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Non-Hermitian models describe the physics of ubiquitous open systems with
gain and loss. One intriguing aspect of non-Hermitian models is their inherent
topology that can produce intriguing boundary phenomena like resilient
higher-order topological insulators (HOTIs) and non-Hermitian skin effects
(NHSE). Recently, time-multiplexed lattices in synthetic dimensions have
emerged as a versatile platform for the investigation of these effects free of
geometric restrictions. Despite holding broad applications, studies of these
effects have been limited to static cases so far, and full dynamical control over
the non-Hermitian effects has remained elusive. Here, we demonstrate the
emergence of topological non-Hermitian corner skin modes with remarkable
temporal controllability and robustness in a two-dimensional photonic syn-
thetic time lattice. Specifically, we showcase various dynamic control
mechanisms for light confinement and flow, including spatial mode tapering,
sequential non-Hermiticity on-off switching, dynamical corner skin mode
relocation, and light steering. Moreover, we establish the corner skin mode’s
robustness in the presence of intensity modulation randomness and quanti-
tatively determine its breakdown regime. Our findings extend non-Hermitian
and topological photonic effects into higher synthetic dimensions, offering
remarkable flexibility and real-time control possibilities. This opens avenues
for topological classification, quantum walk simulations of many-body
dynamics, and robust Floquet engineering in synthetic landscapes.

M Check for updates

Non-Hermitian systems host a range of intriguing phenomena in
physics, such as reconfigurable light routing’, potential for enhanced
sensitivity>* and unidirectional invisibility*, that are deeply rooted in
symmetry and topology. One such phenomenon is the non-Hermitian
skin effect (NHSE) where a macroscopic fraction of the eigenmodes of
a finite system become exponentially localized at its boundary**. This
localization is a direct consequence of the nontrivial (topological)
winding of the system’s eigenvalues in the complex energy plane””.

Disorder and small variations in the system do not change the winding
number which is a topological invariant’.

Over the last few years, the NHSE has been demonstrated on a
variety of platforms®'®", Exemplary platforms include acoustics and
phononics', topo-electric circuits”, and photonics™. These develop-
ments are in part motivated by the profound impact of NHSE on band
topology’*'¢, spectral symmetry"”, and dynamics'®". Particularly in
photonics, recently the NHSE has enabled intriguing demonstrations
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of the tuneable directional flow of light*, near-field beam steering®,
engineering arbitrary band topology®’ and topological funneling of
light'*. Nevertheless, these demonstrations have been limited to sys-
tems that can be effectively described by time-independent
Hamiltonians®. The introduction of time-dependent non-Hermitian
Hamiltonians can lead to a dynamic control over the skin effect and
also lead to fundamental advances in novel non-Hermitian topological
phases that are not accessible using time-independent systems. Here
we demonstrate dynamical control of the two-dimensional non-Her-
mitian photonic skin effect, that is, corner skin modes, using purely
synthetic temporal dimensions. Specifically, using time-multiplexed
light pulses in fiber loops, we show manipulation of the gain/loss in the
system at a scale that is faster than the dynamics of light pulses in the
lattice. Using this dynamical manipulation, we demonstrate gradual
control over the degree of localization of the corner skin modes, gra-
dual tweezing of light where we move the corner skin modes along a
predefined trajectory in the lattice, and 2D funneling of light where
photons always funnel to the corner skin modes irrespective of their
initial position in the 2D lattice. Finally, by introducing controlled
disorder in the system in the form of random variations in gain and
loss, we quantitatively investigate the robustness of the corner skin
modes against such disorders. Our work opens up an avenue to
explore the rich physics of time-dependent non-Hermitian models
such as non-Hermitian Floquet systems.

2d quantum walk with non-Hermitian topology

Our system simulates a discrete-time quantum walk of photons on a
two-dimensional non-Hermitian square lattice, as illustrated schema-
tically in Fig. 1a. Specifically, we implement a split-step walk where the
walker first randomly steps to either left or right (corresponding to the
X direction) with equal probability, then up or down (corresponding to
the Y direction). To introduce non-Hermiticity, we introduce an addi-
tional gain "* when the walker steps to the left, and an additional loss
ex when the walker steps to the right. Similarly, the walker experi-
ences a gain ¢'¥ when moving down and a loss of ¥ when moving up.
The parameters 6, and 6, then indicate the degree of non-Hermiticity
of the walk.

