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Time independence does not limit information flow. II. The case with ancillas
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While the impact of locality restrictions on quantum dynamics and algorithmic complexity has
been well studied in the general case of time-dependent Hamiltonians, the capabilities of time-
independent protocols are less well understood. Using clock constructions, we show that the light
cone for time-independent Hamiltonians, as captured by Lieb-Robinson bounds, is the same as
that for time-dependent systems when local ancillas are allowed. More specifically, we develop
time-independent protocols for approximate quantum state transfer with the same run-times as
their corresponding time-dependent protocols. Given any piecewise-continuous Hamiltonian, our
construction gives a time-independent Hamiltonian that implements its dynamics in the same time,
up to error €, at the cost of introducing a number of local ancilla qubits for each data qubit that
is polylogarithmic in the number of qubits, the norm of the Hamiltonian and its derivative (if it
exists), the run time, and 1/e. We apply this construction to state transfer for systems with power-
law-decaying interactions and one-dimensional nearest-neighbor systems with disordered interaction
strengths. In both cases, this gives time-independent protocols with the same optimal light-cone-
saturating run-times as their time-dependent counterparts.

Introduction.—Locality constraints underlie many as-
pects of quantum many-body dynamics that have re-
ceived significant attention in recent years, such as topo-
logical order [1-3] and many-body localization [4-7],
among others. Locality constraints also play a role in the
practical implementation of quantum computers—while
most idealized theoretical models assume all-to-all con-
nectivity for gates, real quantum computers often have
quite restricted interaction graphs, and taking this into
account can introduce polynomial overhead to implement
arbitrary nonlocal gates [8-12].

One of the key theoretical results for systems with lo-
cality constraints is the Lieb-Robinson bound, which lim-
its how fast quantum information can propagate [13, 14].
Originally proven for spin systems with finite-range inter-
actions, they have been extended to accommodate bosons
[15-18], long-range interactions [19-23], disorder [24-28],
and various other settings.

These bounds have been instrumental in providing
rigorous proofs of various results in quantum many-
body physics, such as the existence of the thermo-
dynamic limit [29], the stability of topological phases
[1-3], quasiparticle scattering [30-32], and the higher-
dimensional Lieb-Schultz-Mattis theorem [33]. Addi-
tionally, they give bounds on the speed at which var-
ious quantum protocols, such as state transfer, Green-
berger—-Horne—Zeilinger (GHZ) state preparation, etc.,
can be performed in specific models of quantum comput-
ing. Saturating these bounds has been an active direction
of research [20, 34, 35].

However, nearly all of the existing Lieb-Robinson-
type bounds have applied to Hamiltonians with arbitrary
time dependence. Time-independence—or equivalently,
energy conservation—is a significant restriction in the
power of a computational model, so it is natural to ask
how it affects the capabilities of quantum many-body sys-
tems.

In this paper, we develop a locality-preserving method
to remove time dependence for piecewise-continuous
time-dependent protocols, at the cost of a number of local
ancillas for each data qubit that scales polylogarithmi-
cally in the allowable error ¢, system size N, protocol run-
time T', and quantities h and hy, defined below in Eq. (1),
that represent the strength and rate of change of the
Hamiltonian, respectively. Our approach modifies the
clock construction of Watkins, Wiebe, Roggero, and Lee
(WWRL) [36] that, given a base time-dependent Hamil-
tonian, outputs a time-independent Hamiltonian driven
by a global clock whose time-evolution has rigorous guar-
antees on the deviation from that of the base Hamilto-
nian. The clock controls all time-dependent terms and is
driven forward at a constant speed by a discretized mo-
mentum operator. We replace the one global clock with
many local clocks (one per site) to preserve the locality
structure of our system, having each clock driven by its
own momentum operator, and letting a single clock con-
trol any given interaction abutting it, incurring a modest
increase in local clock dimension (in addition to the over-
all increase due to changing one global clock to N local
ones). We call this modified clock Hamiltonian the local-



ized WWRL construction. While one might worry that
the different clocks desynchronize during the course of
the time evolution, we prove that this effect can be made
negligible and that the performance guarantees from the
original WWRL construction continue to hold.

Since time-dependent Hamiltonians that saturate a
variety of Lieb-Robinson bounds are known, this lo-
calized WWRL construction yields corresponding time-
independent Hamiltonians that also saturate the bounds.
In other words, if allowed polylogarithmically many an-
cillas per site, Lieb-Robinson bounds cannot be tightened
by assuming time-independence.

As examples, we “staticize” (i.e., make time-
independent) state-transfer protocols for systems with
long-range interactions and disordered qubit chains from
Refs. [37] and [24], respectively. These are two sce-
narios for which Lieb-Robinson bounds with non-linear
light cones have been derived (i.e., information propa-
gates across distance r in time ¢ « 7% for z # 1). In
the long-range case, we have z < 1, and in the dis-
ordered case, we have z > 1. These light cones are
saturated via the aforementioned time-dependent proto-
cols, and thus via our staticized versions as well. We
are not aware of prior work that realizes optimal time-
independent state-transfer protocols in these settings.
While these examples illustrate the capabilities of our
construction, the localized WWRL procedure works for
any piecewise-continuous protocol, including in particu-
lar quantum circuits.

Setup.—Consider an N-qubit Hilbert space H =
((C2)®N7 with the qubits located on the vertices V of a
graph with edges E. We are given some time-dependent
Hamiltonian H(t) := ) . He(t) (where any single-site
terms are absorbed into an edge incident on the site)
defined for ¢t € [0,7]. While we will later relax these
assumptions, for now suppose that H is differentiable,
that H(0) = H(T) and H(0) = H(T) = 0, and that the
following quantities are finite:

hi= max|Ho(t)ll, hi:=) max|H()l| (1)
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We wish to construct some time-independent Hamilto-
nian H, with O(log(T'N)) local ancilla qubits per site
and respecting the same locality constraints as H (),
such that e7*7H =~ U(T), where the latter is the time-

evolution operator generated by H(t) from 0 to T

We do this by modifying the WWRL construction from
Ref. [36]. Specifically, we augment the Hilbert space at
every vertex v with an ancillary clock qudit of dimension
N. € N that we specify later. The augmented Hilbert
space is Haug = (C? ®(CNC)®N Since H(0) = H(T)
and H(0) = H(T) = 0, we can define the Hamiltonian
for all ¢ € R by making it periodic with period T—take
H(t) to refer to this extension from now on.

Details of the Localized WWRL Construction.—We

FIG. 1. A cartoon of the localized WWRL construction acting
on 3 qubits. The color of edge e corresponds to the color of
the Gaussian clock state attached to vertex p(e), where p(e) is
an arbitrary fixed function that picks one of the two vertices
of e. Note that there is no a priori requirement that all p(e)
are different, but in this cartoon, that happens to be the case.

have N, clock states, each corresponding to a time step
of duration 6 := T/N, within a total time period of T.
For later technical convenience, we let N, = N, N,, with
N,,Ng € N, and 7 := T/N,, = N,6. We use this two-
level coarse-graining of the discretization to control the
two main sources of error in the construction described
below.

The intuition for the modified WWRL construction is
as follows. We construct a time-independent Hamilto-
nian H on Haug Which is the sum of two non-commuting
terms. The first term, A, is the sum of discretized mo-
mentum operators on each clock, which drives the clocks
forward. The second term, C'(H), implements controlled
applications of the Hamiltonian terms H., depending on
the clock state of one of the vertices in each edge. Thus,
the momentum operators keep the clocks moving, while
the controlled Hamiltonian terms ensure the correct evo-
lution is happening to all data qubits. See Fig. 1 for a
schematic of the construction.

More concretely, for any v € V, let U, :=
>_rezy, (K +1) (k[)y, where |k) denotes the state of the
clock associated to qubit v. Then let A := Y ver Ao,
where )

N} .
This is our discretized total momentum operator. Next,
we implement controlled applications of the H. terms.
To preserve the locality structure of the base Hamilto-
nian, we associate our clocks with vertices, not edges.
This means that for each interaction term H, we have
to choose one of the vertices in e on which to control
the interaction. We encode this (arbitrary) choice into
a function p: E — V with p(e) € e for all e. With this



defined, let
= D > H(kO) @ (k) ()pe)-  (3)
kE€Zn, e€EE
The localized WWRL Hamiltonian is then
H:=A+C(H). (4)

Next we introduce the initial states of the clock regis-
ters. To balance the localization in position and momen-
tum space, we choose a Gaussian wave packet. Letting
| - |e :== min{]| - |,|N. — |} be the distance on Zy,, take
|¢j) to be the one-dimensional Gaussian state centered
at j € Zy, with standard deviation o:

62\1 J\2
|65) : ; ()
"I
with A chosen so || |¢;) | = 1. For j € ZY , then take
|®5) := Qe |#;) - We initialize the clocks to |®o). For
this construction to work, ¢ must be chosen carefully, as
discussed in Corollary S2 of the supplemental material.

