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Locality constrains the flow of information between different parts of many-body quantum

systems. In quantum computers, this affects the ability to perform arbitrary interactions for quan-

tum information processing tasks. A crucial challenge for scalable quantum architectures is thus

to minimize the overheads due to locality constraints. Locality constraints also affect the way

information and entanglement can be spread in many body quantum systems, and our ability to

make predictions about such systems.

One way to implement arbitrary interactions in locality-constrained architectures is by per-

muting qubits, also known as performing quantum routing. In the first part of this thesis, we

investigate quantum routing strategies using emerging architectural capabilities beyond swap

gates. We first investigate the use of mid-circuit measurements and classical feedback, which

enable quantum teleportation. We prove upper bounds on the speedup afforded by the use of

quantum teleportation for routing. We also design architectural connectivities which can exploit



teleportation-based speedups. We then consider quantum routing by continuous-time Hamilto-

nian evolution, designing a routing algorithm that achieves a polynomial speedup in routing time

over gate-based routing methods in architectures with a bottleneck, which is an intermediate re-

gion that constrains interactions between the rest of the device. We improve the lower bound on

the time taken for routing in such systems, and develop a matching upper bound on the closely

related task of generating and distributing entanglement.

In the second part of this thesis, we investigate the behavior of finite-sized systems evolv-

ing by local Hamiltonians for a long duration. A major direction of research in condensed matter

physics is the investigation of whether isolated systems thermalize (i.e., reach a state of ther-

mal equilibrium). Various theoretical proposals such as information scrambling, entanglement

between subsystems, and the eigenstate thermalization hypothesis have attempted to explain the

conditions under which systems equilibrate. At the same time, notable counter-examples to ther-

malization have been found, such as systems that are integrable, exhibit many-body localization,

or quantum many-body scars. We approach this question from a complexity-theoretic perspec-

tive. We show that the problem of deciding whether or not observables equilibrate to a given

value is PSPACE-complete. We also show that deciding whether observables relax to the ther-

mal equilibrium value is contained in PSPACE, and is PSPACE-hard under quantum polynomial

time reductions. These problems are thus intractable even for a quantum computer. Our results

indicate that the proposed conditions leading to thermalization are either difficult to decide, or

are not generic indicators of thermalization.
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green line. Given the promise that ĀN := limT→∞⟨AN⟩T is such that either
|ĀN − A∗| ≥ cϵ or |ĀN − A∗| ≤ ϵ,FSRelax is the problem of deciding which of
these two holds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.2 The solid green and dashed-green lines represent the time-averaged expectation
values in the halting and non-halting cases respectively, as p is tuned. The red line
represents the expectation values with respect to the microcanonical ensemble as
p is tuned. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

A.1 Advancing a train of tokens, as in Algorithm A.1.1. Blank vertices hold state |0⟩.
The dashed lines represent connections with the local ancilla qubits. . . . . . . . 156

A.2 Joining trains of tokens. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

viii



List of Abbreviations

GHZ Greenberger-Horne-Zeilinger
ETH Eigenstate Thermalization Hypothesis
STE Small Total Entangling
SIE Small Incremental Entangling
1DNN 1-Dimensional Nearest Neighbors

ix



Chapter 1: Introduction

1.1 Locality

Locality is the principle that any object can only directly influence its immediate surround-

ings. For distant objects to interact, by the principle of locality, there must be some kind of

medium between them through which the interaction can propagate. Locality is ubiquitous in

physics and is fundamental in theories of classical mechanics, electromagnetism, and special and

general relativity, where the maximum speed at which causal influence can travel is the speed of

light. Quantum mechanics, however, challenges our notion of locality, as quantum theory violates

Bell inequalities and therefore is incompatible with ‘local realism’ [NC10]. Nevertheless, quan-

tum mechanics retains a notion of local causality through the no-communication theorem [PT04],

which states that information cannot be transferred between spatially separated observers faster

than the speed of light. In many-body quantum systems, locality manifests as a constraint on in-

teractions between different parts of the system. Information spreads causally only by the means

of local interactions between constituent subsystems, and is therefore constrained by emergent

speed limits [ALY23]. This fact affects the design and behavior of quantum computers.
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1.2 Quantum Computing

Applications of quantum computing and quantum information processing offer great promise,

with possible implications for discovering new drugs, probing chemical reaction dynamics, de-

signing better industrial catalysts, solving algebraic problems efficiently, high-precision measure-

ments, and simulating physical systems [Pre18; Bay+21]. The wide range of these promises has

spurred interest in the development of large-scale fault tolerant quantum computers. A crucial as-

pect of scalable quantum architectures is the fact that they are constrained by locality. Even in the

very early days of quantum computing, it was suggested that parts of the device would be locally

interconnected, motivated by the inherent difficulty of implementing arbitrary interconnections.

[Fey82]. Every major modern proposal for a scalable quantum architecture faces connectivity

constraints. In super-conducting quantum architectures, it is challenging to engineer highly con-

nected qubits and non-planar architectures due to issues like crosstalk, interconnect crowding,

and couplers crossing [Kja+20; LS25]. In ion trap quantum computers, although ions within a

trap are all-to-all connected, this connectivity is not scalable, and increased numbers of ions in a

trap lead to increased gate times. Proposals for scalable ion trap quantum computing make use of

modular architectures of multiple ion traps connected via photonic interfaces [MK13] or shuttle

ions between interaction zones or modules [Ami+10; Mos+23; Kau+20; Pin+21]. Limitations of

connecting these modules therefore impose locality constraints on ion trap quantum computers

as well. State of the art proposals for photonic quantum computers route photons from resource

state generators to photon detectors, ‘fusion devices’ (that perform entangling measurements)

and optical elements such as beam splitters [Bar+23; Bom+21; Bou+21]. Furthermore, the re-

source state generators are non-deterministic and must be multiplexed to generate sufficient states

2



on demand for computation. Modular approaches to photonic quantum computers connect mod-

ules via photonic interconnects [LN22]. Routing photons, connecting modules, and multiplexing

resource state generators hence introduce a notion of locality constraints for photonic quantum

computers. Even neutral atom quantum computers, which have gained much attention lately due

to their powerful reconfigurability [Blu+22; Blu+24], do not have simultaneous all-to-all connec-

tivity between every pair of qubits [Tan+24a]. Even at the level of logical qubits, we expect large

numbers of redundant physical qubits to be used to create each logical qubit, and the interaction

between these logical qubits will be constrained by the interactions between different groups of

corresponding physical qubits.

While scalable quantum architectures are connectivity-constrained, quantum information

processing tasks often make use of interactions between arbitrary pairs of qubits. In order to

implement interactions between distant qubits, we must make use of interactions between in-

termediate qubits to move quantum information around. Due to the finite speed of propagating

quantum information [LR72], we thus incur time overheads to implement arbitrary circuits that

do not respect the connectivity constraints.

In addition to inducing an overhead in the implementation of quantum algorithms, locality

constraints affect the way entanglement can be generated and spread in many body quantum sys-

tems. Aside from quantum information processing applications, the fact that information takes

time to spread throughout a quantum system also affects whether the system behaves like a sta-

tistical ensemble. When information that was initially local has propagated through the entire

system, correlations become highly non-local. When local information becomes delocalized, and

local subsystems no longer retain a memory of the initial microstate (i.e., the information is not

accessible to local probes), the system is often said to have become scrambled [Swi18]. We

3



can thus make predictions about observables in such systems using statistical ensembles, entirely

based on macroscopic quantities of our initial state such as number of particles, energy, temper-

ature. The process by which a system equilibriates and can be described by such ensembles is

called thermalization, and is a central topic of study in modern condensed matter physics.

Motivated by applications to scalable quantum computing, and behavior of many-body

quantum systems, this thesis studies the following two questions:

1. How fast can we engineer flow of information in quantum systems?

2. How fast does information flow in quantum systems when we do not control it, and how

hard is it to make predictions about such uncontrolled systems?

We study these questions through the lens of quantum routing, entanglement dynamics, and ther-

malization, applying tools from computational complexity theory. We now give an overview of

these topics, and outline the contributions of this dissertation.

1.3 Quantum routing and entanglement dynamics

A natural approach to implementing long-range interactions in the presence of connectivity

constraints is by moving quantum information around using local interactions. Moving the state

of a single qubit is known as quantum state transfer [Bos03; Bos07]. State transfer can be used

to implement interactions between arbitrary pairs of qubits, by simply transferring their states

to an adjacent pair of qubits. The speed at which quantum information can be transferred is

limited by Lieb-Robinson bounds [LR72; ALY23], which therefore lower bound the overhead of

implementing arbitrary quantum circuits.
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Figure 1.1: (a) Circuit to create Bell pairs that does not respect connectivity of a 1D nearest-
neighbour (1DNN) architecture. (b) Using a permutation to prepare the Bell pairs locally and
respect 1DNN connectivity.

Quantum routing generalizes state transfer to moving multiple qubits simultaneously. More

formally, quantum routing is the task of permuting an unknown input state. On an architec-

ture described by a graph G with vertices V and edges E, routing aims to implement arbitrary

permutations π : V → V such that for any product state |ψ⟩ = |ψ1⟩|ψ2⟩ . . . |ψ|V |⟩ we obtain

|ψ⟩ = |ψπ−1(1)⟩|ψπ−1(2)⟩ . . . |ψπ−1(|V |)⟩ after routing. Furthermore, the permutation must be im-

plemented only using interactions that obey the connectivity constraint dictated by the edges E.

By performing permutations, we can perform multiple state transfers in parallel, reducing the

overhead of implementing arbitrary circuits in a connectivity-constrained architecture.

One way to perform routing is by making use of swap gates, since any permutation can

be decomposed into a product of local swaps. An example of this is depicted in Fig. 1.1a and

Fig. 1.1b, where we show how a circuit that does not respect 1DNN connectivity can be trans-

5



formed to one which does by the use of swap gates. The problem of performing routing using

swap gates has been well-studied in the context of classical networks [ACG94]. In quantum sys-

tems, however, we have access to more general interactions than swap gates. For example, a cru-

cial ingredient for scalable fault tolerant quantum computers is circuit adaptivity, or the ability to

apply gates conditioned on mid-circuit measurement outcomes [Ter15]. This enables correcting

errors on their detection, and more broadly enables the paradigm of measurement-based quan-

tum computing [Bri+09]. In recent years the ability to perform mid-circuit measurements and

adaptively apply gates has become more readily available experimentally. In addition to its appli-

cations in error correction, this has prompted theoretical and experimental investigations into the

use of adaptivity to prepare quantum states or implement important computational primitives in

low depth [Bäu+24; PS13; BSW25; BW25; PSC24; Tan+24b]. Typically, propagating (classical)

information between parts of a device using a classical controller is much faster than by using

native gates on the quantum hardware. By performing a mid-circuit measurement in one part

of the device, and conditionally applying a gate elsewhere, we can therefore transfer quantum

information much faster than the speed limit obtained from Lieb-Robinson bounds. For example,

mid-circuit measurements and feedback enable quantum teleportation across arbitrary distances

in constant depth, as in Fig. 1.2, which suggests its application to quantum routing. In Chapter 2,

we investigate the use of teleportation for routing and its strengths relative to swap-based rout-

ing methods. We find that teleportation obtains a speedup over swap-based methods for broad

classes of permutations. In some special cases, teleportation can provide a speedup even for per-

mutations in which qubits are routed short distances to destinations near their origin. We also

obtain bounds on the maximum speedup teleportation obtains over swap-based methods for the

worst-case routing time.
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|ψ〉 • H

|0〉 H •

|0〉 • H

|0〉 H •

|0〉 • H

|0〉 H •

|0〉 X Z |ψ〉

Figure 1.2: Quantum repeater protocol enabling teleportation across arbitrary distances in con-
stant depth.

A closely related task to routing is distributing and generating entanglement. The rate at

which entanglement can be generated between parts of a system constrains our ability to per-

form many quantum information tasks, as entanglement is a critical resource for tasks such as

quantum algorithms [Joz98; JL03; EJ98; BM11; ZZC25], quantum error correction [Bra+25;

Ben+96a; KL97], quantum communication [BCD01; GT07; Hor+09], and quantum sensing

[DRC17; GLM04; Bol+96]. The fundamental importance of entanglement and its application

to a wide range of quantum information tasks has prompted a large number of investigations into

entanglement dynamics [VMV13; Mar+16; CVC05; Cub+03; Bra07; Dür+01; Ben+03]. Since

routing can be used to distribute entanglement, bounds on entanglement dynamics can therefore

provide bounds on the time taken to perform routing as well.

Previous results on entanglement dynamics have shown that the ability to generate entan-
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glement between parts of a system is constrained by bottlenecks, or intermediate parts of the sys-

tem with limited size. For example, the Small Incremental Entangling theorem (SIE) [VMV13]

implies that the rate at which entanglement can be generated between two parts of a bipartition

of a system is constrained by the number of edges joining them. Therefore, when the number of

edges joining two large sets of vertices in an architecture is small, it takes a long time to gener-

ate a volume-law amount of entanglement between the two sets (and hence to perform routing).

Such a set of edges is known as an edge bottleneck. For example, in a d-dimensional array of side

length N with a total of Nd vertices, the number of edges joining two halves of the system scales

as Θ(Nd−1), which is asymptotically smaller than the number of vertices on each side (Θ(Nd)),

and hence these edges form a bottleneck.

Similarly, for a given bipartition of a graph, the vertex boundary is the set of vertices in

each partition that are adjacent to the other partition. The Small Total Entangling property (STE)

[Mar+16] states that the maximum amount of entanglement that can be generated by a unitary

acting on the vertex boundary is bounded by twice the minimum dimension of the boundary of

either partition. Hence, when a large number of vertices in each partition are only connected

through a small vertex boundary, it takes a long time to perform routing across the partition.

A vertex boundary that is much smaller than the size of the partitions is thus called a vertex

bottleneck. A characteristic example of a vertex bottleneck is the star graph SN (Fig. 1.3), which

is the complete bipartite graph K1,N−1 between one (center) vertex and N − 1 leaf vertices.

The lower bounds on routing that can be obtained from STE are found to be tighter than

the bounds from SIE [Bap+23]. While both SIE and STE apply to routing by a circuit of 2-

qubit gates, or gate-based quantum routing, only SIE applies to routing by a continuous time

Hamiltonian evolution, or Hamiltonian quantum routing. This gap between the previously known

8



Figure 1.3: Star graph S9.

lower-bounds suggests that speedups may be possible for Hamiltonian routing over gate-based

methods. In Chapter 3, we investigate speedups for Hamiltonian routing over the gate-based

model in systems with vertex bottlenecks. We improve the lower bound on Hamiltonian routing,

proving a bound of Ω(
√
N) on the Hamiltonian routing time of the star graph, in contrast to the

previously best known bound of Ω(1). We generalize this result to vertex bottlenecks beyond the

star graph. We also design a protocol that saturates this bound in systems of free particles. We

further investigate the entanglement dynamics in systems with a vertex bottleneck, and develop a

notion by which we obtain tighter bounds on the entanglement dynamics of continuous evolution.

We describe these results in more detail in Section 1.5.

1.4 Long-time evolution and thermalization

Statistical mechanics has been remarkably successful at describing the physics of systems

of large numbers of particles. In statistical physics, we model these large systems in terms of en-

sembles based on their macroscopic properties, such as number of particles, temperature, volume

[PB21]. This approach allows us to drastically reduce the number of relevant degrees of freedom.
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It is perhaps surprising that such an approach yields accurate descriptions of behaviour of real

systems found in the lab and in nature. After all, a given set of macroscopic observables generally

corresponds to a very large number of possible microstates, or specific, fully determined states.

Nevertheless, we usually find that despite starting out in a highly specific microstate, systems

tend to evolve in such a way that after sufficiently long time, their behaviour is well described

by statistical ensembles based on their macroscopic properties. The process by which this takes

place is known as thermalization. For example, let us consider an isolated system with Hamil-

tonian H starting in an initial state which has an expected energy E. If the system thermalizes,

then it is found to be well described after sufficiently long time by the quantum microcanonical

ensemble ρMC(H,E), defined as

ρMC(H,E) =
1

W

∑
i

f

(
λi − E

w

)
|ψi⟩⟨ψi|, (1.1)

where f is an energy window function (typically decaying rapidly in its argument, so that ρMC(H,E)

is only supported on states with energy ≈ E), W =
∑

i f
(
λi−E
w

)
and w is a characteristic energy

width. In systems that thermalize, at sufficiently long times, regardless of the details of the initial

state other than E, observable expectations agree with their values for ρMC(H,E).

The exact mechanism by which quantum systems thermalize is still not well understood.

Classically, thermalization is hypothesized to occur due to ergodicity in chaotic systems. Since

chaotic systems are ergodic, after a long enough time they have evolved uniformly through their

phase space (constrained to a manifold specified by macroscopic variables determined by the

initial state), and we can thus treat long-time observables using ensembles based on uniform

mixtures of the phase space. However, this explanation does not transfer easily to quantum
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systems. Isolated quantum systems evolve unitarily, and therefore do not sample the entire phase

space. One proposed explanation for how isolated quantum systems thermalize is the eigenstate

thermalization hypothesis (ETH) [Sre94; Deu91; Deu18]. According to the ETH, observable

expectations for every eigenstate agree with their expectations for the thermal state. ETH is

fulfilled for observables with diagonal elements (in the energy eigenbasis) that vary smoothly

as a function of energy, and with small off-diagonal elements, as such observables evolve over

long times with an expectation value agreeing with the microcanonical ensemble. While the ETH

has been successful in explaining thermalization in a wide variety of systems [GE16], there are

systems that thermalize without relying on ETH [GE16], and indeed where ETH explicitly does

not hold [HH23; RS12]. There are also systems which equilibriate, but not to a thermal state, and

retain memory of the initial state [GME11].

One proposed explanation for thermalization in quantum systems is information scrambling

and entanglement between subsystems. When local information is spread, states that differed on

local observables become difficult to distinguish as the local information is difficult to retrieve

[Swi18]. This can be illustrated in terms of entanglement as well. Consider a system of spins

with a single spin entangled with some reference system. At long times, the entanglement with

the reference system is spread over the whole system (known as scrambling), and to recover it

requires access to a large number of spins. In chaotic spin chains, information spreads ballisti-

cally at the Lieb-Robinson velocity, which suggests an explanation for thermalization in terms

of scrambling. Thermalization and equilibration have also been linked to large entanglement

in the energy eigenbasis. Entanglement has been suggested as the primary cause of equilibra-

tion, removing the need for the common postulate that systems can be considered a priori to be

equiprobable over states with a given energy [PSW06]. This result, which is kinematic rather
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than dynamical, argues that since almost all eigenstates of a Hamiltonian acting on a system and

a large bath are highly entangled, any local (reduced) state of the system is close to the local state

of an ensemble.

Another major area of research in quantum statistical physics is systems which do not ther-

malize, such as systems that exhibit many-body localization [Aba+19], quantum many-body scars

[Tur+18], and integrable systems [Deu18; KWW06] (although integrable systems can equilibrate

to a Generalized Gibbs Ensemble, which takes into account the extensive conserved quantities

[Rig+07; GE16]). Understanding when and why thermalization occurs has driven a large volume

of theoretical and experimental research. A related, and underlying question to this is whether we

can predict long-time average expectations of observables. In addition, although there have been

many efforts towards understanding the causes of thermalization, our understanding about the

timescales required for relaxation and thermalization remains limited [Tas16; GE16]. In Chap-

ter 4, we approach these questions from a complexity theoretic perspective, showing that they are

computationally intractable. Our work shows that the thermalization process can encode a diffi-

cult computation, namely, a PSPACE-complete computation, even in systems that obey 1D local

connectivity and have translationally invariant Hamiltonians. We also investigate the problem

of estimating long-time observables, showing that it is PSPACE-complete. Our work builds off

of previous results [SM21] showing that these problems are undecidable in the thermodynamic

limit. Our work is motivated by the fact that real systems encountered in nature and the lab are

finite-sized, and shows that the hardness is inherent in the thermalization process and not due

to specifics of infinite-sized systems. A consequence of our hardness proofs is that there is no

generic, easy way to determine whether a system thermalizes. Hence, our results imply that con-

ditions such as the ETH and information scrambling are either easily decidable, or they cannot
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be generic indicators of thermalization.

1.5 Outline

In Chapter 2, we investigate quantum routing with mid-circuit measurements and classi-

cal feedback. In particular, we show examples of speedups over swap-based and more general

unitary routing methods by distributing entanglement and using LOCC to perform quantum tele-

portation. We further describe an example of an interaction graph for which teleportation gives a

logarithmic speedup in the worst-case routing time over swap-based routing. We also study lim-

its on the speedup afforded by quantum teleportation—showing an O(
√
N logN) upper bound

on the separation in routing time for any interaction graph—and give tighter bounds for some

common classes of graphs.

In Chapter 3, we consider the entanglement dynamics and routing between two regions only

connected through an intermediate “bottleneck” region with few qubits. We improve the lower

bound on the routing time in systems with a vertex bottleneck. Specifically, for any system with

two regions L,R with NL, NR qubits respectively (and NL ≥ NR), coupled only through an in-

termediate region C with NC qubits, for any δ > 0 we show a lower bound of Ω(N1−δ
R /

√
NLNC)

on the Hamiltonian quantum routing time when using piecewise time-independent Hamiltoni-

ans, or time-dependent Hamiltonians subject to a smoothness condition. We also prove an upper

bound on the average amount of bipartite entanglement between L andC,R that can be generated

in time t by such architecture-respecting Hamiltonians in systems constrained by vertex bottle-

necks, improving the scaling in the system size from O(NLt) to O(
√
NLt). As a special case,

when applied to the star graph (i.e., one vertex connected to N leaves), we obtain an Ω(
√
N1−δ)
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lower bound on the routing time and on the time to prepare N/2 Bell pairs between the ver-

tices. We also show that, in systems of free particles, we can route optimally on the star graph in

time Θ(
√
N) using Hamiltonian quantum routing, obtaining a speed-up over gate-based routing,

which takes time Θ(N).