For this quantum walk, a concept of complex energy can analo-
gously be defined, by solving for the eigenmodes of the non-unitary
quantum walk evolution operator U and taking the logarithm of the
corresponding eigenvalue u;. Namely, this can be formulated as ¢; =
ilog(u;), where 0 lu;) = uj luy). If we further impose periodic boundary
conditions (PBCs) in both x and y for the bulk in Fig. 1a, we can apply
the Bloch theorem for the walk and obtain the complex energy bands
€up/down(Kyw Ky). (The two bands seen in Fig. 1b arise due to the up/down
channel configuration of our experiment, see Supplementary Infor-
mation (SI) for derivation details). The non-unitary time evolution of
the walk leads to a nontrivial winding of e(k, k) for each band in the
complex energy plane as one continuously varies Bloch vector (k. k)
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Fig. 1| Two-dimensional quantum walk in non-Hermitian synthetic lattice.

a Example of photonic quantum walk in a 2D synthetic lattice. The blue and red
curved arrows show the direction-dependent loss and gain. b Winding of effective
eigenenergies €,,/aouwn(ky ky) in the complex energy plane for a single bulk non-
Hermitian lattice with periodic boundary condition, showing line-gapped topology
(indicated by the green line). Here we choose five different values k, = 0, + /4, + 3nr/
8. ¢ Four bulk lattices with different gain-loss patterns are glued along their edges

Corner Profile

to form a corner. Note that 6, > 0 implies gain for a step towards —X and loss for a
step toward +X. For 6, <0 the gain-loss is inverted. A similar rule applies for §,.

d Averaged spatial profile of corner skin modes formed in the system shown in ¢, by
taking non-Hermitian parameters 6, = 6= 0.175. The lattice size is 30 x 30. e The
time-multiplexed experimental scheme, with which the lattice parameters can be
(dynamically) controlled by the intensity modulators. EDFA: Erbium-doped fiber
amplifier. PD: Photodiode.
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Fig. 2 | Light localization and light funneling for static control. a Light locali-
zation at the corner skin modes located at (x, y) = (0, 0) for non-Hermitian para-
meter |°x| =" '=0.175. Here a single pulse is initialized at (x, y) = (0, 0) in the up
channel. b Light funneling for the same lattice parameter and pulse initialization,
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but the corner skin mode is located at (x, y) = (-10, 10). Here the skin effect allows
light to flow to the corner skin mode and localize there. In both a and b, from left to
right the snapshots are shown for time steps 1, 9, 21, respectively.

along a certain curve in the Brillouin zone. To illustrate this, in Fig. 1b,
we plot the complex energies €,,/u0wn(ky k) of the bulk lattice shown
in Fig. 1a as we vary k. from - to  while keeping &, fixed to different
values O, + /4, +3m/8. As (ky, k;) varies along each of these directed
horizontal curves in the Brillouin zone, both €,,(k,, k) and €goun(ky k)
winds one loop in the counterclockwise direction, thus exhibiting an
integer-valued winding number —1. This is a topological invariant for
our non-Hermitian quantum walk. Also, the two winding loops con-
tributed from the two bands €,,/40wn €xhibit a line-gapped topology*,
such that the two winding loops never cross the line Re(e) = O in the
complex plane. Windings of complex energy along other curves in the
Brillouin zone are shown in the supplementary information (SI)
section 3.

In a finite system, the nontrivial winding of the complex energies
and the associated 2D non-Hermitian skin effect”* is manifested as
corner skin modes, that is, localization of the walker can happen at an
interface between regions with opposite windings (or bulk band
topologies). Figure 1c shows one exemplary case which consists of four
distinct regions, represented by the four different color patches. The
gray patch is identical to the system described in Fig. 1a. The other
three regions exhibit an inverted gain-loss relation (indicated by a
change in the sign of the gain parameter) either along the x or y-axis, or
both. This inversion of gain-loss leads to different windings for each
region. Non-Hermitian skin effect occurs in such a system, and we
numerically verify in Fig. 1d that the averaged eigenmodes of the
quantum walk exhibit clustering at the junction between the four
regions - as indicated by the red dot in Fig. 1c.

