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We propose that excitons in moiré transition metal dichalcogenide bilayers offer a promising platform
for investigating collective radiative properties. While some of these optical properties resemble those of
cold atom arrays, moiré excitons extend to the deep subwavelength limit, beyond the reach of current
optical lattice experiments. Remarkably, we show that the collective optical properties can be exploited to
probe certain correlated electron states without requiring subwavelength spatial resolution. Specifically, we
illustrate that the Wigner crystal states of electrons doped into these bilayers act as an emergent periodic
potential for excitons. Moreover, the collective dissipative excitonic bands and their associated Berry
curvature can reveal various charge orders that emerge at the corresponding electronic doping. Our Letter
provides a promising pathway for future research on the interplay between collective effects and strong

correlations involving moiré excitons.
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Introduction—The collective behavior of optical emitters
in two-dimensional lattices driven by dipole-dipole inter-
action has generated considerable interest. Emitters in such
arrays display a range of intriguing properties, including
perfect reflection and transmission, dressed lineshift,
enhanced and suppressed radiation, and even topological
attributes such as collective Chern bands and protected
edge states [1-4]. Recently, this system has been exper-
imentally realized using cold atoms in optical lattices [5],
providing a promising avenue for the study of these coherent
phenomena.

On the other hand, excitons (electron-hole bound states)
in transition metal dichalcogenide (TMD) bilayers [6—11]
can form in a moiré lattice, providing an interesting
platform to study collective optical properties. Moreover,
the bilayers can host Wigner crystal (WC) states of
doped electrons [12-20], which can modify the excitonic
properties.

In this Letter, we investigate the collective optical
properties of moiré excitons in TMDs at incompressible
states of doped electrons for various fractional fillings v,
[21]. We focus on a weak excitation regime that yields
dilute excitons, allowing us to neglect their electrostatic
repulsion that manifests in high-power experiments
[16,18,20,26]. These excitations tunnel between empty
moiré sites through dipole-dipole interaction, but cannot
sit on top of a doped electron due to exciton-electron
repulsion, as illustrated in Fig. 1(a). Therefore, WCs
emerging at finite v, act as additional superpotentials,
modifying the lattice potential experienced by a single
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exciton. Moreover, different v,’s give rise to distinct WCs
[see Fig. 1(b)], which induce distinctive excitonic dynamics
with quantitatively different collective (spectral and topo-
logical) excitonic properties [27]. As such, those optical
signatures serve as fingerprints of the corresponding WCs
(see Table I). Notably, the filling fractions v, can be easily
accessed in gate-tunable experiments. Such tunability,
combined with adjustable twist angles, further allows for
the exploration of subwavelength emitter-array physics
within different lattice configurations.

(a) (b) Ve = 1/4 Ve = 1/3 Ve = 1/2
a . . . :I Y . Y .‘ .0 .O

ve=2/3 v,=3/4 v,=6/7
FIG. 1. (a) Nlustration of tunneling mediated by dipole-dipole

interactions (green arrow) of an exciton (indicated by a pair of red
and light blue dots) in a moiré potential (yellow) with period a,,.
The potential can host a Wigner crystal state (WC) of doped
electrons (dark blue dots), here a filling of v, = % is illustrated.
Because of the exciton-electron repulsion, the exciton cannot
populate the sites occupied by electrons (indicated by the crossed-
out dashed path). The remaining available sites form an emergent
excitonic lattice. (b) WC at various v, in zero-twist WSe, /WS,
[14,28]. The remaining empty sites provide a lattice for exciton
tunneling shown in panel (a).
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TABLE I. Emergent lattices and collective emission properties
of interlayer excitons at various filling fractions (v,), which form
complementary lattices of charge orders in zero-twist WSe, /WS,
[14,28]. The third column lists the collective band indices (in
energy order) A with enhanced radiative decay (within the light
cone) compared to the bare dipole transition rate y. Cy ¢ denotes
the corresponding Berry curvature, summed over the light cone,
upon an out-of-plane magnetic field with Zeeman splitting

Emergent arrays v, Superradiant A Cic
Triangular 0,%2.3.% 0,1 -1, 1
Rectangular : 0,1 0,0
Honeycomb % 0,1 -1, 1
Kagome % 0,134 -1,1,1,-1

We find strong cooperative effects for all emergent lattice
structures considered in this Letter as these arrays are
deeply subwavelength. More specifically, the radiative
decay rate of excitons within the light cone (LC) can
experience a substantial enhancement that scales with the
number of supersites within the resonant wavelength of the
exciton 4., [2,3], which, to the best of our knowledge, has
not been considered in previous analyses of moiré excitons.
This increase could possibly bridge the discrepancy
between the experimental values of exciton linewidths
(~1 meV [13,14]) and their estimations via Wigner-
Weisskopf theory [29] (~107° =10~ meV [30]). In addi-
tion, we find that (the overall trend of) the radiative
linewidth of the lowest energy exciton within charge-
ordered states decreases with v,, which serves as a
signature for different Wigner crystal (WC) states.
Interestingly, we further find the emergence of nontrivial
Berry curvature for certain lattice structures in the absence
of time-reversal symmetry. The dependence of Berry
curvature on the emergent lattice at different v, offers a
potential new probe for experimentally characterizing
various WCs (see Table I). Finally, we demonstrate that
both the collective radiative linewidth and the Berry
curvature can be extracted from polarization- and momen-
tum-resolved far-field reflection measurements [32], which
could provide more information compared to previous
optical experiments [14,28,33,34].

Two-band model—We consider the lowest conduction
(CB) and the highest valence (VB) bands of two TMD
monolayers. Each band is labeled by the valley pseudospin,
which is locked to the real spin degrees of freedom for
energy scales lower than the corresponding spin-orbit
splittings [35]. Stacking these layers with a tunable twist
angle or (for heterobilayers) lattice mismatch generally
leads to interlayer coupling with an enlarged spatial
periodicity a,;. We specifically consider heterobilayers
[36], as the band offsets therein allow us to capture the
effect of interlayer tunneling by emergent superlattice

potentials, which split the original electronic dispersion
into moiré bands [37]. In addition, we consider doping
electrons into the first conduction moiré band and focus on
the regime with dilute electron-hole pairs [6,39], generated
via weak optical excitation. Note that within such a dilute
regime, the emission properties are captured by the single
excitation subspace, in which the spectrum of a master
equation is mathematically equivalent to the eigenspectrum
of a non-Hermitian Hamiltonian [1-3]. While our formal-
ism can be straightforwardly generalized, for simplicity, all
(doped and optically excited) electrons are assumed to be in
the same layer.

