5) is the assumption that the decay
rate of an electron from state j → k depends on j − k,
but is only weakly dependent on j + k. This assumption
is discussed in Sec. V.

III. BOSONIZATION

The description of the electron gas in terms of elec-
tronic excitations can quickly become unwieldy because
the operator Dn tends to generate complicated superpo-
sitions. Fortunately, the bosonization technique offers an
alternative basis [31] that is particularly useful in the
present context. As we will see, it also can elucidate
physics that is obscure in the electron basis. The bosoniza-
tion technique provides a one-to-one mapping between the
excitations of a 1D electron system and a gas of nonin-
teracting bosons [31]. The Hamiltonian for these bosons
is

HB = �ω1

∞∑

k=1

k b†
kbk , (6)

where bk destroys a boson in the kth mode. This Hamilto-
nian describes an infinite number of harmonic oscillators
with frequencies ω1, 2ω1, 3ω1, etc. The eigenstates of HB
are Fock states |l1l2 · · · 〉b, where li is the occupation num-
ber of the ith bosonic mode. According to Eq. (6), the total
energy of this state is E = l1�ω1 + l2 (2�ω1)+ · · ·

To motivate this approach, consider the operator D†
1D1

that appears in the expression for 	α in Eq. (3). We con-
sider this operator in the subspace of the three excited
states with energy 3�ω1. The degeneracy of this sub-
space is equal to the partitions of the integer 3, i.e., the
number of distinct ways 3 can be written as a sum of
integers: 3, 2 + 1, or 1 + 1 + 1 [31]. These partitions cor-
respond to the states |3〉f , |21〉f , and |111〉f , respectively,
where |λ1λ2λ3 · · · 〉f is the excited state formed from the
ground state by promoting the most energetic electron by
an energy λ1�ω1, the second-most energetic electron by
λ2�ω1, and so on (the subscript f indicates that this is
the fermionic or electronic basis). Pauli exclusion requires
that these integers satisfy λ1 ≥ λ2 ≥ λ3 · · · For instance,
the state |3〉f = c†

3c0|G〉. These three states are depicted in
Fig. 2(a). The matrix elements of D†

1D1 are

D†
1D1 =

⎛

⎝
1 1 0
1 2 1
0 1 1

⎞

⎠ , (7)
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in the basis that |3〉f , |21〉f , and |111〉f are represented by
(1 0 0)T, (0 1 0)T, and (0 0 1)T, respectively.

The eigenvalues of Eq. (7) are {3, 1, 0}. The signifi-
cance of these numbers becomes apparent in the bosonic
basis. Naturally, there are three bosonic states with energy

3�ω1, namely |300〉b =
(

b†
1

)3
|G〉, |110〉b = b†

1b†
2|G〉, and

|001〉b = b†
3|G〉. Apparently, the eigenvalues 3, 1, and 0,

correspond to the occupation number l1 of these three
states. The operator D†

1D1 is thus diagonal in the bosonic
basis. This is true in general and follows from the
bosonization identity [31]

bn = 1√
n
Dn. (8)

Thus, D†
1D1 = b†

1b1 is the number operator for the k = 1
mode. The unitary transformation linking the two bases
diagonalizes D†

1D1 (see Appendix D). For example, the
third state shown in Fig. 2(a) is

|3〉f = 1√
6
|300〉b + 1√

2
|210〉b + 1√

3
|001〉b. (9)

A general expression for the unitary transformation exists
and is given by Eq. (D6) in Appendix D. It was first
established in Ref. [31].

For the subspace with two units of energy, this trans-
formation is straightforward to derive directly from the
operator identity Eq. (8). For example, the expression

|01〉b = 1√
2

(|2〉f − |11〉f
)

(10)

can be obtained by acting the identity (8) for n = 2,

b†
2=

1√
2

∑

m

c†
m+2cm, (11)

on the ground state. Note that the minus sign in Eq. (10)
is required by the anticommutation relations obeyed by
fermionic operators [35]. It follows that

|20〉b = 1√
2

(|2〉f + |11〉f
)

, (12)

since |01〉b and |20〉b are orthogonal.
Knowledge of the transformation between the bosonic

and electron bases suggests a method for the preparation
of a number of different initial states using measurement
and postselection. While the application of this method
is difficult in the bad-cavity limit, we briefly outline this
preparation scheme since it could be of use in high-Q cav-
ities. This method is based on the capability to measure

the occupation of a single-electron level j (the number-
ing scheme for these states is shown in Fig. 2). This can
be done by measuring the conductance through a wire
when the energy level is resonant with external leads.
Due to Pauli blocking, an occupied level would prevent
or suppress conductance through the wire. As an example,
consider a quantum wire that has been excited by exactly
two photons of energy �ω1. It is thus in the state |20〉b.
Now, a conductance measurement reveals that the j = 1
level is occupied. According to Eq. (12), the wire would
then be in the state |11〉f . On the other hand, if this level is
unoccupied, then the system will be in the state |2〉f .