In Chapter 4, we investigate the problem of deciding whether a finite-sized system ther-

malizes or relaxes to a given value. Using tools from computational complexity theory, we show

that deciding whether an observable relaxes to a given value is PSPACE-complete, and hence in-

tractable even for a quantum computer. We also show that deciding whether a system thermalizes

is PSPACE-hard, and with some assumptions, contained in PSPACE under quantum polynomial

time reductions.
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Chapter 2: Quantum routing with teleportation

2.1 Introduction

Common theoretical models of quantum computation assume that 2-qubit gates can be per-

formed between arbitrary pairs of qubits. However, in practice, scalable quantum architectures

have qubit connectivity constraints [Aru+19; MK13], which forbid long-range gates. These con-

nectivity constraints are typically represented by a simple graph, where vertices correspond to

qubits, and edges indicate pairs of qubits that can undergo 2-qubit gates. A quantum architecture

with N qubits is thus represented by a graph G with N vertices. Circuits that use all-to-all con-

nectivity must be transformed to new circuits that respect the architecture constraints specified

by this graph. Simple transformations introduce polynomial overhead in the worst case, so it is

crucial to lower this overhead.

A natural approach to mapping circuits to respect interaction constraints is by permuting

qubits using routing protocols. Routing refers to the task of permuting packets of information, or

tokens, on vertices of a graph. In quantum routing, tokens are data qubits, to be permuted on the

graph specified by the architecture’s connectivity constraints. Previous work has used swap gates

to perform routing [Cow+19; CSU19], and routing protocols from a classical setting using swap

gates [ACG94; Chu96; Zha99] can be naturally applied to the problem of routing quantum data

as well.

16



Faster routing protocols can be obtained by using a wider range of quantum operations.

For example, Hamiltonian evolution can obtain a constant-factor speedup over swap-based rout-

ing [Bap+21]. More details of the comparisons and advantages of quantum routing models to

classical routing models can be found in reference [Bap+23]. However, these approaches rely on

locality-restricted unitary evolution, so the routing time is limited by the propagation speed of

quantum information [LR72; Bap+23].

In this work, we additionally allow for fast local operations, measurement and feedback

(LOCC). Since this model allows for fast classical communication across long distances, it

is not similarly constrained by the propagation speed of quantum information. For example,

without prior shared entanglement, quantum teleportation over arbitrary distances can be per-

formed in constant depth by using entanglement swapping [Żuk+93] in a quantum repeater proto-

col [Bri+98], as shown in Fig. 2.1. Entanglement can also be distributed using quantum network

coding protocols [BH20]. The ability to perform teleportation in constant depth immediately

gives routing speedups over swap-based methods and even over previous unitary quantum rout-

ing methods, since teleportation can be used to quickly exchange distant pairs of qubits.

We show that using measurement and feedback to help prepare long-range entanglement

can significantly decrease the time required for routing, even without using a large number of

ancillas. In particular, we demonstrate the first superconstant speedup for quantum routing over

swap-based routing in the setting whereO(N) ancillas are allowed, showing aO(logN) speedup

for the hardest (i.e., worst-case) permutations. Further, our main result proves the first non-trivial

limits on the advantage of teleportation-based routing protocols by anO(
√
N logN) upper bound

on the speedup over swap-based routing. Finally, we also show a new swap-based algorithm for

sparse routing of k qubits on a graph G in time O(k+diam(G)), where diam(G) is the diameter
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|0〉 X Z |ψ〉

Figure 2.1: Constant-depth long-range teleportation protocol on a path of 7 qubits. The X and
Z gates are classically controlled by the parities of the two sets of measurement results. This
protocol can be extended to paths of any length without increasing the circuit depth.

of G (i.e, the maximum shortest-path distance between any pair of vertices).

LOCC has previously been useful to give low-depth implementations of specific unitaries,

such as quantum fanout [PS13], long-range operations on the surface code [BKS22], and the

preparation of a wide range of entangled states [PSC21; Eld+20; Tan+24b; VTV22]. In fact, pre-

vious work showed routing speedups by using ancillas [Her20] and by employing LOCC [Ros13].

Using teleportation, Rosenbaum [Ros13] showed a protocol that implements any permutation in

constant depth. However, Rosenbaum’s protocol uses O(N2) qubits to perform permutations on

O(N) qubits, so that only a negligible fraction of the qubits are data qubits. Engineering qubits

is difficult, so it is preferable to use as many of them as possible as data qubits to enable larger

computations. Therefore, in this work we consider a more modest O(1) ancillas per data qubit

(i.e. there are O(N) ancillas in total). The availability of O(1) ancillas per data qubit is natural

in some quantum systems, such as in NV center qubits [Dut+07], quantum dots [LD98], and

trapped ions [Bru+19a]. To our knowledge, this is the first work to study quantum routing with
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measurement and feedback in the restricted ancilla setting. By studying routing in this regime,

we make progress on an open question posed by Herbert [Her20], asking to what extent ancillas

can be used to accelerate routing.

Routing is more powerful than state transfer and entanglement distribution [Bos03; Chr+05].

For example, routing qubits from locally prepared Bell states can be used to generate long-range

entanglement. The upper bounds in our work therefore also apply to these tasks.

Our work may be of interest to experimental efforts in systems which allow for mid-circuit

measurements. In particular, the non-locality enabled by measurement and feedback makes large

distances between qubits (i.e, large diameter connectivity graphs) less of a challenge for algo-

rithm implementations. Additionally, knowledge of (teleportation) routing may inform choices

of connectivity in systems with these features. In particular, our upper bounds can be used to

compare routing overheads on different architectures based on their spectral and isoperimetric

properties.

Furthermore, teleportation routing can also provide large advantages for specific permuta-

tions, which makes it useful for efficient implementations of algorithms on near-term architec-

tures. This is also of relevance to fault-tolerant quantum computation, as a major obstacle to

the implementation of promising quantum error-correcting codes, such as qLDPC codes [BE21;

PK21], is their need for long-range syndrome measurements [Hon+24; DBT21]. This can be

alleviated by using teleportation to route together distant qubits from each syndrome. Further,

protocols to prepare code states and implement logical operations in locality-restricted architec-

tures are constrained by Lieb-Robinson bounds. Recent work [Fri+22] has shown how the use

of measurements can accelerate such tasks. Routing schemes enabled by the use of teleportation

can also be considered on fault-tolerant architectures, such as, for example, to perform logical
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circuits across surface code patches. More generally, the use of measurement and feedback en-

ables speedups from the ability to implement long-range interactions quickly, which can also

make algorithms much easier to run on near term architectures [PS13].

2.2 Preliminaries

We consider architectures consisting of N data qubits connected according to a simple

graph G (with vertex set V (G) and (undirected) edge set E(G)), where an edge (u, v) ∈ E(G)

represents a connection between qubits u, v ∈ V (G), and |V (G)| = N . We consider only

connected graphs, i.e., graphs in which there is a path from any vertex to any other vertex.

We assume there are a constant number of ancillary qubits per data qubit that can interact

only with the data qubit. Further, we assume that disjoint two-qubit gates can be performed

between adjacent qubits in depth 1. Up to a constant overhead, this is equivalent to having

fast (instantaneous) ancilla interactions since any unitary on the data qubit and ancillas can be

decomposed into a constant number of two-qubit gates. As our results are asymptotic, they are

insensitive to a constant overhead.

Ancillary qubits corresponding to different data qubits are not directly connected. However,

gates between ancillary qubits of neighboring vertices can be performed in depth 1 by swapping

ancillas with their corresponding data qubits, performing the desired 2-qubit gate between data

qubits, and swapping again with the ancillas. This model can be implemented in realistic quantum

architectures with attached ancillas [LD98; Dut+07; Bru+19a] as well as architectures with grid

connectivity such as superconducting qubits [Nat+21; Aru+19]. For example, Fig. 2.2a shows an

architecture where ancillas are interspersed with data qubits on a grid. This can be represented
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(a) (b)

Figure 2.2: (a) A grid architecture with ancillas (blue) interspersed between data qubits (black).
The red ovals indicate which ancilla corresponds to each data qubit. (b) An equivalent architec-
ture in our model.

in our model as Fig. 2.2b. Both models are equivalent and can simulate each other with only

constant depth overhead.

The task of routing involves permuting data qubits on the graph. We use the notation

{(1, π(1)), (2, π(2)), . . . , (N, π(N))} (2.1)

to denote a permutation on N vertices, where π(i) is the vertex to which we must move the ith

qubit. We also write

[N ] := {1, 2, . . . N}. (2.2)

We consider the following models of routing.
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1. Swap routing: In this model, the only allowed gates between adjacent qubits are swap

gates.

2. LOCC routing: In this model, we are allowed to perform arbitrary 2-qubit gates on disjoint

pairs of qubits in a single time step. Further, in the same time step, we are allowed to per-

form single-qubit measurements (on data and ancilla qubits) and adaptively apply arbitrary

single-qubit gates. We refer to this as fast measurement and feedback. Gates in later time

steps can be applied adaptively, conditioned on all previous measurement results.

3. Teleportation routing: In this model, data qubits can be teleported along disjoint paths to

ancilla registers at arbitrary distances in depth 1. Using this ability, a swap between the ends

of a path can be performed in constant depth. Note that the qubits along a teleportation path

cannot be involved in any other operations during a round of teleportation. However, tele-

portation between multiple pairs of qubits can be performed in parallel if there exist paths

for each pair that have no more than a constant number of intersections per vertex, since

we allow a constant number of ancilla qubits per data qubit. This model is a specialization

of LOCC routing as the ability to perform fast measurement and feedback allows us to

perform quantum teleportation, transporting a single qubit to any vertex in constant depth.

The entanglement required for quantum teleportation is produced using an entanglement

swapping protocol [Żuk+93], as depicted in Fig. 2.1. A swap between the ends of a path

can be performed by teleporting the qubit at each end to the opposite end, or by performing

gate teleportation [GC99] of a swap gate.

We are particularly interested in the routing time rt(G, π), which is the minimum circuit

depth to perform the permutation π on the data qubits of G. The worst-case routing time of a
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graph G is

rt(G) := max
π∈SN

rt(G, π) (2.3)

where SN is the symmetric group, i.e., the group of all permutations of N elements. We let

rttele(G) denote the routing time in the teleportation model, rtLOCC(G) denote the routing time

in the LOCC model, and rtswap(G) denote the routing time in the swap model.

2.3 Bounds on routing time

In this section, we discuss known bounds on the routing time for both swap and LOCC

routing.

2.3.1 Lower bounds

If a permutation can only be implemented by sending a large number of tokens through

a small number of vertices, then any circuit for performing it must have high depth, since each

vertex can only hold one token at a time. This gives a natural lower bound on the routing time.

To formalize this, we consider the vertex expansion (or vertex isoperimetric number) c(G) of a

graph G, defined as follows.

Definition 2.1. The vertex expansion of a graph G is

c(G) := min
X⊆V (G)

|δX|
min{|X|, |X|} , (2.4)

where

X = V (G)−X (2.5)
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is the complement of X , and

δX = {v ∈ X | ∃u ∈ X s.t. (u, v) ∈ E(G)} (2.6)

is the vertex boundary of X .

Note that c(G) ≤ 1:

min
X⊆V (G)

|δX|
min{|X|, |X|} (2.7)

= min
X⊆V (G)

( |δX|
min{|X|, |X|} ,

|δX|
min{|X|, |X|}

)
(2.8)

= min
X⊆V (G)

min(|δX|, |δX|)
min{|X|, |X|} (2.9)

≤ 1. (2.10)

In addition, for a connected graph, since |δX| ≥ 1 and min{|X|, |X|} ≤ N
2

for any X , we have

c(G) ≥ 2
N

Therefore, for connected graphs, c(G) ∈
[
2
N
, 1
]
.

Any connected simple graph G satisfies the following.

Theorem 2.2 (Isoperimetric lower bound [Bap+23]).

rtLOCC(G) ≥
2

c(G)
− 1. (2.11)

Since rtswap(G) ≥ rttele(G) ≥ rtLOCC(G), this lower bound applies to swap- and teleportation-

based routing as well.

We can also lower bound the swap-based routing time by the diameter of the graph (i.e,
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the maximum shortest-path distance between any pair of vertices) since swapping two vertices at

distance d requires a swap circuit of depth at least d.

Theorem 2.3 (Diameter lower bound).

rtswap(G) ≥ diam(G). (2.12)

Note that this bound does not apply to teleportation or LOCC routing.

2.3.2 Upper bounds

On any graph, a classical swap algorithm can route on an N -vertex tree in depth O(N)

[Zha99]. Recall that we only consider connected graphs, so we can always route on a spanning

tree with swaps in depth O(N). We thus have the following upper bounds.

Theorem 2.4. For any N -vertex connected graph G,

rtswap(G) = O(N) (2.13)

This bound also implies that rttele(G) = O(N) and rtLOCC(G) = O(N).

We can prove a tighter bound for sparse routing. Let rtswap(G, k) denote the worst-case

routing time onG over permutations that move at most k tokens. Using reversals, [Bap+23] gives

a routing algorithm that takes depth O(diam(G) + k2). We improve this result, using swaps with

ancillas, to show the following.
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Theorem 2.5 (Sparse routing). For any N -vertex connected simple graph G and k ∈ [N ],

rtswap(G, k) = O(diam(G) + k). (2.14)

Proof sketch. Call all tokens v with π(v) ̸= v marked. There are k marked tokens. There are

three main steps in our algorithm:

1. Hide all unmarked tokens in the ancillas by performing swaps. Route the k marked tokens

to span a tree subgraph in time O(diam(G)).

2. Permute the k tokens on the tree subgraph, using the procedure from [Zha99], in timeO(k).

3. Reverse the first step, thereby moving the k tokens from the subgraph to the appropriate

target locations in time O(diam(G)). Restore the unmarked tokens from the ancillas.

See Appendix A.1 for the full proof.

2.4 Faster permutations with teleportation

The ability to perform teleportation immediately suggests possibilities for speedups over

swap-based routing. Swap-based routing must obey the diameter lower bound (Theorem 2.3),

so permutations that involve long-range swaps (e.g., between diametrically separated pairs of

vertices) should be sped up by teleportation.

We define the teleportation advantage for a specific permutation to quantify this speedup:

adv(G, π) :=
rtswap(G, π)

rttele(G, π)
. (2.15)
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. . .

(a) Diameter-length permutation πdiam (shown
by the red double-sided arrow) on the path graph
PN (shown in black).

NαN/2

. . .

(b) Rainbow permutation παrainbow (shown by
red double-sided arrows) on the path graph PN
(shown in black).

Figure 2.3: Permutations on a 1D lattice

We now consider the following permutation on the path graph PN : πdiam =

{(1, N), (2, 2), . . . , (N − 1, N − 1), (N, 1)} (see Fig. 2.3a).

By the diameter lower bound, this permutation takes depth Ω(N) with swaps. However,

with teleportation it takes depth O(1), showing that adv(PN , πdiam) = Ω(N).

This further generalizes to permutations that require multiple long-range swaps. For ex-

ample, consider a rainbow permutation παrainbow, as depicted in Fig. 2.3b. This permutation

involves performing Nα swaps across a 1D lattice for some α ∈ [0, 1]. With swaps, this

takes depth Θ(N) by the diameter bound, but with teleportation it takes depth Nα, by a pro-

cedure that simply teleports each pair into place sequentially. This gives a polynomial advantage:

adv(PN , π
α
rainbow) = O(N1−α).

These permutations allow speedups bounded by the diameter of the graph. Any single

teleportation step can be simulated by swaps in depthO(diam(G)), by simply swapping along the

shortest path between the initial qubit and the final destination. Intuitively, one might therefore

expect that teleportation routing could achieve at most a diameter-factor speedup. However, there

exist some graphs and permutations for which we can obtain even larger speedups. Teleportation

speedups are not limited by the graph diameter since teleportation protocols can utilize multiple
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Figure 2.4: Permutation πlwheel (shown by red double-sided arrows) that exchanges l pairs of
vertices on the wheel graph WN+1 (shown in black).

longer paths together to avoid intersections.

To illustrate this, consider the example of a wheel graph WN+1, as shown in Fig. 2.4. The

(N + 1)-vertex wheel graph, with central vertex N + 1, has edges

E(WN+1) = {(u, v) | u− v = 1 (mod N) or v = N + 1}. (2.16)

The diameter of WN+1 is 2. On this graph, consider the permutation (shown in red in Fig. 2.4)

πlwheel := {(1, N/l), (N/l + 1, 2N/l), . . . ,

(N −N/l + 1, N)}
(2.17)

that exchanges l pairs of vertices spaced along the “rim” of the wheel (assume l | N ). For swap-
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based algorithms, this can be done in depth min{3l, N/l − 1} by routing the qubits sequentially

through the central vertex or routing them in parallel along the “rim”, whichever is faster.

This is optimal up to constant factors, by the following reasoning. If there exists a data

token that does not pass through the central node, the routing time must be at least N/l − 1,

which is the travel distance along the rim. On the other hand, if every data token passes through

the central node, then there must be at least 2l steps in the algorithm. Therefore

rtswap(WN+1, π
l
wheel) ≥ min{2l, N/l − 1}. (2.18)

However, in the teleportation routing model, this permutation can be performed in constant

depth by performing l teleportations in parallel along non-intersecting paths on the wheel rim.

Therefore,

rttele(WN+1, π
l
wheel) = O(1). (2.19)

Setting l =
√
N/2, we obtain a maximum teleportation advantage adv(WN+1, π

l
wheel) = Θ(

√
N)

for this class of permutations, even though diam(WN+1) = O(1). Teleportation therefore enables

super-diametric speedups.

2.5 Teleportation Advantage

While πdiam, παrainbow, and πlwheel allow for teleportation speedups, they are not the worst-

case permutations on their respective graphs. For example, consider the full reflection on the

line graph, i.e., a rainbow permutation with α = 1. This permutation requires depth Θ(N) for

both swap- and teleportation-based routing. Similarly, on the wheel graph with an even number
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of vertices, the permutation π with π(i) = i + ⌊N/2⌋ mod N for all i ∈ [N ] requires depth

Θ(N) for both types of routing as well. Thus, although these graphs have teleportation speedups

for specific permutations, there is no separation between their swap and teleportation routing

numbers.

To compare the relative strength of the teleportation routing model to the swap-based rout-

ing model for all permutations, we aim to understand how much teleportation improves worst-

case permutations. We measure the relative strength of the teleportation model by the separation

in teleportation and swap-based routing numbers, which we define as the worst-case teleportation

advantage:

adv(G) :=
rtswap(G)

rttele(G)
. (2.20)

Note that this is not the worst-case ratio of routing numbers for a single specific permutation,

i.e., adv(G) is not necessarily the same as maxπ adv(G, π). (Indeed, as discussed above, these

two quantities differ for the path and wheel graphs.) Instead, adv(G) can be thought of as the

speedup teleportation provides for the general task of routing on a particular graph in the worst

case, rather than for implementing a specific permutation. It also allows us to compare different

graphs: teleportation routing offers greater worst-case guaranteed speedups on graphs with higher

adv(G).

It is not immediately obvious that we should expect adv to be greater than 1 for any graph.

However, we now describe a graph that does offer a worst-case speedup for teleportation. This

graph, which we denote by L(n) (with N = 2n−1 vertices), has adv(L(n)) = n = log2(N +1).
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K1

K2

K4

K2i

K2n−1

...

Figure 2.5: The graph L(n). The black lines show edges between layers, while blue lines show
edges within a layer (colored for visibility).

The graph L(n) (depicted in Fig. 2.5) has

V (L(n)) = {(r, i) | r ∈ [n], i ∈ [2r−1]} (2.21)

and

E(L(n)) = {((r, i1), (r, i2)) |

r ∈ [n], i1 < i2 ∈ [2r−1]}

∪ {((r1, i1), (r2, i2)) |

r2 − r1 = 1, i1, i2 ∈ [2r−1]}.

(2.22)

In words, L(n) is a ladder formed by arranging complete graphs K2k for k ∈ {0, 1, . . . , n− 1} in
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horizontal layers, and then connecting every vertex in a given layer with every vertex one layer

above or below. The total number of vertices in this graph is

N =
n−1∑
k=0

2k = 2n − 1. (2.23)

The diameter of L(n) is exactly n− 1 = log2(N + 1)− 1. Theorem 2.3 then implies

rtswap(L(n)) = Ω(log(N)). (2.24)

With teleportation, we show that routing can be performed in depth O(1). The key idea

behind the teleportation protocol is that every layer of L(n) has one more node than all the layers

above it together. This allows us to identify a unique node in each layer corresponding to any

node from a higher layer. We can then route tokens by simply teleporting along the path formed

by the unique nodes from each layer, corresponding to the source vertex of the token to be routed.

This teleportation routing procedure establishes the following.

Proposition 2.6. rttele(L(n)) = O(1).

Proof. For any permutation π ∈ S2n−1, we construct a set of paths {P (u, π(u)) | u ∈ V (L(n))}

between every node and its destination such that each vertex of the graph belongs to at most four

paths in the set.

Label every vertex in the graph with an n-bit address as follows. To every node in the

subgraph K2i (corresponding to layer i + 1 of the ladder), assign a unique integer u in the range

[2i, 2i+1 − 1]. (Since the layer is a complete graph, the order within a layer is arbitrary.) Equiv-

alently, we may refer to node u by its binary representation b(u), which is an (i + 1)-bit string
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with a leading 1, i.e., of the form b(u) = (1 . . .).

For any vertex u ∈ V , define r(u, i) to be the vertex whose address is (10i−1b(u)), i.e., the

address of u appended to a leading 1 i places to the left. Note that r(u, i+1) is adjacent to r(u, i)

and lies in the layer immediately below r(u, i). Define r(u, 0) = u.