We claim (and prove in the supplemental material)
that e T ) |®g) ~ (Upase(T) |¢¥0)) ® |®o). This fol-
lows from the first-order Trotter product formula (with
time step ) and two properties:

1. e |®,) ~ |®py ) for suitably small § > 0,
m € 7Z. This holds because A is approximately the
total momentum operator, and thus approximately
generates translation of all clocks.

2. e U ) |Bj1) ~ (e [¥)) @[ ®;1) for suf-
ficiently small ||, 7/0. This holds because |®;1)
has each clock localized around jd, and C'(H) acts
as H(j9) for clocks in that state.

—iH (j6)n

These two properties are rigorously stated in the supple-
mental material in Lemmas S11 and S12, respectively.
We then combine the above properties to finish the
justification. We first note that e~*77 = (e‘”H)NP. By
the Trotter product error bounds and Lemma S10, when
72h; is small (and thus by Lemma S10, 72||/[A, C(H)]|
—iTH oy o—iTA —iTC(H) Therefore,

e u—A( —iTH(IT) |w>)|¢)le >

A (e mHUT) |7/J>)|q>(l+1)N 1)
(6)

is small as well), e

e—i-rAe—i'rC(H) |w> |¢)le >

Applying this repeatedly, we have

efiHT|¢>|(I>O> ~ (efiTH((prl)T). . .efiTH(O) |w>)|(1>0> . (7)

e—iTH((Np—l)T) . e—iTH(O)

is in turn a first-
with low error if

Now,
order approximation of U(T),

JZ\;—Z max;, | H(t)| < % is small, so
P p

e T ) [ Do) = (U(T) [1))|o) (®)

It may be surprising that the clocks evolve without any
back-action from the data qubits, since the two are

coupled through C(H). Yet when the Hamiltonian is
time-independent, C'(H) commutes with A and hence
there is no back-action. More generally, the smallness of
hyT?/N, implies that C(H) and A approximately com-
mute, so the back-action is negligible over the run-time,
as shown in Lemma S10 of the supplemental material.
Carrying out this analysis quantitatively, we obtain ex-
plicit requirements on the relevant parameters, and in
particular, show that to have an overall error of at most
e, it suffices to take

24
N, = @(\/N;?T log hT\W). (9)

3

For the details of this calculation, see Corollary S2 and
Egs. (5109-S111) in the supplemental material.

Mollifier Convolution.—The preceding discussion was
for differentiable periodic Hamiltonians. To staticize
a general piecewise-continuous time-dependent Hamil-
tonian Hyase(t), we approximate it with a smooth one
by convolving it with a specific compactly supported
smooth mollifier. We begin by defining a Hamiltonian
Hpase(t) := 2Hpase(2(t — T/4))1[t € [T/4,3T/4]] which
generates the same evolution as Hyage Over time T but
is supported on [T'/4,3T/4] instead. We then convolve
Hbase(t) with a mollifier ¢,(¢) compactly supported on
[—s,s] for some s < T/4, in a very similar manner to
Ref. [38], to get the smoothed Hamiltonian

HE) (1) := (¢s % Hpase) (t). (10)
Since H®) s differentiable and (owing to s < T/4)
H®(0) = H)(T) = H®(0) = H®)(T) = 0, we can ap-
ply our localized WWRL construction to it. It remains

only to choose s such that the evolution under HG) ig
close to that under Hyage.

The difference in operator norm of the evolutions
generated by H®) and Hpase is at most 3Tsh2/2
(see Lemma S13). Further, it is straightforward to
show that h := > max,||H.(t)| < 2h and hy :=

S, maxy | He(t)|| < 3h/2vs (Lemma S14) for v = 0.222.
We can plug these values into Theorem S1 to obtain
the error bound of Corollary S3. We then use this er-
ror bound to determine first how small s must be and
then how large the clock dimension should be to get a
total error of e.

To determine how small s needs to be, we demand
that the approximation error from the convolution is at
most £/2, s0 s < 555, Letting s = 555, we have
hy < 9h3T/2ve. Thus, taking H = HEBRT) for our lo-
calized WWRL procedure and then plugging our bounds
on h, hy into Eq. (9), we obtain an e-error staticization of
a general piecewise-continuous protocol with local clock
dimension

NhSTS hITv N
N, = O(f log f)

b €

(11)



Application: Long-Range-Interacting Systems.—It is
possible to generate entanglement super-ballistically for
Hamiltonians with sufficiently slowly decaying power-law
interactions. An optimal time-dependent protocol satu-
rating the Lieb-Robinson bounds was found in Ref. [37].
Consider qubits arranged in a hypercubic lattice in d di-
mensions. Let a € (2d,2d + 1); the analysis is similar,
though more technically involved, for the a € (d, 2d) and
a = 2d regimes, and we get the same resulting ancilla
dimension, Eq. (13), up to substituting the appropri-
ate time-dependent run-time. For details of these other
regimes, as well as for a € [0,d] (which staticizes a dif-
ferent underlying protocol [39]), see Sec. S5 and Sec. S6
of the supplemental material (note that, for a > 2d + 1,
the light cone is linear so there already exist saturating
time-independent protocols). We suppose the lattice has

side length ((3ﬁ] + l)q for some ¢ € N, meaning that
1

N = ([37=] + 1)qd Applying the localized WWRL
construction, each of these data qubits is given a clock
ancilla qudit located on the same site as the data qubit.
We further impose the restriction that all two-site inter-
actions Hy; j) between sites located at i and j must satisfy
[Hyigyll < [li—jl| = We restrict single-site interactions
to unit norm [40]. Our task is to transfer the unknown
state [¢)) = @ |0) +b|1) from the O site to the (N'/4 —1)1
site, i.e., the furthest site from 0. We assume all other
sites have their data qubits in the |0) state. We do the
transfer by encoding the initial state into a modified GHZ
state a @@N +b |T>®N and then running that procedure
in reverse, but decoding the state onto the (N'/¢ — 1)1
site as opposed to O.

To do the encoding into the modified GHZ state, we
staticize the procedure from Ref. [37]. To analyze the
ancilla count, we first explain the original protocol. For
brevity, as specified above, we only consider the regime
where o € (2d,2d + 1). We divide the sublattice into a
collection of progressively coarser hypercubes of qubits,
each of size V; := 7‘? where r; = ([Sﬁ] + 1)]. The
protocol recursively builds GHZ states on the larger hy-
percubes out of the smaller hypercubes. We focus our
discussion in this section on the recursive step.

Let us assume we can construct the GHZ states for the
smaller hypercubes. The protocol then proceeds as fol-
lows: first, we construct the modified GHZ states on the
smaller hypercubes. Then, we choose one of these hy-
percubes to be our control, and perform controlled phase
gates (in the logical {|0) := |0)®"7,|1) := [1)®"7} sub-
spaces) on all the other hypercubes, obtaining the state
a|0) | F)PNViT Ly 1) |2)ENViTY T perform a log-
ical Hadamard gate on those hypercubes, we then in-
vert the smaller-hypercube GHZ-construction protocol,
returning the state to

®(¢; -1

®(%—1)

(12)

a[0) (1410} 125 T by (1-) (02

for specific sites inside the hypercubes, and all other sites
to |0) . We then perform Hadamard gates on those specific
sites, and finally apply the hypercube GHZ protocol once
again, completing the logical Hadamards.

To analyze the performance of this model’s staticiza-
tion, we calculate h. As the Hamiltonian of each step is
just a rescaled sum of commuting projectors, the calcula-
tion is significantly simplified. For details, see Sec. S5 of
the supplemental material, which shows that h is ©(N).

Plugging the scaling of h into Eq. (11), we find

N13/2T6 N3/2T)

= log . (13)

m:o(
We then take the logarithm to find the number of ancilla
qubits per data qubit. We reiterate that, in Sec. S7 of
the supplemental material, we use a different smoothing
technique to get a better scaling of N, with N.

Application: Disordered Spin Chain.—On the other
hand, for nearest-neighbor systems with disordered in-
teraction strengths, when the low-strength tail of the
interaction distribution is sufficiently heavy, the fastest
one can generate entanglement is sub-ballistically. The
SWAP-based time-dependent state-transfer protocol was
shown to saturate the Lieb-Robinson bounds in Ref. [24].
Consider a one-dimensional chain of qubits with nearest-
neighbor couplings ||Hy; ;11y]| < Jii,i413- Let pn(J) ==
+ Zf\;_ol 1[Jgi i1y < J]. We assume that py has a well
defined limit g [41] that is ©(J%) for some a > 0 as
J — 07, and that, as N — oo, the maximum J is
bounded and the minimum J decays slower than N—9
for all 8 > 1/a.