IV. CASCADES

This section presents our key results. We consider the
sequence of many-body states of the wire as photons are
emitted,

‖1〉〉 	1−→ ‖2〉〉 	2−→ . . .
	N−1−−−→ ‖N 〉〉, (13)

where the double brace notation indicates that the state is
being labeled according to the order it appears in the cas-
cade. For example, ‖1〉〉 is the initial (electronic) state in
the cascade, ‖2〉〉 is the second, and ‖N 〉〉 is the last. The
decay rate of the state ‖m〉〉 is denoted by 	m.

Except where stated, we will consider the case in which
the wire is coupled to a cavity mode of frequency ω1. This
corresponds to the case n = 1. In this case, the states in the
cascade can be obtained by applying the operator D1, or
equivalently b1, to the initial state ‖1〉〉 repeatedly. The sub-
sequent states and their decay rates are given by Eqs. (5)
and (3), respectively. The cascade terminates with the state
‖N 〉〉 that is annihilated by b1, i.e., b1‖N 〉〉 = 0. In certain
cases, the bosonic basis is unwieldy and it is advantageous
to work in the electronic basis.

A. Excited bosonic mode of wire

We consider an initial state consisting of N bosonic
excitations in the k = 1 mode of the wire, i.e., ‖1〉〉 =
|N , 000 · · · 〉b. The intermediate states in the cascade,
obtained by repeatedly applying b1 to the initial state, are

‖m〉〉 = |N − m + 1, 000 · · · 〉b. (14)

The decay rate of these states is given by Eq. (3),

	m = �(N − m + 1). (15)

This result has a particularly simple interpretation: the rate
reflects the fact that each bosonic excitation can decay
independently and thus 	m is proportional to the number
of bosons remaining in the k = 1 mode.

The creation of a pure number state using photons is
challenging in the bad-cavity limit. On the other hand,
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(a) (b)

FIG. 3. (a) Transition ‖1〉〉 → ‖2〉〉 for the electron-hole pair,
with ‖1〉〉 = |3, 3〉eh and ‖2〉〉 = (|3, 2〉eh + |2, 3〉eh)/

√
2. (b) The

decay of a two-electron state with R = 1. The decay of the more
energetic electron is Pauli blocked, as indicated by the “X.”

a coherent state can be created by applying a classical
drive in the presence of loss [34]. Similarly, driving the
quantum wire with a classical electromagnetic field at a
frequency kω1 will generate an electronic coherent state
of the form eαb†

k |0〉. The radiative properties of coherent
states is treated using the quantum trajectories method in
Ref. [36].

A simple but profound aspect emerges from this exam-
ple: a 1D electron gas with a linear spectrum does not
fluoresce: if the gas absorbs some number of photons of
various energies, then it can only relax by emitting the
exact same population of photons. Although this fact is
not obvious in terms of the electrons, it is apparent in the
bosonic basis. This feature is spoiled by the nonlinearity of
the electron dispersion, as discussed in Sec. V.

B. Electron-hole pair

Any excited state of an electron gas is composed of
electron-hole pairs. Here, we consider the cascade initi-
ated by the creation of a single electron-hole pair: ‖1〉〉 =
|Ne, Nh〉eh, where |i, j 〉eh = c†

i c−j +1|G〉 has an electron and
hole in the single-particle levels i and −j + 1, respectively.
The state |3, 3〉eh is depicted Fig. 3(a). (Initializing the sys-
tem in this state is subtle and it cannot be generated by
simply allowing the ground state to absorb a single pho-
ton of energy 5�ω1.) The final state in the cascade is the
ground state |G〉.

For m < Ne, Nh, neither the electron nor the hole has
reached the top of the Fermi sea at j ∼ 0 where it would
be Pauli blocked. In this case, the many-body wave func-
tion can be obtained by applying Eq. (5) repeatedly, which
yields

‖m〉〉 = 1√Nm

m−1∑

k=0

(
m − 1

k

)
|Ne − k, Nh − m + k + 1〉eh,

(16)

where

Nm =
(

2m − 2
m − 1

)
. (17)

For example,

‖3〉〉 = 1√
6
(|Ne − 2, Nh〉eh + 2|Ne − 1, Nh − 1〉eh

+ |Ne, Nh − 2〉eh) (18)

is the third state in the cascade.
That ‖m〉〉 is normalized follows from the combinatoric

identity known as Vandermonde’s convolution [37]. From
the relation

D1‖m〉〉 =
√
Nm+1

Nm
‖m + 1〉〉 (19)

and Eq. (3), we find that the rate at which the state ‖m〉〉
decays is

	m =
(

4 − 2
m

)
�. (20)

The decay rate of a single electron or hole is � and so the
initial rate 2� for m = 1 suggests that the electron and hole
decay independently of each other. Its clear from the wave
function Eq. (16) that photon emission generates entangle-
ment between the electron and hole. This accounts for the
increase in the rate Eq. (20), and represents an example
of superradiance. For 1 � m < Ne, Nh, the rate approaches
(1 + 1)2� = 4�, which corresponds to an emission pro-
cess that is fully coherent since the quantum-mechanical
amplitudes, rather than the rates, add.