Now, given two vertices u, v separated by a distance d, define a canonical path P (u, v) =

P (v, u) as the sequence of the following nodes: (u, r(u, 1), . . . , r(u, d−1), v), where we assume

u < v without loss of generality. If d = 1, then P (u, v) = (u, v). We now show that for any

permutation π ∈ S2n−1, the set of canonical paths {P (u, π(u)) | u ∈ V (L(n))} intersects any

vertex at most four times.

Fix an arbitrary vertex v. By construction, v lies in P (v, π(v)) and P (v, π−1(v)). Now

suppose a path P (u, π(u)) passes through v /∈ {u, π(u)}. Then either u < v < π(u) or π(u) <

v < u. Without loss of generality, we assume the former. Since P (u, π(u)) is canonical, b(v) =

(10ib(u)) for some i ≥ 0. Suppose a different path P (u′, π(u′)) also intersects v. Then there are

two cases to consider: u′ < π(u′) and u′ > π(u′). In the first case, b(v) = (10i
′
b(u′)). This is

only possible when i = i′ and u = u′, which implies that P (u′, π(u′)) = P (u, π(u)) (giving one

intersecting path at v). In the second case, the same reasoning implies that u = π(u′). In this

case, there are two intersecting paths P (u, π(u)) and P (π−1(u), u) at v. Therefore, in addition to

P (v, π(v)) and P (v, π−1(v)), at most two other paths can intersect at v, giving a total of at most

four paths.

Finally, construct one Bell pair for every edge in every canonical path P (u, π(u)), using

distinct local ancillas for every pair. The number of Bell pairs shared at any vertex is at most

6 = O(1), requiring 6 local ancillas per vertex. Using the standard repeater protocol (Fig. 2.1)

along each canonical path, one can then carry out simultaneous teleportation of all data qubits to
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their destination vertices v 7→ π(v) in constant depth. Therefore, any permutation of the qubits

can be implemented in depth O(1).

2.6 Bounding the Teleportation Advantage

In the previous section, we described a graph with logarithmic teleportation advantage. In

this section, we examine limits on the teleportation advantage. In order to understand the power

of teleportation in general, we specifically aim to bound the maximum teleportation advantage

adv∗ := max
G

adv(G) (2.25)

over all graphs with a fixed number of vertices. This quantity measures the maximum speedup

teleportation can provide on worst-case permutations for any graph. We also show tighter bounds

on the advantage for some common classes of graphs.

We immediately have an upper bound on adv from Theorem 2.4. Since any teleportation

algorithm must have depth Ω(1), and a swap algorithm can implement any permutation in depth

O(N), we have

adv∗ = O(N). (2.26)

We now show a tighter bound.
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2.6.1 Advantage for general graphs

Combining Theorem 2.2 and Theorem 2.3, we have

rtswap(G) ≥ max{ 2

c(G)
− 1, diam(G)} (2.27)

We now consider the relationship between diam(G) and 1
c(G)

. Intuitively, increasing the diameter

while keeping N constant ‘stretches’ the graph, tightening bottlenecks. This causes c(G) to

decrease. Similarly, eliminating bottlenecks in the graph requires adding more edges across cuts,

thereby increasing the connectivity of the graph and reducing the diameter. We thus expect that

graphs with higher diameter will have higher 1
c(G)

, and graphs with small 1
c(G)

will have small

diameter. We can express this relation more precisely as follows.

Lemma 2.7. For any connected simple graph G,

diam(G) ≤ 2
log N

2

log (1 + c(G))
+ 2. (2.28)

Proof. See Appendix A.2.

One might expect graphs with large diameter to allow large speedups, since the diameter

lower bound only applies to swap routing. However, as illustrated by Lemma 2.7, graphs with

large diameter also have tight bottlenecks, and therefore, by Theorem 2.2, are not likely to permit

large speedups.

We now show our main results bounding the advantage. Our main technical result bounds

the advantage in terms of the diameter of the graph. We note that this bound also applies to the
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separation between swaps and teleportation routing for any permutation, and not just the worst-

case separation.

Lemma 2.8. adv(G) = O(
√
N + diam(G)).

Proof. We construct a swap-based protocol that can simulate a single round of teleportation in

depth O(
√
N + diam(G)), thereby upper bounding the teleportation advantage.

A single round of a teleportation protocol performs teleportation along a set of paths. These

paths must intersect no more than a constant number of times per vertex, since there are only a

constant number of ancillas per vertex.

For all paths from the teleportation protocol of length at most
√
N , we swap along the paths

in parallel. Since each vertex only has a constant number of paths going through it, a qubit can

move through every vertex in constant depth. Therefore, these swaps can be performed in depth

O(
√
N).

For an N -vertex graph, the number of paths of length at least l that intersect at most a

constant number of times is in O(N/l). Therefore, since each long path corresponds to a single

token, after routing along all paths of length at most
√
N , we have O(

√
N) tokens left to route.

By Theorem 2.5, this can be done in depth O(
√
N + diam(G)).

We can thus simulate each teleportation round in depth O(
√
N + diam(G)), which com-

pletes the proof.

Combining our results, we now have a bound on the advantage for any graph.

Theorem 2.9. adv∗ = O(
√
N logN).
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Proof. First, combining Theorem 2.4 and Theorem 2.2, we have

adv(G) = O(N · c(G)). (2.29)

Combining this bound with the bound from Lemma 2.8, we have

adv(G) ≤ min
{
O(N · c(G)), O(

√
N + diam(G))

}
. (2.30)

We know that c(G) > 0. Using the fact that log(x) ≥ 1− 1/x for x > 0, we have

1

log(1 + c(G))
≤ 1

c(G)
+ 1 = O

(
1

c(G)

)
, (2.31)

where in the last equality we used c(G) ≤ 1. Applying this to Lemma 2.7 and Eq. (2.30), we

have

adv(G) ≤ min

{
O(N · c(G)), O

(√
N +

log(N)

c(G)

)}
. (2.32)

Recall the definition of the maximum teleportation advantage from Eq. (2.25):

adv∗ := max
G

adv(G). (2.33)

Therefore,

adv∗ ≤ max
G

min

{
O(N · c(G)),

O

(√
N +

log(N)

c(G)

)}
.

(2.34)

As c(G) varies, the two bounds in the minimum vary inversely. The first bound, from Eq. (2.29),
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is monotonically increasing in c(G) for c(G) ∈ (0, 1]. The second bound is monotonically

decreasing in c(G) for c(G) ∈
(
0, logN√

N

]
. Note that when c(G) ∼ 1/N (recall that c(G) ≥ 2/N ),

the first bound is smaller, while when c(G) ∼ logN√
N

, the second bound is smaller. The largest

minimum of the two bounds is thus obtained when they are equal.

The minimum of the two bounds is thus maximized when c(G) =
√
(logN)/N . Note that

even if a graph with c(G) =
√
(logN)/N does not exist, any other value of c(G) will result in a

smaller right-hand side of Eq. (2.32). With c(G) =
√

(logN)/N , we obtain

adv∗ = O
(√

N logN
)

(2.35)

as claimed.

This bound applies to any graph, and is thus independent of the diameter of the graph.

Therefore, this result shows that in graphs with diameter ω(
√
N logN), we cannot obtain a rout-

ing time separation between teleportation- and swap-based routing that is proportional to the

diameter.

Next we show tighter bounds for a few common families of graphs.

2.6.2 Grids

For d-dimensional grids (i.e, P□d
n , the d-fold Cartesian product of the path graph Pn, with

N = nd vertices), the vertex cut bound (Theorem 2.2) gives

rtLOCC(P
□d
n ) ≥ 2

c(P□d
n )

− 1 ≥ n− 1, (2.36)
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where c(P□d
n ) ≤ 2/n follows from considering a hyperplane that bisects the grid along one

dimension. From [ACG94], we have

rtswap(G1□G2) = 2 rtswap(G1) + rtswap(G2). (2.37)

Therefore, the swap routing time of a d-dimensional grid is O(dN1/d) = O(dn). For constant d,

this saturates the cut bound in Eq. (2.36). Therefore, there is no worst-case speedup from either

teleportation or full LOCC, i.e, adv(P□d
n ) = 1.

2.6.3 Expander graphs

We bound the advantage for spectral expander graphs to be poly(logN). The (normalized)

Laplacian of a graph, G, is defined as

Lu,v =



1 if u = v

− 1√
dvdu

if (u, v) ∈ E(G)

0 otherwise,

(2.38)

where dv is the degree of vertex v. The matrix L is symmetric and positive such that we can order

its eigenvalues as 0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1. We write λ(G) for λ1 of the Laplacian of G.

Spectral expander graphs are graphs of bounded degree with λ(G) = Ω(1). For a comprehensive

introduction to spectral graph theory, consult [Chu96].

To bound the advantage for spectral expander graphs, we first use the following upper

bound on the swap-based routing number. Let d∗ :=
maxv∈V dv
minv∈V dv

denote the degree ratio of a graph.
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Theorem 2.10 ([Bap+23]). For any graph G and permutation π,

rtswap(G, π) = O

(
d∗

λ(G)2
log2N

)
. (2.39)

Combining this result with the lower bound of Theorem 2.2, we immediately get

adv(G) = O

(
d∗c(G) log

2N

λ(G)2

)
. (2.40)

Thus graphs with λ(G) = Ω(1) and d∗ = O(1) (such as spectral expanders) have at most a

polylogarithmic advantage.

2.6.4 Hypercubes

The swap-based routing time for a d-dimensional hypercube Qd is [ACG94; LLY10]

rtswap(Qd) = Θ(d). (2.41)

Since |V (Qd)| = N = 2d,

rtswap(Qd) = logN. (2.42)

Now, we will show that c(Qd) = Θ( 1√
d
). In a hypercube, Hamming balls (i.e., sets of all points

with Hamming weight ≤ r for some integer r) have the smallest boundary of all sets of a given

size [Har66]. Taking the Hamming ball of radius d/2 as X , we have |X| = 2d−1 and |δX| =(
d
d/2

)
= Θ(2d/

√
d). Therefore, c(G) = Θ(1/

√
d). Using Theorem 2.2, we have rttele(G) =

Ω(
√
d) = Ω(

√
logN). Teleportation thus offers at most anO(

√
logN) advantage on hypercubes.
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2.6.5 Other graphs

The cyclic butterfly graph Br has been proposed as a constant-degree interaction graph

that allows for fast circuit synthesis [Cow+19; Bri17]. Each of the N = r2r vertices is labelled

(w, i) ∈ {0, 1}r × [r]. Vertices (w, i) and (v, i + 1 mod r) are connected if w = v or if w and v

differ by exactly one bit in the ith position. The cyclic butterfly has diameter O(logN), degree

4, and rtswap(Br) = O(logN) [Bri17].

We now show that the O(logN) protocol is optimal even for teleportation routing on the

cyclic butterfly graph, so adv(G) = O(1). Bipartition the vertices into sets X,X such that X

consists of all rows with bit j = 0 for some j, and X consists of all rows with bit j = 1. For this

partition, |X| = r2r−1 and |δX| = 2r, so c(G) ≤ 2/r. Since r = Θ(logN), c(G) = O( 1
logN

), so

from Theorem 2.2, adv(G) = O(1).

The complete graph KN has rtswap(KN) = O(1), and therefore has adv(KN) = 1.

Finally, graphs with poor expansion properties—in particular, with vertex expansion

c(G) = O(poly(logN)
N

)—have at most polylogarithmic advantage by Eq. (2.29).

2.7 Discussion

In this work, we have used quantum teleportation to speed up the task of permuting qubits

on graphs. We have shown examples of specific types of permutations that can be sped up by

teleportation. Further, we have shown an example of a graph that exhibits a worst-case teleporta-

tion routing speedup of logN . Our main technical result (Theorem 2.9) is a general upper bound

of O(
√
N logN) on the worst-case routing speedup. We also show that many practical architec-

tures cannot implement arbitrary interactions with low overhead, even with fast LOCC (unlike
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previous work which only considered unitary evolution). Such a negative result provides useful

constraints for the design of quantum devices, suggesting that designing new architectures may

prove fruitful.

Our work leaves an open question on whether there exists a graph with adv(G) =

ω(logN ). Such a graph cannot be a spectral expander graph as per Theorem 2.10. From

Lemma 2.7, we know that a graph with large diameter will have poor expansion properties (small

c(G)) and therefore will not have a large teleportation advantage as per Eq. (2.29). Some candi-

date graphs for a superlogarithmic teleportation advantage are those with c(G) ≈
√

(logN)/N .

Such graphs may come closer to achieving a teleportation advantage given by the upper bound of

Theorem 2.9.

Furthermore, we believe that there should exist a tighter upper bound than Theorem 2.9

on the maximum teleportation advantage for any graph. This is one particularly interesting di-

rection in resolving the advantage of a teleportation protocol over swaps. There could be more

sophisticated methods that give tighter bounds by exploiting parallelism. A possible approach to

tightening this bound would be to show a swap protocol that performs routing from multiple tele-

portation rounds in parallel, since swap paths need not obey the strict conditions of teleportation

paths (namely, allowing only a constant number of path intersections per vertex).

We have primarily focused on the teleportation model of routing. However, teleportation

routing is a special case of the more general LOCC model of routing. We currently do not

know whether the full power of LOCC can provide a super-constant speedup over teleportation

routing. This is analogous to another open question, namely whether routing with arbitrary 2-

qubit gates—or even with arbitrary bounded 2-qubit Hamiltonians—can provide a super-constant

speedup over swap-based routing [Bap+23].
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Herbert [Her20] posed the question of establishing to what extent ancillas can be used to

reduce the routing depth. Rosenbaum [Ros13] showed an O(1) routing protocol on N qubits

withO(N2) ancillas (i.e., an advantage ofO(N)), while systems without ancillas cannot perform

LOCC or teleportation routing, and therefore cannot exhibit any speedups. We have investi-

gated an intermediate regime, and have shown that a linear number of ancillas cannot allow

for speedups greater than O(
√
N logN). It remains an open question to further investigate the

space-time tradeoff between the number of ancilla qubits and the routing time.

We assume noiseless circuits, but in the presence of noise the performance of teleportation

protocols depends directly on the fidelity of the required resource Bell pairs. We are primarily

interested in ways to use teleportation for routing, and Bell pairs are necessary for this process.

Our current teleportation routing model does not distinguish between routing over long or short

paths, but a more comprehensive model of routing could prioritize shorter paths as they will

be less error prone without error correction. Alternatively, we could use a purification protocol

[Ben+96b] to prepare high-fidelity Bell pairs at the cost of additional ancillas and overhead, or

we could encode our state in an error-correcting code [Den+02] to suppress the error rate when

operating between nodes. If operating in a quantum network, we can make use of protocols

generalizing entanglement swapping from Bell basis measurements to n-qubit GHZ states to im-

prove the performance of repeater protocols in lossy quantum networks [Pat+22]. Alternatively,

we can prepare a high-fidelity Bell pair by performing multiple repeater protocols along different

paths in parallel [Pan+19] or using multiplexers on each edge [Lee+22].

A more general task than routing is to perform unitary synthesis, i.e, decompose a particular

unitary into 2-qubit gates that can be applied on our locality-constrained qubits. It remains an

open question to understand how much unitary synthesis can be sped up by using LOCC with a
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linear number of ancillary qubits. Previous work has shown an Ω(N) speedup for implementing

fanout [PS13] and preparing GHZ and W states [PSC21], and an Ω(
√
N) speedup for preparing

toric code states [PSC21], which takes time Ω(
√
N) without LOCC [BHV06]. Previous work

has also shown how measurements of cluster states can be used to efficiently prepare long-range

entanglement [Tan+24b] and states with exotic topological order [VTV22]. In principle, LOCC

could provide superlinear speedups for unitary synthesis, as we currently have no upper bounds

on the advantage for arbitrary unitaries.
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Chapter 3: Quantum routing and entanglement dynamics through bottlenecks

3.1 Introduction

The promise of wide-ranging applications of quantum computing has sparked interest in

developing scalable quantum architectures. Realistic quantum architectures have constrained

interactions, often with fixed connectivity [Bru+19b; Kja+20]. This connectivity is usually spec-

ified by a graph G, with vertices V representing qubits, and edges E representing pairs of qubits

between which interactions are permitted. On the other hand, quantum algorithms, quantum

error correction schemes, and other quantum information-processing protocols often require in-

teractions between arbitrary pairs of qubits. To implement these interactions, quantum compil-

ers effectively simulate all-to-all connectivity by moving quantum information, at the cost of

an overhead in the running time. This task, known as quantum routing, aims to make general

quantum algorithms feasible on devices with connectivity constraints by efficiently implement-

ing any permutation of qubits on a given architecture graph [CSU19]. Quantum routing can

be performed with swap gates using classical techniques [ACG94; Cow+19; Wag+23; CSU19;

LDX19], or employing more general quantum operations such as continuous-time Hamiltonian

evolution [Bap+21; Bap+23] or unitary gates [Bap+23], possibly assisted by measurement and

fast classical feedback [Dev+24; Ros13; HPE19]. Recent work has shown that the worst-case

depth overhead of implementing arbitrary quantum circuits while respecting connectivity con-
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straints is proportional to the circuit depth of worst-case routing [YZ25], highlighting the impor-

tance of lower bounds and fast protocols for this task.

Routing is closely related to the task of entanglement distribution, since by routing entan-

gled qubits, we can distribute entanglement. The rate at which entanglement can be generated

between parts of a system constrains our ability to perform many quantum information process-

ing tasks, as entanglement is a critical resource for quantum algorithms [Joz98; JL03; EJ98;

BM11; ZZC25], quantum error correction [Bra+25; Ben+96a; KL97], quantum communication

[BCD01; GT07; Hor+09], and quantum sensing [DRC17; GLM04; Bol+96]. The fundamental

importance of entanglement and its application to a wide range of quantum information tasks has

raised many questions and led to a large number of investigations into the dynamics of entangle-

ment [VMV13; Mar+16; CVC05; Cub+03; Bra07; Dür+01; Ben+03].

The fact that routing can be used to distribute entanglement means that bounds on entan-

glement dynamics can also be used to constrain the time taken to perform routing. Previous work

has used this idea to bound routing times [Bap+23] in terms of entanglement rates [VMV13]

and entanglement capacities [Mar+16] across system bipartitions. These two major results on

entanglement dynamics can be interpreted in terms of bottlenecks, which are of two kinds:

1. Edge bottlenecks: The number of edges across any bipartition of the system constrains

the rate at which the bipartitions can be entangled, by the small incremental entangling

(SIE) theorem [VMV13]. Thus, in systems with a small number of edges connecting large

subsystems, the routing time is large. An example of such system is a d-dimensional array,

where the number of edges joining two halves of the system scales as Θ(Nd−1), which is

asymptotically smaller than the number of vertices on each side (Θ(Nd)). We refer to such
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Figure 3.1: The star graph on 9 vertices, S9.

a set of edges as an edge bottleneck.

2. Vertex bottlenecks: A vertex bottleneck is a set of vertices, typically much smaller than the

rest of the system, that constrains the interactions of the rest of the system. An archetypal

example of a vertex bottleneck is found in the star graph SN , shown in Fig. 3.1, which is

the complete bipartite graph K1,N−1 between one (center) vertex and N − 1 leaf vertices.

Intuitively, to implement interactions between qubits on the leaves, we must make use of

the central vertex, which forms a bottleneck. On the other hand, this graph does not have a

significant edge bottleneck, due to the large number of edges between the central vertex and

the leaves. A general vertex bottleneck is depicted in Fig. 3.2, which represents systems

with a tripartite structure. Such systems can be divided into three parts L,C,R such that

edges are only present connecting L to C and C to R. The small total entangling property

[Mar+16] bounds the entanglement capacity, or total amount of entanglement that can be

generated across a partition, in terms of the local dimension of the vertex boundary (sites on

one side of a partition that are adjacent to sites on the other side), and therefore constrains
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L

C

R

Figure 3.2: A tripartition with vertex bottleneck C. Parts L,C,R contain NL, NC , NR qubits,
respectively. By the tripartite connectivity constraint, there are no edges between qubits in L and
qubits in R.

the ability to generate entanglement through a vertex bottleneck.

In the gate-based routing model, we make use of 2-qubit gates that act locally, obeying the con-

nectivity constraints of the architecture. A special case of this is classical swap-based routing,

where only connectivity-respecting swap gates are permitted. Alternatively, in the more pow-

erful Hamiltonian routing model [Bap+23], we are permitted continuous-time evolution by an

architecture-respecting Hamiltonian with norm-bounded interactions. In this work, we primar-

ily investigate piecewise time-independent Hamiltonians. The routing time of a model for a

given graph G is defined as the time taken to implement a worst-case permutation on G. In the

gate-based model, this corresponds to the minimum circuit depth to implement the permutation,

while in the Hamiltonian routing model this corresponds to the minimum evolution time required.

These routing models are described in more detail in Section 3.2.

Using bounds on the entangling rate [VMV13], tight bounds can be obtained for routing

constrained by edge bottlenecks in both the gate-based and continuous-time evolution routing

models. However, for routing through vertex bottlenecks, only entanglement bounds in the gate-
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based model [Mar+16] have been found to be tight [Bap+23], following the natural assumption

that no two gates can interact with the same qubit at the same time. Attempts at a full treatment

of the entanglement dynamics in multipartite systems reveal surprisingly more complexity than

in the bipartite case. For example, Cubitt et al. [Cub+03] showed that in a system with a tripar-

tition, entanglement can be generated between the two separated parts without ever entangling

the intermediate region with the rest of the system. While this result defies the natural intuition

that entanglement must flow between regions of a system, such separable entanglement gener-

ation is only possible if the initial state is a special mixed state. For systems starting in a pure

state, a notion of entanglement flow between different subsystems was shown by Cubitt et al.