To simulate the quantum walk described above, we use classical
light pulses in a time-multiplexed setup shown in Fig. 1e. We note that
for this linear system, the evolution of classical light pulses in the
lattice exactly follows that of the quantum walk of single photons in
the lattice. We map the state space of the 2D square lattice of size
30x30 into different time-delays in two fiber feedback loops, as
introduced in previous works®*. To introduce non-Hermiticity, we
use four intensity modulators that introduce individually controllable
loss when the walker moves along any direction. We also use two
erbium-doped fiber amplifiers (EDFAs) that provide gain in the system,
and together with the intensity modulators, introduce a gain-loss
mechanism that can be controlled at each step of the walker. We
specifically choose electro-optic modulators with a high bandwidth to
allow reconfigurability of the system’s topology at each step of the
quantum walk. A full discussion of the experimental setup is provided
in the SI sections 1 and 2.

Results

Skin effect under static control

To show the presence of non-Hermitian corner skin modes, we first
construct the model as shown in Fig. 1c, with the corner located at the
lattice origin (x=0, y=0). We inject a single light pulse into the time
bin corresponding to the lattice origin and choose non-Hermitian
parameters |6,| and |6y| to be 0.175 as in Fig. 1c. In Fig. 2a, we plot the
snapshots of the light distribution in the lattice for different time steps
1,9, and 21, which are obtained by measuring the pulse power at each
time bin. The evolution of distribution shows that the walker stays
localized at the origin, confirming the presence of a corner skin mode.
In sharp contrast, when we set 6, and d,, to 0, we observe a significant
spreading of the intensity distribution, indicating the absence of any
corner skin modes (see Supplementary Sections 4 and 5 in the SI for
the experimental data).

Having shown the localization of light at the corner skin mode, we
next demonstrate the skin-effect-induced funneling of light. Namely,
the system dynamics bring any initial state towards the corner skin
modes. We set the corner skin mode to be at the lattice site (x=-10,
y=10) while light pulses are still injected at x=0, y =0, which is now in
the bulk of the lattice (Fig. 2b). As the system evolves, initially light
spreads in bulk, but finally converges to the corner site. As shown in
the SI for several different lattice configurations, light pulses always
converge to the corner regardless of the initialization location. This
funneling of light to the corner skin mode is a manifestation of the skin
effect where all the eigenmodes of the system are localized at the
corner. Schematic illustration of this funneling effect can be seen in
Supplementary Movie 1. Our experimental results are in good agree-
ment with our theoretical prediction shown in Fig. 2b.

Dynamically controlling the non-Hermitian lattice and

skin effect

The use of time as a synthetic dimension allows us to dynamically
reconfigure our non-Hermitian lattice as a function of time. Specifi-
cally, by controlling the intensity modulators at each time step of the
quantum walk, we achieve temporal modulation of the gain/loss
parameters 6,(f) and 6,(t) such that they are time-dependent. Using
this time dependence, first, we demonstrate dynamical control over
the degree of localization of the corner skin modes. At the start of the
evolution, we adopt the configuration as in Fig. 1c and set |6,(0)| =
[6,(0)] = 0.175, and inject a single light pulse at the corner skin mode
situated at the origin. As the system evolves, we reduce both |6,/,16,| by
50% for every four time-steps and continue doing so until step 16
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left to right the snapshots are shown for time steps 1, 9, 17, 25, 37, respectively.

b Dynamically tweezing localized light along a designed “L"-shaped trajectory using
the skin effect. Localized light is first moved in the +Y direction for 8 steps and then
to the -X direction for 10 steps.

(Fig. 3a). Because of this reduction, we observe that the corner skin
modes become less confined to the origin. This is because the smaller
non-Hermitian parameter exhibits eigenmodes distributed over a lar-
ger area, as predicted theoretically (see Supplementary Fig. S4 in the
SI). Thereafter, starting from step 17, we reverse the process, that is, we
increase the gain /loss parameters |6,,16,| back to its original value at
the same rate. We now observe a relocalization of light at the origin.
Next, we demonstrate gradual repositioning of the corner skin
modes in the lattice. We use the same lattice geometry shown in Fig. 1c
and fix the non-Hermitian parameter to , =6, =0.175. As the system
evolves, we gradually move the interface between the four distinct
topological regions, repositioning the corner skin mode as a function
of time. We first move the position of the corner skin mode upwards