C. Multiple electron-hole pairs

The generalization to multiple electron-hole pairs is
straightforward. As long as none of the electrons or
holes are Pauli blocked, either at the top of the Fermi
sea or by each other, the many-body wave function is
obtained by replacing the binomial coefficients that appear
in Eq. (16) by the appropriate multinomial coefficients. For
P electron-hole pairs, the initial decay rate is 2P�. The rate
approaches (2P)2� after many steps.

As mentioned above, the emission rate Eq. (20) is
increasing in m due to the growing entanglement between
the electron and hole. This is an example of momentum-
space entanglement [28]. The entanglement entropy of the
electron-hole pair is

S = −
∑

k

pk ln pk, (21)

where pk = (m−1
k

)2
/Nm. As shown in Fig. 4, the entangle-

ment entropy grows as the cascade proceeds. For large m, a
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FIG. 4. Entanglement entropy between an electron and hole
(circles) and two electrons (squares) versus ln m. The solid and
dotted lines indicate the asymptotic behavior of the entanglement
entropy for these cases, respectively. The solid line is given by
Eq. (22).

Gaussian approximation can be used to estimate pk, which
gives

S = 1
2

ln m + c, (22)

where c = ln(
√
π/2)+ 1

2 ≈ 0.38. The entanglement
entropy is a measure of the effective number of electron-
hole pair states in the superposition Eq. (16). The factor of
1/2 appearing in Eq. (22) is natural given that the wave
function has a width

√
m in the large m limit.

For m > Ne, Nh, there is amplitude for the electron or
the hole to reach the top of the Fermi sea and thus become
Pauli blocked. At this point in the cascade, the wave func-
tion is no longer given by Eq. (16) and the decay rates will
be less than those in Eq. (20). In Fig. 5, the rates 	m for
the cascade Ne = Nh = 4 are shown. For m ≤ 3, the rates
conform to Eq. (20). For m > 4, the rates are decreasing in
m as the system approaches the ground state.

We now consider a cascade that maps directly to the
Dicke model. The initial state is formed by promoting each
of the N̄ most energetic electrons in the ground state by an
energy N̄�ω1, i.e., ‖1〉〉 is |N̄ N̄ N̄ · · · 〉f . We then consider

FIG. 5. The dimensionless decay rates 	m/� (black dots) of
the states in the cascade with initial state ‖1〉〉 = |4, 4〉eh, given
by Eq. (3). For m ≤ 3, the rate is consistent with Eq. (20) (open
circles). Once m > 3, there is nonzero amplitude for the electron
or hole to reach the Fermi surface and become Pauli blocked, and
so the rate is suppressed.

the decay of this state via the emission of photons of energy
N̄�ω1 for which n = N̄ . The final state is the ground state.
In this case, we take the resonant cavity mode to have an
energy N̄�ω1.

Due to the Pauli exclusion principle, each electron can
only decay once and thus can be represented by a single
Dicke spin (1/2). In order to demonstrate this correspon-
dence, we will calculate the rates and states for N̄ = 3.
Consider the initial state ‖1〉〉 = |333〉f . Subsequent states
in the cascade are found by repeatedly applying the low-
ering operator b3 (in this example, transitions of energy
3ω1 are considered). The state |333〉f can be expressed as
a superposition of 12 bosonic basis states. The second state
in the cascade is ‖2〉〉, which is proportional to b3|333〉f ,
and takes the form

‖2〉〉 = − 1

2
√

15
|0〉a + 1

2
√

3
|0〉b − 1√

6
|0〉d

− 1√
15

|0〉e +
√

2
3
|2〉0, (23)

where the state |2〉0 has two quanta in the m = 3 mode
while the other modes (not shown) are in their ground
state. The states |0〉x with x = a, b, d, e have 0 quanta in the
m = 3 bosonic mode but have other modes that are excited.
We find

〈〈2‖b3‖1〉〉 = 1, (24)

〈〈3‖b3‖2〉〉 = 2√
3

, (25)

〈〈4‖b3‖3〉〉 = 1. (26)

The decay rates Eq. (3) are proportional to the square of
these amplitudes and follow the ratio 3 : 4 : 3.