[CVC05]. However, this result still provides only a trivial lower bound for routing through vertex

bottlenecks.

For the star graph, the gate-based quantum routing time is Θ(N) [Bap+23]. However, in

the Hamiltonian routing model, which has previously only been shown to be constrained by edge

bottlenecks, the best known lower bound on the routing time is Ω(1) (applying the result of Van

Acoleyen et al. [VMV13] or a Lieb-Robinson bound [CLY23]). This lower bound intuitively

seems loose, since if it were indeed saturable, this would allow for routing in constant time,

independent of the system size.

Surprisingly, polynomial speedups for continuous-time evolution over the gate-based

model are indeed possible, even in the simple setting of the star graph. For one of our main

results, we investigate systems of free (i.e., non-interacting) particles, where the edges of the un-

derlying graph represent two-body hopping terms in the Hamiltonian. In systems of free particles,

the gate-based model can be considered to allow architecture-respecting circuits of free-particle

gates (i.e., unitaries generated by hopping and on-site interactions). The gate-based routing time
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on the star graph for free particles is Θ(N), by the Small Total Entangling lemma [Mar+16],

applied to circuits of free-particle gates. For these systems, we design a fast Hamiltonian routing

protocol that takes time t = O(
√
N) for arbitrary permutations, which demonstrates a Ω(

√
N)

speedup over the gate-based model. We further provide a concise proof that this protocol is op-

timal (for both free fermions and free bosons), showing a lower bound of t = Ω(
√
N) on the

routing time on the star graph for these systems. We note that this lower bound applies even to

time-dependent Hamiltonian routing.

Returning to the more standard setting of qubit systems, we significantly tighten the lower

bound on the Hamiltonian routing time for the star graph to Ω(N1/2−δ) for any δ > 0, when

using piecewise time-independent Hamiltonians, or time-dependent Hamiltonians subject to a

smoothness condition. This addresses an open question of Bapat et al. [Bap+23]. The first part of

our proof leverages improved commutator bounds on Hamiltonian simulation for Trotter-Suzuki

formulas [Chi+21] for random input states [Zha+22]. This result utilizes the Frobenius norm, al-

lowing us to leverage the fact that vertex-bottlenecked Hamiltonians exhibit tighter commutator

scaling in the Frobenius norm compared to the operator norm used in entanglement dynamics

bounds [VMV13] or Lieb-Robinson bounds [CLY23]. In contrast to those results, we take ad-

vantage of the inherently state-independent task of performing large-scale routing to bound the

average-case routing time rather than just the worst case, which allows a more precise bound

based on the Frobenius norm. The technique behind our proof is inspired by the recent appli-

cation of “Frobenius light cone” bounds, which demonstrated the hardness of implementing the

shift-by-one translation on a ring architecture [YLS24].

This result generalizes to arbitrary vertex bottlenecks, as illustrated in Fig. 3.2. For an

arbitrary tripartition of NL, NC , NR qubits (with NL ≥ NR ≥ NC), we show that the routing
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time is Ω(N1−δ
R /

√
NLNC) for any δ > 0.

Our techniques further allow us to prove an upper bound on the entanglement capacity,

or the amount of entanglement that can be generated or distributed through a vertex bottleneck.

For a tripartition, we define the entanglement capacity for evolution of a state |ψ⟩ by a given

Hamiltonian H for time t as the increase in the amount of bipartite entanglement between the L

subsystem and the rest of the system. Existing results [VMV13; CVC05] bound the entanglement

capacity as O(tNLNC) for any initial state |ψ⟩. For the case where the input state is chosen from

a 1-design ensemble, we show an improved upper bound of O(tNC

√
NL(

√
NLNR/NC)

δ), for

any δ > 0, on the entanglement capacity in systems with a tripartition. By averaging over input

states, we obtain a tighter bound that depends on Frobenius norms of commutators between terms

of the Hamiltonian, rather than the operator norm of the Hamiltonian as used in Refs. [VMV13;

CVC05]. We believe this result could be useful in bounding the time taken for more general

quantum information processing tasks beyond routing. For example, our methods may be useful

in demonstrating the hardness of implementing specific unitary gates on a quantum processor.

The remainder of the chapter is organized as follows. In Section 3.2, we introduce our mod-

els and technical background for the routing problem. In Section 3.3.1, we describe a fast routing

protocol for systems of free fermions with star-graph connectivity, which performs routing in time

O(
√
N). In Section 3.3.2 we discuss the challenges of converting this to a qubit routing protocol.

In Section 3.3.3, we show a concise lower bound of Ω(
√
N) on the routing time for fermions in

systems with a vertex bottleneck, including the star graph, which demonstrates that our protocol

in Section 3.3.1 is optimal. In Section 3.4, we show our main result bounding the routing time

through vertex bottlenecks in systems of qubits. In Section 3.5, we show how similar techniques

provide a lower bound on the average entangling capacity in systems with a tripartition. Finally,
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we discuss implications of our results and some open questions in Section 3.6.

3.2 Preliminaries

We let ∥·∥ denote the spectral/operator norm and ∥·∥p the Schatten p-norm. The (normal-

ized) Frobenius norm of an operator O is

∥O∥F :=

√
tr[O†O]

D
, (3.1)

where D is the total Hilbert space dimension. Note that ∥O∥F = ∥O∥2/
√
D. With this normal-

ization, ∥X∥F = 1 for any Pauli string X.

We specify the connectivity of a quantum system with 2-local interactions in the form of

a graph G = (V,E), with the vertices V representing qubits/modes and the edges E represent-

ing pairs of qubits/modes between which interactions are allowed. In this work, we are mostly

concerned with graphs with a vertex bottleneck, as depicted in Fig. 3.2. Routing is the task of

implementing arbitrary permutations from SN , the group of all permutations of N elements, on

qubits labeled from 1 toN . For any p ∈ SN , where p(i) represents the destination of the ith qubit,

we define the permutation unitary Up, such that, for any product state |ψ⟩ = |ψ1⟩|ψ2⟩ . . . |ψN⟩,

Up|ψ1⟩|ψ2⟩ . . . |ψN⟩ = |ψp(1)⟩|ψp(2)⟩ . . . |ψp(N)⟩. (3.2)
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3.2.1 Hamiltonian routing

In the Hamiltonian routing model, we consider continuous-time evolution by a Hamiltonian

H that respects the connectivity constraints. Such an architecture-respecting evolution has no

interaction terms between sites (qubits) that are not connected by an edge in the underlying graph

G. Thus, any valid Hamiltonian can be written as

H =
∑

(i,j)∈E

hij +
∑
i∈V

hi, (3.3)

where hij is only supported on qubits i, j (i.e., acts as identity on all other qubits). We further

impose the constraint ∥hij∥ ≤ 1 in order to ensure that the timescale of two-site interactions

is comparable to the time required for a 2-qubit gate in the gate-/swap-based routing models.

Unitary evolution by a Hamiltonian H is given by the time-evolution operator

U(H, t) := T e−i
∫ t
0 H(t′) dt′ , (3.4)

where T is the time-ordering operator. When H is time-independent, U(H, t) = e−iHt.

The Hamiltonian routing time is the minimum time to implement a given permutation in

this model, defined as

hrt(G, p) := min
H

{t s.t. U(H, t) = Up} (3.5)

for any p ∈ SN . We define the worst-case Hamiltonian routing time for a graph G as

hrt(G) := max
p∈SN

hrt(G, p). (3.6)
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In this work, we primarily consider time-independent or piecewise time-independent H .

Definition 3.1 (Piecewise time-independent Hamiltonian). H is said to be piecewise time-

independent with minimum segment width ∆ if it can be written as

H =
k−1∑
i=0

Hi · It∈[ti,ti+1), (3.7)

where tk = t, Hi is time-independent, It∈[ti,ti+1) is an indicator function for t ∈ [ti, ti+1), and

∀ i, ti+1 − ti ≥ ∆.

Similarly to the time-dependent case, we define the Hamiltonian routing time for piecewise

time-independent Hamiltonians with minimum segment width ∆ as

hrt∆(G, p) := min
H

{t s.t. U(H, t) = Up} (3.8)

for any p ∈ SN . We define the worst-case Hamiltonian routing time for piecewise time-

independent Hamiltonians with minimum segment width ∆ for a graph G as

hrt∆(G) := max
p∈SN

hrt∆(G, p). (3.9)

3.2.2 Gate-based routing

The gate-based routing model is a variant of the Hamiltonian routing model where we are

restricted to performing 1-qubit and 2-qubit gates that respect the connectivity constraints (i.e., no

gates are permitted between qubits not connected by an edge). Gates on disjoint pairs of vertices

may be applied simultaneously. In this model, the routing time for a given permutation is the

54



minimum depth to implement a given permutation p by an architecture-respecting circuit,

rt(G, p) := min
U

depth(U) s.t. U = Up. (3.10)

Similar to the Hamiltonian routing model, we also define the worst-case routing time for a graph

G as

rt(G) := max
p∈SN

rt(G, p). (3.11)

The gate-based model generalizes classical routing, which is restricted to circuits composed

of architecture-respecting swap gates [ACG94].

3.2.3 Free-particle routing

An alternative type of Hamiltonian routing is free-particle routing (of bosons or fermions).

In a fermionic model, each vertex of G represents a local fermionic mode, which can be ei-

ther empty (|0⟩) or occupied by a fermion (|1⟩). Fermionic states and interactions are represented

in terms of creation and annihilation operators on each mode (c†j, cj) [BK02].

The annihilation operator acts as follows:

cj|n0, n1, . . . , nj−1, 1, nj+1, . . . , nN⟩

= (−1)
∑j−1

k=0 nk |n0, n1, . . . , 0j, . . . , nN⟩, (3.12a)

cj|n0, n1, . . . , nj−1, 0, nj+1, . . . , nN⟩ = 0. (3.12b)
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These operators obey the fermionic anticommutation relations

{cj, ck} = {c†j, c†k} = 0, {cj, c†k} = δj,k. (3.13)

We also consider routing in systems of free (non-interacting) bosons. Similarly to the

fermionic case, states are characterized as Fock states, i.e., in the occupancy number basis |ni⟩

where ni is the occupancy of the ith mode (situated on site i). The bosonic creation and annihila-

tion operators are (a†j, aj). The annihilation operator acts as follows:

aj|n0, n1, . . . , nj−1, nj, nj+1, . . . , nN⟩

=
√
nj|n0, n1, . . . , nj − 1, . . . , nN⟩. (3.14)

These operators obey the bosonic commutation relations

[aj, ak] = [a†j, a
†
k] = 0, [aj, a

†
k] = δj,k. (3.15)

Any fermionic or bosonic Hamiltonian can be written as a sum of products of creation and

annihilation operators. An architecture-respecting fermionic/bosonic Hamiltonian can be written

as a sum of products of these operators on sites that are connected by an edge in G, and have

bounded coefficients. In a free (non-interacting) model, the Hamiltonian only contains hopping

and on-site terms (in Section 3.6, we comment on the possibility of allowing for pairing). In
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particular, a free-particle Hamiltonian can be written as

H =
∑
i∈V

hic
†
ici +

∑
(i,j)∈E

(
hijc

†
icj + h.c.

)
, (3.16)

where |hij| ≤ 1, hi, hij may have arbitrary time dependence, and ci are all fermionic or all

bosonic.

A permutation p ∈ SN maps each mode on site i to site p(i). Therefore, Up maps the

set of annihiliation operators {c1, c2, . . . } to {cp(1), cp(2), . . . }. For particles evolving by a free

Hamiltonian with modes bi, the time-evolved creation and annihilation operators at a given time

t can be written as bi(t) =
∑

j Aij(t)bj(0) and b†i (t) =
∑

j A
∗
ij(t)b

†
j(0) for some Aij(t) ∈ C. The

dynamics of Aij(t) are the same for both bosons and fermions (and for a single particle). Hence,

any protocol that performs routing for free fermions yields an identical routing protocol for free

bosons and vice versa.

We define the free-particle routing time as the minimum time to implement a given permu-

tation using an architecture-respecting free-particle Hamiltonian:

hrtF (G, p) := min
H

[t s.t. U(H, t) = Up], (3.17)

where U(H, t) is the time-evolution operator by H for time t. We define the worst-case free-

particle routing time for a graph G as

hrtF (G) := max
p∈SN

rtF (G, p). (3.18)

Since the dynamics of the creation and annihilation operators are identical for bosons and
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fermions, the routing time does not depend on the particle type.

One can also define a gate-based routing model for free particles. Allowed two-mode gates

between mode i and mode j for (i, j) ∈ E are the unitaries generated by hic
†
ici + hjc

†
jcj +

(hijc
†
icj+h.c.) for time-dependent hi, hj , and hij . As in the case of qubits, gates on disjoint pairs

of vertices may be applied simultaneously, and application of a single layer of allowed simulta-

neous gates takes depth (or time) 1. We define the gate-based free-particle routing time rtF (G, p)

as the minimum depth to implement a given permutation p using an architecture-respecting free-

particle circuit (i.e., a circuit composed of free-particle gates). We define the worst-case gate-

based free-particle routing time for a graph G as rtF (G) := maxp∈SN
rtF (G, p).

3.2.4 Transpositions

Definition 3.2 (Graph Tripartition). A tripartition of a graph G is a partitioning of the vertices

of G into three sets L,C,R with NL, NC , NR vertices, respectively, such that there are no edges

connecting vertices in L to vertices in R. Without loss of generality, L is taken to be the larger of

L,R, i.e., NL ≥ NR.

A graph tripartition is depicted in Fig. 3.2.

Definition 3.3 (Vertex bottleneck). In a graph with a tripartition, C is a vertex bottleneck if

NC ≤ NR.

Throughout this chapter, we consider tripartitions with a vertex bottleneck, i.e., we assume

everywhere that NL ≥ NR ≥ NC . We focus on permutations that perform the maximum possible

numberNR of pairs of disjoint swaps between sites through a general vertex bottleneck (Fig. 3.2).

On the star graph SN+1, such a permutation can be obtained by dividing the leaves into two sets
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Figure 3.3: A global transposition permutation on the star graph. The black lines denote the
connectivity constraints. The red lines with arrows indicate pairs of qubits to be swapped.

L,R of N/2 qubits each, and swapping each qubit of L with a corresponding qubit of R. We call

this a global transposition, and it is depicted in Fig. 3.3.

Our investigation of such permutations is motivated by the fact that they can be used at

most twice to implement an arbitrary permutation. Any cycle, or set of non-overlapping cycles,

can be performed using two global transpositions. Since any permutation can be decomposed

into a product of non-overlapping cyclic permutations, arbitrary permutations can be performed

using two global transpositions. For example, the cyclic permutation 1 → 2, 2 → 3, . . . , 2n→ 1,

which we denote by (1 2 . . . 2n), can be decomposed as a product of two global transpositions:

(1 2 . . . 2n) = (2 2n)(3 2n− 1) · · · (n n+ 2)

× (1 2n)(2 2n− 1) · · · (n n+ 1), (3.19)

where the two lines on the right-hand side each consist of non-overlapping pairwise transposi-

tions. This is illustrated in Fig. 3.4. On the star graph, any permutation can be decomposed into
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a permutation that acts only on the leaves, followed by a single final swap with the center node.

Hence, the time taken for arbitrary permutations on the star graph is predominantly determined

by the time to do a global transposition.

Figure 3.4: Any cyclic permutation can be decomposed into two stages of transpositions. For
example, a clockwise cycle of all vertices can be achieved by a global transposition between pairs
of sites connected by blue edges followed by a global transposition for red edges. To perform an
anti-clockwise cycle, simply transpose along the red edges and then the blue edges.

3.2.5 Routing and entanglement distribution

Routing can be used to distribute entanglement, as depicted in Fig. 3.5. This fact allows us

to lower bound the routing time using bounds on the time to generate entanglement. We make

use of two such bounds.

The small incremental entangling theorem, whose conjecture is attributed to Kitaev in

Ref. [Bra07] and which is proved in Ref. [VMV13], bounds the rate at which entanglement can

be generated between parts of a system in terms of the local dimension and the operator norm of

the Hamiltonian coupling the parts. We restate this result here:
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L R

ℓ r

(a) Initial state with local bell pairs

L R

ℓ r

(b) Bell pairs distributed after routing

Figure 3.5: Routing enables entanglement distribution. (a) The system has two parts L,R that are
initially entangled with hidden auxiliary systems l, r, respectively. (b) On swapping every qubit
in L with the corresponding qubit in R, the L system becomes entangled with r, and R becomes
entangled with l, so we have generated 6 ebits of entanglement across the cut dividing L and R.
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Lemma 3.4 (Small Incremental Entangling (SIE)). Given a HamiltonianH = HAa+HBb+HAB

that acts on a system consisting of subsystems a,A,B, b (Fig. 3.6), for any state ρ,

dSaA(ρ)

dt
≤ c∥HAB∥ log(d), (3.20)

where SAa(ρ) = − tr[ρA log ρA] is the entanglement entropy of ρ across the aA,Bb bipartition,

c is some positive constant (c = 2 in [Aud14]), and d = min{dim(A), dim(B)}.

a A B b
HAa HAB HBb

Figure 3.6: Partitioning of system for SIE.

We also make use of the small total entangling property [Mar+16; Bap+23], which bounds

the total amount of entanglement between parts of a system that can be generated by any unitary

evolution, in terms of the local dimension of the parts.

Lemma 3.5 (Small Total Entangling (STE) (Proposition 2 of Ref. [Mar+16])). In a system con-

sisting of subsystems a,A,B, b, for any unitary acting only on A and B, the maximum change in

the entanglement entropy of the Aa subsystem is bounded as

∆SAa(ρ) ≤ 2 log(min{dim(A), dim(B)}). (3.21)

In systems of free particles, we quantify bipartite entanglement by the mode entanglement

of the underlying Fock state [Shi03; Zan02], which is the von Neumann entropy obtained by

tracing out a subset of the modes.
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Definition 3.6 (Mode entanglement). For a state of identical particles ρ (i.e., a density matrix in

the occupation number basis) with modes partitioned into X and X̄ , the mode entanglement is

SX(ρ) = − tr[ρX log ρX ]. (3.22)

3.3 Routing free particles

3.3.1 An optimal protocol for routing free particles

Here we consider the problem of routing free particles on a star graph. We give a protocol

that can route N free fermions on the star graph in time
√
N . Like the W -state-based routing

protocol on the vertex barbell graph (Fig. 3.9) of Bapat et al. [Bap+23], this makes use of states

spread over multiple sites (here, the leaves) and transfers them one-by-one through the central

vertex.

Theorem 3.7. hrtF (SN) = O(
√
N).

Proof. We consider the star graph S2N+1, i.e., a star graph with an even number of leaves. To see

that this is sufficient, consider any permutation p on a star graph with an odd number of leaves.

We can select some leaf i, and perform a modified permutation p′ which is identical to p except

when acting on sites i and p−1(i). The permutation p′ instead maps p−1(i) to p(i) and leaves

i unchanged, and is therefore a permutation on an even number of leaves. By first performing

p′, and then swapping qubits i and p(i), we can perform the permutation p. Hence it suffices to

consider a star graph with an odd number of vertices (i.e., an even number of leaves), since for

any permutation p on a star graph with an odd number of leaves 2N + 1, the routing time is only
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a constant (3) greater than the routing time for a corresponding permutation on a subgraph with

an even number of leaves 2N .

As explained in Section 3.2, an arbitrary permutation can be implemented by application

of at most two global transpositions. For any global transposition, the leaf vertices can be divided

into two sets L (left) and R (right) with N leaves on each side, such that the transposition swaps

each qubit in L with the corresponding qubit in R. Let the pairs of creation and annihilation

operators on each left (right) leaf i be l†i and li (r†i and ri), respectively. On the center, we denote

them as c† and c.

The left Fourier modes are fl,0, . . . , fl,N−1, where

fl,k :=
1√
N

∑
j

e−2πikj/N lj. (3.23)

Likewise, we denote the right Fourier modes as fr,0, . . . , fr,N−1.

We divide our protocol into N time steps, numbered 0 to N − 1. At the kth time step, we

perform the following operations:

• First, turn on couplingHL,k =
∑

j e
−2πijkc†lj+h.c. for time π

2
√
N

. This Hamiltonian can be

equivalently written as
√
N(c†fl,k + h.c.) This swaps the center mode with the kth Fourier

mode on the left. This is illustrated in Fig. 3.7a.

• Repeat the same step but with the right leaves using the coupling HR,k =
∑

j e
−2πijkc†rj +

h.c. This interaction swaps fl,k (which sits at the center following the first step) with fr,k

such that fl,k is now on the right leaves, fr,k is on the center, and c has been moved to the

kth left Fourier mode. This is illustrated in Fig. 3.7b.
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• Finally, perform the coupling HL,k =
∑

j e
−2πijkc†lj + h.c. with the left leaves again to

swap c and fr,k. We have now effectively swapped Fourier modes fl,k and fr,k, with c

remaining on the center. This is illustrated in Fig. 3.7a.

l †
1 c+

h.c.
e−i2πk/N

l †2c+ h.c.

e−
i4πk

/N l
†
3
c+ h.c.

e
−i

6π
k/
N l

†
4
c+

h.
c.

(a) Left swap with center

r
†
1
c+

h.
c.

e−
i2πk

/N r
†
2
c+ h.c.

e−i4πk/N
r †
3c+ h.c.e −

i6πk/N
r †
4 c+

h.c.

(b) Right swap with center

Figure 3.7: Swapping the kth Fourier modes on the left and right sets of leaves.

Since both Fourier modes and spatial modes form orthonormal bases, swapping all of the corre-

sponding Fourier modes between the left and the right vertices is equivalent to swapping each of

the corresponding spatial modes. Since each step of this protocol swapping one Fourier mode at

a time takes time O( 1√
N
), the whole protocol takes time O(

√
N). As discussed in Section 3.2,

the dynamics of free bosonic and free fermionic creation and annihilation operators are identical.