Then, we perform state transfer between site 0 and
site N — 1 by performing SWAP gates along all edges
between them. A SWAP gate across edge {i,7 + 1} can
be implemented by running a norm-.J¢; ;11 Hamiltonian
for time @(J{_i,li-s-l})' Prior work [24] has shown that the
total run time T for this protocol satisfies

lim Tn _ {0 z >max{l,a"1},

14
0 2z <max{l,a" '} (14)

Finally, note that h = ©(max} ' Jiiit1y) = O(1).
Thus, letting z. := max{l,a"'}, and plugging into
Eq. (11), we have

J\/‘O.S-‘,-G.GzC

NO-5+1.12
= log )
€ €

N.=0 ( (15)
Once again, in Sec. S7 we get better scaling with N.
Discussion.—In this work, we created a staticiza-
tion procedure that is local and uses polylogarithmically
many local ancillas. We showed that, with the aid of such
ancillas, time-independent Hamiltonians can saturate the
same Lieb-Robinson light cone as time-dependent proto-
cols. However, it remains open whether we can reduce
the local ancilla count to constant. Equivalently, this
would mean embedding both data and ancilla qubits into



a lattice in R such that all qubits are distance (1) from
each other in the N — oo limit, while still satisfying the
interaction-strength constraints. In our companion pa-
per [42], we do so for long-range free-particle Hamiltoni-
ans. Unfortunately, for general Hamiltonians, the local-
ized WWRL protocol seems hard to extend to low-ancilla
regimes, since to preserve its accuracy as the number
of qubits increases, the protocol requires the number of
clock steps per site to increase.

However, we can still consider improvements to this
construction. It may be possible to implement the
clock for the specific protocols staticized above in a
locality-respecting way while reducing the redundancy
introduced by having N local clocks. Additionally,
perturbative gadgets [43] might be able to decrease (k-
)locality and thus eliminate the higher-locality interac-
tions in the construction, potentially resulting in a com-
pletely 2-local Hamiltonian that may be more practical to
implement experimentally. However, this might induce a
significant slowdown due to the necessity of encoding the
3-local interactions into the low-energy subspace of the
Hamiltonian.

It is worth emphasizing the generality of our approach.
While we focused on two specific settings with saturable
non-linear light cones, the localized WWRL construc-
tion can be applied to any piecewise-continuous Hamil-
tonian (although it is only preferable to the standard
WWRL construction when wanting to preserve the un-
derlying locality of the base quantum system). Namely,
this includes any circuit-based quantum algorithm, many
quantum annealing protocols, and entangled-state prepa-
ration methods for, e.g., quantum sensing applications.
Investigating the specifics of such applications is an ex-
citing direction for future research.
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Supplemental Material for “Time independence does not limit
information flow. II. The case with ancillas”

In this supplemental material, we provide rigorous theorems that support our discussion of the performance of the
localized WWRL construction, and also give a more comprehensive discussion of the GHZ state preparation protocol
for long-range interacting systems. To do so, in Sec. S1 , we first reiterate definitions of constructions from the main
text as well as define some quantities that will clean up the presentation of the results in this supplemental material.
In Sec. S2, for completeness, we state and prove important technical lemmas that we then use in Sec. S3 to rigorously
prove the relation between ancilla dimension and error we discuss heuristically in the main text. In Sec. S4, we
introduce a way to approximate general piecewise-time-continuous Hamiltonians with smooth ones via convolving with
a compactly-supported smooth function, thereby extending the applicability of staticization to piecewise-continuous
Hamiltonians. In Sec. S5, we introduce all of the technical details of the GHZ-state preparation protocol we staticize in
the long-range setting for power-law exponent a € (d, 2d+1). In Sec. S6, we do likewise for the protocol when « € [0, d].
Finally, in Sec. S7, we introduce an alternate staticization procedure for piecewise time-independent Hamiltonians (a
notable case being quantum circuits) that can in some cases, including our two specific examples, give better local
ancilla dimension scaling, which we additionally derive.

S1. PRELIMINARIES AND NOTATION

In this section, we review all of the relevant constructions from the main text and reiterate some key definitions.
First, recall that we are given a differentiable T-periodic Hamiltonian H (t) as input. We let N. = N, N, for some
natural numbers Ny, Ny, and let § := T/N, and 7 :=T/N,,.

Definition S1 (Localized WWRL Hamiltonian). Let U, :=}_, o, (|k + 1) (k[).,

.Uv - U;}f
Ao =i,

and A =) . A,. Further, let
C(H):= Y > He(k8) @ (k) (k])oe)- (52)
Then, let
H:=A+C(H). (S3)
Definition S2 (Gaussian States). For z € Zy_, let |z|. := min{|z|,| N, — z|}. Then, for j € Zy,, we let |¢;) € CNe
by

6= o= 3 e FI ), (s1)

lEZN,
where N is defined so | [¢;) || = 1. Further, for j € Z} , we let

1®5) = X)) - (S5)

i€]

Definition S3 (Constants). Let

and

= H . 1
h1 e tg%g%]II @Dl (S10)



Definition S4 (Partial Difference). Let f: R > S — C such that [z — h,z + h] € S. Then,

D)@ = TEXD T2 R)

S2. TECHNICAL LEMMAS

(S11)

For completeness, in this section, we collect technical results that we use to prove the main results of the paper.

Tensor Product Lemma

In this subsection, we prove results bounding the difference of tensor powers of vectors in terms of the difference of

the vectors, which we will use later to extend the WWRL bounds to the localized case.

Lemma S1. Let [¢)), |¢) € CP satisfy (|¢) € R. Then,
162N = 10) V|| < VNIl9) — [@)]]-

Proof. Let

) =ald) +b[L),
where a,b € [0,1], a® + b? = 1, and (L|¢) = 0. We have ||[¢)) — |¢)|| = \/2(1 — a). Further,

)& = aN 9N el L),

where a?" + ¢ =1, and (| (|¢>®N) =0.
We thus get that

[ &Y = [6)2Y|| = /(1 — a¥)2 + 2
NNy

) - )12\
a1 (1= LSy

Next, using (1 + 2)Y > 1+ Nz when N > 1 and > —1, we find

|Hw>®N_‘¢>®NH <\/§\/1—(1—N”|¢>_2|¢>”2)
= VN|[¢) = |9l

as claimed.

Corollary S1. Let P be an orthogonal projector on CP. Then, for all |¢) € CP,
I(7 = PEN) [9) N < VNII(T = P) [4)]).

Gaussian Tails

(s12)

(S13)

(S14)

(S15)

(S16)

(S17)

In this subsection, we provide a number of bounds on the norms of derivatives, deviation between finite differences

and derivatives, and tails of Gaussian states, which we have defined in Definition S2.
First, we bound the normalization constant.

Lemma S2. [36, Lemma 5]

(S18)



Proof. First, note that

Next, we note that

Thus,

SO

where we use the fact that

to get the final inequality.

We next bound the tails.

Lemma S3. Let IIp , =

Proof. We have that

|
(]
_qi..
(]

7=0 J:Nc/2
N./2—1 e

>2 g e 2 -1
Jj=0

o \/ga 2 TOo T
= — due™ =,/——erfl —).
\/55/0 " 858r (\/§0>

—
ERRN)
alo
—

erf(%) —

1

29

m™ o

01 —erfc L)

20

29

m™ o

%%

erfe(z) < ‘.

N

T By

Y jilj—rlosa l3) (Gl Then, with |¢) defined as above,

s |60} [I* =

A252
o2

V2B

e
M [¢0) | <

3 o255 li—rl?

Jili—=rle>A

2
> e
Jilile>A
| [Ne/2o
5252/ 2
— N E e 2j%6% o +
Jj=A+1
N./2
2 / _24252
<= Y e
N

j=041

z=

z|=

7
AV

N.—A-1

2

J=Nc/2

e 2(Ne—3)?6% /0

(S19)

(520)

(s21)

(S22)

(S23)

(S24)

(S25)



10

Now, we can bound this sum from above by an improper integral from A to oo, getting

2 S
M rlon) P < 5 [ dje 259" (526)
4252
Now, we can use the fact that f;o dze—A%? < 62222 to say that
1 o2 _,s2a2
IMa - [ér) |17 < N 52A ¢ 25T (S27)
Then, by Lemma S2, we have
2 ]. ag ,2@
Mar[¢r) (|7 < 2B2 5A°C < (S28)
arriving at our result. O

Before proving more results about Gaussian states, we introduce a technical lemma bounding the difference between
first and second finite differences and first and second derivatives of functions.