for 8 unit cells, and then leftward for 10 unit cells. As before, we inject
light pulses at the corner skin mode. As the system evolves, we observe
that the center of the intensity distribution follows the position of the
corner skin mode as it gradually moves along the given L-shaped tra-
jectory from its initial location (x=0, y=0) to its final location at
(x=-10, y=38). Furthermore, during this process, the intensity dis-
tribution remains tightly localized close to the corner skin mode. Evi-
dently, the corner serves as a non-Hermitian tweezer of light, which
allows us to gradually move trapped photons along a given trajectory
in the synthetic lattice. Note that non-Hermitian light steering has been
demonstrated in real-space lattices’, and our demonstration in syn-
thetic time dimensions portends the potential for such photonic
control using the temporal degree of freedom of light.
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Fig. 4 | Robustness of the skin effect at the presence of different degrees of
lattice disorder. The randomness is introduced to the intensity modulation of the
lattice and the pulse is injected at (x, y) = (0, 0). a, b Experimental observation of
robustness of the corner skin mode and skin effect in a lattice with moderate
disorder (17,=n,=0.5,1). Here the disorder leads to a relaxed spatial confinement of
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light without breaking the localization of light. ¢, d Breakdown of the localization in
the presence of strong disorder (17,=1n,=1.5, 2). Light can diffuse arbitrarily far
away until they are limited by the size of the experiment. In a-d, from left to right
the snapshots are shown for time steps 1, 5, 13, respectively.
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skin mode, as shown in the evolution of average displacement with time. For dis-
orders higher than the threshold, light diffusively spreads to large distances on the
lattice. Standard deviations are also shown at each step.

Schematic illustrations of the tapering and relocation effects can
be seen in Supplementary Movies 2 and 3, respectively.

Robustness of the skin effect
The topological nature of the non-Hermitian skin effect ensures its
robustness against disorder in gain/loss parameters 6,, 6,. To quanti-
tatively investigate this robustness, we introduce a disorder on the gain/
loss. At each lattice site, we randomly pick both 6,, 6, from a uniform
distribution on the interval [6nax(1 — ), Smax], where max is the max-
imum gain parameter and is the disorder parameter which quantifies
the variance of the gain parameter. In our experiment, we vary the
disorder parameter between 0 (no disorder) and 2 (max disorder).
We find that the skin effect is robust when the disorder parameter
n<1.InFig.4a, b, we plot the evolution of light pulses in the lattice for two
different values n=0.5 and = 1. For both cases, we inject light pulses at
the corner skin mode located at the origin. We observe that, even though
the localization of the intensity distribution reduces as the disorder

increases, the distribution still stays confined around the origin, indicat-
ing the existence of corner skin modes even in the presence of disorder.
Nevertheless, once we increase the disorder parameter to 1.5 and 2
(Fig. 4c, d), the intensity distribution diffusively spreads away from the
origin, indicating the breakdown of corner skin mode. Our experimental
observation agrees with the intuitively expected behavior that, for n<1,
even though there is a disorder in the modulation amplitudes, the gain for
the step towards the corner is always larger than that of the outwards
direction. Thus the four regions maintain their distinct non-Hermiticity
and the corner skin mode exists. But, when n > 1, a direction-dependent
gain for the time steps is no longer always valid and therefore the four
regions are no longer distinct and the corner skin mode ceases to exist.

To better characterize the robustness and breakdown of the skin
effect, we compute the evolution of the mean-square displacement of
the intensity distribution in the lattice as a function of time. The mean-
square displacement is quantified as <r*>(n) =Y., Py, () +?),
where Py, (n) is the time-varying intensity distribution of light. Figure 5
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shows the calculated <r*> (n) for several values of the disorder para-
meter for both theoretical calculations and experimentally measured
values. Each experimental curve corresponds to an average of eight
independent experimental realizations of disorder, while the theory
corresponds to eight averages. Due to the limited size of the lattice
(30 x 30), we only collect data from step 1 to step 15, and plot <r*> (n)
for the odd steps. The violet, red, and green curves correspond to the
weak disorder, with disorder parameters being 0, 0.5, and 1, respec-
tively. All three curves saturate to a fixed value which is well below a
certain threshold. This behavior thus implies the robustness of the skin
effect. However, for larger disorders of 1.5 and 2, corresponding to the
yellow and blue curve, the mean squared distance does not converge.
Instead, it spreads out until it becomes limited by the finite size of the
lattice, indicating a complete breakdown of the skin effect.

Discussion

In conclusion, we demonstrated robust dynamical control over the
photonic non-Hermitian skin effect in a 2D synthetic lattice. We cre-
ated a corner skin mode that localizes light and dynamically tuned the
degree of light localization. Moreover, we dynamically steered trapped
light along any given trajectory in the 2D lattice. We also demonstrate
the robustness of the skin effect under lattice disorder below a certain
threshold. Our results demonstrate that useful control mechanisms in
spatial landscapes such as reconfigurable light steering' can be
extended to synthetic dimensions.