Hence this protocol performs routing for both bosons and fermions.

3.3.2 Routing qubits

A natural question is whether a similar protocol exists for qubits. Unfortunately, simply

converting the protocol above to a qubit protocol does not work, as we now explain.
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First, consider the fermionic version of this protocol. Applying the Jordan-Wigner [JW28]

transform to convert the fermionic operators to qubit operators yields non-local terms, so the

generated qubit Hamiltonian does not respect the architecture’s geometry and hence does not

produce a valid protocol. Even if we permitted ancillary qubits, using an approach such as the

Verstraete-Cirac encoding [VC05] to ensure that we respected locality would introduce a large

number of ancillas (Θ(N)) on the central qubit due to the large number of non-commuting terms

in the Hamiltonian.

Now we consider whether a bosonic protocol can be converted to a qubit protocol. One

approach is to consider the bosonic protocol restricted to an initial state where each mode has

occupancy at most 1, and replace the bosonic creation and annihilation operators with spin-1/2

raising and lowering operators, respectively. Another similar strategy to convert a bosonic pro-

tocol to a qubit routing protocol is by truncating the bosonic operators to a low (constant) oc-

cupancy subspace by replacing the bosonic operators with qudit operators, which may yield an

approximate protocol for qubits with ancillas.

Unfortunately, such an approach is infeasible. Consider a bosonic system starting in the

uniform superposition of all bitstrings of length N with Hamming weight N/2, i.e., the weight

N/2 Dicke state |WN
N/2⟩. Since every mode has occupancy at most 1, this is a valid initial state

for a qubit system as well. As before, we denote the left Fourier modes as fl,0, . . . , fl,N−1, where

fl,k :=
1√
N

∑
j

e−2πikj/N lj. (3.24)

Likewise, we denote the right Fourier modes as fr,0, . . . , fr,N−1. Then, a simple calculation shows

that the expected occupancy of the zeroth Fourier mode fl,0 is ⟨WN
N/2|f †

l,0fl,0|WN
N/2⟩ =

√
N+2
4

.
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Hence, if we were to truncate the protocol using qudit operators, it would require qudits of local

dimension Ω(
√
N). Such an approach therefore cannot yield a qubit routing protocol.

Though we have ruled out some obvious approaches, it may still be possible to produce a

similar protocol for qubits (or to rule one out entirely), which we believe are interesting directions

for future work.

3.3.3 Lower bound on the free-particle routing time

In this section, we give lower bounds on the time to route N non-interacting particles

(fermions or bosons) through a vertex bottleneck.

First, we show a lower bound of Ω(NR/NC) on the gate-based routing model for graphs

with a vertex bottleneck. On the star graph, this bound yields rtF (SN) = Ω(N). This implies

that our Hamiltonian-based protocol in Section 3.3.1 obtains a quadratic speedup over gate-based

routing.

Then, we show a lower bound on the Hamiltonian routing time hrtF (G) for any graph G

with a vertex bottleneck. In particular, our proof implies that the free-particle routing time on the

star graph is lower-bounded by rtF (SN) = Ω(
√
N), which implies that the free-particle routing

protocol given in Section 3.3.1 is optimal.

To prove these routing-time lower bounds, we first lower bound the time to generate Θ(N)

mode entanglement (Definition 3.6) between two halves of a free-particle system. Analogously to

the discussion in Section 3.2.5, the ability of a system to route N non-interacting particles across

a partition in time t can be reduced to the problem of generating Θ(N) mode entanglement in

that time—for example, when N modes, each of which is entangled with an ancillary mode as
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the state 1√
2
(|01⟩ + |10⟩), are routed across a partition, the amount of entanglement generated

across the partition is Θ(N). As such, a lower bound on the time to generate Θ(N) entanglement

across a vertex bottleneck can be used to lower bound the time to perform routing.

To fix the model more precisely, we assume the system is defined on an architecture graph

with a tripartition V = L ∪ C ∪ R (cf. Fig. 3.2), where each vertex represents a mode and each

edge indicates pairs of modes between which we are allowed to apply a gate. We now show a

lower bound on the gate-based routing time for free particles.

Theorem 3.8. For any graph G with a vertex bottleneck, rtF (G) = Ω(NR/NC).

Proof. We first consider routing in a system of free fermions. As discussed in Section 3.3, due

to their identical operator dynamics, any lower bound for routing free fermions also applies to

routing free bosons. Consider an initial state ρin =
1

2NR
IR⊗ |0⟩NC+NL . This can be considered as

a state where each mode in R is maximally entangled with some reference system that has been

traced out. The initial von Neumann entropy of the subsystem R is thus SR = NR. On routing

every mode from R to L, all the entanglement (or entropy) is transferred to L, and SR = 0.

Following a similar argument to one presented in Bapat et al. [Bap+23], by a straightforward

application of STE (Lemma 3.5) to free fermions, the maximum change in the von Neumann

entropy of R when applying a circuit of depth d is

∆SR ≤ 2dNC . (3.25)

On the other hand, to route every mode in R to L requires a total change in the von Neumann

entropy of R of |∆SR| = NR. Hence, the minimum circuit depth to perform routing is rtF (G) =

Ω(NR/NC).
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Applied to the star graph, this implies a bound of rtF (SN) = Ω(N), and hence our Hamil-

tonian routing protocol from Section 3.3.1 obtains a quadratic speedup over gate-based routing.

We now show a lower bound on Hamiltonian free-particle routing in graphs with a vertex

bottleneck. As before, each vertex represents a mode and each edge corresponds to a possible

two-body “hopping” term in the Hamiltonian. Let the particles evolve under the following non-

interacting (time-dependent) Hamiltonian:

H(t) = H(LL) +H(CC) +H(LC)

=
∑
i,j∈L

H
(LL)
ij (t)l†i lj +

∑
i,j∈C

H
(CC)
ij (t)c†icj

+
∑
i∈L
j∈C

[
H

(LC)
ij (t)l†i cj + h.c.

]

+
∑
i∈R
j∈C

[
H

(RC)
ij (t)r†i cj + h.c.

]
+
∑
i,j∈R

H
(RR)
ij (t)r†i rj, (3.26)

where the l†i (li) are the creation (annihilation) operators on L, c†i (ci) are the corresponding

operators on C, and r†i (ri) are the corresponding operators on R.

As before, we assume that Hamiltonian terms coupling L and C are bounded by

∥H(LC)
ij (t)∥ ≤ 1, for all times t.

The following lemma bounds the entangling rate in a free fermionic system. We use this to

bound the free fermionic Hamiltonian routing time, and therefore the Hamiltonian routing time

for free bosons as well.

Lemma 3.9. For a free fermionic system defined on a graph with a vertex bottleneck evolving

under the free-particle Hamiltonian defined in Eq. (3.26), the entangling rate between subsystems
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L and C ∪R is bounded as

dSL(ρ(t))

dt
≤ 4cNC

√
NL (3.27)

Proof. The proof of the theorem follows from applying the Small Incremental Entangling (SIE)

theorem (Lemma 3.4) to a free fermionic Hamiltonian acting on a bipartition of the system

(L,C ∪R).

By SIE, we are only concerned with H(LC) =
∑

i∈L
j∈C

[
H

(LC)
ij (t)l†i cj + h.c.

]
. Consider the

single normalized mode

l̃†j(t) :=
1√∑

i∈L

∣∣∣H(LC)
ij (t)

∣∣∣2
∑
i∈L

H
(LC)
ij (t)l†i . (3.28)

Then

H(LC) =
∑
j∈C

hj(t) (3.29)

where hj(t) =

√∑
i∈L

∣∣∣H(LC)
ij (t)

∣∣∣2 [l̃†j(t)cj + h.c.
]
.

Taking the same approach as in the proof of the area law for quasi-adiabatic continuation

in [VMV13], we can bound the entangling rate as

dSL(ρ(t))

dt
= −i tr[H(LC)(t)[ρ(t), log(ρL(t)⊗ 1C)]]

= −i
∑
j∈C

tr[hj(t)[ρ(t), log(ρL(t)⊗ 1C)]]

≤ 2c
∑
j∈C

∥hj(t)∥,

(3.30)

where ρL(t) = trC [ρ(t)], and c is the constant in Lemma 3.4. In the third line, we applied the SIE
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theorem to bound the contribution of each hj(t) term separately (cf. Eq. (18) in [VMV13]).

To finish the proof, we bound the norm of hj(t) as follows:

∥hj(t)∥ =

∥∥∥∥∥
√∑

i∈L

∣∣∣H(LC)
ij (t)

∣∣∣2 [l̃†j(t)cj + h.c.
]∥∥∥∥∥

≤ 2
√
NL,

(3.31)

where we have used the fact that, for fermions, ∥l̃†j(t)cj∥ ≤ 1. Plugging this bound on ∥hj(t)∥

into Eq. (3.30) yields

dSL(ρ(t))

dt
≤ 4cNC

√
NL, (3.32)

as claimed.

Theorem 3.10. For a system defined on a graph with a vertex bottleneck evolving under the

free-particle Hamiltonian defined in Eq. (3.26),

hrtF (G) = Ω

(
NR

NC

√
NL

)
. (3.33)

Proof. We start with the case of free fermions. By Lemma 3.9, the entangling rate satisfies

dSL(ρ(t))
dt

≤ 4cNC

√
NL. Hence the time to generate SL(ρ(t)) = Θ(NR) ebits of entanglement

between subsystems L and R ∪ C is lower bounded by

t = Ω

(
NR√
NLNC

)
. (3.34)

If every mode in R is initially maximally entangled with an ancillary mode, then routing every
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mode from R to L requires producing NR bits of mode entanglement between L and the rest of

the system. Hence, the routing time for free fermions (and thus for free bosons as well) is lower

bounded as Ω
(

NR√
NLNC

)
as claimed.

We now apply Theorem 3.10 to the case of the star graph. Setting NL = N and NC = 1

yields a lower bound of t = Ω(
√
N) on the free-particle routing time, which matches the upper

bound given by the free-fermion routing protocol in Section 3.3.1. As such, for free particles, the

optimal routing time on the star graph is hrtF (SN) = Θ(
√
N).

3.4 Lower bounds on qubit routing through vertex bottlenecks

We now return to the more common setting of qubits rather than free particles. An

architecture-respecting Hamiltonian for a graph with a tripartition can be decomposed as

H = HL +HC +HR, (3.35)

where HL consists of local terms in L, terms coupling different sites in L, and coupling sites in L

to sites in C; HC consists of terms local in C or coupling different sites in C; and HR consists of

terms local in R, coupling different sites in R, and coupling sites in R to sites in C. These terms
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can be further expanded in terms of Pauli operators {X0, X1, X2, X3}:

HL =

NL∑
l1

h
(L)α1

l1
Xα1
l1

+

NL,NL∑
l1<l2

h
(LL)α1α2

l1,l2
Xα1
l1
Xα2
l2

+

NL,NC∑
l1,c1

h
(LC)α1γ1
l1,c1

Xα1
l1
Xγ1
c1
,

HC =

NC∑
c1

h(C)γ1
c1

Xγ1
c1

+

NC ,NC∑
c1<c2

h(CC)γ1γ2
c1,c2

Xγ1
c1
Xγ2
c2
, (3.36a)

HR =

NR∑
r1

h(R)β1
r1

Xβ1
r1

+

NR,NR∑
r1<r2

h(RR)β1β2
r1,r2

Xβ1
r1
Xβ2
r2

+

NR,NC∑
r1,c1

h(CR)β1γ1
r1,c1

Xβ1
r1
Xγ1
c1
,

where we use the Einstein summation convention (i.e. summing over repeated indices) for

α1, α2, β1, β2, γ1, γ2 ∈ {1, 2, 3}. We assume the coefficients satisfy

|h(L)α1

l1
|, |h(C)γ1

c1
|, |h(R)β1

r1
| ≤

√
N,

|h(LL)α1α2

l1,l2
|, |h(LC)α1γ1

l1,c1
| ≤ 1,

|h(CC)γ1γ2
c1,c2

|, |h(RR)β1β2
r1,r2

|, |h(CR)β1γ1
r1,c1

| ≤ 1 (3.37)

with N = NL + NR + NC and NC ≤ NL, NR. It is natural to assume even the single-site

terms must be bounded by 1. However, some routing models may allow for faster local fields

[Bap+23]. In this work, we assume a bound of
√
N for technical reasons to retain our bound on

the Frobenius commutator norm in Lemma B.1.1. Since our graph has a bottleneck, NL ≥ NR ≥

NC . These coefficients may be time-dependent such thatH is piecewise time-independent (recall

Definition 3.1) with minimum segment width ∝ 1/
√
NL (this value is due to the limitations of

our techniques, as expressed by Eq. (3.43)). Our Hamiltonian can alternatively be written as

H = HLC +HR, where HLC = HL +HC .

Our main result is a lower bound on the Hamiltonian routing time for any graph with a
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vertex bottleneck.

Theorem 3.11. For any graph G with a tripartition into L,C,R with NL, NC , NR vertices, re-

spectively, ifC is a vertex bottleneck, then for any constant δ ∈ (0, 1/3], ifNR > 4(2×5
1−δ
2δ )NC+

2, there is a constant wδ such that the routing time for piecewise time-independent Hamiltonians

with minimum segment width ∆ = wδ/
√
NL is

hrt∆(G) = Ω

(
N1−δ
R√
NLNC

)
. (3.38)

Proof sketch: Our proof consists of two parts. In the first part, in Lemma 3.13, we show

that any evolution U(H, t) by an architecture-respecting piecewise time-independent Hamilto-

nian H with minimum segment width wδ/
√
NL for time t ≤ cδN

1−δ
R /(

√
NLNC) can be well-

approximated by an architecture-respecting circuit Ũ of depth d ≤ NR/(4NC) + 2 × 5
1−3δ
2δ for

some constant cδ. To show this, we first prove Lemma 3.12, which bounds the approximation

error of Trotter-Suzuki product-formula circuit approximations to U(H, t) in systems with a tri-

partition. This lemma is based on the fact that vertex bottlenecks constrain the Frobenius norm of

higher-order commutators of terms in any Hamiltonian that respects the tripartition connectivity,

which we prove in Lemma B.1.1. We further make use of recent work [Zha+22] that bounds

the error of Trotter-Suzuki product-formula circuit approximations in terms of the higher-order-

commutator Frobenius norm. In the second part of the proof, we show that such a circuit cannot

approximate a desired permutation unitary well. According to STE (Lemma 3.5), the amount of

entanglement between L and C ∪ R that can be generated by an architecture-respecting circuit

of depth d is bounded by 2dNC . There exist permutations p such that the permutation unitary

Up can be used to increase the entanglement between L and R by NR, an increase which, by
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STE, requires a circuit of depth NR/(2NC). In Lemma 3.14, we show that such a circuit must

be far from the target unitary Up. Now combining the two parts of the proof, since we know that

any architecture-respecting evolution U(H, t) for t ≤ cδN
1−δ
R /

√
NLNC is well approximated

by a circuit Ũ that cannot perform the permutation p, our main result of a lower bound on the

Hamiltonian routing time follows. We defer the formal proof to the end of this section.

In Appendix B.1, we show the following bound on the error of approximating architecture-

respecting evolutions by circuits obtained using the Trotter-Suzuki formula.

Lemma 3.12. Consider a graph with a vertex bottleneck. Let H be any time-independent Hamil-

tonian that respects this connectivity. Let Ũ be the architecture-respecting simulation circuit

corresponding to dividing the time-evolution U = U(H, t) into M equal segments, and simu-

lating each by the (2k)th-order Trotter-Suzuki formula. Then, Ũ has depth d = 2 × 5k−1M

[Zha+22] and there exists a function g(k), only dependent on k, such that

∥U − Ũ∥F ≤ g(k)
t2k+1

M2k

√
NL

2kNRNC . (3.39)

We use this lemma to show that the circuit obtained from the Trotter-Suzuki formula can

be an arbitrarily good approximation of the time-evolution.

Lemma 3.13. Consider a graph with a vertex bottleneck. Let H be any piecewise time-

independent Hamiltonian with minimum segment width ∆ that respects the connectivity of a

graph with a tripartition. Let U = U(H, t) be the unitary corresponding to evolution by H for

time t. Then, for any constant δ ∈ (0, 1/3] and ϵ > 0, there exist constants cδ,ϵ, wδ,ϵ > 0 and
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k ∈ N+ such that, for

t ≤ cδ,ϵN
1−δ
R√

NLNC

(3.40)

and ∆ > wδ,ϵ/
√
NL, there exists an architecture-respecting circuit Ũ with depth d ≤

NR/(4NC) + 2× 5k−1 such that ∥Ũ − U∥F ≤ ϵ.

Proof. We first assume H is time-independent for simplicity, and consider the piecewise case at

the end of the proof. Let k be the smallest positive integer such that 1
2k+1

≤ δ.

Selecting M = ⌈1
4

(
2× 5k−1

)−1
NR/NC⌉, the circuit approximation Ũ obtained from

Lemma 3.12 has depth d = 2× 5k−1M ≤ NR/(4NC) + 2× 5k−1. By Lemma 3.12,

∥U − Ũ∥F ≤ 26k(5k−1)2kg(k)× t2k+1

(
NC

NR

)2k√
NL

2kNRNC . (3.41)

Bounding the right-hand side by ϵ and solving for t, we obtain

t ≤

(
26k52k

2−2kg(k)ϵ−1
) −1

2k+1
NR

1− 1
2k+1

√
NLNC

. (3.42)

This proves the Lemma for time-independentH , because there is a suitable constant cδ,ϵ such that

Eq. (3.40) implies Eq. (3.42), which guarantees ∥U − Ũ∥F ≤ ϵ.

The above results easily generalize to piecewise time-independent Hamiltonians with min-

imum segment width wδ,ϵ/
√
NL. The Trotter error formula Eq. (3.39) does not hold directly

because the Hamiltonian changes with time in some of the time windows of duration t/M . Nev-

ertheless,

t

M
≤ (8× 5k−1)cδ,ϵ

N δ
R

√
NL

<
wδ,ϵ√
NL

(3.43)
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for constant wδ,ϵ determined by cδ,ϵ, which will be chosen shortly. Since t/M is smaller than the

minimum segment width wδ,ϵ/
√
NL, each time window of duration t/M can be split into at most

two smaller time windows, each containing time-independent evolution. Applying the Trotter

error formula to these possibly smaller time windows, we obtain Eq. (3.39) again but with an

extra prefactor of 2, because there are at most 2M new time windows of duration at most t/M .

The extra factor of 2 propagates to Eq. (3.41), so we only need to choose a slightly smaller cδ,ϵ

than the time-independent case (say, half of its value) to guarantee that Eq. (3.40) still implies

∥U − Ũ∥F ≤ ϵ. Hence wδ,ϵ = (4× 5k−1)cδ,ϵ suffices.

We now show that the approximation circuit Ũ of Lemma 3.13 cannot achieve the permu-

tation that routes the maximum number of qubits through the bottleneck.

Lemma 3.14. For any graph G with a vertex bottleneck, consider a permutation p that maps

m qubits from R to L through the vertex bottleneck and its associated permutation unitary Up.

Then, for any quantum circuit Ũ with depth d < m/NC ,

∥Ũ − Up∥2F >
1

4

(
m− 2dNC − 1

NR

)2

. (3.44)

Proof. First, we bound ∥Ũ − Up∥2F in terms of the trace distance. For any bit string z of length

NR, we define

ρz := |z⟩R⟨z| ⊗ (2−NL−NCI)LC . (3.45)

One can purify the system by a 2NL+NC -dimensional ancilla (labeled by A) so that

ρz = trA[|Ψ(z)⟩⟨Ψ(z)|]. (3.46)
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Let U ′ = U ⊗ IA and Ũ ′ = Ũ ⊗ IA. By definition of the Frobenius norm, and introducing

I = 2NL+NC
∑

z ρz,

∥U − Ũ∥2F

=
1

2NR
tr

[∑
z

ρz|U − Ũ |2
]

=
1

2NR

∑
z

⟨Ψ(z)| |U − Ũ |2 ⊗ IA |Ψ(z)⟩

=
1

2NR

∑
z

[
2− 2Re(⟨Ψ(z)|U ′†Ũ ′ |Ψ(z)⟩)

]
. (3.47)

Using the fact that Re(x) ≤ |x|, and for x ∈ [0, 1], 1− x2 ≤ 2(1− x), we obtain

∑
z

[
2− 2Re(⟨Ψ(z)|U ′†Ũ ′ |Ψ(z)⟩)

]
≥
∑
z

2(1− |⟨Ψ(z)|U ′†Ũ ′ |Ψ(z)⟩|)

≥
∑
z

1− |⟨Ψ(z)|U ′†Ũ ′ |Ψ(z)⟩|2

=
1

4

∑
z

∥U ′|Ψ(z)⟩⟨Ψ(z)|U ′† − Ũ ′|Ψ(z)⟩⟨Ψ(z)|Ũ ′†∥21 (3.48)

≥ 1

4

∑
z

∥trA
[
U ′|Ψ(z)⟩⟨Ψ(z)|U ′† − Ũ ′|Ψ(z)⟩⟨Ψ(z)|Ũ ′†]∥21

=
1

4

∑
z

∥ŨρzŨ † − UpρzU
†
p∥21, (3.49)

where in Eq. (3.48), we have used the relation between fidelity and trace-norm for pure states.

By the small total entangling theorem (Lemma 3.5), Ũ with depth d can increase the entan-
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glement across the LC,R bipartition by at most 2dNC , i.e.,

SR(ŨρŨ
†)− SR(ρ) ≤ 2dNC , (3.50)

where SR is the von Neumann entropy of the reduced density matrix on the right NR qubits, and

the vertex boundary of these qubits contains NC qubits as in Fig. 3.2.