Lemma S4. Let f € C*([x — h,xz + h]). Then

h’2 n
Dufl(e) = 0ufl() | < G max 1) (529)
and ,
|[D7: f1(=) — [0 f)(2)] < B max ]If"”(T)I- (S30)

- 3 TE[x—2h,x+2h

Proof (adapted from Ref. [44]). Note that f(x +h) = f(x) £ f'(x)h + @hz + Ro(x,£h), where

z+0 (k+1)
Ry (,8) == / dt%ll(t)(t — )k, (S31)
Thus,
/ (@) p2 _ _ I7(@) 2 _
00y = L 0t 2 i)~ 1) = e ZE + Rt )
We can now bound the remainder term
Ro(x,h) = Ro(w,—h) _ 1 [ (" (1) ()
2 2h2 —%M dt=—, (t—x)Q—/I dt=—; (t—x)Q}
1 eth 7 2
~m/, def™ () (t — x)7, (S33)
giving
R(x,h) — Ra(a,~h)| _ 1 (t—2)*]"""
2h ‘ - Ete[zrill?,)a(wrh] L] [ 3 L;—h
h2 i
6 te[ﬁl}?,);h] £ (S34)
We can perform a similar analysis for the second-order finite difference:
1 1 " .
DR = gz | (F@) + 2@+ T a2 4 T a4 oo om)
—2f(@) + (@) = 2f (@) + ! "2(‘””) (2h)* - fméx) (20)° + Ry(a 2’”)}
_ f”(x) n Rs(x,2h) +R3($,—2h). (S35)

(2h)?
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Bounding the remainders, we get

RS(Z, Qh) + RS(:C, *Qh) _ 1 /I+2h f””(t) 5 /z2h f””(t) ,
(2h)2 aenaia dt 5 (t—x)” + i de 5 (t — ) (S36)
SO
Rg(:L', Qh) —+ Rg(:L', 72h) 1 . (2h)4
<
(2h)? ’ = 6(2h)2 te[wg}?,};+2h]|f (B)] x 2
i h2 "
) te[x—nzl}%,)a(cnh}'f ®)- (S37)
O

We now bound the difference of the finite difference and derivative states of the Gaussians.

2
Lemma S5. Let ¢;(t) := ﬁexp{—g—z g—i —j|6] Then, if |D§k)¢j> =3, [D((;k)qﬁj](lé) |1, with Ds defined as above,

(k (k
and 0" ¢) = D@ {54 Ne /2= (k=1),..jt Ne /24 (h=1)} P () 11y,

52 A
11Ds¢;) = 10w65) | < V255 (S38)
and
A 1T
D26:) — 020.) || < 8§— = ¢ =
I1D365) ~ 1026 | < 8255 + 5 (539)
where A, B are defined as in Definition S3.
52112 _ 2
Proof. Let ¢;(t) == ﬁeﬂﬁ\ﬁ_ﬂf We then have that
|Dséj) = Y [Dsc;)(kd) |k), (S40)
kE€Zn,
Oudi) = D bite) k) (S41)
k#j+Nc/2
Then, by Lemma S4,
. . &4 2
10 =1+ Nef2) G+ Ne/2D(Dso) — Do DIE< 5 > max o @F. (542)
k€N \j+Ne/2y
Now, we can put in a bound on ¢7’(¢). We have that
4| 8t — 3t B s,
R e (543)
Noting that
132 — 22| < V2" /2, (S44)
we have
44/2 2
CAGIRES Byﬁefﬂ 5l (S45)
o
Thus, we can insert this bound to get
64 521t 42
I—15+4N./2) G+ N./2)(|Dsp;) — |0:p: N ||? < —— max e ozls il
W= l+ N2 G 2D ODsos) — 0 < o 3
&4 |: ol (k—1-4)2s2
= |1+ Z e 2
6
oSN Pt
j+Ne—1

(Ne—(k+1—4))252
Y . (S46)

k=j+N./2+1



Once again bounding the sum by an integral, we find

(2 =13+ Nof2) i+ Nof2D(Dss) ~ 00 < i[5+ % [~ aue]

A2 54
<2555

Next, we consider the |j + N./2) term. We note that

|5+ Ne/2) (G + Ne/2| (|Ds¢5) = 10:65)) = (15 + Ne/2) (G + Ne/2|) [Dsd;)

~ ol 2 DO il 2= 004 N

=0.

Thus, we have
1[Dsd5) — [0e) | = I(Z = |5 + Ne/2) (G + Ne/2)(|Dsdj) — [0:05)) I,

establishing the first part of our lemma.

Next, consider |[D3¢;) . Let
w =1 —|j+Ne/2) (G+Ne/2| = |7+ Ne/2+ 1) G+ Ne/2+ 1] = |j+ Ne/2 = 1) (j + Ne/2 - 1.
We have

64
DQ'—82- 2 /»/”tQ.
l=(Do) ~Ro NP < X max (o)
k—(j+Nc/2)¢{-1,0,1}
and
521t _ 42 . 2 . 4
4—ﬁ\3—3|u 51t — . S|t — .
(b;///(t): € 4\/N 3_12< |6J]|> +4( |503|>
g
As
13 — 122% + 42| < 4712,
we have

52 |t _ 42
166*2?\3*J|c

167" ()] <

oV N
Plugging this in similarly as above, we get
256 1 6 \* 52 1o
w(|D2¢;) — |020:))||? < —(— max e zlsile
Ie(Dies) ke < g0 () | 2 B
r j+N./2—2 J+Nc—3
256( 5 )4 ’ 2 g%s? (e (eba—3))2s?
SBL) e ey Ty o
2
N2 S k=it N, /242
SICTERN LI
9N\ g2 2 Pt €
512/ 6\*r5  [™ K252
<222 [2 dke™ "33 }
- 9,/\/(02) L2 +/0 ¢
_EQ@Q4§+JW
S9N \e2/ |2 26

256703 . 5 0
< -
- 9N 07[ + \/77'0}

1601/4 4 62\° A §2\?
) < (8= ) .
< 3 BO’4> _<8BO'4>

12

(S47)

(S48)

(S49)

(S50)

(S51)

(852)

(S53)

(S54)

(S55)



13

Now, we bound the |j + N./2 —1),|j + N./2), and |j + N./2 4+ 1) terms. For the |j + N./2 £+ 1) terms, we have

¢ ((J + Ne/2£3)8) — 2¢,((j + Ne/2 £ 1)) + ¢;((J + Ne/2 F1)6)

|G+ Nef2£ 1/ (1D36;) = 1070,))] = o

_ (Ne/2-3)252 _ (Ne/2-1)252
e o2 —e o2

VN (26)2
_ (Ne/2-3)252
e o2

PO
T AVN
We then have that the |j + N./2) term is

(S56)

’qu((j + Ne/2+2)8) — 2¢,((j + Ne/2)6) + ¢,((j + Ne/2 — 2)0)
(20)?

_(Ne/2-2)252 _ (Nc/2>262>
Pj _ o2

| (5 + Ne/2| (1D3¢5) — |07 5))] =

i
=—— e
202N
(Ne/2-2)252
e o

< —_—
T 282N

Thus, by the triangle inequality, we have

o

(S57)

I1D30;) — 107 Il <8

3242

A 62 N 1 o T N _ (Ney2-2)25?

Bo' 252N 2 c
(Ne/2-3)%62

<gAL e =

- Bot 2VN

_ (Nc/2-3)252

16 A 6% e o2

Next, we bound the norm of the second Gaussian derivative state.

Lemma S6. Let |07¢;) be defined as above in Lemma S5. Then

Al
oo I < 4% —- (S59)

Proof. Away from t; + T, we have

. 1 8t P _8 s _jp2
Qf)j(t):m 4; *7]‘072 e o2'9 c. (860)

As 422 - 2| < 2\/§e_z2, we have

2V2 e

3,(0)] < Ve

(S61)
Thus,

A

8 _,7,j|§
el =~ v S

k#j+Nc/2
8 > _ k262
7 142 e o ]
k=1
8T o )
A PRI,
04./\/'5{ +

oym
2‘2@ [1 + 0\5/7?} (S62)

IN

IN

IN




Finally, we bound the error of a first-order Taylor approximation of shifting the Gaussians.

Lemma S7.

9 _ (Ne—2)%s2
402

Asd 1)
[15) — 619¢d5) — |pj41) |l SQE(E) + —eT.

g

Proof. We first note that

16,0 = 010uy) = D (d5(kS) — 36;(kd)) [) + &5 (4 + Ne/2)8) |5 + Ne/2)

k#j+Nc/2
¢j(k6) = ¢j41((k +1)d),
¢ (k6) — 86;(k8) — @11 (k) = ¢;(kb) — 56 (k6) — ¢;((k — 1)3)
(k-1)5
- /k dré (7)(r — ko).