Looking forward, the dynamic techniques developed in this work
can be further applied to investigate Floquet non-Hermitian models® %,
in particular in synthetic dimensions®. Further, one can create an ana-
logue of on-site interaction by imposing a nonlinear phase shifter after
the linear optical transformations, and investigate non-Hermitian
models of interacting particles®. Such nonlinearities could also have
implications in the recently discovered regime of topological frequency
combs®* as well as temporal mode-locked lasers® due to the periodic
temporal pulses that define our platform. Moreover, the two-fold spin
characteristics in our system can potentially be extended to non-
Hermitian models for lattice gauge theories with higher spins and non-
Abelian statistics, by increasing the number of loops®. Another intri-
guing direction can be exploring NHSE-enabled morphing of photonic
topological modes which was recently demonstrated in mechanical
lattices”. Finally, our non-hermitian lattice can be enriched with engi-
neered synthetic gauge fields®® as demonstrated recently for both
Hermitian®® and non-Hermitian models®, to explore intriguing propo-
sals such as the quantum Skin Hall effect*.

Methods

Experimental setup

To encode the 2D lattice in time we consider two fiber loops shown in
Fig. 1, labeled up channel and down channel. The length of each fiber
loop is ~3 (km), and one circulation of light in the loop is equivalent to
one step of the walk. Hence, we can encode the entire 2D lattice within
a time-duration (or time-delay) of ~15,000 (ns) without mixing time-
bins in step n and step (n +1). We first encode 30 Y-time bins in both
the up and down channels, each of time duration 250 (ns) in a total
time duration of 7500 (ns). Each Y-time bin is then occupied by 30
X-time bins, each of time duration 7.5 (ns). At any time, the state of the
system is thus represented by a complex vector (Uy,y, Dy,), encoded in
the phase and amplitude of the light pulse circulating in the two
fiber loops.

Measurement

To initialize the system, we inject a single pulse into the down channel
of the fiber loop. We use a continuous wave CW laser with 1550 (nm)
wavelength (Optilab DFB-1551-SM-10) and by modulation of this laser
using a Thorlabs SOA (SOA1013SXS), we have generated pulses of
width ~6 (ns) at a repetition rate of 1 (pulse/ms). We then control the

polarization of the laser with an inline fiber polarization control (PC)
before injecting the light into the down channel with a 90/10 beam
splitter. Note that we use two identical 90/10 beam splitters, one for
each channel. The 90/10 beam splitter in the down channel is used to
inject light into the quantum walk, whereas the 90/10 beam splitter in
the up channel is used to weakly couple light pulses out of the quan-
tum walk so that we can measure the pulse power after n steps of
evolution using the up channel's PD. Note that the EDFA placed
immediately prior to the up channel’s PD is merely used to amplify the
light pulses coming out of the quantum walk experiment, making it
easier for the PD to detect it.

As a pulse enters the system, by default we recognize it as entering
the (x=0, y=0) time bin, and thus the initial state is Do o = 1. The pulse
then sequentially passes through a 50/50 beam splitter denoted as +X-
beam splitter, a pair of time-varying intensity modulators (Optilab IMP-
1550-20-PM) is used to impose the correct gain/loss as each time bin
(x, y) passes through it, controlled by RF signal generated from Tele-
dyne Lecroy arbitrary waveform generator (T3AWG3252). We then
impose a delay of 3 (m) in the up channel and no delay in the down
channel. The same procedure then repeats for Y.

To combat photon loss in the walk, we use two Thorlabs erbium-
doped fiber amplifiers (EDFA) (EDFA100S), one for each channel.
Before amplifying the pulse, we use wavelength division multiplexers
(WDM) (DWDM-SM-1-34-L-1-2) to couple a 1543 (nm) CW laser (DFB-
1543-SM-30) to the pulses so that the spontaneous emission noise
during the amplification is reduced. We decouple the 1550 (nm) pulses
from the 1543 (nm) CW laser with the same WDM after the amplifica-
tion is done. Finally, we use PC to ensure the correct linear polarization
for the 1550 (nm) signal pulses. After this, a complete quantum walk
step is finished.

Data availability
The data used in this study have been deposited in the Zenodo data-
base under https://doi.org/10.5281/zenodo.14207240.

Code availability

The codes used for the simulations presented in this study have been
deposited in the Zenodo database under https://doi.org/10.5281/
zenodo.14207240.
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Experimental Setup

Here we show the details of the experimental setup.