Observe that ρz is pure on R: SR(ρz) = 0, so Eq. (3.50) implies

SR(ŨρzŨ
†) ≤ 2dNC . (3.51)

On the other hand, Up routes m identity operators in LC to R, so that

SR(UpρzU
†
p) = m. (3.52)

Intuitively, two unitaries that produce different changes in the von Neumann entropy of the same

initial state must be distant. By the Fannes-Audenaert Inequality [Aud07] (the second inequality

below),

∥ŨρzŨ † − UpρzU
†
p∥1

≥ ∥trLC [ŨρzŨ † − UpρzU
†
p]∥1

≥ SR(UpρzU
†
p)− SR(ŨρzŨ

†)− 1

log dimHR

≥ m− 2dNC − 1

NR

. (3.53)
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Using this to lower bound Eq. (3.49) gives the result.

Combining Lemma 3.13 and Lemma 3.14, we may now prove our main result.

Proof of Theorem 3.11. Let p be a permutation that routes all NR qubits from R to LC. Let

U be the evolution by any architecture-respecting piecewise time-independent Hamiltonian H

with minimum segment width wδ,ϵ/
√
N for time t ≤ cδ,ϵN

1−δ
R /

√
NLNC for any δ > 0. By

Lemma 3.13, U can be ϵ-approximated by an architecture-respecting circuit Ũ of depth at most

NR/(4NC) + 2× 5k−1 such that ∥Ũ − U∥F ≤ ϵ. Now, Lemma 3.14 implies

∥Ũ − Up∥2F ≥ 1

4

(
NR − 2dNC − 1

NR

)2

≥ 1

4

(
1

2
− 2(2× 5k−1)NC

NR

− 1

NR

)2

. (3.54)

We thus have

∥Ũ − Up∥F ≥ 1

4
− (2× 5k−1)NC

NR

− 1

2NR

≥ 1

4
− 2(2× 5k−1)NC + 1

2NR

. (3.55)

From the reverse triangle inequality, we have

∥U − Up∥F ≥
∣∣∣∥Ũ − Up∥F − ∥Ũ − U∥F

∣∣∣
≥ 1

4
− 2(2× 5k−1)NC + 1

2NR

− ϵ. (3.56)
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Since k is the smallest positive integer such that 1
2k+1

≤ δ,

1

2(k − 1) + 1
> δ

=⇒ k − 1 <
1− δ

2δ
. (3.57)

Therefore,

NR >
4(2× 5

1−δ
2δ )NC + 2

1− 8ϵ

=⇒ NR >
4(2× 5k−1)NC + 2

1− 8ϵ

=⇒ ∥U − Up∥F > ϵ, (3.58)

and U cannot achieve the desired permutation. Selecting any constant ϵ allows us to pick wδ =

wδ,ϵ for which the theorem holds.

A straightforward application of Theorem 3.11 to the star graph yields the following result.

Corollary 3.15. For any δ ∈ (0, 1/3], if N > 8(2× 5
1−δ
2δ ) + 4, the Hamiltonian routing time for

the star graph on N + 1 vertices with ∆ = 1√
N

satisfies hrt∆(SN+1) = Ω(N
1
2
−δ).

3.5 Entanglement flow through bottlenecks

In this section, we investigate the time taken to generate entanglement between subsystems

connected by a bottleneck. In a system with a vertex bottleneck, the small total entangling theo-

rem (Lemma 3.5) bounds the amount of entanglement that can be generated between L and RC
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by a circuit of depth t as ∆SL(ρ) ≤ 2tNC . On the other hand, the small incremental entan-

gling theorem (Lemma 3.4) [VMV13] and other results on entanglement flow [CVC05] bound

the entangling rate in terms of the Hamiltonian operator norm as dSL(ρ)
dt

≤ c∥HLC∥NC . When

NC ≪ NL, these two bounds differ greatly. Integrating the bound from Lemma 3.4 for an evolu-

tion of time t, we obtain

∆(SL(ρ)) ≤ cNLNCt. (3.59)

Therefore, if this bound were saturable, by evolving for the same amount of time in a

Hamiltonian-model rather than a gate-based model, we would obtain a speedup by a factor of

NL in our ability to generate entanglement.

At first, this seems very counter-intuitive. Indeed, in systems of free fermions, we showed

a tighter bound of O(NC

√
NL) on the entangling rate between L and RC in Lemma 3.9. On the

other hand, in systems of free bosons, the entangling rate can be very large, depending on the

initial state. Consider a system with just two modes. If the initial state is the Fock state |N, 0⟩, a

simple calculation shows that applying a 50/50 beam splitter on the two modes leads to a mode

entanglement of Θ(logN).

A simple example illustrates that a large increase of the entanglement rate with continuous

evolution may be possible for qubits as well. Consider the system depicted in Fig. 3.8. In a

star graph, starting with an initial GHZ state on the leaves and |0⟩ on the center, we can evolve

into a GHZ state on the leaves and the center together in time π/N . Since the GHZ state has a

von Neumann entropy of 1 between a single qubit and the remaining qubits, this implies that the

entangling rate at some time must have been at least linear in N .

Although this system illustrates a worst-case counterexample for the instantaneous entan-
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Figure 3.8: Linear entangling rate betweenN leaves of the star graph and the center vertex. If the
initial state is a product state of the N -qubit GHZ state 1√

2
(|00 . . . 0⟩ + |11 . . . 1⟩) on the leaves,

and |0⟩ on the center, then evolving for time π/N with interaction h = |1 − ⟩⟨1−|li,c (i.e., the
generator of a CNOT) on each edge results in a final (N +1)-qubit GHZ state on all the vertices.

gling rate through a bottleneck, the possibility of the bottleneck restricting our ability to produce

entanglement between L and R remains open. Indeed, if it were always possible to generate

fast entanglement, starting in any state, we could use this as a resource to perform routing. The

existence of states that allow for fast entangling rates was used in Ref. [Bap+23] to obtain a fast

routing protocol for the vertex barbell graph, although it also required very fast interactions with

ancilla qubits. Our lower bound on the routing time in systems with a vertex bottleneck gives a

hint that such states may be rare. Following this hint, we instead look at the entanglement that

can be generated on average starting with a state drawn from a 1-design.

We define the entanglement capacity C∆(|ψ⟩, t) := |SL(U(H, t)|ψ⟩⟨ψ|U(H, t)† −

SL(|ψ⟩⟨ψ|)| as the amount of entanglement between L and RC that can be generated by an

architecture-respecting piecewise time-dependent Hamiltonian H of minimum segment width ∆
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in time t, starting in the state |ψ⟩. Given a pure-state ensemble µ, we define the average entangling

capacity as E|ψ⟩∼µ[C∆(|ψ⟩, t)]. We prove that, in a system with a vertex bottleneck, the average

entangling capacity for any 1-design [AE07; GAE07; Ren+04] scales with NL as O(
√
NL). This

can be contrasted with the worst-case scaling in NL of O(NL) for the entanglement capacity that

is obtained by integrating the entangling rate obtained from Lemma 3.4.

Theorem 3.16. Let µ be a pure-state 1-design and let H be a piecewise time-dependent Hamil-

tonian with minimum segment width ∆ = 1/
√
NL that respects the connectivity constraints of a

graph with a vertex bottleneck. Then for any 0 < δ ≤ 1/6,

E
|ψ⟩∼µ

[C∆(|ψ⟩, t)] = O(1 + tNC

√
NL (NLNR/NC)

δ). (3.60)

Proof. As in Section 3.4, let U := U(H, t), and Ũ be the circuit obtained by the (2k)th order

Trotter-Suzuki formula for U , where k is chosen below. The entangling capacity of H on a

particular input pure state |ψ⟩ in time t is

C∆(|ψ⟩, t) = |SL(U |ψ⟩⟨ψ|U †)− SL(|ψ⟩⟨ψ|)|

=
∣∣∣SL(U |ψ⟩⟨ψ|U †)− SL(Ũ |ψ⟩⟨ψ|Ũ †)

+ SL(Ũ |ψ⟩⟨ψ|Ũ †)− SL(|ψ⟩⟨ψ|)
∣∣∣

≤ |SL(U |ψ⟩⟨ψ|U †)− SL(Ũ |ψ⟩⟨ψ|Ũ †)|+ 2dNC

≤ 1 +NL∥U |ψ⟩⟨ψ|U † − Ũ |ψ⟩⟨ψ|Ũ †∥1 + 2dNC , (3.61)

where in the final line we have applied the Fannes-Audenaert inequality [Aud07].
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Note that

∥U |ψ⟩⟨ψ|U † − Ũ |ψ⟩⟨ψ|Ũ †∥1

= ∥(U − Ũ)|ψ⟩⟨ψ|U † + Ũ |ψ⟩⟨ψ|(U − Ũ)†∥1

≤ ∥(U − Ũ)|ψ⟩⟨ψ|U †∥1 + ∥Ũ |ψ⟩⟨ψ|(U − Ũ)†∥1 (3.62)

= 2

√
⟨ψ| (U − Ũ)†(U − Ũ) |ψ⟩, (3.63)

where in Eq. (3.62), we have used the triangle inequality, and Eq. (3.63) follows from the defini-

tion of the 1-norm. For states drawn from µ, applying Jensen’s inequality and then using the fact

that µ is a 1-design,

E
|ψ⟩∼µ

[
2

√〈
ψ
∣∣∣ (U − Ũ)†(U − Ũ)

∣∣∣ψ〉]

≤ 2

√
E

|ψ⟩∼µ

[
⟨ψ| (U − Ũ)†(U − Ũ) |ψ⟩

]
= 2∥U − Ũ∥F. (3.64)

Thus, we can bound the expected capacity by the Frobenius distance

E
|ψ⟩∼µ

[C∆(|ψ⟩, t)] ≤ 1 + 2dNC + 2NL∥U − Ũ∥F. (3.65)

As in Lemma 3.13 we first treat the case of time-independent H , and then show how the

result generalizes to piecewise time-independent H . Using Lemma 3.12 with

M =
⌈
t
√
NL (NLNR/NC)

1
4k+2

⌉
, (3.66)
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we obtain

E
|ψ⟩∼µ

[C∆(|ψ⟩, t)] = O(1 + tNC

√
NL (NLNR/NC)

1
4k+2 ) (3.67)

since d ≤ 2× 5k−1M [Zha+22]. The result for the time-independent case follows by choosing k

large enough that 1/(4k + 2) ≤ δ.

Since t/M ≤ 1/
√
NL is smaller than the minimum segment width, the Trotter error for-

mula can be applied, and the result holds in the piecewise time-independent case with minimum

segment width 1/
√
NL. We note that this restriction on the segment width arises for technical

reasons (as in Eq. (3.43)). The number of segments M cannot be chosen to be very large, since

this would allow for large d, giving a looser bound on the amount of entanglement generated.

Our segment width is thus restricted such that t/M is smaller than the segment width without

making M very large.

Though there exist examples of states with high entangling rate with a bottleneck (as in

Fig. 3.8), Theorem 3.16 shows that in any 1-design µ there are few such states that can sustain

a high entangling rate for long times. In particular, we can show that the entanglement rate for

a randomly drawn state over any given period of time is unlikely to be significantly larger than

O(NC

√
NL). Specifically, applying Markov’s inequality and using Theorem 3.16, we obtain

Pr
|ψ⟩∼µ

[C∆(|ψ⟩, t) ≥ Γt] = O

(
1 + tNC

√
NL (NLNR/NC)

δ

Γt

)
, (3.68)
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which is vanishingly small when

Γ ≫ NC

√
NL

(
NLNR

NC

)δ
. (3.69)

For a state |ψ⟩ drawn from µ, let |ψ(t)⟩ = U(H, t)|ψ⟩ be a state along its trajectory under

evolution by H . Eq. (3.68) shows that the averaged instantaneous entanglement rate over time,

C∆(|ψ(0)⟩, T ) =
1

T

∫ T

0

dSL(|ψ(t)⟩⟨ψ(t)|)
dt

dt, (3.70)

is not greater than O(NC

√
NL (NLNR/NC)

δ) with high probability.

3.6 Discussion

In this chapter, we showed a lower bound that scales as Ω(N1−δ
R /

√
NLNC) for any δ > 0

on the routing time in graphs with a vertex bottleneck. For the star graph, this provides a lower

bound of Ω(
√
N1−δ) on the routing time. We further showed an optimal routing protocol that

saturates this bound in systems of free fermions on the star graph.

For graphs with a vertex bottleneck, the best previous lower bound we are aware of is Ω(1),

following from the Small Incremental Theorem [VMV13] or a Lieb-Robinson bound [CLY23].

However, unlike those results, a limitation of our work is our introduction of additional assump-

tions about the allowed Hamiltonian: piecewise time-independence, absence of ancillas, and

bounds on the on-site terms ∥hi∥. A straightforward argument can be used to prove a simi-

lar lower bound for routing with time-dependent Hamiltonians for which the Frobenius norm

has suitably bounded derivative, by simulating the time-dependent Hamiltonian evolution with
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a piecewise time-independent evolution, as in [Ber+14]. A natural direction for future work is

to extend our lower bound to systems with more general Hamiltonians with more general time

dependence or unbounded local terms. Our assumption on the piecewise time dependence of the

allowed Hamiltonians stems from our use of a Trotterized circuit with Frobenius commutator

norm scaling of error in Lemma 3.13. If bounds on the Trotter error for random input states can

be extended beyond piecewise time-independent Hamiltonians to time-dependent Hamiltonians

whose norm has unbounded derivative, our result could be extended to arbitrary time-dependent

Hamiltonian routing as well. Such an approach might also extend our result to Hamiltonians

with unbounded local (on-site) terms, since we could move into the interaction picture, remov-

ing the on-site terms and adding time-dependence to the non-local terms. We conjecture that a

similar lower bound can be proved for more general time-dependent Hamiltonians (whose norms

may have large derivatives), and that our assumed bound on the on-site terms can be removed.

Another direction for future work is to investigate routing with a piecewise time-independent

Hamiltonian of smaller segment width. For technical reasons, our result is restricted to segment

width ∝ 1/
√
NL. It is natural to ask whether routing with a piecewise time-independent Hamil-

tonian of arbitrarily small segment width is equivalent to routing with arbitrary time-dependent

Hamiltonians (i.e., whether lim∆→0 hrt∆(G) = hrt(G)).

We also assumed that interactions between any two sites in the same partition have bounded

norm. This is a natural assumption in systems where interactions between the partitions are

physically similar to interactions within the partitions. A possible direction for future work would

be to relax this assumption. We expect that this would lead to a looser lower bound on the routing

time. Indeed, in systems with ancillas and unbounded interactions within each partition, we can

perform routing faster. An example of this is the W -state broadcasting-based protocol of Bapat
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Figure 3.9: The vertex barbell graph with 2N + 1 vertices consists of two copies of the complete
graph KN connected by a common vertex. Here, we depict the vertex barbell with 11 vertices.

et al. [Bap+23], which performs Hamiltonian routing in time O(
√
N) on the vertex barbell graph

with 2N + 1 vertices (Fig. 3.9), obtaining a speedup over the gate-based model (where routing

requires depth Θ(N)). Recent work [Yin25] implies the possibility of even faster routing, in

poly(logN) time, in the same system. However, speedups obtained in this routing model may not

always apply since they require the experimentally challenging capability of fast swap operations

between qubits and their ancillas. Our techniques provide an Ω(N1/2−δ) lower bound in the

more realistic setting of the vertex barbell graph without ancillas. Even with bounded 2-site

interactions, a related question for future work is to obtain lower bounds that apply when ancillas

are permitted.

A more refined analysis might be used to remove the δ dependence of our qubit lower

bound. While our proofs hold for arbitrarily small positive constant δ, we conjecture that the

result holds with δ = 0. A limitation of our techniques is that our lower bound has a constant

factor inversely proportional to δ, so taking the limit as δ → 0 causes the lower bound to diverge.

We also showed an upper bound on the average entanglement capacity, or average amount
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of entanglement that can be produced in time t, through a vertex bottleneck. Intuitively, one

expects a bottleneck to limit entangling rates, but surprisingly there are states for which fast en-

tanglement with a central qubit is possible. One such example is the W state, which can be used

to create constant entanglement with a central vertex in time O(1/
√
N) [Bap+23]. The GHZ

state allows for an even higher entangling rate, producing a constant amount of entanglement in

time O(1/N). Our bound on the average entangling capacity for a 1-design shows that states

with an entangling rate higher than Ω(
√
N) are rare, and constrains their use for tasks such as

routing. This result may be interpreted as showing that most states cannot support fast entangling

through a vertex bottleneck. An open question is whether this bound can be extended to mixed

states as well, which are known to exhibit surprising entanglement dynamics [Cub+03]. It would

also be interesting to investigate how this bound constrains other quantum information process-

ing tasks based on their requirements of entanglement. Similarly to our routing lower bound,

our entanglement capacity upper bound can be extended to time-dependent Hamiltonians whose

norm has bounded derivative by approximating their evolution by a piecewise time-dependent

one. Natural questions for future work are to extend the entanglement capacity upper bound to

Hamiltonians with arbitrary time dependence, with fast on-site interactions and fast interactions

within partitions, and with ancillas. We also conjecture that this bound holds with δ = 0.

The existence of states that saturate the worst-case bounds on entangling rate, which depend

on the operator norm, necessitates our proof by the average case, using the Frobenius norm. For

quantum information tasks involving operators with significant difference in the operator norm

and Frobenius norm (as for nested commutators of Hamiltonians with a vertex bottleneck), our

results provide an example where studying the average case yields tighter bounds than the worst

case.
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Recent work by one of the authors has shown a fast approximate broadcasting (i.e., GHZ

encoding) protocol on the complete graph [Yin25]. While this protocol has not been proven to

have asymptotically vanishing error, numerics suggest this may be the case. Such a protocol,

coupled with fast ancilla interactions, would allow for approximate routing on the vertex barbell

in time poly(logN). An open question is to resolve whether such broadcasting can be done with

vanishing error, or even exactly. The best known exact protocol for routing on the vertex barbell

(with fast local ancillas) involves broadcasting into a W state [Bap+23], and takes time O(
√
N).

While we developed optimal protocols for routing free particles, a natural open question

is whether such protocols can be sped up by allowing interaction terms or even terms that do

not preserve particle number, such as l†i c
†
i . In bosonic systems, introduction of a certain type of

interaction term has been shown to provide speedups for the closely related task of state transfer

[VKS24].

In Section 3.3.2, we discussed the difficulty of extending our free-particle routing protocols

to work for qubits or qudits. A major open question is to obtain fast (sublinear-time) qubit routing

protocols through bottlenecks that leverage continuous time evolution. While such results have

been obtained on the barbell graph using W states (and we expect that the result of Yin [Yin25]

allows for even faster routing using GHZ states), these protocols require the use of ancillas with

fast interactions. Currently, we do not know of any sublinear-time routing protocol for qubits on

the star graph.
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Chapter 4: The complexity of thermalization in finite quantum systems

4.1 Introduction

Statistical mechanics has been remarkably successful at describing the physics of large

numbers of particles in thermal equilibrium. Experimental outcomes of systems in thermal equi-

librium can be predicted using statistical ensembles based on macroscopic observables, inde-

pendently of the system’s microstate. Therefore, the process through which an isolated system

evolves toward thermal equilibrium, known as thermalization, has been a central topic of inves-

tigation in condensed matter physics. In classical systems, the emergence of thermalization has

been attributed to ergodicity and chaotic dynamics [Deu18]. Ergodic systems evolve such that

they eventually come arbitrarily close to every point in phase space on a constant energy sur-

face. As classical measurements can be modeled as long-time averages, the long-time behavior

of ergodic systems is hence similar to that of a uniform distribution over the constant-energy sub-

manifold of phase space, also known as the classical microcanonical ensemble [PB21; Rue99].

The true relationship between thermalization and ergodicity in classical systems is subtle and

nuanced. Ergodicity is difficult to prove and has only been rigorously shown for some systems

[Sin70; Bun79; Sim04; CM06], notably for systems with suitably strong chaotic behavior [Ott02;

Ozo89]. Indeed, it has been argued that ergodicity is neither necessary nor sufficient for thermal-

ization [Bri95]. Nevertheless, ergodicity has remained a useful conceptual tool to understand
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thermalization in classical systems.

However, the ergodic explanation of thermalization can’t be naturally extended to isolated

quantum systems. In particular, unitary time evolution does not sample all wavefunctions within

a given energy range of the starting state, and hence cannot be ergodic. As an alternative, the

Eigenstate Thermalization Hypothesis (ETH) [Sre94; Deu91; Deu18] has been proposed to ex-

plain the exhibition of thermalization in isolated quantum systems. ETH proposes that observ-

ables with slowly varying diagonal elements (in the energy eigenbasis) and small off-diagonal

elements approach their microcanonical thermal values. However, the ETH has not been proven

to be generally applicable. Indeed, systems exist that do not thermalize, due to phenomena

such as many-body localization [Aba+19], quantum many-body scars [Tur+18], and integrability

[Deu18; KWW06] (although one can consider integrable systems as equilibrating to generalized

Gibbs ensembles that take their additional conservation laws into account [Lan+15; VR16]).

A large volume of theoretical and experimental work has gone into determining which

properties and initial states ensure thermalization [Tas16; RDO08; KIH14; GE16; Cam+25].

A natural question thus arises: How can we determine whether a given quantum system ther-

malizes? While this question has been studied by physicists, it was first considered from the

viewpoint of computational complexity theory by Shiraishi and Matsumoto [SM21], who proved

that even for product initial states with translationally invariant Hamiltonians, the problem of de-

termining whether a system thermalizes or not is undecidable in the limit of an infinitely large

system. Their results utilize techniques inspired by previous work in the field of Hamiltonian

complexity proving complexity and computability results in physics [CPW15; Moo90].