5
Thus, we have

(k—1)5 .
165) — 8105) — lds) = 3 [/k d7¢j<7><7—tk>}|k>

k#j+N./2 R0
+ (5 ((4 + Ne/2)8) — j41((F + Ne/2)d)) [7 + Ne/2) -
Bounding the |j + N./2) component, we have that

165((G + Ne/2)0) = ¢j41((5 + Ne/2)6)| = 10;((5 + Ne/2)6) — ¢5((G + Ne/2 = 1)0)]

_ N252 _ (Ne/2-1)262
e 42 —eg o2

(Ne—2)262
Jde T 02
L e —
o B

2 2
s -2
_2>602|§Jc,

Next, we note that, away from ¢; + T,

6;(t) = 02\1F (4 i ‘ —J

(&

As |422 — 2| < 2v/2e~%", we have

- 2+/2 ¢
B5(0)] < 2Y2 sl il
o2V N
Thus, we find
tr . 52
dro; T—1)] < —
| s -\ <G e 16,0
< i(7) max 6725%2 5-dl
~ VN r€[(k—1)5,k6]
We can use this to take the norm of the vector, gettmg
" 2 /4 .
Z / dro;(7)(r —t) |k) || < *(*) max e -5 l§-il2
k#j+N. /27 =1 N\o kit N, /276[(k—1)57k5]
Nc/2-2 N./2—-1
SO ey o
o

14
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Once again using the integral bound, we get

> /tk dré; () (T —t )|k>

k#j+N, /27 =1

4 o e
< 4(%0)[1+/0 dke*Tﬂ

4(6/0)* o\
= 1
N T2
AQ
<
N (g) (S73)
Thus, by the triangle inequality, we get
Aot [5eOsET
1165 = 810r65) = losen) [ <25 (7)) +4/ 25— ($74)
as claimed. O

Trotter Error Bounds

In this subsection, we state two basic lemmas that we use in the full error analysis. First, we use a bound on the
first-order Trotter product error.

Lemma S8 (First-Order Trotter Product Formula [45, Eq. 2.3] ). Let A, B be Hermitian. Then
) . ) 12
e A — e AT < A, B||. (S75)

We also use the following standard error bound relating the evolution of a time-dependent Hamiltonian and a
piecewise-constant approximation of it, which we prove here for completeness.

Lemma S9 (Piecewise-Constant Hamiltonian Approximation Error). Let U(t) be the unitary generated by
iU := H(t) (S76)

with the initial condition U(0) = I, and let Vp := ]_[kj\[:_o1 e~ inHT/N)  Thep
T2 .
IU(T) = Vrll < -7 max | H(B)]]. (S77)

Proof. Note that Vi is generated by the time-dependent Hamiltonian
- T | Nt
Let Vz(t) be the unitary generated by H(t) from time 0 to ¢t. Then Vp(T) = V. We have
U(T) = Vr(T) = U(T)I - UNT)Vr(t))

T
=iU(T) /0 dtUT(t)(H (t) — H(t))Vr(t). (S79)

Therefore,

|U(T) = V(T

I
I

/OT AtUT(t)(H(t) — H(t)) (t)H
- /OT A (o) (H(e) - H(% [?J))VT@)H

- /TdtUT( )[/Tt " drH(T)] VT(t)H

W

< dtH/ dTH
L3

2 .
/dt/ dr||H(r ||§%m?x||H(t)\|. (S80)
N T
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S3. PROOFS

In this section, we compile the rigorous statements and proofs of the results we explain intuitively in the main text.
First, we provide a bound on the commutator ||[A, C(H)]|.

Lemma S10. Let A,C(H) be defined as in Definition S1. Then

Z Z( kpeey + 1)? He(kp(e)5)> ® Upye) |K) (k:| , (S81)

kezZl e
C

[A,C(H)] = —iRe

and thus |[[A, C(H)]|| < hy.

Proof (Adapted from [36]). First, we note that

3 (S o) 1 ¢

~ % Z (U, - U)) Z(ZH Ko(e) ) ® |k) <k|]

ZvaZ<Z He(’fp<e)5)> ® [k) <k|], (S82)
v k e

where to get to the last line we use that [X, Y] = —[XT, Yf]. We can then directly apply the U,s, getting

[A,C(H)| = %Re <ZZ(Z He(kp(e)6)> ® (k +e,) (k| — k) (k — ev|)>
v k e
- 2RQ<ZU Z(ZH p(e)0) ) @ (k) (k| - |k —e,) <k—ev|)>

(A, C(H

= %Re

: Kp(e) £ 0v,p(¢))9)) — He(Kp(e)d)
= -ihe |3, Z(Z 0 2 dunte) ?9%0) & k) (k]
‘ e) +1)6) — He(kp(e)9)
— —iRe ZZ( e ; ele) > ® Uy k) (k|| (S83)
Now, putting on the norms, we can switch the sums and use the triangle inequality to find
He((k e) T 1>6) B He<k e 6)
et a < 3|5 (P e E IR0 6 g g g
e k
He((k e) T 1)5) - He(k e 5)
e k
He((kp(e) + 1)5) - He(kp(e)(s)
= 22{}1}1}){ 5 < Ztg?g%{_‘]HH H = h. (884)
O
Lemma S11. Let A, |®;) be defined as above. Then
AD (5\2  [5eSE
—imdA _ < AL o oe ¥
7% |@0) = [@epma)l| < mﬁ[4 =(2) +2\[f g } (885)

where A, B, and D are as in Definition S3.



17

Proof (Adapted from Ref. [36]). To do this, it suffices to simply consider the one-qubit case. We have e~"% |¢;) =
|pj) — i0A |p;) + R|¢;) , where
5
= —/ dr(re " TAA). (S86)
0

Note that || R|¢;) || < %HA2 |¢;) |- Up to a phase, A?|¢;) is |D2¢;), so by the triangle inequality and Lemmas S5
and S6, we have

1A% 1¢5) | < [11D3¢5) — 107650 1 + 11107 65 |l
A 62 A1 1 e—(T—65)2/40'2

<8 — - .
< 8 +4B 5 + 5 o (S87)
Thus
Aot AN 1[5 e
Vl<4a= (2 =(= Y v I
IRIgn) I <45(2) +25(2) + 5y oe (588)
Next, we note that
U, — Ul
_iAlg) = 2 v
iAlg) 55 19)
k+1 k—1
_ S sl =lem)
k€Zn,
-y 9((k+1)8) — g((k —1)9)
k€Zn, 2
—|Dsg) - (S89)
Thus, by Lemma S5, we have
—i5A A5y°
e I6;) = (I65) = 312l < IR 1¢) | + V25 (2) - (890)
We then have by Lemma S7 that
A A 602 PN 5o it
—i N <4202 -3/29 g \/7"'
72 ko)~ ogua) | <435 (2) |14 2222+ () | +2y/ 35 (so1)
By repeated application of the triangle inequality, we get the factor of m, and by Lemma S1, we get the extra factor
of VN. O

Lemma S12. Let |¢)) be an arbitrary N-qubit state, and define all other terms as above. Then

L2

—i —1i j g¢e 40
e C(H)n ) [®1) — (e H(j8)n 1) @ |®j1) || < —hl + Znh\/i B (892)

where h := [} . pmax; |He(t)|] and hy := [¥ .. p max; ||He(t)H]

Proof (Adapted from [36]). Note that

CH)= Y <ZH o(e)0) ) ® k) (k|. (S93)

keZNC ecE

QN
Let P( =D kelj- Ny /254Ny /2] k) (k| and P; = (Pj(l)) , and observe that C(H)P; and C(H)(I — P;) commute.
Now, we show that C(H)P; is approximately equal to H(t;) ® P;. To see that, note that

C(H)P; — H(j6) © P; = > (Z(He(kp(e)5) - He(j5))) ® k) (k|, (594)

KeE[j—Ng/2,j+Ng/2]1NV * e



SO
C(H)P; — H(j6) @ Pi|| < H.(k,0\8) — H.(j6
jounp —HGH RIS, max [ (E00) - 20|
< max — max H.(t
T KE[—Ng/2,j+ Ny /2—1]N Ze:tE[min{jé,k,,(e)6},max{j5,k/,(e>6}]H el
-
< —hy.
=7 1
Thus,

|e=inCUH) _ gmin(HGEO®PHCEHSU=P))|| < %hl-

Next, we note that
e~ MIUDELI ) @ |@j1) = (e U Y)) @ Pi|@ja) + ) @ (I = P}) | @)
= e MU ) @ |®j1) + (1 — e UM [g)) @ (1 = Py) |®j)
We then can apply norms, getting that
le™MHUOEE ) @ @ 1) — (e HED |y)) @ (@) || < ([T — e HUIM[|(T = Py) [@;1) |
< nhl[(I = F;) [®51) |-
Next, we apply e~ "C(H)®UI—F;) .
e—inC(H)(I—Pj)(e—iH(jé)n 1)) @ |®j1) = (e—iH(jé)n 1)) @ P; |®;1)
+e I (e HEOT ) @ (1 - Py) |®51)]
=00 ) @ @)

+ (eI — D [(e U ) @ (1 Fy) | @51))]-

We can then take the norm to find that
[ (e CUEU=FD) — 1) (e~ HED |y)) @ | @ ;1) || < nhl|(1 — P;) |®51) |-
Thus, by the triangle inequality7 we have that
—1 —1 1 nr
le™* U |9) @ |[®1) — (7 U |4h)) @ |@j1) || < 5 + 20h|[(1 = F;) [@51) |

2

nT o e 102
< —h 2nhy | N —
= A N

where, to get to the last line, we use a combination of Lemmas S1 and S3 to bound ||(I — P;) |®;1) ||.