To encode the 2D lattice in time we consider two fiber loops shown in Figure S1(a), labeled
up channel and down channel. The length of each fiber loop is ~ 3 (km), and one circulation of
light in the loop is equivalent to one step of the walk. Hence, we can encode the entire 2D lattice
within a time-duration (or time-delay) of ~ 15000 (ns) without mixing time-bins in step n and step
(n +1). As in Figure S1(b), we first encode 30 “Y”-time bins in both the up and down channel,
each of time duration 250 (ns) in a total time duration of 7500 (ns). Each “Y”-time bin is then
occupied by 30 “X”-time bins, each of time duration 7.5 (ns). At any time, the state of the system
is thus represented by a complex vector (U, ,, D, ), encoded in the phase and amplitude of the
light pulse circulating in the two fiber loops. We note that in our designed allocation configuration,
in particular, the time delay durations, we have chosen shorter delays than in previous 2D synthetic
works. This is because, unlike the previously mentioned works where AOMs were used for switching,
we have used EOMs which are much faster and can accommodate shorter delays [1, 2].

To initialize the system, we inject a single pulse into the down channel of the fiber loop. We
use a continuous wave CW laser with 1550 (nm) wavelength (Optilab DFB-1551-SM-10) and by
modulation of this laser using a Thorlabs SOA (SOA1013SXS), we have generated pulses of width
~ 6 (ns) at a repetition rate of 1 (pulse/ms). We then control the polarization of the laser with
an inline fiber polarization control (PC) before injecting the light into the down channel with a
90/10 beam splitter. Note that we use two identical 90/10 beam splitters, one for each channel.
The 90/10 beam splitter in the down channel is used to inject light into the quantum walk, whereas
the 90/10 beam splitter in the up channel is used to weakly couple light pulses out of the quantum
walk so that we can measure the pulse power after n steps of evolution using the up channel’s PD.
Note that the EDFA placed immediately prior to the up channel’s PD is merely used to amplify
the light pulses coming out of the quantum walk experiment, making it easier for the PD to detect
it.

As a pulse enters the system, by default we recognize it as entering the (z = 0,y = 0) time bin, and
thus the initial state is Dy o = 1. The pulse then sequentially passes through a 50/50 beam splitter
denoted as £X-beam splitter, a pair of time-varying intensity modulators (Optilab IMP-1550-20-
PM) is used to impose the correct gain/loss as each time bin (z,y) passes through it, controlled by
RF signal generated from Teledyne Lecroy arbitrary waveform generator (T3AWG3252). We then
impose a delay of 3 (m) in the up channel and no delay in the down channel. The same procedure
then repeats for Y, as shown in Figure S1(a), except the difference in delay between the up and
down channels is 100 (m).
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To combat photon loss in the walk, we use two Thorlabs erbium-doped fiber amplifiers (EDFA)
(EDFA100S), one for each channel. Before amplifying the pulse, we use wavelength division mul-
tiplexers (WDM) (DWDM-SM-1-34-L-1-2) to couple a 1543 (nm) CW laser (DFB-1543-SM-30) to
the pulses so that the spontaneous emission noise during the amplification is reduced. We decouple
the 1550 (nm) pulses from the 1543 (nm) CW laser with the same WDM after the amplification is
done. Finally, we use PC to ensure the correct linear polarization for the 1550 (nm) signal pulses.
After this, a complete quantum walk step is finished.

(a) 3m 3100m

50/50 BS 50/50 BS

+X +Y Yemod 3000m

6ns

Up Channel
Down Channel

1550nm

e P

90/10 BS

1543nm

| PC ‘ ‘ WDM |‘ EDFA | | WDM | *CW
1543nm
50/50 BS
| PC ‘ ‘ WDM || EDFA | | WDM |
90/10 BS
1543nm
|Osc\’|losc0pe| PD | l EDFA |
(b)
upchannet Lt | L L L | [ee Moo | B[] Lo R I L] [
“«— X-1 X X+1 < >
pown channel ** Lw | L L L feee g | || (ML L g L L] [
Y-1 Y Y+1

FIG. S1. Sketch of the complete experimental setup and encoding scheme. (a) Details of the
experiment, with continuous wave (CW) laser, polarization control (PC), wavelength division multiplexer
(WDM), photodiode (PD), beam splitter (BS), intensity modulators (X/Y-mod), erbium-doped fiber am-
plifier (EDFA) and semiconductor optical amplifier (SOA). (b) Encoding the 2D lattice in time bins in two
fiber loops. The two loops are named “up channel” and “down channel”, respectively.
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FIG. S2. Example of full evolution in a complete step. Both the up and down channels of the fiber
loops are shown. (a-g) The complete evolution within one step given that the initial state is Dy—g,y—0 = 1
and all other U,,, and D, , are 0.