However, in the lab — and nature more generally — we only have access to physical sys-

tems of finite size. This raises the question of how difficult it is to predict thermalization of these
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finite-sized systems. While the result of Shiraishi and Matsumoto [SM21] proving undecidabil-

ity in the thermodynamic limit, along with the more general hardness of simulating quantum

systems, suggests this may be a difficult task, it is entirely possible that there exists an efficient

algorithm for it. The result of Shiraishi and Matsumoto [SM21] makes use of a reduction from

an undecidable problem (the Halting problem) to the problem of determining whether a system

thermalizes, but undecidable instances may require a large (unbounded) size and therefore may

not be seen in systems of finite size such as those encountered in nature and the lab.

In this work we consider the problem of determining whether a finite-sized quantum system

relaxes to a given value, or thermalizes. To study this from a complexity-theoretic perspective,

we formulate relaxation as a decision problem.

Definition 4.1 ((Informal) Finite-Size Relaxation, FSRelax). Consider an input of a k-local

Hamiltonian H acting on N qudits with constant local Hilbert space dimension d, a sum of

local observables AN = 1
N

∑
iAi, an input classical description of product state |ψ0⟩, a value A∗,

and constants c, ϵ. Let the long time average of AN be

ĀN := lim
T→∞

1

T

∫ T

0

dt⟨ψ0|eiHtANe
−iHt|ψ0⟩ (4.1)

Then, output: YES if |ĀN − A∗| ≤ ϵ or NO if |ĀN − A∗| ≥ cϵ.

FSRelax is depicted in Fig. 4.1.

One relevant state of interest that describes the thermal behavior of an isolated system is

the microcanonical ensemble, which represents the set of possible states within a fixed range of

energy of our initial state.
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Figure 4.1: The relaxation decision problem. For a given initial state |ψ⟩, we plot the time-
average of AN := 1

T

∫ T
0
dt⟨ψ0|eiHtANe

−iHt|ψ0⟩. A∗ is indicated by the dashed green line. Given
the promise that ĀN := limT→∞⟨AN⟩T is such that either |ĀN − A∗| ≥ cϵ or |ĀN − A∗| ≤
ϵ,FSRelax is the problem of deciding which of these two holds.

Definition 4.2 (Microcanonical Ensemble). For a Hamiltonian H with eigenstates {|λi⟩} and

corresponding eigenenergies {λi} the quantum microcanonical ensemble ρMC(H,E) at energy E

is defined as

ρMC(H,E) =
1

W

∑
i

f

(
λi − E

w

)
|ψi⟩⟨ψi|, (4.2)

where f is an energy window function (typically decaying rapidly in its argument), W =∑
i f
(
λi−E
w

)
and w is a characteristic energy width.

To investigate thermalization, we define the following decision problem:

Definition 4.3 ((Informal) Finite-Size Thermalization to the microcanonical state,

FSTherm(MC)). Consider an input of a k-local Hamiltonian H acting on N qudits with

local Hilbert space dimension d, a sum of local observables AN = 1
N

∑
iAi, an input classical
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description of product state |ψ0⟩, and constants c, ϵ. Let the long time average of AN be

ĀN := lim
T→∞

1

T

∫ T

0

dt⟨ψ0|eiHtANe
−iHt|ψ0⟩. (4.3)

Then, output: YES if |ĀN − tr[ANρMC(E)]| ≤ ϵ or NO if |ĀN − tr[ANρMC(E)]| ≥ cϵ,

where E is the expected energy of the input state ⟨ψ0|H|ψ0⟩.

We additionally consider a closely related problem to FSTherm(MC) which is the problem

of thermalization to the Gibbs state ( e−βH

tr[e−βH ]
).

Definition 4.4 ((Informal) Finite-Size Thermalization to the Gibbs state, FSTherm(Gibbs)). Con-

sider an input of a k-local Hamiltonian H acting on N qudits with local Hilbert space dimension

d, a sum of local observables AN = 1
N

∑
iAi, an input classical description of product state |ψ0⟩,

and constants c, ϵ. Let the long time average of AN be

ĀN := lim
T→∞

1

T

∫ T

0

dt⟨ψ0|eiHtANe
−iHt|ψ0⟩. (4.4)

Then, output: YES if |ĀN − tr[ANρG]| ≤ ϵ or NO if |ĀN − tr[ANρG]| ≥ cϵ, where where

ρG is the Gibbs state of H with expected energy E := ⟨ψ0|H|ψ0⟩.

Our main results are that FSRelax,FSTherm(MC) are computationally intractable, even for

a quantum computer and for simple systems. We first prove that the problem of determining

whether a given observable relaxes to a particular value is PSPACE-complete.

Theorem 4.5. FSRelax is PSPACE-complete for a translationally invariant, nearest neighbour

Hamiltonian with d ≥ 51, with a 1-local translationally invariant observable Ai.
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We then show a PSPACE algorithm to compute the microcanonical expectation value of a

local observable, which allows us to make use of the PSPACE algorithm to determine FSRelax to

decide FSTherm(MC) in PSPACE. We also show that the FSTherm(MC) problem is contained

in PSPACE. By allowing a slightly larger local Hilbert space dimension, one can choose Ai such

that ĀN = tr[ρMCAN ], where ρMC is the microcanonical ensemble of H . Therefore, we have:

Theorem 4.6. There exists a translationally invariant, nearest neighbour Hamiltonian and 1-

local, translationally invariant observable such for which A∗ = tr[ANρMC], such that solving

FSTherm(MC) is PSPACE-hard under quantum polynomial time reductions. In addition, for any

such Hamiltonian and observable, FSTherm(MC) is contained in PSPACE.

We note that our proof of PSPACE-hardness under quantum polynomial time reductions

has the technical limitation that we restrict to a class of microcanonical states with width w =

Ω(∥H∥/√logN). Further details on this restriction and the possibility of removing it in future

work are discussed in Section 4.6.2 and Section 4.8.

In the case of thermalization to the Gibbs state, we use similar techniques to show that

FSTherm(Gibbs) is contained in PSPACE.

Theorem 4.7. FSTherm(Gibbs) ∈ PSPACE.

We further present evidence and a physically justified conjecture that FSTherm(Gibbs) is

PSPACE-hard. Assuming our conjecture, we may obtain PSPACE-hardness for FSTherm(Gibbs)

under classical polynomial time reductions. Hence, if this conjecture (Conjecture 4.43) is true,

FSTherm(Gibbs) is PSPACE-complete.

Finally, we show that the experimentally relevant problem of determining whether finite-

sized systems of qubits thermalize in polynomial time is BQP-complete.
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Our results show evidence for the difficulty of understanding the mechanisms of relaxation

and thermalization, and it’s intractability from a complexity theoretic perspective even for sys-

tems in nature or the lab. Theorem 4.5 demonstrates that we should not expect there to be an

efficient way of finding (or even approximating) the time-averaged expectation value of local ob-

servables. Furthermore, Theorem 4.6 shows that in general any “easy-to-check” condition which

ensures thermalization will not apply to all Hamiltonians. The systems we design may be of

further physical interest, since our results show that even simple systems (translationally invari-

ant, 1D nearest-neighbour Hamiltonians and initial product states) can exhibit highly complex

relaxation and thermalization dynamics.

The rest of this chapter is organized as follows: In Section 4.2 we define relevant complex-

ity classes and introduce the relevant mathematical quantities for thermalization. In Section 4.3

we prove the PSPACE-hardness of FSRelax. In Section 4.4 we prove that FSRelax ∈ PSPACE.

Combined with our result on PSPACE-hardness, this shows that FSRelax is PSPACE-complete.

In Section 4.5, we prove thatFSTherm(MC) ∈ PSPACE and FSTherm(Gibbs) ∈ PSPACE. In

Section 4.6, we derive the quantum polynomial time reduction from FSTherm(MC) to FSRelax,.

Together, these prove our main result Theorem 4.6. We also discuss a conjecture which, if true,

would imply that FSTherm(Gibbs) is PSPACE-complete. Finally, in Section 4.7, we prove that

deciding whether a finite size system relaxes in finite time is BQP-complete. We conclude with

a discussion of our results and outlook for future work in Section 4.8.
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4.2 Preliminaries

We briefly introduce classical and quantum Turing machines. A more in-depth treatment

can be found in Arora and Barak [AB09] and Watrous [Wat99]. Turing machines consist of a tape

with cells onto which symbols can be written, as well as a tape head, which both stores a state

and points to a specific tape cell. The tape head is able to read the symbol on the cell, and based

on the read symbol and the head’s state, (potentially) both write to the cell and move the head to

an adjacent cell, according to a transition function. A quantum Turing machine can be defined

similarly, but with a quantum tape and the ability to perform quantum operations (Toffoli gates,

Hadamard gates, phase-shift gates, or single-qubit measurements in the computational basis) on

the quantum tape [Wat08]. A promise problem is a pair (Ayes, Ano) where Ayes, Ano ⊆ {0, 1}∗

are sets of strings satisfyingAyes∩Ano = ∅ [Wat08]. We are primarily interested in the following

classes of promise problems. The first class PSPACE, is the class of decision problems solvable

by a deterministic Turing Machine in polynomial space. More formally:

Definition 4.8 (PSPACE). A promise problemA = (Ayes, Ano) is in PSPACE (polynomial space)

if and only if there exists a deterministic Turing machine running in polynomial space that accepts

every string x ∈ Ayes and rejects every string x ∈ Ano.

PSPACE contains the commonly known classes P,BQP,NP, and it is believed that PSPACE is

not contained in them (and thus PSPACE-complete problems are believed to be harder to solve).

There is a corresponding class for quantum computers, BQPSPACE, which is roughly the class

of decision problems solvable by a quantum Turing Machine in polynomial space.

Definition 4.9 (BQPSPACE,[Wat08]). A promise problem A = (Ayes, Ano) is in BQPSPACE
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(bounded-error quantum polynomial space) if and only if there exists a quantum Turing machine

running in polynomial space that accepts every string x ∈ Ayes with probability at least 2/3 and

accepts every string x ∈ Ano with probability at most 1/3.

It is known that BQPSPACE = PSPACE [Wat08].

Definition 4.10 (PrQSPACE [Wat08]). A promise problem A = (Ayes, Ano) is in PrQSPACE

(probabilistic quantum polynomial space) if and only if there exists a quantum Turing machine

M running in polynomial space that accepts every string x ∈ Ayes with probability strictly greater

than 1/2 and accepts every string x ∈ Ano with probability at most 1/2.

It is known that PrQSPACE = PSPACE [Wat08].

4.2.1 Algorithmic primitives

We make use of two algorithmic primitives: block encodings and quantum phase esti-

mation. Block encodings allow the implementation of arbitrary sub-normalized matrices as the

upper left block of a unitary [Gil+19; CKS17; Ber+15; CGJ19; LC19]. We restate Definition 43

from [Gil+19] here:

Definition 4.11 (Block Encoding). Suppose that A is an s-qubit operator, α, ϵ ∈ R>0, and a ∈ N.

Then an (s+ a)-qubit unitary U is an (α, a, ϵ)-block encoding of A if and only if

∥A− α((I ⊗ ⟨0a|)U(I ⊗ |0a⟩))∥ ≤ ϵ (4.5)

Let s represent the s-qubit register, and a represent the ancillas used by the block-encoding.
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Then, for an initial state |ψ⟩,

U |ψ⟩ = A′
s|ψ⟩|0a⟩a + |ϕ⊥⟩ (4.6)

where ⟨0a|a|ϕ⊥⟩ = 0 and ∥A − A′
s∥ ≤ ϵ. Usually, when we make use of a block-encoding, we

will postselect on the ancillas being in the state |0a⟩, since this heralds the correct application of

A′
s to |ψ⟩.

We now restate some standard results on the complexity of preparing block encodings of

(functions of) matrices.

Lemma 4.12 (Block Encoding Sparse Matrices (Lemma 48 of [Gil+19])). Let A ∈ M2w(C) be

a s-sparse matrix with |Aij| ≤ 1 for all i, j, and for which both the position of nonzero entries

and these non-zero entries’ values have efficient classical descriptions (i.e., can be computed in

polynomial time classically). Then, there exists a quantum circuit implementing a (s, w + 3, ε)

block encoding of A with O
(
polyw + poly log s2

ε

)
fundamental gates and w + O

(
poly log s2

ε

)
space.

Lemma 4.13 (Polynomial Functions of Block Encodings (Thm. 56 of [Gil+19])). Let U ∈ U(2n)

be a (α, a, ε)-block encoding of some Hermitian A with a circuit that uses AU ancillas, CU

fundamental gates, and whose circuit has a classical description computable in time TU . Further,

let p ∈ R[x] be a polynomial of degree d such that supx∈[−1,1] |p(x)| ≤ 1/2. Then, for any δ ≥ 0

there exists a circuit using O(d(a + CU)) fundamental gates and O(dAU) ancillas to produce

a (1, a + 2, 4d
√
ε/α + δ) encoding Ũδ of p(A/α). A classical description of this circuit can be

computed in time O(dTU + poly d+ poly log δ−1).

To make full use of this, we need some polynomial approximations of specific functions

we wish to block encode.
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Lemma 4.14 (Polynomial Approximation of Square Root). For all ϵ ≤ 1/2, there exists an

efficiently computable polynomial P (ϵ)
sqrt(x) ∈ C[x] of degree O(log ϵ−1) such that

sup
x∈[−1,1]

∣∣∣P (ϵ)
sqrt(x)−

√
1 + x/2

∣∣∣ ≤ ϵ. (4.7)

Proof. Note that for x ∈ [−1, 1],
√

1 + x
2

=
∑∞

n=0
1

1−2n

(
2n
n

) (
−x

8

)n
. We have that∑∞

n=0
1

|1−2n|

(
2n
n

)
2−3n = 2− 2−1/2 ≈ 1.293.

Thus, by [Gil+19, Cor. 66], we have that for any 0 < ϵ ≤ 1/2 < 1/(2−2−1/2), there exists

a polynomial P (ϵ)
sqrt(x) of degree O(log ϵ−1) (in the language of the cited corollary, B = 2−2−1/2,

δ = r = 1/2, and x0 = 0) that satisfies supx∈[−1,1]

∣∣∣√1 + x/2− P
(ϵ)
sqrt(x)

∣∣∣ ≤ ϵ.

Lemma 4.15 (Polynomial Approximations of Gaussian). For any 0 < ϵ ≤ 1, there exists

an efficiently computable polynomial P (ϵ)
Gauss(w)(x) ∈ C[x] of degree O(max{w−1,

√
log ϵ−1} ×√

log ϵ−1) such that supx∈[−1,1] |P (ϵ)
Gauss(w) − e−

πx2

2w2 | ≤ ϵ.

Proof. Note that if x ∈ [−1, 1], π
2

(
x
w

)2 ∈ [0, π
2w2 ]. Further, note that by [SV14, Thm. 4.1], there

exists a polynomial rϵ,w of degreeO
(√

max
{

π
2w2 , log ϵ−1

}
log ϵ−1

)
such that supx∈[0, π

2w2 ]
|e−x−

rϵ,w(x)| ≤ ϵ. Thus, letting P (ϵ)
Gauss(w)(x) := rϵ,w

(
πx2

w2

)
, we arrive at our result.

Next, we state a result about the number of ancillas necessary to implement phase estima-

tion to m bits of accuracy with total error ≤ ϵ [KSV02; Cle+98].

Lemma 4.16 (Space Complexity of Phase Estimation). Given an n-qubit state |ψ⟩, an n-qubit

unitary U ∈ U(2n) such that U |ψ⟩ = e2πiϕ, m ∈ N, and ϵ ∈ (0, 1) there exists a quantum

circuit taking as input |ψ⟩|0m+1+⌈2log2ϵ−1⌉⟩ and using no additional ancillae which outputs a

state |ψ⟩|ϕ̃(m,ϵ)⟩ such that ∥Πϕ,m|ϕ̃(m,ϵ)⟩∥ ≤ ϵ, where Πϕ,m :=
∑

b∈{0,1}m+1+⌈2log2ϵ
−1⌉

|0.b1b2···−ϕ|>2−(m+1)

|b⟩⟨b|.
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In addition, we will need the following corollary about the approximate orthogonality of estimates

of distant eigenvalues.

Corollary 4.17. Let ϕ1, ϕ2 be eigenphases of U as above, such that |ϕ1 − ϕ2| > 2−m for some

m ∈ N. Then, if |ϕ(m,ϵ)
1 ⟩, |ϕ(m,ϵ)

2 ⟩ are as defined above,

∣∣∣〈ϕ(m,ϵ)
1

∣∣∣ϕ(m,ϵ)
2

〉∣∣∣ ≤ 2ϵ. (4.8)

4.2.2 Thermalization

Throughout, we will restrict ourselves to local Hamiltonians of the form:

H =
m∑
i=1

hi (4.9)

where m = polyN , hi acts on at most an O(1) number of qudits, and ∥hi∥ = O(1).

Let Ai be a local (single-qudit) observable acting on qudit i, then define:

AN =
1

N

N∑
i=1

Ai. (4.10)

We will further mainly consider translationally invariant ĀN , such that each Ai = A. Given an

initial state |ψ0⟩ and a Hamiltonian H , the long time-average of AN is:

ĀN := lim
T→∞

1

T

∫ T

0

dt⟨ψ0|eiHtANe
−iHt|ψ0⟩ (4.11)

The problem we will be interested in is, roughly, given an initial state |ψ0⟩, what expectation
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value of AN does this state relax to after an infinite amount of time? In order to study this from

a complexity theoretic viewpoint, we define this as a decision problem.

Definition 4.18 ((Formal) Finite Size Relaxation FSRelax). Consider a k-local Hamiltonian H

acting on N qudits with constant local Hilbert space dimension d, a local observable A, and a

fixed value A∗. Let c, ϵ be positive constants. Let the long time average of A be as given in

Eq. (4.11).

Input: A classical description of product state |ψ0⟩.

Output: YES if |ĀN − A∗| ≤ ϵ or NO if |ĀN − A∗| ≥ cϵ.

Promise: Either |ĀN − A∗| ≤ ϵ or |ĀN − A∗| ≥ cϵ. Let {|λi⟩} be the eigenstates of H .

Then, the initial state |ψ0⟩ :=
∑

i ci|λi⟩ is only supported on energy eigenstates with an inverse

exponential gap, i.e. ∃m = O(poly(N)) s.t.∀ i, j if ci, cj ̸= 0 , |λi − λj| ≥ d−poly(m) .

FSRelax decides whether the observable AN for the input initial state relaxes over a long time

to the target value A∗. We note that the promise on the initial state strictly makes the problem

easier, and so the problem without the promise is at least as hard.

The problem of determining whether the system thermalizes is closely related to determin-

ing relaxation, where the observable relaxes specifically to the expected value for a thermody-

namic ensemble. We consider two relevant ensembles: the microcanonical ensemble (Defini-

tion 4.2) and the Gibbs ensemble. The expectation value of a local observable O with respect to

the microcanonical ensemble is:

⟨O⟩MC := tr[OρMC(H,E)] =
1

W

∑
i

f

(
λi − E

w

)
⟨λi|O|λi⟩ (4.12)

where W =
∑

i f
(
λi−E
w

)
is a normalizing factor and {|λi⟩} are the eigenstates of the relevant
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Hamiltonian.

In the rest of the chapter, we select f(x) = e−πx
2 , such that

ρMC(H,E) =
1∑

i e
−π(λi−E

w )
2

∑
i

e−π(
λi−E

w )
2

|λi⟩⟨λi| (4.13)

By choosing a Gaussian window function, we ensure that the distribution of energies in the micro-

canonical ensemble is peaked atE and decays exponentially with distance. While in principle, the

microcanonical state could be defined with a rectangular window function, this has the disadvan-

tage of making the state sensitive to the precision of w in the case where there are eigenenergies

close to the boundaries |E ± w|. Previous work [AG19] has used projectors onto the eigenspace

above or below a certain value to prepare the Gibbs states, but with the requirement that the value

is sufficiently far from the spectrum of H . In order to avoid the requirement of a promise that the

boundaries |E ± w| are away from the spectrum of H and to avoid non-analyticities, we make

use of a smooth window function. For ease of notation, and since we are usually only concerned

with the microcanonical ensemble at an energy corresponding to that of a single initial state, in

the rest of the chapter we denote ρMC(E) as ρMC.

Another state which can represent a thermalized system is the canonical ensemble, or Gibbs

state, which represents the state at a fixed temperature (1/β).

Definition 4.19 (Canonical Ensemble). For a Hamiltonian H the canonical ensemble, or Gibbs

state ρG at inverse temperature β is defined as

ρG =
e−βH

tr[e−βH ]
, (4.14)
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When we consider thermalization to the Gibbs state, β is implicitly determined by the

expected energy of the initial state |ψ0⟩, such that tr[He−βH ]
tr[e−βH ]

= E, where E = ⟨ψ0|H|ψ0⟩. Since

tr[He−βH ]
tr[e−βH ]

is monotonic in β, there exists a unique β and hence unique ρG satisfying this constraint.

We now define the decision problems for Thermalization:

Definition 4.20 ((Formal) Finite Size Thermalization to the microcanonical ensemble

FSTherm(MC)). Consider a k-local Hamiltonian H acting on N qudits with local Hilbert space

of constant dimension d, an observable AN which is a sum of local observables. Let c, ϵ be

constants. Let the long time average of AN be as given in Eq. (4.11).

Input: A classical description of product state |ψ0⟩.

Output: YES if |ĀN − tr[ANρMC(E)]| ≤ ϵ or NO if |ĀN − tr[ANρMC(E)]| ≥ cϵ, where

E is the expected energy of the input state ⟨ψ0|H|ψ0⟩.

Promise: Either |ĀN − tr[ANρMC(E)]| ≤ ϵ or |ĀN − tr[ANρMC(E)]| ≥ cϵ. Let {|λi⟩}

be the eigenstates of H . Then, the initial state |ψ0⟩ :=
∑

i ci|λi⟩ is only supported on energy

eigenstates with an inverse exponential gap, i.e. ∃m = O(poly(N)) s.t. ∀ i ̸= j if ci, cj ̸=

0 , |λi − λj| ≥ d−poly(m) .