These rates can be compared to those of the Dicke model
with N̄ = 3 spins. The states in the Dicke model are char-
acterized by the magnetic quantum number M = J , J −
1, . . . , −J , which is the z component of the total angular
momentum J = N̄/2 of the spins. The rate of decay of the
state with magnetic quantum number M is [25]

	M ∝ (J + M ) (J − M + 1) . (27)

These rates of decay also follow the ratio 3 : 4 : 3 for J =
3
2 and M = 3

2 , 1
2 , − 1

2 .
We describe the preparation of the state |333〉f based

on the scheme outlined in Sec. III. The wire, initially in
its ground state, is excited by two 4�ω1 photons and one
1�ω1 photon. This results in the state |1002〉b. Writing this
state as a superposition of electronic states | · · · 〉f shows
that |333〉f can be obtained by measuring the conductance
through the single-electron states j = 2 and j = 3. If both
states are found to be occupied, then the measurement will

040338-6



QUANTUM WIRE COUPLED TO LIGHT PRX QUANTUM 5, 040338 (2024)

have collapsed the wave function to |333〉f . This proce-
dure is based on the unitary transformation connecting the
bosonic and electron bases described in Appendix D.

D. Pair of electrons

We now consider a cascade in which two electrons
are initially excited. This case is more complex than that
of an electron-hole pair due to the fact that the lower-
energy electron can Pauli block the higher-energy one.
We consider two electrons far above a filled Fermi sea
that are initially separated by R energy levels. This ini-
tial state is denoted ‖1〉〉 = |Ne, Ne − R〉ee, where Ne � R
and the state |j , k〉ee = c†

j c†
k |G〉 consists of electrons in the

single-particle states j and k above a filled Fermi sea.
For m < R, there have not been a sufficient number of

decays for the top electron to be Pauli blocked. Thus, the
form of the wave function and the rates are the same as
those of the electron and hole for m < N . However, once
m > R, Pauli blocking comes into play, as illustrated in
Fig. 3(b). The electronic wave function, valid in both of
these cases, is given by

‖m〉〉 = 1√N ′
m

m−1∑

k=0

ηk|Ne − k, Ne − R − m + k + 1〉ee,

(28)

where

ηk =
[(

m − 1
k

)
−

(
m − 1
k − R

)]

+
, (29)

and [x]+ = x for x > 0 and 0 otherwise. We use the con-
vention that the second term in brackets is zero for k < R.
The normalization constant N ′

m does not have a simple
form. The first term in brackets is the same that appears in
the wave function Eq. (16). The second term accounts for
Pauli blocking. The quantity ηk appears in a closely related
combinatorics problem: it is the number of possible paths
in a “truncated” version of Pascal’s triangle, which has a
vertical absorbing wall [38]. In that context, the first term
in ηk is the total number of paths that arrive at a point,
while the second is the number of paths that also hit the
absorbing wall. In the present context, the latter correspond
to those decays that violate Pauli exclusion.

We now consider the decay rate of the states ‖m〉〉, which
are denoted by 	′

m. The effects of Pauli blocking are evi-
dent in the behavior of 	m − 	′

m, where 	m is given by
Eq. (20). We consider the case Ne � 1 and R = 10. As
shown in Fig. 6, 	m = 	′

m for m < R = 10. For m > R,
	′

m < 	m. The suppression of 	′
m reflects the fact that the

higher-energy electron must “wait” for the lower one to
decay. Interestingly, the difference 	m − 	′

m exhibits non-
monotonic behavior in m, peaking at m ≈ 50. Figure 6 is
suggestive of the fact that 	m − 	′

m tends to zero for m

FIG. 6. The difference in decay rates (	m − 	′
m)/� for the

cascades involving an electron-hole pair and two electrons.

large (but still < Ne). Below, we argue that this is indeed
the case.

The entanglement entropy for the case of two electrons
can be defined in a manner analogous to the case of an
electron and hole. In Fig. 4, we have plotted the entangle-
ment entropy between two electrons for R = 1. For small
m, there is a conspicuous alternating pattern in the entan-
glement entropy S. This parity effect arises because of
the form of D1. In particular, if the state ‖m〉〉 contains a
Pauli-blocked electron, ‖m + 1〉〉 cannot. The asymptotic
behavior of S for large m can be estimated from ηk using a
Gaussian approximation for the binomial coefficients. We
find that the entanglement entropy again takes the asymp-
totic form given by Eq. (22) where now c ≈ −0.045. This
constant is less than c for the electron-hole case, another
consequence of Pauli blocking. In the large m limit, the
Gaussian approximation gives D1‖m〉〉 � 2‖m〉〉, with cor-
rections that vanish as m → ∞. Together with Eq. (3), this
shows that 	′

m → 4�. Since 	m → 4� as well [Eq. (20)],
we find that 	m − 	′

m indeed tends to zero for m → ∞, as
claimed above.