Finally, we provide a full accounting of the error in the localized WWRL construction.

Theorem S1. Let h,hy,7, A, B, and D be defined as above. Then,

T2 Ne4cr AD5
\ﬁKTUhM\®o> eIT ) | @) “<2h1447—#2Th\/7f S HATVNES

(T-66)2
49 [N e 402
o B '

Proof. First, we note that as e~*H1 = ¢~(C(H)+A) e have

_ 172 n?
e — enCUDe=nA | < T (C(H), Al < Iy L.
Thus, by the triangle inequality, we have

T2

—iHT _ ( —irC(H) —irA\Np R
He (e e~iTA) N

18

(S95)

(S96)

(S97)

(S98)

(S99)

(S100)

(S101)

(S102)

(S103)

(S104)



19

Next, we note that

L2
102

AD §

B
N _<T—626>2
+ 24/ qr%. (S105)
g

2
T2 No e 1o AD
< hl— + oy | N2 i LaryNAP o
T B B o2

(T—665)2
NT e 402

B

T —iT —iT j T2 g¢
e 7O ) B52) — (710D [4)) @ my0) | < I Ty + 2y [NE

Thus, we have

Np—1
( —iTC(H) —u—A) | >|(I>0 ( H e—-rzH(k-r) |w>> |(I)O>

P (S106)

Next, combining this and Eq. (S104) with the aid of Lemma S9, we get that

(T—65)2
T2 No e i? AD 6 N.T e ot
—zHT < c .
HU(T) 1)) | @) — ) |®o) H 2h1—+2Tm/ I HATVN T S S (5107)
O

Now that we have provided rigorous error bounds for the localized WWRL model in terms of N,, Ny,0,T and
properties of the T-periodic Hamiltonians H, we would like to determine the asymptotic ancilla count and size of o
required for given families of Hamiltonians. This follows directly from the above result.

Corollary S2. It is sufficient to choose N, = max{3, [8h1T?c~1]}, N, = max{4, [@Nﬂ}, and o = 7/, with
c 4 1/3 204/ N.
x:\/max{lllog(m?/ﬁ[l—&—é(thm) D’N2 log(lf’SGN ),]{[221 ( )} to have
|@(T,0)[))®o) — e~ T 1) |Bo) || < . (5108)
Remark. Ifh = N° h; = NOU) and hT = Q(1) —conditions that are satisfied by our two examples— the choices
reduce to
hT?
N, = (9< 15 > (S109)
NhT? hTvV N
N, = O(\/»; log \ﬁ) (S110)
€ €
hTV N
x=0|1/log ;/> (S111)

in the N — oo limit. The assumption on h is not unreasonable; if the interaction graph of H is connected and
all the terms have norm bounded from below as N increases, then h = Q(N). If, additionally, each of the terms of
H has polynomially bounded norm, then h = NM) . Finally, it is also worth noting that a necessary condition for
[U(T,0) — I|| = Q1) is for KT to be Q(1).

Proof. Tt is sufficient to choose the parameters so that all the four terms 2h; - N, 2Th, /X "i AT/ NAD S

B 027
—(T—66)2

and 2 %% are each individually less than /4. For the first term to be less than ¢/4, we find that it is
sufficient to take
N, > max{3,8h,T?/e}. (S112)
Next, we require that 4, B~! < % and D < %. It is sufficient to let 3§ < o < T'/3 for all of these to be satisfied. We
show later that this inequality holds, and thus that our scalings are self-consistent. Now, recalling that 7 = T/N,, let
x:=7/0.
Next, for the second term (using the loose bound on B~! from the previous paragraph), we see that it is sufficient
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to take

N
3h\/—Te’$2/4 <e/4,

12hTVN < Vi

g
4
WOQW} ) <z, (S113)

where W;(x) denotes the j'® branch of the Lambert W function. For the third term, we have

45 N, €
VNP2 < 2
VN Y

max{ 45V Nz ,,}qu. (S114)
g

Finally, for the fourth term, we note that, by construction, N, N, > 12. Then, we have that

NT _(1-68)2 242
402 z
2/ =5 engNp Nyze 5. (S115)

Thus, it is sufficient to consider satisfying

(NpI)Q

Npy/Nyze™

Now, as N, > max{4, @Np}, we need only choose N, = max{4, [@Np-‘} < max{4, WNP} (re-
placing the 45 with 60 as for any y > 3, [y] < 4y/3). Plugging that in, we find

N2m2
Np+/Nyze™ s SmaX{QNpﬁ,8N1/45_1/2\/Ngxf’}e_Ngmz/S. (5117)

Let us first consider the case when the second term is larger. Then, it is sufficient to have

< (S116)

oo\m

R
>
o . 1536N1/3) (S118)

Now, suppose the first term is larger. Then, we would need

ez o (A ee]) s119)

Thus, it is sufficient to have

4 4
16TV N 6 €2 2 1[ e
> wol |22V ) 2w (—— ) - Zw (= . 2
v= max{ 0([ £ }) N2 1( 1536N1/3)’ NZ 1( 2{16\/]7,,] )} (5120)

Now, we can use the fact that Wy(u) < log(2u + 1) [46, Thm. 2.3] and that (when u,—v € (—1/e,0))
W_1(u) > log(—u) — v/—2(log(—u) + 1)

logly (S121)

[47, Thm. 1]. For the first argument, we have a bound of

erﬂ <lo ({QOhT‘F] <1+ [16h;f}4)>

log |2
< tog (2N L )]), 122

where to get to the last line we used that (14x)%/* < 14x/4. As v < 1/1536 for the second argument of the maximum,
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1,%
we see that 1/ # < 2/5. Thus we can bound the second term by log(wsiijzvl/a). For the third argument

1——L
of the maximum, we have u < 2!7, so we find that 1/ ﬁi;l < 1/3. Thus, we can bound the third argument by
4 ~
% log (2 {L VEN"} ) < % log (20 ) It is thus sufficient to have
P P

20hTVN £ 49\ 10 1536N1/3\ 12 20./N,
x> \/max{4log< [1 + = <16hT\/>) }) 10g<g2>’]\[510g(5p>}' (S123)

Now, we only need to verify that this satisfies the stipulation that 36 < o < T'/3, or equivalently, that 5 <z <

N,4/3. The lower bound is trivially satisfied due to the second term of the maximization (and that N > 1). The upper

32]EVN , as Ny > 2. Thus we are done. O

bound follows as well, as z <

S4. MOLLIFIER CONVOLUTION

In this section, we present the details of the mollifier-convolution-based smoothing method. We assume we are
given some piecewise-continuous Hyase : [0, 7] — B(H).

Let ﬁbabe( t) := 2Hpase(2(t — T/4))1[t € [T/4,3T/4]]. Clearly, f[base(t) generates the same evolution as Hyp,ge at
the end of time T. We smooth this to a Hamiltonian H (S)( t) approximating the evolution of Hyp,.gse after T but also

satisfying e (0) = H(S)( ) and H®)(0) = H®)(T) = 0, so H®) is extendible to a T-periodic Hamiltonian and we
can apply the localized WWRL construction.

To perform this smoothing, we next define the mollifier ¢4(t) as

1 1
5o vy t )
Ba(t) : = {2"5 eXp{(@ = < (S124)

0 otherwise,

with v ~ 0.222. It is easy to verify that [~ _dt¢,(t) = 1. We also note that

te"p[i}
Ve 7!

Gut) = v @i lt] <'s, (S125)
0 otherwise.
Next, we let
H(S) (t) = (¢s * ﬁbase)(t)- (8126)

As this is a convolution, fl(s)(t) = (¢, % Hpase)(t). Observe that H®) is a smooth function on [0,T]. Furthermore,
when s < T'/4, we have

H®(0) = A(T) = H®(0) = H®(T) = 0. (S127)

Thus, H®) can be extended to a smooth T-periodic Hamiltonian in the same way as the main text, so long as s < T'/4.
We now let U()(t) be the unitary generated by H®) with U®)(0) = I and U(t) be the unitary generated by H with
U(0) = I. We now bound how well U(*)(t) approximates U (t).