We start with the following two-band model in the
absence of an external drive (see its microscopic origin in
Ref. [40]):

=33 [

n=c,v 7

ha($)0" (5) + Vo + Vo (1)

Here, n labels the (monolayer) band index with ¢ and v
indicating CB and VB, respectively; ¢ € £ represents the
valley pseudospin, and s is the in-plane continuous posi-
tion variable. (s) and e (s) denote the correspon-
ding annihilation operators for CB electrons and VB
holes, respectively. h,(s) = (p2./2m,) + A,(s) + (5, —
8,.0)(EY + p) is the energy operator describing the non-
interacting sector of the charge dynamics on top of the
superlattice potential A, (s), with p,, ;, m,,, E, and y being the
momentum operator relative to the valleys, the effective mass,
energy offset at the valley momentum, and chemical poten-
tial, respectively. V, = [(e?)/(8ze)] [, {[:pc(s)pc(s"):]/
s = '} = {12000, /[ =P+ 2]} is  the
interaction  between  fermion  densities  p,(s) =
ST () (5) [45] with Jys = [ d*sd’s’ and the colons
indicating normal ordering of the operators in between. —e, €,
and z,., are the electron charge, static electric permittivity, and
the out-of-plane distance between CB electrons and VB holes
[46], respectively. In addition to f)e, electron-hole pairs can
also interact through their transition dipoles, yielding:
2
o o

Va= P'(s) - G(w, s =5)-P(s').  (2)

e Jsy

where c¢ is the speed of light and ¢, is the vacuum electric
permittivity [47]. P (s) = 3, deol" ()" (s) is the pair
creation operator [48], where d¢¥ is the transition dipole
matrix element between the CB and VB at valley =
G(w,.s —s') is the dyadic Green’s tensor evaluated at the
frequency of the target pair state @, [40]. In the following, we

use the two-band model  to construct the superlattice
Hamiltonian for optical excitations in the lowest energy
manifold and doped electrons.
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Zero doping—Atv, = 0, optical excitations from Eq. (1)
are given by excitons. To capture the lowest composite
particle, we employ the tight-binding approximation to the
two-particle Hamiltonian operator from H [50], whose
eigenfunctions in the tight-binding limit can be approxi-
mated by moiré-Wannier orbitals [40]. The lowest energy
orbital at each supersite R, denoted as wg(s,,s,) with s,
and s, being the coordinates of the electron and hole,
respectively, defines the corresponding exciton creation
operator:

She = / Ps s, wr(s0.5,)0 ) (594 (5,). (3)

Projecting H onto these single-exciton basis states, the
superlattice Hamiltonian becomes [51]:

ﬁ = (a)ex - —> Z Z IRR"XR er’ 7 (4)

R#R' 7
where 7igx = ) g, X;VTJ%R,,. we and y denote the exciton
frequency and decay rate (we set 2 = 1 hereafter), respec-
tively, in a unit supercell problem, whereas the true
excitation spectrum in the superlattice is renormalized by
the tunneling:

TT int a)gx|d|2 * eX /
thr = RpOce — e e - G*(R—R')-e,, (5
0
which incorporates the sector from charge dy-

namics (denoted as t}?‘R,) and the dipole-dipole inter-
action from the in-plane components of d¢<” [54], de-
noted as de; with e, = [(e, + ize,)/(v/2)] (e, and e, are
in-plane unit vectors) [52,55]. Here, G*(R—R') =
Jos WR(S)G(@ex; s — 8" )wri(s') where wg(s) = wg(s,s) is
approximated as a Gaussian with width ay, for simplicity.
We refer to the Supplemental Material for details of A [40].

Finite doping with charge order—We can generalize
Eq. (4) to finite v,, where doped electrons form WCs [56].
These charge orders could emerge from a generalized
Hubbard model [57,58], which naturally appears by pro-
jecting Eq. (1) onto the first moiré band of doped charges
[40]. Importantly, since the exciton satisfies the tight-
binding criterion, its hole remains bound to its original
electron, preventing recombination with doped charges
[59]. Further assuming that the electronic states being
stable against the dynamics of dilute optical excitations,
we can treat the WC as a spatially periodic detuning,
consistent with experimental signatures [33,34]. This
detuning is characterized by the gap between w., and
the energy of lowest three-body state (one doped electron
together with the excited electron-hole pair) within a
supercell, denoted as w,. In particular, in the regime

|w;, — wey | > | RR,| the low-energy optical excitations

are either within the ~w,., or ~w, manifold, depending
on the sign of w, — w.,. We focus specifically on the case
w. <K w,, which is realizable by interlayer excitons
[20,40], to study the collective behavior of these emitters
(three-body states with w., > @, correspond to trions [60],
which is not the focus of this Letter). In this subspace, these
excitons are still described by the Hamiltonian Eq. (4) [61],
except that now {R} lies in the emergent lattices, which are
complementary lattices of the WCs. Accordingly, different
emergent lattices can be realized simply by accessing
distinct WCs in moiré TMD bilayers, which can be tuned
by the electron filling fraction v, (doped electrons per
supercell) [14,28,57]. We list a few possible emergent
lattices observed in WSe, /WS, in Table L.

Collective bands—We proceed to study the eigen-
spectrum of Eq. (4). To capture the relevant physics, we
set til';.‘R, =0 in Eq. (5) throughout this Letter [62].
Diagonalization of the Hamiltonian Eq. (4) yields the
emitter spectrum e, + Ay — (i/2)I'g characterized by
the center-of-mass Bloch momentum Q. Note that, if the
excitonic states at all R constructively interfere, I'y should
scale with yN,, (6) [1], where N, (@) is the ratio between
the squared exciton wavelength and the unit cell area of the
effective excitonic lattice at twisting angle 0:

NL/€ (9) = (1 + 92/52)1\711 Nuﬂ = ﬂgx/Avp' (6)
Here A,, denotes the emergent unit cell area at electron
filling v, and zero twist and 6 defines the lattice mismatch
between the two monolayers [26]. We present the collective
spectrum in units of yN, (@) hereafter to indicate the extent
of constructive interference of the exciton eigenstates.

In Fig. 2, we illustrate the collective lineshifts A, and
linewidths I'y for the untwisted WSe,/WS, bilayer at

@ " ®) 4=
Q
1 A 1.5 o 3
= « -2 2 =
o 1.0- = 2 2
=0 =z 0 <=
54 \ | < < \ |
< S L4 055 5 \ 4 e
-1 ',>-<\ I >—<\
— 0.0 g—t==== 0
M r Kk M M r K M
Q Q

FIG. 2. Collective excitonic line shifts Ay (solid lines) and
linewidths I'y (dashed) emerging from charge-ordered zero-twist
WSe, /WS, with electron fillings (a) v, = 0 and (b) v, 1 . The
vertical axes are displayed in units of yN, , with N, deflned in
Eq. (6). The horizontal axes represent the Bloch momentum Q,
which follows a piecewise-linear path through high-symmetry
points in the Brillouin zone, as indicated by the hexagon in the
inset of (a). Momenta within the light cone are indicated by the
green shaded area (size enlarged for clarity). Different colors
label distinct single-particle exciton bands. The parameters used
are ay; = 8.25 nm, w., = 1.55 eV, and ay = 2 nm [26,40].
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v, =0 and % corresponding to triangular and honeycomb
lattices, respectively. The cases with Kagome and rectan-
gular lattices can be found in the Supplemental Material
[40]. For all v, of interest, both quantities vary on scales of
N,y with N, ~ 10*. Qualitatively, this is because emis-
sions from supersites much closer than the exciton wave-
length 4., can constructively interfere.