Mathematical formulation of the quantum walk experiment

Here we give the most general mathematical formulation of our quantum walk. Figure S2(a-g)
shows this evolution when the input state is Dy = 1.

As mentioned in the previous section, the state at each step is given by a complex vector
(Ug,ys Dy.y) where z and y ranges from —15 to +15. After the first beam splitter (£X), the
state is updated to (Figure S2(b):

/ 1
U,,=—=Usy—Dysy)
T,y Y Y
v (s1)

, 1
D,y = E(Um’y + Dzy)

After the first pair of modulators (+X modulators), we obtain:

" o ’ U
Uxay - Uﬂ?vy 3(79) (82>
D,y = Dz,yfugg/)

where fig/ D) is the gain/loss applied to each time bin in the up/down channel by the X modulators.
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After the delay:

A (83)
Dm,y = Dmfl Yy
This yields:
" 1 (U)
Uw,y - E(anl,y - Dx+1,y)f.r+1,y
1 (s4)
i D
Dm,y \/i(UI 1y+Dm 1,y)f£ )ly
Then, we enter the second beamsplitter (+Y):
W/ B ]_ (U/// _ D/// )
NG A z.y (s5)
/ 1
P, = 7(U +D)
After modulation (£Y modulators):
W, =W,,c%)
Y ny) (S6)
F =F, e yCinny

where cgi,/ P)is the gain/loss applied to each time bin in the up/down channel by the Y modulators.

After delay:

" v'// ]_ 1’ " (U)
Woy =Wy = E(Uryyﬂ = Dy 1) X €y
S7
1 1 1 1 (D) ( )
F,,=F :_(Ux,y 1+Dry 1) X Cpy—1

z,y z,y—1 \/5

w. E. ) is thus the output state given the input state (U, Ds,y). Consider a pulse ending

x,y?

up in time bm (z,y) at step (n+ 1). Denoting it as U;TLH) and D;’Zrl)7 we have:

n n n U U n n U
U’E‘,y+1) [(U.£+>1,y+1 Da(t:-i-)l,y—i-l)f.i—&-)l,y-&-lci-‘r)l y+1 (U( ) 1,y+1 + D.E, 1, y—‘,—l)fL 1,y+lc.(L )l,y—l—l]
n n n U D n n D D
Da(c,,;_l) [(Uag-i-)l ,y—1 Da(c-l-)l y— 1)fag+?L Y— 1€ §c+)1 ,y—1 + (UJE—)l,y 1 Da(c )1 Y— 1)f3(c % Y— 1€ i )1 Y= 1]
(S8)

The above equation thus describes the full evolution of the state within one step. We can obtain
lattice gain/loss pattern as shown in Figure 1(a) or in Figure 1(c) of the main text, by properly
choosing f(U/P) and ¢(U/P) as a function of (z,y). For example, for a bulk lattice as shown in Figure
1(a) of the main text, we choose fq(«[{/) = 175, f,q(c?,) = ae 0175, cg«Uq) = ael17 c,gﬁ,) = ae 0175,
Here « is the additional loss imposed by the modulators, and we use EDFA to compensate for the
loss such that effectively, « = 1. In the experiment, we are only measuring light in the up channel,

and thus the power of pulses, or the probability distribution of the walker in the up channel, is



P, x \Um7y|2. We normalize this probability distribution for all experiment data. Importantly,
we also note that while the signal-to-noise ratio is always decreasing as a function of the time step
as seen in all the static control measurements, the power intensity distribution in the lattice also
changes as a function of the degree of localization of light. This is particularly important in dynamic
control over the localization of light at the corner as well as tweezing measurements when the light
is localized at the corner after spreading.