V. PHASE COHERENCE

Phase coherence is crucial for superradiance. Here, we
discuss how phase coherence is maintained in the quan-
tum wire. We also consider a mechanism for its loss. Phase
coherence is protected in the quantum wire system in sev-
eral ways. First, the operator Dn remains coherent because
of the linearity of the electron dispersion. This guarantees
that every term in the sum Dn has the same dynamical
phase. Phase coherence is also maintained by the form
of Mjk. The matrix elements are functions of j − k but
depend only weakly on j + k (see Appendix A). Thus, the
phase coherence arises from the universal properties of the
1D electron gas. Unlike the original Dicke model [24],
these features do not rely on the fine tuning.

There are a number of ways in which phase coherence
can be lost. Here, we explore loss of coherence due to
a massive dispersion εk. We replace the linear dispersion

040338-7



BRADLEY, SHARMA, HAFEZI, and DEGOTTARDI PRX QUANTUM 5, 040338 (2024)

given in Sec. II with

ωj = πvF

L
j + π2�

2meL2 j 2, (30)

which is obtained by expanding εk around the Fermi
momentum kF . Consider a cascade with the initial state
‖1〉〉 = |(t)〉 = |20〉b. Its time dependence can be written
as

|(t)〉 = 1√
2

(|2〉f + ei�t|11〉f
)

, (31)

where the offset energy� = ω2 − 2ω1 ∝ 1/me arises from
the nonlinearity of the dispersion. Writing Eq. (31) in the
bosonic basis, we have

|(t)〉 = 1
2

[(
1 + ei�t) |20〉b + (

1 − ei�t) |01〉b
]

. (32)

For decay rates � � �, the state |(t)〉 decays before
it evolves significantly in time. In this regime, the decay
rate is 2�, i.e., the same as |20〉b. For � � �, the decay
rate is � and, as expected, we find that the loss of phase
coherence reduces the rate of photon emission. In the
Dicke model, the loss of phase coherence leads to a many-
body wave function with a mix of different total angular
momenta J [25].

The above example shows that for a nonlinear dis-
persion, the bosonic states are no longer eigenstates of
the electronic Hamiltonian. The significance of the linear
dispersion is that it exhibits particle-hole symmetry. The
particle-hole symmetry operator, which we denote by P ,
interchanges electrons and holes (a formal definition is
given in Appendix D). For example, consider the action
of the particle-hole symmetry operator on the state formed
by promoting the topmost electron in the ground state by
2�ω1, i.e., P|2〉f . The resultant state can be formed by
demoting the bottom-most hole by the same energy, giving
|11〉f . Thus,

P|2〉f = |11〉f . (33)

Since P2 = 1, we also have that P|11〉f = |2〉f . It then
follows that |20〉b, given by Eq. (12) is an eigenstate of
P with eigenvalue +1. This is not a coincidence—every
bosonic basis state |l1l2 · · · 〉b is an eigenstate of P with an
eigenvalue (−1)�2+�4+···, as explained in Appendix D. For
a linear spectrum, the particle-hole operator P commutes
with the Hamiltonian and so the states |20〉b and |01〉b are
guaranteed to be degenerate.

Another consequence of a massive dispersion is that
it gives rise to fluorescence. The lack of fluorescence of
a wire with a perfectly linear spectrum was discussed in
Sec. IV. Consider the situation depicted in Fig. 7 in which
an electron gas is initially prepared in the state |001〉b

FIG. 7. Nontrivial fluorescence of an electron gas arising from
a nonlinear single-electron dispersion. (left) The electron sys-
tem is excited by the absorption of a 3�ω1 photon. After a time
approximately 1/�, the system can decay by emitting a photon
with energy �ω1 (right).

through the absorption of a 3�ω1 photon. In this case, the
system can decay by the emission of �ω1-energy photons,
as we now argue. The state |001〉b can be expressed in
terms of the electron basis states, which are now eigen-
states [see Eq. (D7)]. After a time approximately 1/�, the
wave function has significant overlap with the |300〉b state.
The system can thus decay by emitting ω1 photons.

We briefly remark that even for strong electron-electron
interactions, the system’s excitations can still be described
by a gas of bosons [31]. This approach to handling interac-
tions is known as the Luttinger liquid model. For strong
interactions, there is no longer a simple transformation
between the electron excitations and the bosons. While
this complicates state preparation, the bosonic basis still
accounts for the radiative properties of the liquid. The
spectrum still consists of equally spaced energy levels,
which is crucial to the phase coherence of the excited
states. It is worth mentioning that certain interactions can
give rise to anharmonic couplings between the bosons, but
these couplings are weak [39].