The collective behavior is qualitatively distinct within
and outside of the LC. For all v,, T'¢ is significantly greater
than y within the LC but is suppressed outside, consistent
with the fact that only emitters in the LC couple to light and
radiate due to momentum conservation. Note also that such
a large decay rate in the LC indicates that an emitter tends
to radiate before it hops to other supersites, which is also
reflected by the relatively flat A,y (with respect to Q)
therein.

Aside from these common properties, collective bands
exhibit several distinct features at different v,. We specifi-
cally illustrate how A and I'; vary with v, in Fig. 3(a), as
these quantities are directly accessible via reflection mea-
surements at normal incidence [1]. First, different emergent
lattices generally yield distinct numbers of bright levels,
which serves as the most direct signature to identify certain
WCs. For instance, two bright lines with equal and
different I'; can be associated to rectangular (v, = %) and
Kagome (v, = %) lattices, respectively. In contrast, triangu-
lar and honeycomb lattices cannot be differentiated by
bright-level counting.

Another optical signature of the WCs is the linewidth I
of the lowest state at each v,, which is typically the fastest
radiative rate. By comparing their values (which overall
decreases with v,), it is possible to determine whether the
corresponding WCs are formed in experiments [64].

Finally, these spectral properties can also be tuned via
twisting angle 6. Figure 3(b) illustrates the dependence of
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q —~ ",/ lattices
— 37 ® =0
= A o v =23
0111236 -0.5 0.5
132 317
Ve log[V,,, (0)/No]
FIG. 3. Dependence of collective line shifts and linewidths at

0 =0 (a) on v, for all states at zero twist and (b) on twisting
angle 0 and v,, whose effects manifest in the combined factor
N, (0), see Eq. (6). Dashed lines in (b) indicate linear fits with

slope 1. Here we set 6=0.04 [26], and awy(0) = (1+
62/5%) 5ay (0) [63]; all other parameters are the same as in Fig. 2.

Iy on N, (6). Crucially, for the same type of lattice
geometry, the collective linewidths scale inversely with
the emergent unit cell area, which can be confirmed by the
analytic expression of the Green’s tensor at Q = 0. These
scalings provide an indirect probe for the emergent lattice
geometry: for instance, all triangular arrays (e.g., v, = 0, %)
belong to the same line in Fig. 3(b). Therefore, the intercept
in this logarithmic plot serves as another fingerprint of
the WCs.

Berry curvature—Topological features can also emerge
in these collective excitonic bands. To see this, we
introduce a magnetic field to break time-reversal symmetry
and compute the total Berry curvature within the LC, C; ¢,
for (directly) optically accessible states, as summarized in
Table 1. Excitonic bands arising from triangular, honey-
comb, and Kagome effective lattices yield Cjc = %1,
whereas those from rectangular lattices remain topologi-
cally trivial. This behavior originates from the phase
winding of the light-mediated coupling between valley
doublets, which effectively manifests only in lattices with
C; rotational symmetry, rather than from topological
electronic bands [65].

Finally, we propose a far-field reflection experiment to
detect Cy ¢, where the scattering matrix element extracted
from cross-circularly polarized input and output fields,
S_., is measured. Specifically, its momentum dependence,
controlled by incidence direction, possesses difference
number of nodes for excitonic bands with different topo-
logical features. We leave the details to the End Matter.

Outlook—Our formalism can be further generalized to
describe the collective behavior of moiré excitons involving
other strong correlations to study their interplay [66]. For
instance, going beyond the single excitation subspace [67],
nonlinearities inherent in these emitters can lead to a variety
of interesting physical phenomena, including Dicke super-
radiance [68—70], optical bistability [71], leaky condensa-
tion [72], and phase space filling [73-75]. Another
intriguing problem is whether the spin correlations that
emerge near half-filling v, =1, such as the magnetic
polaron effect [76,77] and kinetic magnetism [60], could
play a role in the cooperative excitonic properties.

In addition to WCs where the doped electrons only act as
an effective lattice potential to the excitons, it is natural to
ask about their collective behavior at general v,. At fillings
slightly away from the ones providing WCs, metastable
frozen charge configurations could emerge and play the
role of a random potential to emitters that breaks the
translation symmetry [58]. We anticipate this randomness
to suppress the degree of constructive interference, indicat-
ing weaker radiative decay.

Another possible outlook for moiré excitons is to
simulate topological physics in two-dimensional dipolar
spin systems [73]. In particular, their tunneling driven by
dipole-dipole interaction could provide relatively flat col-
lective bands with nontrivial Berry curvature within the
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light cone. These ingredients allow for the emergence of
topological phases such as fractional Chern insulators and
spin liquids [78—80]. We therefore anticipate these optical
excitations in TMD bilayers to act as a platform for these
phases of matter.
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End Matter

Appendix A: Details of Berry curvature—Incorporating
an out-of-plane external magnetic field B adds a Zeeman
splitting between the valley-degenerate doublets to
Eq. (4). We accordingly proceed with the Hamiltonian
H— H =H+upBY., | iy, ig. where yp denotes
the magnetic dipole. The Berry curvature Q(Q) =
iV x (Q|V|Q) is computed for each band at several v,
where |Q) are right eigenstates of A’. Note that without
loss of generality, the right eigenvectors of the non-
Hermitian Hamiltonian are chosen to define the Berry

curvature [81,82] (a more rigorous study of non-Hermitian
topology is left for future work). We specifically focus on
Q(Q) of (directly) optically accessible states (i.e., within
the LC) and compute the numerical results for v, = 0 and
% [see Fig. 4(a)], evaluated under a standard momentum
discretization scheme [83].

At v, = 0, both collective excitonic states (labeled with
respect to their energies by A = 0, 1) exhibit nontrivial and
opposite Q(Q) centered at Q = 0. Notably, the summation
of Q(Q) in LC, Cyc, for these bands takes integer values
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F 1. As briefly mentioned in the main text, topological
features here originates from the phase winding of
e;-G*(R—R')-e_, which appears as the off-diagonal
terms in the effective low momentum approximation of &',
denoted as 7(Q) [40]. With Q = Q(cos ¢e, + sin pe,),
where ¢ is the polar angle of Q, we have

iJQ*e%
—pupB

A lro H BB
h(Q)zwex+A0_7+ l-JQzeZi(/; ’ (Al)
where J is a (generally complex) coefficient characterizing
the band curvature around @ = 0. We find that Eq. (A1) can
approximately capture Q(Q), particularly the sharp feature
at Q = +/|upB/J|.