Lemma S13. When s < T/4,

|TE(T) - U(D)|| < %hQST. (S128)

Proof (cf. App. II of [38]). We have
|TS(T) —U(D)|| = [|[U(T)U(T) - 1], (S129)
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and

TETYUN(T) T =i / " () (Hpase (t) — HS (1)) U (2)
0

= Z’/T dt /°° dt’ ¢, (t — t/)U(S)(t)(Hbase(t) _ gbase(t,))UT(t). (S130)
0 —oco

Noting that ¢s(t — ') Hyase(t') = 0 and Hpase(t) = 0 when ¢ ¢ [T'/4,3T/4] C [0,T], we can then extend the domain of
the first integral to give

OO (@)U (T) 1 =i / T at / 4t — )T () (o (t) — Homse (1)U (1), (5131)
By the symmetry of ¢s(t —¢') in ¢t and ¢/, we then can write that
CO@UIT) -1 =i [t [ ot~ ) [T e () — T ) Era 0T (¢D). (5132
Taking the norm, we find

[T o) - 1) < / dt/ A6t = ) [0 () Hise (U (2) = T (#) Hase (U ()] |
<[ / &t 6, (t — )| House ([T ) = 0O @) | + U (1) = U@)])

3T /4
< 2w |[Hielt ||/ dt/ At du(t — ) ([T () — TO@)| + U@ — U@, (S133)

tel0,T
where to get to the second line we used the fact that [|AXB - CXD| < ||X||(]][A — C|| + || B — D). Next, noting that
[UC () = U @)U () = U] < 21t — '| maxiegor) || Hpase (D), we get

3T /4
TS (Ut (T) - 1| <4<max | Hpase (t ||> / dt/ dt'|t —t'|ps(t — 1)

=27 (s e >||) | dululonw. (s134)

te[0,T s

/ du|u|és(u / dulul eXp

s 1
= — d e
/ A —

We then note that

= ps, (S135)
where p ~ 0.669. Thus, we have
|TNTUN(T) - 1| < 2usT 25 | Honse >|>2
< gh sT (S136)
as claimed. O

Clearly,
A ZmaXHH(S
ecE
< Zmax” ) @) = 2h. (S137)
eck

We also prove the following.
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Lemma S14.

i) = HO )] < 22,
1 ;EmtaXH SOl < 5~

Proof. We have f[ = ¢, x H, so

|t — '] exp =

C o age qu [
i< e [ a—
vs t—s (s —1)?
2 1 (1271)—1
= ﬁh dz|x|€272
vs )4 (x2-1)
3
— 2us
as claimed. O

Thus, we have the following as a corollary of Theorem S1 (obtained by using the above bounds on ﬁgs) and h(®),
and adding the error from the convolution).

Corollary S3. Suppose s <T/4. Then

_ 2 -
@@ 00 1@0) 7 0y o) | < 2Ty (N2 AR 8
2N, T B

= o2
VS B o

NT e T 3
+2/ =5 %+§h2sf (S138)

To make this error below ¢, it suffices to take s = min{7/4,e/3h?T}, and then, assuming h = Q(N) and T =
Q(1/N)—which all our examples satisfy—take

N, = O(\/N;LT)G .

. hTﬁ). (S139)

S5. THE LONG-RANGE PROTOCOL (a € (d,2d + 1))

In this section, we give a more detailed explanation of the long-range interacting modified GHZ-state preparation
protocol. The spatial dimension is d € N, and we consider some power-law exponent a € (d, 2d + 1]. In particular, we
perform the analysis in the regions « € (d,2d) and o = 2d, in addition to the o € (2d,2d + 1) case discussed in the
main text. 4

Our system has N = (H;Zl mj) “data qubits”, with m; specified below, positioned on the integer lattice

{0,1,...,NVd — 1}d C 7%, and a base Hamiltonian

H(t) =Y Hug(t) + > Hi(t), (S140)
i#j i
so that for all i # j, |[Hg 5]l < [[i—jl7* and ||H;|| < 1.

We now describe a method of constructing H(t) that prepares the state |GHZy (a,b)) = a[0)®Y + b|1)®Y time-
optimally, given the initial state consisting of a tensor product of a|0) 4+ b|1) on site 0 and |0) on all other sites. As
discussed in the main text, if we can staticize this protocol, we can also construct a time-independent state-transfer
protocol with the same asymptotic performance. We partition our sublattice into a collection C; of progressively
coarser hypercubes, each of size V; := r?, where 7; := Hi;:1 my, with rg := 1, and

%‘F—fﬂ (L—=6j1) + 3851 a € (d,2d)
L 34/logr;_1
mj = [exp(%)—‘ (1—0;1)+ [exp316;1 a=2d (5141)
(3577 ] + 1 a € (2d,2d + 1].

Let C; € C; be the hypercube containing 0. Our protocol is the same for all « regimes, only modifying the value
of m;. Thus, we briefly review the discussion in the main text. We construct our modified GHZ states iteratively,
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FIG. S1. Cartoon illustration of the setup of the long-range protocol, where r; = 2. The smaller squares in red and magenta,
form the collection C1, and the blue and cyan squares form the collection C2. The cyan and magenta squares are C2 and C4
respectively. The dotted orange regions demarcate the squares in 3(B) for the Bs in C2, and thus the squares not in them
correspond to x(B). Note that the choice of x(B) is arbitrary other than the requirement that x(C;11) = C;. For each square
B € (5, the dot in the square sharing the square’s color represents o(B). Note that beyond requiring o(B) € B, the choice of
o(B) is arbitrary as well.

taking [GHZv, (a,b)) ® @ pec,\ (¢, ) IGHZy;) ;, » and producing [GHZy;,, (a,0)) ® Q pec; 1\ (¢, ) |GHZv;,, ), » where
for brevity we let |GHZy) := |GHZN (1/v/2,1/v/2)).

Suppose we are given a protocol to construct the state [GHZy, (a, b)>cj ® Qpec,\(c;y |GHZy;) , using a sequence
X; of Hamiltonians (expressed as a tuple, acting from left to right) applied for times t;. Further, let - denote
concatenation of tuples, and if A = (ag,a1,...,a;y|-1), let A= (—ajy|-1, —ajy|—2,...,—a1, —ap), applied for times
t:= (tjy|-1,...,t1,t0). We then define

Xjp1 =X, - (HY) - X; - (HY) - X;, (S142)

where we define Hz(j ) and Héj ) below [37].
Given C € Cj41\{Cj+1}, let x(C) € C; be an arbitrary subhypercube satisfying x(C) C C, and let x(Cj4+1) := C;.
Given B € Cj+1, let
X(B)={CeC\{x(B)} : CcC B} (S143)
be the set of all hypercubes one step down that are contained in B, other than yx(B). For a cartoon illustration of

this notation, see Fig. S1.

Our Hamiltonian HQ(j ), when applied for time tgj ), will perform, for each B € Cj41, controlled phase gates on all of

¥(B), controlled by x(B), in the logical subspace spanned by UCecjnP(B){|6>C ,11)}. Define
Hp:= ) Yo InaL e, (S144)
CexX(B) (u,v)ex(B)xC

which performs the controlled phase gates on B € Cj;1 when applied for time 7/ Vj2. We then define

i 1
HO a Hp. (S145)
’ (rjﬂ\/a) Be;j+1

which performs Hp for all B € Cj1 in parallel, and is rescaled to obey the long-range interacting constraint. The
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time we apply Hg(j ) for to get the controlled-phase gates is téj ) = mde/ 2r§‘+1 / Vj2. We also have Hg()j ), which, when
applied for time 7 applies Hadamard gates to a single arbitrary site for every hypercube in C; other than C;, which is
the hypercube containing 0. Let this assignment of arbitrary sites be denotated by o : Uj C; —»{0,1,... ,NVE 1},
any function satisfying o(C) € C for all C € Uj C;. We then have

HY = 3 9 (e - (S146)
CeC;\{Cy}

To fully analyze the performance of the localized WWRL construction in this model, we need to calculate h.
As HQ(] ) and H§J ) are just sums of commuting projectors with uniform coefficients on the terms, we have that
h = £ max; max{||H2(J)H, HH;J) I}. Further exploiting that both Héj) and Héj) are sums of commuting projectors, it is

_m74d
easy to see that they have norms g&imm)/z and N Vj_1 — 1, respectively. Thus, we have
Vit mipde
2—< —d
V. V. 4(1—m;
h = Nmax |V, 'max{1— -2, -2 ( 1) . (S147)
j€zs | 7 N m§, d/?

By taking j = 0 and thus V; = 1, we see that h = Q(IV). Thus, we need only confirm that h is O(N) as well. Note that,
when « > 2d, the second term inside the second maximum is always less than 1 for both h and hq, so h = O(N). Now,

we turn our focus to the o € (d,2d) case. Note that for o € (d, 2d), we can write mj1 = [%Vf/a_l/ﬂ > Vf/a_l/d,

SO VjQ_a/dm;fl < 1. Thus, we see that h = ©(N) in that case as well.
To finish this analysis, we need only bound the run-time of these algorithms and show that, despite including the
time of the Hadamard step, they still scale correctly. From Refs. [19, 37, 48, 49], we see that

~ [Q(log(r)) a € (d,2d]
te {Q(r“—%) a € (2d,2d + 1). (S148)

To find an upper bound, we verify that limiting the speed at which the Hadamard step can be performed does not
affect the asymptotic run times discussed in Ref. [37]. Let T} be the time to construct the GHZ states in hypercubes
of side-length r;. Consider the three cases of o € (d,2d), a = 2d, and « € (2d,2d + 1). For the first case, to perform
the induction, we assume that it takes time T; < K, log™ r; to make a hypercube of side-length r;. Then, making a
hypercube of size-length 741 takes time

Tj1 = 3T5 + (1 +d**m§ 727

< 3K, log“" ri+ 7T(1 + (2(1 — 5]',0) + 3a5j,o)da/2). (8149)
Let j = 0. We clearly have that Ty = 0. Then, we have that 7} < 7(1 +3%d®/?). We want this to also be less than or
equal to K, log™* 3. To do this, we see that we want K, = W%. We will determine k,, below. Let A := 2d/a.