VI. SUMMARY AND CONCLUSIONS

In this work, we investigated a quantum wire coupled
to microwaves in a microcavity. Working in the quan-
tum coherent regime, we found that this system exhibits
Dicke-like superradiance. Phase coherence of the system
is protected by the linearity of the low-energy spectrum.
For generic initial states, the decay rates are controlled
by superradiance and Pauli blocking. This work demon-
strates how quantum entanglement can be both generated
and measured in quantum wires. Bosonization was found
to be a natural basis to describe light-matter coupling in a
one-dimensional electron gas.

Here, we considered the case in which photons are emit-
ted into only one mode of the microcavity. Furthermore,
this mode was assumed to be sufficiently lossy so that the
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so-called bad-cavity limit applied. While these assump-
tions simplified the analysis, state preparation is likely
challenging in the bad-cavity limit. Given our understand-
ing of the Dicke mode, it is natural to expect that the results
presented here generalize to high-Q cavities for which the
prospects for state preparation are more favorable. Gen-
eralizing this work to the high-Q regime represents an
important area for future work.

We have found that the quantum wire in a microcavity is
a platform to explore Dicke model physics. The proposed
experiment offers several advantages over standard real-
izations, which typically involve a collection of spatially
separated two-state systems coupled to the same electro-
magnetic mode. Such setups require the fine tuning of both
the excitation energies of the resonators and their cou-
pling strengths to the electromagnetic mode [24,27]. Here,
neither type of fine tuning is required.
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APPENDIX A: MANY-BODY DIPOLE OPERATOR
AND SINGLE-PARTICLE WAVE FUNCTIONS

According to Fermi’s golden rule, the rate of decay of
the state |α〉 to the state |β〉 through the emission of a
photon of energy �ωn is given by [34]

	αβ = 2ωn

ε0�V0κ
|〈β|℘|α〉|2Un(x0)

2, (A1)

in the dipole approximation. The dipole operator is ℘ =
e
∫

dz z c†
z cz, where cz annihilates an electron at z and e

is the electron charge. The mode function Un(x0), eval-
uated at the wire’s position x0, accounts for the spatial
variation of the nth cavity mode [40]. The states |α〉
and |β〉 are eigenstates of the Hamiltonian and differ by
an energy �ωn. Here, ε0 permittivity of free space, V0 is
the modal volume of the microcavity, and κ is its pho-
ton decay rate. The operator cz can be written as cz =∑

j

∫
dzψj (z)cj , where ψj (z) is the single-particle func-

tions for the j th single-electron state. Substituting this
mode expansion into the expression for the dipole operator
gives ℘ = ∑

jk Mj −kc†
j ck, where

Mj −k = e
∫ L/2

−L/2
dzψ∗

j (z)ψk(z)z. (A2)

The amplitudes Mj −k are simply the dipole matrix ele-
ments between the first-quantized wave functions. This
definition anticipates the fact that these matrix elements
will only depend on the difference j − k.

The quantum wire, shown in Fig. 1, lies along the z axis
with −L/2 ≤ z ≤ L/2. Here, we take particle-in-a-box
boundary conditions ψj (±L/2) = 0, and let the number of
electrons in the wire N be even. The single-electron wave
functions in this case are

ψj (z) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√
2
L

sin
(
π(j + N )z

L

)
for j even,

√
2
L

cos
(
π(j + N )z

L

)
for j odd.

(A3)

For states j and k with the same parity, i.e., for j − k even,
Mj −k vanishes. For states with opposite parity, we have

Mj −k = 2eL
π2(j − k)2

(A4)

for N � 1 and j , k � N . Corrections go as approxi-
mately 1/N .

We are interested in the total rate of decay 	α of the state
|α〉, which is given by the sum

∑′
β 	αβ for which energy is

conserved (the prime indicates this constraint). Using the
form of ℘ and the operator Dn defined in Eq. (4), we have

′∑

β

|〈β|℘|α〉|2 = |Mn|2
′∑

β

|〈α| (Dn + D†
n

) |β〉|2 (A5)

= |Mn|2
∑

β

〈α|D†
n|β〉〈β|Dn|α〉, (A6)

= |Mn|2〈α|D†
nDn|α〉. (A7)

In going from Eqs. (A5) to (A6), we have dropped the con-
straint on |β〉 because energy conservation is automatically
enforced by Dn. Then, we use the fact that the unrestricted
sum

∑
β |β〉〈β| is the identity. We thus obtain Eq. (3),

where

g =
√

2eL
π2n

√
ωn

ε0�V0
Un(x0). (A8)

The expression for 	α generalizes the result given in Ref.
[25] to the case of the 1D Fermi gas.