In contrast, C; ¢ from generic arrays (see Table I) may be
trivial if the low-Q model of the target band is different
from Eq. (A1). For instance, both collective excitonic bands
from the rectangular lattice at v, = % give zero Berry
curvature, and hence C; = 0. This is due to the absence
of C; rotational symmetry, leading to nonzero off-diagonal
terms in the corresponding Hamiltonian at Q = 0, which
indicates a gap separating two topologically trivial
bands [40].

Similar arguments also apply to Berry curvatures of
higher collective states. More specifically, the suppressed J
for A=2,3aty, =fand A=2,5aty, = (cf. the flat
real and imaginary spectra in Fig. 2 and Supplemental
Material [40]) is consistent with the fact that C; = 0 in
these bands (not shown). In contrast, the A = 3, 4 states at
v, =y exhibit a nonzero curvature in '} such that they

sustain nonzero  in the LC.

Appendix B: Extracting band properties via optical
reflectivity—In this Appendix, we discuss optical
experiments to probe the aforementioned collective
excitonic properties. The numerical results of Berry
curvature for v, =0 and % are shown in Fig. 4(a), and
their manifestation in optical measurements is illustrated
in Fig. 4(b). Here, far-field reflection experiment with
plane-wave incident light near exciton resonances is
considered, and the target physical observables are the
amplitude and phase of the scattered field, which can be
obtained via standard homodyne technique [29]. Below
we illustrate that information about A’ can be inferred
from the scattering matrix extracted from such
measurement. For Bravais lattices (e.g., triangular and
rectangular arrays), components of this matrix satisfy

zcy
Seo(k) = . E 9oz (k. k) Dy o (ck, k), (B1)
ex T/

where k) is the in-plane component of k and z(7') stands
for the (circular) polarization of light here (which is locked

](2“’ i/l/gB
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FIG. 4. Comparison between properties of topological and
nontopological collective bands from v, = 0 and v, = %, respec-
tively, with Zeeman splitting uzB = 20y. (a) Dependence of
Berry curvature (€2) on Bloch momentum magnitude Q for the
two bands at each v, (labeled by colors and A), with solid and
dashed lines indicating results from the full model 4’ and the
low-momentum model Eq. (A1), respectively. The vertical axis is
in units of J/y, where J is fit from I'yp in Fig. 2(a) using a
momentum sample within Q < 7/25A,,. The gray vertical line
indicates the momentum satisfying JQ? = uzB. The inset shows
that the dependence of Q on the polar angle of Q is negligible.
(b) The phase of S_, at k = (27/A) and k| = ke, + ke, for
each v,. All other parameters are the same as in Fig. 2.

to the valley index of electrons in TMDs [6]). ¢, »(k, Q) =

_(i/zAvg){[kzér,r’ - (6; : Q) (er’ : Q)]/[kz \% k* — Qz]} is
the Fourier transform of the Green’s tensor [40].
D, (0.0) = (%g.(0— )24 )‘Wc&f,) describes the collec-
tive response susceptibility of the exciton, evaluated in the
vacuum state, with ¢ . denoting the Fourier transform of
Xg... Once H' is reconstructed from S.»(k) via Eq. (B1),
the corresponding spectral and topological excitonic
properties within the LC could be determined. In
particular, Cy can be extracted from (half of) the winding
number of phase of S, _, with respect to the polar angle of
k|, as shown in Fig. 4(b).

For non-Bravais lattices, however, S, (k) can only
provide partial information about the exciton
Hamiltonian because far-field measurements cannot
resolve the sublattices. More specifically, (o — H')~! in
D, (®,Q) has to be sublattice-symmetrized in this sit-
uation [40]. Therefore, measuring S, (k) generally cannot
uniquely determine all the excitonic properties within the
LC. One special case where such a scheme is still
applicable is the honeycomb lattice, where sublattice
symmetrization selects the A =0, 1 doublet such that
their Ay, Iy, and Q(Q) are still fully recoverable from
reflection experiments [84]. A complete reconstruction of
the excitonic band structures would require additional
measurements beyond S, .(k), which we leave for
future work.
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I. DERIVATION OF THE TWO BAND MODEL FROM MICROSCOPIC HAMILTONIAN

In this section, we present the derivation of the two band Hamiltonian starting from the following microscopic
model within the Coulomb gauge (we set i = 1 throughout the Supplementary Material for simplicity) [1]:

P Al oot

| — ']

2

A A A A~ A~ r ~ ~ A~ 2
R o+t A, o= [ Prif) |37 4Vt ] b, A= 5 [ e

where mg, —e, and €y are the free electron mass, the electron charge, and the vacuum permittivity, respectively. 1/3(7")
is the electron field operator at the three-spatial-dimensional coordinate r. V,i(r) is the potential from the atoms of
the two TMD layers, and p is the chemical potential of electrons. Hp includes the Maxwell Hamiltonian and minimal
light-matter coupling with respect to transverse electromagnetic fields (see Section , whereas the longitudinal
sector is packed into H, within the Coulomb gauge.

To further simplify this microscopic model, we decompose the electron field operator in terms of Bloch states states
of two (decoupled) monolayers, which are respectively labeled by their orbitals, valley pseudospins (denoted with
T € 1), spins, and Bloch momenta. We aim at the low energy version of the microscopic model, where spin and valley
indices are locked due to spin-orbit coupling in TMDs and only the lowest conduction and the highest valence orbitals
of each layer are relevant (denoted as ¢ and v respectively). In addition, we assume that all (doped and optically
generated) conduction electrons are within the same layer for simplicity (and similarly for valence holes) such that
the layer label is locked to the band index. With these considerations, we express:

Z Z wq-K +Pc CTK -+De + Z ¢TK1,+IJ1, ( ) AT—TKU—pU’ (2)

Py

where ¢,k 1p. and ot L K,_p, aT€ the conduction electron annihilation and valence hole creation operators (hence
momentum of the latter is flipped), with their corresponding electronic Bloch wavefunctions being ¥¢ p e (r) and
Y7k, +p, (1) We focus on the momenta near the Brillouin zone corners 7K, (n € {c,v}) with p,, being the momentum
relative to them. At small twist and lattice mismatch such that the monolayer lattice vectors can be expressed as

a + éa,, with |0a,| < |a|, and with the further assumption that the bilayer of interest is R-stacked, K, ~ K = 172,

= 3a?