To do so, consider j > 0. We have that
Tj+1 < Ko(3log™ r; + log™ 3)
< 4K, log"e r;
4K,
<
S e
which is in turn less than or equal to K, log™ rj4q if we let K, = logy (4).

log™ 11, (S150)

For the case a = 2d, we perform similar analysis. Assume T; < K,e"V 187 where v = 3v/d. Then, let us first
consider j = 1, where we have

Ty = (1+d°2[ed]"). (S151)
For this to be at most K,e?VI8™1 we see it is sufficient to have K, < me=5V2(1 + (4d)elf).

Now let us consider j > 2.

ij+1 < 31—} +7T(1—|—da/2206’h/10grj)

< (3K, + md*/?2%) e’ V1B 41, (S152)
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As noted in Ref. [37], v/logr; < vy/log(rj1+1) — 2. Thus, to have Tj 1 < KqeV logmi+1 it is sufficient to have

(1 + (4d)%)

< K,. 1
62—3 — o (S 53)

Thus, we can set

4d)® + 1
K, = max{ﬁ(l + (4d)d616)€_6ﬂ, W((ez);)} (S154)
When a € (2d,2d + 1), we assume T < Kar;*_m. Note this is satisfied for Ty regardless of K, as To = 0. Then,

Tjsr < 3Kory ™2+ m(14d*/2mg, r %)

3Ka 1 /2, 2d a—2d
< |:ma2d +7T<Ta2d +d/ Myt )| 741

Jj+1 J+1
3K0¢ e} a—

= [ a—2d T 7(1 +d /2m?d+1)} rj+12d‘ (S155)
j+1

For this to be less than K,r*~2¢, we need only let mjp1 =m = (3ﬁ] + 1 for all j and
1 da/2 2d
Ky > wiigm. (S156)
— ma—2d

Thus, we have confirmed that the analysis is asymptotically the same as in Ref. [37], differing only by changing
constants of proportionality to account for the fact that we do not allow single-site Hamiltonians to be applied with
arbitrary strength.

S6. THE STRONGLY LONG-RANGE PROTOCOL (a € [0,d])

In this section, we describe the staticization of the protocol [39] that gives time-optimal (up to logarithmic factors)
state transfer for 0 < a < d, with run-time scaling as O(log? N/N1=o/d),

We begin by reiterating the original time-dependent protocol. Once again we reduce state transfer to GHZ prepa-
ration. Suppose we have some state 1)) = a|0) +b|1) on site 0 in a hypercube of side-length N*/¢, and all other sites
are in the state |0) . We describe a Hamiltonian

H(t)=) Hpj(t) + Z Hi(t),

iZj
where ||Hyg 5 (6)]| < dist(i, j) ™ for a € [0,d], and |[H;(t)|| < N. Let  := N'=e/dt/1og? N. In this case, we can write
the protocol as follows (delaying the intuitive explanation until the next paragraph):

(VANY 4=y o XY+ he.  Te[0,7],
—(VANY) =30 ZoX; telm,(rn+0),
—(VANY )= S o XiYie+ hee. EE[(11+0), (11 + 0 + 7)),
H(t) = Nhl);]x\;d 2540 Xj teln+0+m),(n+0+mn+r/2), (S157)
m > k0 ZiZx tel(rn+0+m+m/2),(r1+0+m+97/16)],
N Y0 Z T€[(r1 + 0+ 72+ 97/16), (11 + 0 + 7 + 137/16))],
(VANY )= 3 o XY+ he. T [(n 460+ 72+ 137/16), (11 + 0 + 72 + 137/16 + 73)],

where 71,72, 73, and 0 are all N-independent, numerically optimized parameters. We note that while in [39] the
infidelity of this protocol is numerically shown to be less than 1072 for N < 2000, a rigorous characterization of the
infidelity is still currently unknown, so we omit the error dependence from our ancilla dimension count. We also note
that this protocol allows the single-site terms to have strength that increases with N. An interesting open direction
would be to see if a fast GHZ preparation protocol could have single-site terms with N-independent strength.

We can give an intuitive explanation of the protocol as follows. In the first two piecewise time-independent steps,
the state is squeezed on all sites other than 0 and a rotation controlled on the 0 qubit is applied. The squeezing
enables the rotation to separate out the parts of the state that will become the [0V) and [1V) quicker than if they
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were just left as spin-coherent states. Once the two parts are sufficiently separated, they can be “pulled away” to the
antipodal points of the Bloch sphere via step 3 of the protocol. Finally, the last 4 steps serve to unsqueeze the state
so that is approximately |GHZ(a, b)) .

To understand the scaling of the ancilla size, we calculate

h = max{2(VAN")~*(N — 1), (VAN =*(N — 1), N'=*/4(N —1)/log N, (VAN ~*(N — 1)?/log N}
_ 2dfa/2N2fa/d(1 _ N71)27

for sufficiently large N. Recalling that T = O(log> N/N'~%/@) plugging these into Eq. (5139), and dropping the ¢
dependence for the reasons mentioned above, we find

N, = O(N'"¥/?1og" Nlog[N*?1log® N]). (S158)

S7. PIECEWISE TIME-INDEPENDENT HAMILTONIANS

In this section, we give an alternate smoothing procedure for piecewise time-dependent Hamiltonians that can, in
some cases, give better scaling of i and h; than with mollifier-convolutional smoothing. To do so, we construct a
different Hamiltonian that generates exactly the same unitary Upase(T') as the base Hamiltonian after run-time 7'

We do this using bump functions

1 _ 1
o1 (t) = {V exp iy e o to T (S159)
0 t¢ [t07t0+T]7

where v = fol daexp[—(1 — 4(t — 1/2)?)7'] ~ 0.222. These are smooth, normalized to [~ dtor(t) = T, and
both they and their derivatives are supported on [tg,to + T']. Given a piecewise time-independent protocol consisting
of Hamiltonians H")

base €ach being applied for time T; for ¢ € {0,1,...,I}, we can then construct the differentiable
Hamiltonian

I
H(t) =Y oot g (DH (S160)
i=0

H is very similar to the given protocol, essentially just modifying the envelope with which we apply the H® so it
smoothly transitions between different steps. It is easy to see that H exactly generates Upase(T) after time T.

To analyze the performance of the localized WWRL construction on H, we calculate h and h;. We know that
& = maxy |¢r.4,(t)] = 1.657. Thus,

— 3 - ()
h=) max|He(t)]| =€) max|HD|. (S161)
Next, we note that |¢r4,| = % for some constant ¢ ~ 1.597. Therefore, we have that
h1 = ZmaXHfI (t)H = CZmax m (5162)

We thus have everything we need both to apply the localized WWRL model to piecewise time-independent protocols
and to analyze the ancilla count scaling of such staticizations using Eqs. (S109-S111).

Better Scaling for the Two Examples

For the long-range protocol when « € (d,2d + 1), we apply our controlled-phase steps for time téj ) = rde/ QT;‘_H / Vf
and our Hadamard steps for time 7, so for the bump-function construction,

hy = (m?xmax{(téj))_IHHQ(j)H,7r_1||H§j)||} (S163)

2(2—9) —d

V. V: a7 (1—m-

V, 'max{1— -2, - (2 aJ“) . (S164)
N (dmj+1)

= (7 ! Nmax
J€ELs




28

By the same considerations as for h, we see that h; = ©(NN) as well, although the lower bound is strictly speaking
unnecessary for our purposes.
Thus, we can determine the dimensionality of the local ancillas. By Eqs. (S109-S111), we have

NT?
N, = (’)( ), (S165)
€
N3/2T2 N3/2T
N,=0 1 . 5166
=0T ) (s166)
Multiplying these two together, we get
N5/2T4 N3/2T
N, = (’)( - log ) (S167)
€ €

We can then take the logarithm to find the number of ancilla qubits needed per data qubit.
For the strongly long-range protocol, each step is applied for time O(T), so hy = O(h/T) = O(N3~2*/d]og? N).
Plugging this in, we find

N, = O(N®/?1og" N log|N log” N]). (S168)
Similarly, for the disordered protocol, h; = @(maxz]-v:_ol in)i+1}) = O(1). Thus, plugging in, multiplying, and
recalling that T' = O(N!1%¢), we find that the local ancilla dimension is

]\/*O.E)Jr4.4zC N0.5+1‘1zc
> . (S169)

1
g3 8 €

v.=of
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