APPENDIX B: EXPERIMENTAL PARAMETERS

The fundamental excitation frequency of the electron
gas is ω1 = πvF/L. For quantum wires in semiconductors,
the Fermi velocity vF ≈ 105 m/sec [32], and an order of
magnitude larger in graphene-based structures [41]. There
is considerable latitude in the selection of the wire’s length,
which sets ω1, the frequency of the fundamental excita-
tion in the wire. For example, consider a quantum wire
of length L = 10 µm, which gives ω1 ≈ 160 GHz. This
corresponds to a temperature of order 1 K, and thus the
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experiment should be done in the range of hundreds of
mK. The electron density can be controlled by the gate. For
N ≈ 4300 electrons, we find that a lateral distance of 10
nm is sufficient to guarantee that no additional sidebands of
the wire are occupied. These values correspond to a Fermi
energy of 28 meV.

The quantum wire is to be fabricated from a semi-
conducting heterostructure in a microcavity. We take the
dimensions of the microcavity to be 2L × 2L × cL/vF .
Equation (A8) gives a light-matter coupling of g ≈ 6 GHz.
For κ ≈ 60 GHz, we have � ≈ 2 GHz from Eq. (2). In
order for the constraints discussed below Eq. (2) to be
satisfied, we require an internal decay rate of the wire
γ � 200 MHz.

APPENDIX C: REPRESENTATION THEORY OF
SN

The symmetric group SN is the group of permutations of
N objects [42]. The order of SN is the number of ways of
arranging N distinguishable objects, i.e., N !. For example,
|S3| = 6. The elements of S3 include the identity, denoted
by (1)(2)(3). This is the trivial permutation, which leaves
the order of objects unchanged. Three elements of the
group involve swapping two objects: (12)(3), (13)(2), and
(1)(23). The cycle notation (12)(3) indicates the swap-
ping of the first and second objects. Finally, there are two
3-cycles: (123) and (321).

The elements of a group can be partitioned into sets
known as conjugacy classes. A conjugacy class contains
group elements of the same “type.” For example, the ele-
ments (12)(3), (13)(2), and (1)(23), which swap exactly
two elements, comprise one conjugacy class. For SN , each
conjugacy class contains those elements with the same
cycle structure.

A representation of SN is a set of elements obeying
the group algebra. Of particular interest are the so-called
irreducible matrix representations, which are the most effi-
cient encoding of the group algebra using matrices [43].
Remarkably, there is a one-to-one correspondence between
the irreducible representations of a group and its conjugacy
classes. A key tool in representation theory is the character
table. This table gives the trace of matrices representing the
various group elements. As will be seen in Appendix D, the
character table of SN is related to the unitary transforma-
tion between the fermionic and bosonic bases for the 1D
electron gas.

TABLE I. Character table of the symmetric group S2.

(2, 0) (0, 1)

1 1

1 −1

TABLE II. Character table of the symmetric group S3.

(3, 0, 0) (1, 1, 0) (0, 0, 1)

1 1 1

2 0 −1

1 −1 1

Table I is the character table for the group S2. Each col-
umn of a character table corresponds to a conjugacy class
of the group. For SN , these conjugacy classes are specified
by the number of cycles of a given length. For example,
the first column corresponding to the conjugacy class (2, 0)
contains the elements with two 1-cycles. There is only one
group element in this class, namely the identity (1)(2).
The conjugacy class (0, 1) contains the element with one
2-cycle, i.e., (12).

Each row of a character table corresponds to an irre-
ducible representation (irrep) of the group. These irreps
can be represented by Young diagrams, which consist of
N boxes. The various shapes represent these irreps [43].
In the trivial representation, each group element is repre-
sented by the number 1. This mapping trivially satisfies the
group algebra. The second row in Table I corresponds to
the alternating representation in which each group element
is represented by the sign of the corresponding permuta-
tion, either ±1. In general, the first column of a character
table gives the dimension of the irrep, i.e., the size of the
matrices. This is because the first column corresponds to
the identity element, and the trace of the identity matrix is
equal to its dimension.

The group S2 contains only one-dimensional represen-
tations. This stems from the fact that S2 is Abelian. All
non-Abelian groups necessarily contain at least one rep-
resentation with a dimension >1 since simple numbers
always commute. The group S3 is non-Abelian and has a
character table given in Table II. Note that the second irrep
has a dimension of 2.

APPENDIX D: EXPLICIT MAPPING FROM
FERMIONIC TO BOSONIC BASES

The unitary transformation between the fermionic and
bosonic bases is, up to normalization factors, given by
the characters of the symmetric group. As discussed in
Appendix C, the rows and columns of a character table
correspond to the irreps and conjugacy classes of a group,
respectively.