A. Non-interacting matter Hamiltonian

We first utilize Eq. to simplify Ho. By definition, the sector of each monolayer in o is diagonalized by the
Bloch states but leaves an interlayer coupling Vi, giving:

/’qO = Z E.(TK.+ pC)éTrKCerCéTKchpc + Z Ev(TKv + pv)ﬁ*TKv*PvﬁiTvapu + VIL? (3)

Pec,T Pv,T

where E (7K. + p.) and E,(TK, + p,) are the conduction and valence electron dispersion, respectively. At low
energy, we can expand these bands near the valleys 7K,, to quadratic order in p,, indicating:
ﬁ2
Ho ~ Z / d*sél (s =

+E0+u >
My

ér(s) + ﬁi(s) l — B — ,u] 0r(8) + ViL, Pnr=—iVs —7K,, (4)



where ¢é,(8) and 0.(s) are Fourier transform of é, k. ik, and 9_, g, g, to the (monolayer) Wannier basis, with the
in-plane site positions treated as a continuous two-dimensional variable s because we only care about length scales
much larger than |a|. Here m. and m, are the effective masses of conduction electron and valence hole, respectively,
and E? = E,(7K,,) is the energy offset of each band and layer.

Further progress requires details of the interlayer coupling term. For simplicity, we will consider heterobilayers such
that an offset exists between bands of the two layers, which renders the interlayer coupling perturbative. In other
words, in these situations such coupling simply introduces moiré potential A.(s) and A, (s) to the charges, giving:

A2
pn,'r

PR A (8) + (B = Gna) (D + 1), 5)

Flo= Y [ st (s)ha (50 (), hals) =

where we use the short-hand notation 9 (s) = ¢-(s) and S ( ) = 9,(s8). This expression reproduces the non-
interacting term in Eq. (1) of the main text.

B. Interactions

We proceed to express the interactions Hy and Hrp with the degrees of freedom at each band. Before implementing
Eq. (2)) on these terms, we note that the low energy physics of TMDs lies at momenta near the valleys, implying that
we can implement approximations based on small p,, and small §K,, = K,, — K. More specifically, this consideration
allows for the k - p approximation [2], which brings the Bloch function ulp ., (r) = e~ UTKntpn) T TK, +p, (T) tO
the following expression:

n n Z n ,n, n ’I’L’I’L/ J— n* n’
uTKn—f—pn (T) = ’LLTR(T') + g(TCSKn +pn) : Zd u’T‘K( ) dr’ = _6(1 - 5n,n/)/d37°¢712(7°)7°¢7f<(7°)’ (6)

n’

where the (1 — d,,,/) factor in the transition dipole matrix elements dﬁ’”/ results from the parities of conduction and
valence electronic Wavefunctions at valley 7, which corresponds to |d.2) and |dy2_,2) + i7|d,,) orbitals [3]. In the
following, we utilize Eq. (2 and Eq. @ to Slmphfy the interactions.

We start by analyzing ’H 1, which are weighted integral of (normal-ordering of) 1/1*( )w( )’l/A}T (r' )@Z(r’ ). For simplicity,
we focus on only two contributions from this interaction, depending on whether the two fermions in the local electron
density operator z/AJT(r)iﬁ(r) belong to the same or different bands after substituting Eq. .

We begin with the situation where the two fermions in ¢! (r)¢)(r) are intraband. Such term would contain only the
zeroth order term in Eq. @ because the intraband transition dipole matrix elements are vanishing. The remaining
terms can be straightforwardly simplified by utilizing the orthogonality relation and (approximate) discrete transla-
tional invariance (at small twist and lattice mismatch) of Bloch wavefunctions. Together with a transformation from
Bloch to the Wannier states and treating the monolayer sites as a continuous variable, we find that the target con-
tributions in 9 ()1 (r) eventually become ~ p,(s) = 3 1/3&"”(3) A£”>(s). We therefore find the following expression
for the corresponding sector of Ho:

/d28d2 /° pc ) c( ) : _ Qﬁc(s)ﬁv(sl) , (7)

5 —s] T
where z, is the distance between the two layers and the colons indicating normal-ordering of the operators in between.
Note that here we replace €y with the static permittivity of the material € to account for dielectric screening.

In constrast, for the situation where the two fermions in @ZT(T)QZ)(T) are interband, the contribution from zeroth
order term in Eq. @ vanishes because [ d37"(/)7c_}(7")1b3, 7 (r) = 0, whereas the first order corrections (which involves
transition dipoles) are generally non-vanishing. Dropping only higher order corrections and repeating the procedures
in calculating intraband contributions, we find the target terms in ¢ (r)i(r) eventually becomes ~ iv, . P(s) and
its Hermitian conjugate, where P (s) = > devel(s)dl(s) is the electric polarization operator. The resulting operator
from #, is the longitudinal dipole-dipole interaction, which has the following expression:

- 1 . 1 -
Var = — / d?sd?s'PT(s)- |Vs @ Vg — | - P(s). (8)
’ €0 |s — &|
We proceed with analyzing 7:lT, which could be turned into the following form after a canonical transformation [4]:

Hp ~ — / Ps [Pl(s) Br(s) + He| +AE, A= / ErEL(r)Br(r) + @B (r)B(r), )
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where c is the speed of light, and ET(’I”) and B (r) are the transverse electric and magnetic field operators, respectively,
evaluated at position r. To obtain a quartic fermion interaction from this coupling, we integrate out the gauge fields
following standard diagrammatic technique [5]. This requires the propagator of transverse electric field such that
the target vertex involves retardation effect. We address this by assuming that the relevant photon fluctuations are
near-resonant to the target pair state, whose energy is denoted as wp. The resulting interaction has the following
transverse dipole-dipole form:

Var = (=i) / 2sd?s' Pl(s) - / " B ()T EL (8 ) ne - P(S), (10)

— 0o

where (...)yac denotes the vacuum expectation value of the operator in between.
The longitudinal and transverse dipole-dipole interactions can be combined into [11 []:

. . . w? N
Va=Var+Var = - /d2sd23’PT(s) -G (wp,s—8") - P(s), (11)
C7€Q
where G, g(ck,r) denotes the (o, § € z,y, z components of) dyadic Green’s tensor:

ethr i 1 3i 3 TaTg e300 (1)
- _ 1 = —-1- = : . 12
Gor,p(ck, T) Ay [( + kr (kr)2> Doy + ( kr + (kr)2> 72 ] + 3k2 (12)

Note that unlike the static interaction, here we neglect the dielectric screening at frequency w, such that the per-
mittivity here is still €g. This is valid if w, is off-resonant with other excitations (except the target pair). Another

important point is that the interaction V, influences the dynamics of an electron-hole pair even in the dilute regime
and is physically distinct from the Hubbard-type electrostatic repulsion between pairs [7], which becomes significant
only at high densities of these excitations, a regime that is not the focus of this work.