Effective band and energy winding of the bulk model

Here we impose periodic boundary conditions for the bulk lattice as shown in Figure 1(a) of

the main text, in both X and Y directions. The modulations are fj(;q,) = 0175, fég) = 0175

cgjy) = 0175 c&f?j = ¢ %17 and thus §, = 0.175 and &, = 0.175. With this assumption, we
can therefore apply the Bloch theorem to the quantum walk evolution equation in the previous
section and introduce the Bloch vector (k,,k,). We use the ansatz U,, = eik“""'kyyﬁkwky and
D;y = eik””kyyﬁkmky for the eigenmodes of the walk. The evolution equation can now be
simplified to:

Ukw’ky 1 [eikatihy fU)oWU) _ gmikartiky f(D)(U)  _giketiky p(U)o(U) _ o= ikatiky £(D)(U) ﬁkw,ky
{kaky] =35 |:eikx—ikyf(U)c(D) 1 emika—iky f(D) (D) _gika—iky £(U) (D) | e—ikr—ikyf(D)C(D):| {kaky]
(S9)

Since we have two discrete degrees of freedom U and D, we always obtain two different eigenvalues
for each (k,, k,) as we diagonalize the above 2 x 2 matrix. We call the two eigenvalues Uk, k, and
dy, .k, The two effective energies are thus defined as €y, (kz, ky) = ilog(ur, r,) and €qown (kz, ky) =
ilog(dk, k, )-

We further consider the four bulk patches in Figure S3(b) and show that they exhibit different
non-Hermitian topological invariants, namely the winding of the effective energy €., down (Kz, ky)
in the complex plane. Without loss of generality, we always pick two loops in the Brillouin zone:
ly = {ky = /4, ky € [-7 — 7|} and I}, = {ky, = ©n/4,k, € [-7m — 7|}, as shown in Figure
S3(a). For each bulk panel in Figure S3(b), as one varies (k, ky) along I, and I, the corresponding
complex energy €(k;,k,) can finish a single loop in the complex plane, either in the clockwise
or counterclockwise direction. The winding direction of €(l,) and €(l;) forms the non-Hermitian
topological invariant of the bulk. Note that we have suppressed the unimportant label up and down
since €yp(1;) and €gown (l;) always wind in the same direction. We note that the formation of corner
skin modes in our semi-infinite system is guaranteed by the non-trivial winding in the complex
energy plane. In particular, the four domains with different complex hoppings exhibit different
directions of winding. At an interface between domains with different windings, we observe skin
modes, as shown in Fig.1d in the main text. This phenomenon is similar to that of Hermitian
topological systems where two regions with different winding numbers (or topological invariants)
show edge modes.

A detailed discussion of the robustness of the corner skin modes is available in Ref. [3].
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FIG. S3. Bulk band non-Hermitian topology. (a) For each bulk patch, we choose two oriented loops
in the Brillouin zone: I, = {ky = 7/4,k, € [-7 — 7]} and |, = {ko = 7/4,ky € [-7m — 7]}. Each loop I;
then contributes to two individual complex energy winding loops €up(l;) and €gown (I;) winding in the same
direction. We calculate this winding for all four patches in (b), corresponding to positive or negative d,
and dy. (c-f) The topological invariant is the winding direction of the directed curve ¢(l;) and €(l,) in the
complex energy plane, which can either be clockwise or counterclockwise.

Localized eigenmodes at the presence of boundary and corner

As shown in Figure 1(d) in the main text, the averaged spatial profile of the eigenmodes of the
walk is localized at the corner. In Figure 1(c) of the main text we have chosen ¢, = §,, = 0.175, but
the feature of the spatial profile persists for any d, = d,, > 0. Here in Figure S4 of the supplementary
section, we show the average eigenmode spatial profile for ¢, = 4, = 0.03,0.06,0.09,0.12,0.15 and
0.18. As one increases 0, = d,, we observe that the averaged spatial profile becomes more localized.
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This explains the gradual tapering of the walker’s probability distribution as one increases/decreases
the non-Hermitian parameter in time, as shown in Figure 3(a) in the main text.

Static control supplementary data

Here we present additional experimental results for the quantum walk with no dynamical control.
We first show that, with ¢, = J, = 0, the walker diffusively spreads into the bulk of the lattice, as
shown in Figure S5(a), where the probability distribution of the walker is plotted for step 1,5,9,13.
The averaged displacement, defined as < 7% > (n) = 35, P, ,(n)(z* 4+ y?), is plotted in Figure
S5(b), for step 1,3,5,7,9,11,13 and 15. Here P, , is the probability distribution of the walker at
time step n.

Furthermore, as mentioned in the main text, the funneling of light happens wherever the walker
is initialized, assuming the lattice gain-loss pattern shown in Figure 1(c) of the main text. This is
manifestly shown in Figure S6, where we always choose the initial state to be Dy—g y—o = 1, but
lattice corner is located at (10,—10), (10, 10) and (—10, —10), respectively.
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