There is a one-to-one correspondence between the con-
jugacy class (l1, l2, l3, . . .) of SN and the bosonic basis
states |l1l2 · · · 〉b, where N = 1�1 + 2�2 + · · · . Similarly,
there is a one-to-correspondence between the irreps of SN
and the electron basis states |λ1λ2λ3 · · · 〉f , where the inte-
gers λ1 ≥ λ2 ≥ λ3 · · · ≥ 0 sum to N . As stated in the main
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text, the state |λ1λ2λ3 · · · 〉f is created by promoting the
most energetic electron by λ1�ω1 units of energy, the next
most energetic electron by λ2�ω2 units of energy.

|λ1λ2 · · · 〉f = · · · c†
λ1−1c−1c†

λ1
c0|G〉. (D1)

Specifying this order is crucial in tracking signs associated
with electron exchange.

As discussed in Appendix C, the irreps can be repre-
sented by Young diagrams. Thus, the Young diagrams can
also represent electron states. The ith row of the Young
diagram contains λi boxes. For example, the diagram

is a representation of the state |3〉f , while the state |111〉f
is represented by

The requirement that the series λ1, λ2, . . . is not increasing
enforces the Pauli exclusion principle. This imposes the
rule that no row of a Young diagram can have more boxes
than the row above it.

The transformation from the bosonic basis to the
fermionic one is given by

|λ1λ2λ3 · · · 〉f =
∑

C

1√
mC
χR

C |l1l2 · · · 〉b, (D2)

where χR
C is the character corresponding to irrep R of

conjugacy class C and

mC = 1l12l2 · · · l1!l2! · · · ln!. (D3)

The integer N !/mC is the number of group elements in the
conjugacy class C. The fact that Eq. (D2) defines a uni-
tary transformation follows directly from the orthogonality
theorem of finite group representation theory [43].

We consider several special cases of this general expres-
sion. For the case of two excitations, the unitary transfor-
mation may be read from Eqs. (10) and (12),

U = 1√
2

(
1 1
1 −1

)
. (D4)

This is consistent with Eq. (D2) and the character table for
S2 shown in Table I.

As a second example, consider the D†
1D1 in the 3�ω1

subspace, as discussed in Sec. III of the main text. The

matrix given by Eq. (7) is diagonalized

U†
(
D†

1D1

)
U =

⎛

⎝
3 0 0
0 1 0
0 0 0

⎞

⎠ , (D5)

where the unitary matrix

U = 1√
6

⎛

⎝
1

√
3

√
2

2 0 −√
2

1 −√
3

√
2

⎞

⎠ . (D6)

This unitary matrix converts the bosonic basis states
|300〉b, |110〉b, |001〉b to the electron basis states |3〉f ,
|21〉f , |111〉f . Note that the pattern of signs in U matches
those found in Table II. This is a special case of the trans-
formation that appears on the right-hand side of Eq. (D2).
The coefficients in Eq. (9) for |3〉f are given by the first
row of U. The inverse transformation is given by U† since
U is unitary. For example,

|001〉b = 1√
3
|3〉f − 1√

3
|21〉f + 1√

3
|111〉f . (D7)

These coefficients are given by the last column of U.
We briefly discuss the particle-hole symmetry operator

P . As discussed above, each fermionic state is represented
by a Young diagram. The action of the particle-hole opera-
tor is to reflect this Young diagram along its main diagonal.
The resultant diagram is said to be the conjugate of the first.
For example, the diagrams corresponding to the states |3〉f
and |111〉f ,

and ,

respectively, are conjugate to one another. Thus, the two
corresponding fermionic states are particle-hole conjugates
of each other and thus cannot be eigenstates of P . But
its clear then that the state (|3〉f − |111〉f )/

√
2, which is

the bosonic basis state |110〉b, is an eigenstate of P with
eigenvalue −1.

The action of the operator P on an electron destruction
operator for the ith energy level is

PciP−1 = (−1)ic†
1−i. (D8)

This definition of particle-hole symmetry differs from the
standard many-body definition taken in Ref. [44], for
example. There, P is antiunitary, P2 = −1. The fact that
the action of P is to take an operator at i → 1 − i follows
from the indexing of the single energy levels (see Fig. 2).
The factor of (−1)i is required in order for the action of P
described above to be consistent with the sign choice made
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in our definition of the fermionic basis states. For a bosonic
operator bn, we have

PbnP−1 = (−1)n+1bn. (D9)

From this, it follows that the eigenvalue of P of a bosonic
state is controlled by the parity of the number of bosons in
modes with even n,

P|�1�2�3 · · · 〉b = (−1)
∑

i l2i |�1�2�3 · · · 〉b. (D10)

The eigenvalue of P is the sign of the permutations in
the corresponding conjugacy class. This result is consis-
tent with the fact that the number of even-numbered cycles
in a permutation controls its sign.
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