Before moving on, we comment on a few subtleties regarding the interlayer terms in the dipole-dipole interaction.
First, renormalization from the interlayer coupling should also be considered in the transition dipole matrix elements
on top of its expression in Eq. @ More specifically, contributions from a two-step process in which interlayer cou-
pling occurs after a (virtual) creation of intralayer electron-hole pair is non-negligible [8]. Therefore, for interlayer
transitions, we will not compute d2” using Eq. @ but instead quote the results in literature [8, [9]. Second, taking
the continuum limit of the monolayer lattice positions in the dipole-dipole interaction is nontrivial because, strictly
speaking, the displacement vector between the sites at different layer is position dependent due to twisting or lattice
mismatch [I0], which could lead to a position-dependent dipole matrix element [IT]. Nevertheless, here we assume
that the spatial fluctuations of electron-hole states of interest is small compared to the scale at which such displace-
ment becomes non-negligible (which is characterized by the moiré period ays) [7) 11, 12], validating our continuum
approximation.

II. THE EFFECTIVE MOIRE SUPERLATTICE MODEL

In this section, we derive the superlattice model for optical excitations in the lowest energy manifold and for doped
electrons from the two band Hamiltonian described in the main text, starting from the simple case without electron
doping.

A. Undoped bilayers

In the absence of doping, the optical excitations are given by electron-hole pairs. We specifically focus on the lowest
energy pairs in the dilute regime, which allows us to project the two band model H into the single excitation basis
:E; -|vac), where |vac) denotes the vacuum state and the creation operator of a pair in the lowest energy moiré-Wannier
basis is:

nAcTR’T = /dQSCdQvaR(smsv)éi(sc)f)l(sv). (13)

Here wgr(s, sy) is the Wannier orbital centered at supersite R, with s. and s, being the electron and hole in-plane
coordinates, respectively. Note that wg(s.,s,) takes the functional form f(s. — R,s, — R) due to superlattice



periodicity, and at this point we assume it is valley independent. This projection yields:

7:[_>I;[: (wex_ZV)ZxRT‘rRT"’_gZxRTmRT Z ZtRR’xRT‘rR/T7 (14)

R#R' 7,7/
where the on-site energy integrals are:
2 2 * |d|2 ex
Wex = d scd vaR(sc; Sv)hex(sca Sv)wR(Sc; 31}) + 2 [g ( )] *€r, (15)
Co€g
2 17]2 2
wex|d‘ * ex eX|d| ex
= LexlT ox o7 : - e 1
y= -2 e otlg ) e €= 5 Relg™ (0)] e (16)
where we use d2 = de as well as the shorthand notations hex(Sc, 8v) = >, hn(sp) — ﬁ and:
G*(R-R)= /dQSdQS’w}}(s, 8)G (wex; 8 — 8" ) wi (s, 8). (17)

In addition, there are tunneling terms from the intrinsic charge dynanics ti{{‘f g and from the dipole-dipole interaction.
Combining the two terms gives:

= e . G*(R-R)- e, til‘%fR, =— /d2scdzsvw}";¢(sc, Sv)hex(Sc, Su)Wg (Sc, Sv).  (18)

To further simplify the model, we consider the regime where a,s is controlled (by twisting angle) to be sufficiently
large, allowing for the approximations below. First, this consideration implies the width of wg(s, s) in s, denoted
as aw, is also large. Under this circumstance, the on-site term given by the Green’s tensor, which roughly scale

with ~ %, is suppressed compared to the center-of-mass sector of [ d?s.d*s,wi(Sc, Sv)hex(S¢, Sy)WR(Sc, S,), which
w

scales with ~ m [13]. This comparison indicates that £ and v only appear as high order corrections to the
c v ) Ay

eigenvalues of the model. Second, a large aj; indicates the validity of tight-binding approximation, suggesting that
off-site terms are perturbative compared to on-site ones. Combining these considerations, the zeroth order energy
from H is simply wex, and the functional form of wg(s.,s,) can therefore be determined by this quantity (as by
definition it is the wavefunction of the lowest energy manifold), subject to the constraint that it only depends on

— R and s, — R. The resulting wavefunction is independent of 7, consistent with the assumption made at the very
beginning of this section. In addition, it is a representation of C3 rotation, suggesting that the first order eigenvalue
correction from £ vanishes, and therefore, one can neglect its contribution in H and recover the superlattice model
presented in the main text.

1. Details of the dyatic Green’s tensor

Before moving on to doped bilayers, we elaborate on details of G** (R — R’), which depends on the moiré-Wannier
function of exciton wg(s,s). Simplification of this Green’s tensor therefore requires the analytical form of this
wavefunction, which we assume to be the following form for simplicity [14]:

; (19)

2\/5 |: (Sex — R)2 2|Sc B Sv|:| MeSe + My Sy
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where ap characterizes the electron-hole relative distance (and recall that ayy is the center-of-mass spatial fluctuation).
This expression is strictly valid if (a) aw < apsr such that quadratic expansions to the center-of-mass potential terms
are applicable, and (b) the coupling between center-of-mass and relative coordinates provided by the moiré potentials
are suppressed. Utilizing this expression, the integrated Green’s tensor becomes:

2
o (R R) = 20 [ TP ip(r-r) mrtaiy [ 0us ~ pabs

2 | @t (k2 = p?) : (20)
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where an ultraviolet regulator to p is introduced naturally by ay,. This yields the following on-site contribution:

*P 3, ek aly V(kaw)?

. (0) = 6 16ka?, [erfi(kaw) —i  (kaw)® — 411}

kaw
erfilkan) = = [ dyexnt). (1)

— Wex
k= c

which directly indicates:

32a%, |d|2w?
= v cv — CX7 22
a% i K 3megcd (22)

where we take the approximation eF’alv ~ 1 as the array is subwavelength. Note that here 7., is the Wigner-Weisskopf

spontaneous emission rate for conduction-valence band (of monolayers) transition that is independent of ay and ag.

32a3,
a

2 set by length
B

In contrast, 7 is the bare radiative decay rate of a moiré exciton, which is corrected by a prefactor

scales of the pair wavefunction. Notably, ayy generally depends on ays, indicating that v varies with twisting angle.

Finally, for later convenience, we discuss two different Fourier transforms of the Green’s tensor, which brings G** (R)
and G (ck,r — R) into the center-of-mass Bloch momentum space labeled by Q. Note that @ is Fourier conjugate of
the emergent lattice vectors, denoted as L, which is different from R if {R} defines a non-Bravais lattices. The first
transformation reads:

S GF(L A+ b b)e Tt - % 3 GG Q + G) — by vG(0), (23)
L#b —b G

where we replace R = L + b with b being sublattice vectors for non-Bravais lattices. Here A is the unit emergent cell
area, G denotes reciprocal lattice vectors, and:

Sex 32a? 2qaq
a,ﬁ(Q) = 2W (504,[3 - 3 ﬁ) I(Wexv Q)v Vo,8# 2, q-e, =0, (24)
ap Wex

with:

e~Faly {erﬁ (Maw) - z}
2/k? — ¢2 ’

where \/k? — g2 has non-negative real and imaginary parts. This type of Fourier transformation is useful upon
evaluation of the low-Q Hamiltonians in Section [T In contrast, the second transformation reads:

I(ck,q) =

(25)

Z G(ck,s + ze, — L —b)e'Q@ LT ~ g(k, Q)e'Qs—IVF =@ vz <0, |2] > an, (26)
L

(27)

G p(k, Q) = Q“Qﬁ] .
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where only zeroth order diffraction is kept as others are exponentially suppressed by a factor ~ exp(—|z|/ar), which

are negligible in the far-field limit. This type of transformation is utilized to evaluate the scattering matrix of light
in Section [Vl

B. Doped bilayers

We proceed by generalizing the superlattice model to bilayers with Wigner crystals consisting of doped electrons.
Before doing this, we briefly review how those charge orders emerge from the two band model. To begin with, the
doped electrons fall into the first conduction moiré-Wannier state (which is split from the conduction band by moiré
potential) given by the following creation operator:

The = /d23w%(8)61(8)» wr(s) = \/%Ze_iQ'RﬂéZz(S), he(s)dg(s) = Ee.qdq(s), (28)
Q



where R labels the supersites and N = > p 1. Here wi(s) and ¢g(s) are the lowest moiré-Wannier and moiré-Bloch
wavefunctions, respectively. The latter is labeled by superlattice momentum @ because the corresponding eigenvalue
problem (w1th eigenvalue E, o) has moiré per1od101ty Projecting the two band model into this fermionic degrees of

freedom and include only terms depending on fR . fR - in the interaction, we find the following superlattice model
for doped electrons:

By =By Y fhodne =~ Y thenflydns+ 55 3 Us(R— ROl Fly oo frr (29
R,T T R,R 7 R,R’
where Ey = [ d*sw§ (8)he(s)wi(s) R, r=—J dswg (s)hc(s)wk(s), and Us(R—R') = [ d*sd’s ’%.
It has been shown that this superlattlce model with parameters from TMD bilayers could realize Wigner crystal states
at certain fractional fillings of doped electrons [15].

Next, we consider adding electron-hole pairs into these charge orders. We again stick to the large a,; assumption
such that the zeroth order eigenvalues of the full model can be determined by an unit supercell problem. In this
situation, the coexistence of one pair with localized fermions provides two possibilities, depending on whether the
pair lies in a cell with a doped electron, giving a three-particle and two-particle intra-cell state, respectively. Their
energies (w; and wey) possess a difference of which sign depends on whether the generated electron-hole pair is
intralayer or interlayer [I6] [I7]. We specifically focus on the interlayer scenario, giving w; — wex =~ 30meV for zero
twist WSes /WS, [I7]. This offset is large enough to suppress the coupling between these sectors [I8], suggesting that
the lowest energy pairs are simply the ones living in supercells without doped electrons. The superlattice Hamiltonian
discussed in the previous section therefore applies even in the presence of Wigner crystal state of doped electrons,
except that {R} preoccupied by these charges have to be projected out.

III. LOW MOMENTUM HAMILTONIANS NEAR THE MOIRE BRILLOUIN ZONE CENTER

In this section, we discuss the low-Q) Hamiltonians for different lattice structures. We specifically focus on Bravais
lattices (triangular and rectangular arrays) where sublattice indices are trivial such that the low-@Q Hamiltonian matrix
elements can be denoted as h, - (Q).

We begin by evaluating the Bloch Hamiltonian exactly at Q = 0, which reads:
|d]?w?, ,
T, [0+ (hag + hyy) + (1 = 07.77) (hae — hyy — 2iThyy)], (30)
where 1B denotes the Zeeman splitting from out-of-plane magnetic field and hap = > £0 953 (L). Notably, if
{L} = {OL} and Gs(L) = f)l’,‘ﬁ(OvL)7 where O denotes the operations of C3 point group, we find hy, = hy, and
hgy = 0, indicating that h, (0) ~ &, . This holds for triangular lattice but is not applicable for rectangular lattice,
which is consistent with the fact that the former is doubly degenerate while the latter are split at ugB = 0 (see Main
text and Section .

With the zeroth order correction established, we proceed to the first order perturbation Q - Vgh, (Q). Notably,
all terfns therein are associated with the summation »_;_, LG33(L), which vanishes if {L} = {O'L} and G5¥5(L) =

o5(O'L), where O denotes the operations of Cy point group. Both triangular and rectangular lattices satisfy these
conditions and therefore their first order corrections are zero.

Next, we discuss the second order corrections, which reads:

l)g ,
9 T, T +

hT,T’(O) = <Wex +7TupB —1

2 2
By (Q) — hrpr(0) = |62l| 2”6* (67,77 (8%haw + 02hyy) + (1 = 67.77) (6% hay — 62hyy — 2i76%hay)] (31)
C7€Q
where:
1 Sex
52ha,/3 - Z QyQs Z[aqwaqaga,B(Q)]qﬁG- (32)
g G

Rigourously speaking, one needs to evaluate the second derivative and perform the full G summation to get this
correction. Nevertheless, the G summand is exponentially suppressed with Gay ~ ZTV‘; because it contains I(wex, G),

see Eq. , such that one only needs to include terms with Gay < 1. Here we proceed with simply the G = 0 term,
which yields:

By (Q) = by (0) +4J(1 — 0,1 ) (el - Q)?, J=""—7. (33)



Using the fact that h, _.(0) = 0 for triangular lattice and going to polar coordinates for @, we recover the low-Q
model presented in the main text.

IV. SCATTERING THEORY OF LIGHT

In this section, we review the scattering theory of light incident upon a two-dimensional lattice [19], and apply it
to obtain the reflection coeflicient dressed by the collective properties of moiré excitons. We start with the following
integral solution to Maxwell equation for monochromatic electric field at frequency ck, E(r)e~ %

ki2

V xV x E(r)—KkE(r)=
€0

—P(r) = E;(r)=Ey.(r)— %Z/d?’r’gT,,/ (ck,r —7") - Pr(r'), (34)

where E,(r) is the e, component of E(r), > _ e, Ey -(r)e " is the input field, G, ,+ (ck,r—7') = e*-G(ck,r—7")-€,/,
and P(r) = (P(r)) = >, e P (r) is the (classical) electric polarization. Upon suppression of the spatial extension
of the pair wavefunction in the out-of-plane direction, projection to the lowest excitonic manifold, and dropping of
the counter-rotating term ~ <55TR’T>, the polarization vector becomes P(s + ze.) ~ 0(2)d" ) , e;wR(S, 8)(TR,7)-

Further progress requires evaluation of (g ), whose dynamics are described by the following equation of motion
in the weak drive limit (c.f. Eq. (4) in the main text):

4\/§daw

e Ey-(R), HE,TI;' = (‘*’ex +TupB — ) IR,ROrr — (1 —0R R’)tR R

chline) = 3 Hilim) - :

R/,7/

(35)

where HIT%TI;, is the matrix element of the superlattice Hamiltonian presented in the main text (with magnetic field).

As we assume the drive does not vary significantly at the scale of z., and ay,, we set its z and s arguments as zero

and R, respectively. We also utilize Eq. ( . to set f d?sw R(s,8) = 4‘[;‘” The above equation can be simply solved
by matrix inversion:

. _ 4\/§daw Z

(Err) = Dl (k) Bo.rr(R), > [chppdrr, = Hghy | DR, (0F) = Ommadrrs (36)

a
B R’,T’ Rl,Tl

where Dgg/ (ck) is the exciton propagator. Plugging this expression back to Eq. yields an expression of E(r)
involving the integral [ d*s'G(ck,r—s)wr(s’,s’). To simplify it, we assume that the field E(r) is eventually detected
at far out-of-plane distance, indicating that G(ck,r—s’) ~ G(ck,r—s'—ds’) for small §s’, which validates the following
approximation:

4\[aw

ap

/dzs’g(ck r— s\ wgr(s',s') ~ G(ck,r — R). (37)

Further assuming that incident light is near resonant such that |£—k — 1] <« 1, we find:

3
B, (r) =~ Bor(r) + == 3" %" Grn(ck,r = R)DR T, (ck) Eo ry (R2). (38)

wex
Ry,71 Ra,T2

To proceed, we specifically consider plane-wave incident field Ey(s + ze,) = Egjetk(stze:) with k, = k-e, > 0.
We are particularly interested in the far-field limit |z| — co, which allows for the approximation Eq. (26]). Combining
this with the following relations:

7,7 1 i ! T, T i
D1j+b,LI+b/(Ck)ENZ€Q(L+b L b)Dbb,(ck Q), Ze(k Q)-(L'+b") = Nok—(k-e.)e.,.@q» N = Zl (39)
Q
where b again denote sublattice vectors for non-Bravais lattices, we find the following scattering formula:

E.(s+ze,) =~ |Ey e=* 4 k== Z S, 1 (k)Eg | €% 2 — —oc. (40)



Here the (reflection sector) of scattering matrix reads (expressing k = k| + k.e.):

3mey * T
STJ'Q (k) = w Zg‘l'ﬂ'l (k)DleTQ (CkakH)v 9r,m (k) =€, g(Ckvkll) “€ry, D‘r177'2 (CkﬂkH) = Z Zjbi,bg2 (CkakH) (41)
ex T1 bi,b>

Note that all sublattices are symmetized in D, ,(ck, k) ). For Bravais lattices, we recover the scattering formula
presented in the main text.

V. PARAMETERS

In this section, we summarize the parameters discussed utilized for numerical calculation. We consider the values
from WSey /WS, [7], which gives moiré period ap; = 8.25nm and exciton Wannier orbital center-of-mass localization

length ay = 2nm at zero twist. At small but finite twisting angle 6, the moiré period scale as aps(6) = aM(O)\/%W,

where 6 = 0.04 is the lattice mismatch, and aw (0) = aw(0) Zﬁgg; [20). Interlayer excitons therein with bare
2me

frequency wex = ¢ = 1.55eV are considered. The exciton Bohr radius ap and the transition dipole d are packed into
the bare radiative decay rate v, which acts as an unit for energy variables and therefore is set as one in the numerical
computation. Finally, Zeeman splitting from the out-of-plane magnetic field are either set as zero or ugB = 207.

VI. SUPPLEMENTARY DATA FOR COLLECTIVE EXCITONIC BANDS
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FIG. 1. Collective excitonic lineshifts Ag and linewidths I'g emerging from charge ordered zero-twist WSez /WS, with electron
fillings (a,b) ve = i and (c,d) ve = % The vertical axes are displayed in units of vN,.. The horizontal axes show Bloch momenta
Q at high symmetry points, which follow a piecewise-linear path in the Brillouin zone, as depicted by the dashed hexagon and
rectangle in the insets of (b) and (d), respectively. Momenta within the light cone are indicated by the green shaded area (size
enlarged for clarity). Different colors label distinct single-particle exciton bands. Parameters are chosen to be the same as
Fig. 2 of the main text.

In this section, we present numerical results for various lattices. As mentioned in the main text, we label the
collective bands Ag — £T'q in energy order as A = 0,1,2..., and scale the eigenvalues by N, = A% /A, , where

Aex = ? and A, denotes the emergent unit cell area at electron filling v, and zero twist.

Fig. a) and (b) show the collective excitonic bands from Kagome lattice at v, = i. There are six bands due to
two coupled valleys and three sublattices within an emergent unit cell [2T]. Four of them exhibit enhanced cooperative
decay rate (compared to ), and the lowest doublet (A = 0,1) possesses a larger T'g than the other one (A = 3,4).
Notably, these four bright states are compressed into two valley components of the scattering matrix Eq. upon
sublattice symmetrization of the exciton propagator, indicating that S; (k) only contains partial information of the
excitonic collective states. In contrast, the states A = 2,5 do not show a significant radiative decay rate, and unlike
others, they are non-degenerate at @ = 0.

Fig. (c) and (d) demonstrate the exciton eigenvalues from rectangular lattice at v, = % There are two bands due to
two coupled valleys. Both of them exhibit enhanced cooperative decay rate (compared to 7), which are non-degenerate
at @ = 0 unlike the ones from triangular, honeycomb, and kagome lattices.

Fig. [2| shows the collective excitonic bands for triangular lattice at v, = 0 in the presence of out-of-plane magnetic
field, which splits the valley degeneracy at Q = 0. Similar splitting also occurs for honeycomb and Kagome lattices
(not shown). In contrast, for rectangular lattice, the two collective bands are non-degenerate even in the absence of

magnetic field, indicating that the Zeeman term does not quanlitatively modify the spectrum.
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FIG. 2. Collective excitonic bands in the presence of Zeeman splitting up B = 207, denoted as Ag — 17(" for triangular lattice
at v = 0. The vertical axes are shifted with respect to the zero-magnetic-field spectrum at zero momentum Ag — ZFTO and are
scaled by 7. Other parameters are the same as Fig. 2 of the main text.
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FIG. 3. Berry curvatures Q(Qq, Q) of collective bands with I'q > « from emergent arrays at various electron doping in the
presence of Zeeman splitting ppB = 20y. Other parameters are the same as Fig. 2 of the main text.

The Berry curvatures () of the states with collectively enhanced radiation from triangular, honeycomb, and
Kagome lattices are plotted in Fig. a), (b), and (c,d), respectively (all the states with I'q < + yield suppressed
Q and hence are not shown). Note that here we add an out-of-plane magnetic field to split the degeneracies at the
Brillouin zone center (such that €2 is well-defined). These states generally appear as doublets; each one contains two
states with opposite Berry curvatures £{2. Among these emergent lattice structures, A = 0,1 yield similar 2(Q). In
contrast, the states A = 3,4 at v, = i give much broader distributions of Berry curvature.
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