Definition 4.21 ((Formal) Finite Size Thermalization to the Gibbs ensemble FSTherm(Gibbs)).

Consider a k-local Hamiltonian H acting on N qudits with local Hilbert space of constant di-

mension d, an observable AN which is a sum of local observables. Let c, ϵ be constants. Let the

long time average of AN be as given in Eq. (4.11).

Input: A classical description of product state |ψ0⟩.

Output: YES if |ĀN − tr[ANρG]| ≤ ϵ or NO if |ĀN − tr[ANρG]| ≥ cϵ, where ρG is the

Gibbs state of H with expected energy equal to that of the input state ⟨ψ0|H|ψ0⟩.
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Promise: Either |ĀN − tr[ANρG]| ≤ ϵ or |ĀN − tr[ANρG]| ≥ cϵ. Let {|λi⟩} be the

eigenstates of H . Then, the initial state |ψ0⟩ :=
∑

i ci|λi⟩ is only supported on energy eigenstates

with an inverse exponential gap, i.e. ∃m = O(poly(N)) s.t. ∀ i ̸= j if ci, cj ̸= 0 , |λi − λj| ≥

d−poly(m) .

We will also be interested in a slightly different version of the relaxation problem, where we

promise that the Hamiltonian and initial state relax in polynomial amount of time in the system

size. The study of this “quickly” relaxing set of Hamiltonians is motivated by the fact that these

are the set of Hamiltonians for which we can realistically study relaxation and equilibriation in a

lab. We call this version “Finite-Time, Finite-Space Relaxation”, FTFSRelax:

Definition 4.22 (Finite-Time, Finite-Space Relaxation, FTFSRelax). Consider a local Hamilto-

nian H acting on N qudits with local Hilbert space dimension d, a local observable A, a fixed

value A∗ and a timescale T = O(polyN). Let c, ϵ be constants. Let the long time average of A

be as given in Eq. (4.11).

Input: A classical description of product state |ψ0⟩.

Output: YES if |ĀN − A∗| ≤ ϵ or NO if |ĀN − A∗| ≥ cϵ.

Promise: Either |ĀN − A∗| ≤ ϵ or |ĀN − A∗| ≥ cϵ. Let {|λi⟩} be the eigenstates of

H . Then, the initial state |ψ0⟩ :=
∑

i ci|λi⟩ is only supported on energy eigenstates with an

inverse exponential gap, i.e. ∃m = O(poly(N)) such that ∀ i, j if ci, cj ̸= 0 then |λi − λj| =

Ω(1/ polyN) .
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4.3 PSPACE-hardness of FSRelax

We show the PSPACE-hardness of FSRelax by reducing a computationally hard problem,

the finite-size halting problem FSHalt, to FSRelax.

Definition 4.23 (Finite Size Halting (FSHalt)). The problem FSHalt takes as input a Turing ma-

chine M, an input x and an integer n in unary. It outputs YES if M halts on x within n tape

space, and NO if it does not.

By definition, PSPACE consists of all languages for which membership can be decided by

a deterministic Turing machine in polynomial space. For any language L ∈ PSPACE decided by

a Turing machine M we can define a TM M ′ that runs M , and halts on a Yes instance, or runs

infinitely on a No instance. The language L can thus be decided by FSHalt with M ′, the instance

x, and n = poly |x| as input. Further, FSHalt ∈ PSPACE since we can simply simulate M

with a universal Turing machine restricted to polynomial space. Therefore, FSHalt is PSPACE-

complete.

We present a brief overview of our proof strategy to show that FSRelax is PSPACE-hard,

which is closely related to the construction used by Shiraishi and Matsumoto [SM21]. Our re-

duction relies on constructing a Hamiltonian that encodes the action of a Universal Reversible

Turing Machine (URTM), and the input state to FSRelax encodes the input to the URTM. We de-

sign our Hamiltonian and observable such that the long-time average of the observable depends

on whether the URTM halts or not. Therefore, the relaxation value of the observable allows us

to determine the solution to instances of FSHalt, and thus FSRelax must be as hard as FSHalt.

Later, in Section 4.6, we show how to modify this construction to apply to FSTherm(MC). We
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discuss the relationship between our hardness construction and that of Shiraishi and Matsumoto

[SM21] in Section 4.8.

4.3.1 Turing Machines and Setup

We construct a Turing machine M composed of three TMs:

• TM1, a 10-state, 8-symbol URTM [Mor17]. The states of the finite control are Qu and the

symbols for the tape are Γu

• TM2, which has 1 state r and 2 symbols (a1, a2)

• TM3, which has 10-states Qrev, and uses the same 8-symbols Γu to run TM1 in reverse.

Each site of our physical system represents one cell or the finite control of the TM tape. Our

system is chosen to have periodic boundary conditions, so our tape is also periodic. Similar

to Shiraishi and Matsumoto [SM21], we denote the cells with symbols from TM1 and TM3 as

M -cells, and the cells with symbols of TM2 as A-cells.

Our TM M functions as follows. Assume in the initial state we fix a constant α as the

fraction of cells which are to be M -cells, and we evenly distribute M and A cells. The initial

state has the input to TM1 directly on the M cells. Every A cell starts with the symbol a1. TM1

commences on the M cells, and when it encounters an A cell it simply skips over in the same

direction. TM1 functions as a URTM on the M cells. If TM1 halts, the finite control state changes

to the state r and TM2 commences, flipping every A cell from a1 to a2. Eventually, TM2 wraps

around the tape and encounters an A cell with the symbol a2 – this is the first cell encountered

by TM2, adjacent to the halting cell of TM1. Then, the finite control state is changed to a state
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of TM3, which starts on the halting cell of TM1 and runs TM1 in reverse, before finally halting.

By running TM1 in reverse, but with the A cells flipped, we ensure that in the case of halting, the

A cells remain flipped for a sufficiently long duration. TM3 has a special halting state which it

enters at the point when it would transition to the initial state of TM1.

In order to ensure that our Hamiltonian is 2-local, we split each step of TM1 and TM3 into

2 - first to change the control state, and then to move the control either left or right. Thus the set

of symbols and states required is:

Q = {W,M} × (Qu ∪Qrev) ∪ {r},

Γ = Γu ∪ {a1, a2}, (4.15)

the “W ” corresponding to the write substep and the “M” corresponding to the move substep.

We note |Qu| = 10, |Γu| = 8, and |Qrev| = 10. To ensure the combined TM functions as

intended, we furnish the combined TM with an additional transition rule which takes it out of the

halting state of TM1, and moves its control to the state r, thereby initiating TM2, as well as a

transition rule for when TM2 encounters a2, which then halts TM2 and initiates TM3. Thus, if

TM1 does not halt on its input, M has all A-cells filled with a1, and if TM1 halts on its input, M

has all A-cells filled with a2.

4.3.2 TM-to-Hamiltonian Mapping

We now need find a way of mapping our Turing Machine M to a Hamiltonian. For-

tunately, this is a well studied problem, originally in Ref. [Fey86], and a variety of TM-to-

Hamiltonian mappings have been developed for proving hardness of properties of Hamiltonians
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[BT14; BCO17; Wat19].

Let U be the unitary which implements the transition rule of a given TM. In particular,

if there is a transition rule |ab⟩ → |cd⟩, then we define the term Uabcd = |cd⟩⟨ab|, applied to

all relevant qudits. We then define the set of transition rules to be T and the corresponding

Hamiltonian to be:

H =
∑

abcd∈T

(U †
abcd + Uabcd). (4.16)

Now let |w0⟩ be an initial state of some computation in the computational basis. We can then

define the state after the kth application of the TM transition rule as |wk⟩ = V k|w0⟩, where V :=∑
abcd∈T Uabcd maps product states representing some Turing machine configuration to those of

the Turing machine’s incrementation by the reversibility of the transition relations described by

T .

Given a particular input state |w0⟩, the encoded computation either (a) halts, (b) loops

forever. We can apply a unitary transformation to this get the Hamiltonian in a block-diagonal

form, where each of the blocks corresponds to a different input state (see [KSV02] or [Wat19,

Section 5]). Within each block, the Hamiltonian has the structure of a graph Laplacian of either

a line graph (halting case) or loop (non-halting case). Thus for a given input state, we can define

an effective Hamiltonian Heff corresponding to the particular input state:

Heff =
T−2∑
k=0

|wk + 1⟩⟨wk|+ h.c., (4.17)

where T is either the halting time, or the time until the TM begins to loop. This effective Hamil-
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tonian has eigenstates of the adjacency matrix of a line graph or loop which are [YC08; DK20]:

λj(Heff) = 2 cos

(
(j + 1)π

T + 1

)
(4.18)

for for halting and

λj(Heff) = 2 cos

(
2πj

T

)
(4.19)

for non-halting, j ∈ {0, 1, . . . , T − 1}. Due to the determinism of Turing Machine evolution and

the finite number of configurations of the machine, we see that T = O(dN).

4.3.3 Long-Time Expectation Values

Given the TM-to-Hamiltonian mapping presented in Section 4.3.2, we can encode the TMs

given in Section 4.3.1. We now consider an initial state:

|w0⟩ = |q0⟩ ⊗ |y⟩, (4.20)

where q0 corresponds to the the TM head in its initial state and y ∈ ΓN , with a proportion (1−α)

evenly spaced out A-cells in the state |a1⟩. On the sites that are not set to a1, y will encode Turing

machine we wish to determine FSHalt for into the URTM’s tape symbols. We then choose the

TM1 to run the problem FSHalt . If the TM1 halts, we have it transition to TM2 which flips

|a1⟩ → |a2⟩. For the remainder of Section 4.3.1, we will define Ai := |a2⟩⟨a2|i.

Lemma 4.24. If y encodes a Turing Machine that either halts in time Th or never halts, we have
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that

ĀN =


1−α
2

[
1− 2

2Th+N+1

]
halting

0 non-halting.

(4.21)

Proof. We begin by considering the limit definition for ĀN :

ĀN = lim
T→∞

1

T

∫ T

0

dt⟨w0|eiHtANe
−iHt|w0⟩

= lim
T→∞

∑
ij

1

T

∫ T

0

dtei(λi−λj)tc∗i cj⟨λi|AN |λj⟩

=
∑
ij

δλi,λjc
∗
i cj⟨λi|AN |λj⟩

=
∑
ij

δi,jc
∗
i cj⟨λi|AN |λj⟩

=
∑
j

|cj|2⟨λj|AN |λj⟩, (4.22)

where for the penultimate equality we have used that none of the eigenvalues of the effective

Hamiltonian have the same energy (as per Eq. (4.18)).

If TM1 never halts, then TM2 never starts and none of then a1 cells are ever flipped to a2

and we see that

AN |wj⟩ = 0, ∀j. (4.23)

This in turn means AN |λj⟩ = 0 for all j, as all |λj⟩ are superpositions of the |wk⟩. Thus, for

non-halting, ĀN = 0. Shiraishi and Matsumoto [SM21, Eq. S.46] show that for halting, ĀN
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becomes:

∑
j

|cj|2⟨λj|AN |λj⟩ =
3

2(T + 1)
(⟨w0|AN |w0⟩+ ⟨wT−1|AN |wT−1⟩)

+
1

T + 1

T−2∑
j=1

⟨wj|AN |wj⟩ −
1

2(T + 1)

∑
0≤j,j′≤T−1
j′=j±2

⟨wj|AN |wj′⟩. (4.24)

We now analyze the terms of this equation. We have that the M cells are evenly spaced. We

assume that every M cell is followed by α−1 − 1 A-cells, and that αN of these α−1 blocks

constitute the whole Turing Machine. Thus, noting that ⟨w0|AN |w0⟩ = 0, ⟨wT−1|AN |wT−1⟩ =

1− α, and the final term in Eq. (4.24) is 0, it remains to calculate

T−2∑
j=1

⟨wj|AN |wj⟩ = (1− α) [T − 2− (Th +N + 1) + 1] +

Th+N∑
j=Th+1

⟨wj|AN |wj⟩

= (1− α) [T − 2− (Th +N)] +

Th+N∑
j=Th+1

⟨wj|AN |wj⟩. (4.25)

If |wj⟩ has l A-cells with the symbol a2, then

⟨wj|AN |wj⟩ = l⟨a2|A|a2⟩. (4.26)

Due to the uniformity of the placement of the M -cells (and recalling our assumption that αN ∈
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Z), for j ∈ [Th + 1, Th +N ],

Th+N∑
j=Th+1

⟨wj|AN |wj⟩ =
N∑
j=1

[j − ⌊αj⌋]
N

⟨a2|A|a2⟩

=
1

N

[
N∑
j=1

j −
N∑
j=1

⌊αj⌋
]
⟨a2|A|a2⟩

=
1

N

[
N(N + 1)

2
−

N−1∑
j=0

⌊αj⌋ −N

]
⟨a2|A|a2⟩

=
1

N

[
N(N + 1)

2
− α−1

αN−1∑
k=0

k −N

]
⟨a2|A|a2⟩

=

[
N + 1

2
− 1

αN

αN(αN − 1)

2
− 1⟨a2|

]
A|a2⟩

=
(1− α)N

2
⟨a2|A|a2⟩. (4.27)

Thus,

T−2∑
j=1

⟨wj|AN |wj⟩ = (1− α)[T − (Th +N/2 + 2)]⟨a2|A|a2⟩. (4.28)

Combining this with Eq. (4.24) and Eq. (4.25), we obtain

ĀN = (1− α)
T − (Th +N/2 + 1/2)

T + 1
⟨a2|A|a2⟩. (4.29)

Finally, noting that T = 2Th +N, and A = |a2⟩⟨a2| we obtain

ĀN = (1− α)
Th +N/2− 1/2

2Th +N + 1

=
1− α

2

[
1− 2

2Th +N + 1

]
. (4.30)
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4.3.4 Putting it All Together and Verifying the Promise

We now wish to use our previously proved results about the Hamiltonian to prove hardness

of FSRelax. For the remainder of this section, we remember that A satisfies ⟨a2|A|a2⟩ = 1.

Theorem 4.25. FSRelax is PSPACE-hard for d = 51.

Proof. We consider the Hamiltonian generated from the TM-to-Hamiltonian mapping, where the

TM is chosen to be that from Section 4.3.1. We then choose an initial state |ψ0⟩ = |q0⟩ ⊗ |y⟩,

where y is a string y ∈ Γ×N−1. In particular, we choose y to have a fraction α M cells, where we

are free to choose α. We choose the M first n cells to be a bit string of length n, x ∈ {0, 1}n.

We then choose the first TM encoded to run the FSHalt problem. The action of the final TM

only occur if the initial TM halts. We see from Lemma 4.24 that the time-averaged expectation

value is:

ĀN =


1−α
2

[
1− 2

2Th+N+1

]
halting

0 non-halting.

(4.31)

By choosing α = Θ(1) to be a sufficiently small constant we get, for sufficiently large N , sepa-

rated values of ĀN in the halting and non-halting cases respectively. Since FSHalt is PSPACE-

hard, then determining which case will occur for ĀN is also PSPACE-hard. We show later in

Lemma 4.26 that the promise that |λi − λj| > d− polym is satisfied by this Hamiltonian and input

state.

To find the local Hilbert space dimension of the Hamiltonian, we simply need to add up the
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necessary Hilbert space size for the TMs to function. We realise that the total Hilbert space size

will be the size of all the alphabet symbols plus the size of all the TM head state symbols. Thus

we expect the local Hilbert space dimension to be:

d = 2× (|Qu|+ |Qrev|) + |{r}|+ |Γu|+ |{a1, a2}|

= 51. (4.32)

Finally we verify that the Hamiltonian and initial state we have used for our hardness construction

satisfies the promise of FSRelax.

Lemma 4.26 (Promise is Satisfied). Let |w0⟩ be an initial basis state, and letH be a Hamiltonian

from a TM-to-Hamiltonian mapping on N qudits. Then:

min
ij

|λi(Heff)− λj(Heff)| = Ω
(
d−2N

)
. (4.33)

Proof. From Eq. (4.18), we see that the minimum difference in energies occurs when for j =

i+ 1, giving:

|λj+1(Heff)− λj(Heff)| = 2

(
cos

(
(j + 1)π

T + 1

)
− cos

(
jπ

T + 1

))
= 4

∣∣∣∣sin π

2(T + 1)
sin

(j + 1)π

2(T + 1)

∣∣∣∣
≥ π2

4(T + 1)2

= Ω(T−2) = Ω(d−2N). (4.34)
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4.4 Containment of FSRelax in PSPACE

We show that FSRelax ∈ PSPACE by demonstrating a polyN -space quantum algorithm to

estimate ĀN . Combined with the result that BQPSPACE ⊆ PSPACE [Wat99], and using the fact

that FSTherm(MC) is an instance of FSRelax, this shows that FSTherm(MC) ∈ PSPACE.

Lemma 4.27. Let AN be defined as in Eq. (4.10). For any ϵ ∈ [0, 1/4], there exists a

quantum circuit to prepare a (4, N⌈log2d⌉ + 5, ϵ)-block encoding of
√

1−AN/2dN using

O(poly logN poly log ϵ−1) ancillas, with a classical description that can be computed in time

O(polyN poly log ϵ−1).

Proof. We begin by noting that AN is a dN -sparse matrix, and that all its entries are less than or

equal to 1 in magnitude. Thus, by Lemma 4.12, we have that we can produce a (dN, ⌈log2(d)⌉N+

3, ϵ2)-block encoding of AN with O
(
poly ∗log

(
d2N2

ϵ2

))
ancillas.

By Lemma 4.14, for all ϵ1 ≤ 1/4, there exists a polynomial p(x) of degree O(log ϵ−1
1 ) such

that

sup
x∈[−1,1]

∣∣∣∣14√1− x/2− p(x)

∣∣∣∣ ≤ ϵ1, (4.35)

and supx∈[−1,1] |p(x)| ≤ 1/2. Thus, by Lemma 4.32, we can prepare a(
1, ⌈log2(d)⌉N+5, O

(
log ϵ−1

1

√
ϵ2/dN+δ

))
-block encoding of p

(AN

dN

)
with

O
(
log ϵ−1

1 poly ∗log
(
d2N2

ϵ2

))
ancillas, O(log ϵ−1

1 (polyN + poly log ϵ−1
2 )) fundamental

gates, and a classical description that can be computed in time

O
(
log ϵ−1

1

(
polyN + poly ∗log ϵ−1

2

)
+ poly ∗log ϵ−1

1 + poly log δ−1
)
. (4.36)
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Thus, to obtain the desired result, it suffices to take δ, ϵ1, log ϵ−1
1

√
ϵ2/dN = Θ(ϵ). To do

this, we see that we can take δ, ϵ1 = Θ(ϵ), and ϵ2 = Θ

(( √
Nϵ

log ϵ−1

)2)
.

We use this block encoding circuit to estimate ĀN .

Lemma 4.28. For any 0 < ϵ ≤ 1/4, there is a quantum algorithm that takes space

O(ϵ−2 poly log ϵ−1 polyN) to return Γ such that

|Γ− ĀN | ≤ ϵ (4.37)

with probability of at least 2/3.

Proof. Note that we can uniquely write our initial state as |ψ0⟩ =
∑

i ci|λi⟩ with |λi⟩ a λi-

eigenvector of H such that λi ̸= λj for all i ̸= j. Further, by the promise condition, we have that

there existsm = polyN that satisfies min
{
d−N , infi ̸=j |λi − λj|

}
> 2−m for all i for which ci ̸=

0. We begin by noting that we can implement a unitary Ũϵ1 such that ∥Ũϵ1 − eiH∥ ≤ ϵ12
−5(m+1)

in polynomial space with an efficient classical description via standard Trotterization techniques

[Chi+21]. If we perform phase estimation on Ũϵ1 with O(m) bits of phase precision, we would

then get an approximation to the phase estimation circuit on eiH with (operator norm) error at

most ϵ1.

Let |λ̃(m,ϵ22−(1+m))
i ⟩ be the output in the phase register of running quantum phase estimation

of eiH on |λi⟩, desired to be accurate to m-bits of precision with error parameter ϵ22−(m+1). By

Lemma 4.16, we have that this can be achieved by a circuit with 3(m + 1) + ⌈2log2ϵ−1
2 ⌉ total

qubits. Despite the required exponential depth of the phase estimation circuit, it has an efficient
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classical description due to its repeated structure - so a description of each layer of gates can be

computed in polynomial time classically. Then, by Corollary 4.17 we have:

∣∣∣⟨λ̃(m,ϵ22−(m+1))
i |λ̃(m,ϵ22−(m+1))

j ⟩ − δi,j

∣∣∣ ≤ ϵ22
−m, (4.38)

and hence,

∣∣∣∣∣∣
|σ(H)|−1∑
i,j=0

cic
∗
j⟨λj|AN |λi⟩⟨λ̃(m,ϵ22

−(m+1))
i |λ̃(m,ϵ22−(m+1))

j ⟩ −
|σ(H)|−1∑
i=0

|ci|2⟨λi|AN |λi⟩

∣∣∣∣∣∣ ≤ ϵ2. (4.39)

The long time average of AN for our initial state |ψ0⟩ can be expressed as:

ĀN = lim
T→∞

1

T

∫ T

0

dt
∑
ij

e−i(λi−λj)tc∗i cj⟨λi|AN |λj⟩

=

|σ(H)|−1∑
i=0

|ci|2⟨λi|AN |λi⟩. (4.40)

We now describe a quantum O(polyN) space protocol to estimate ĀN . An outline of our algo-

rithm is shown below:
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|0a⟩
(
|ψ0⟩|03(m+1)+⌈2log2ϵ

−1
2 ⌉⟩
)
=|0a⟩

(∑
ci|λi⟩|03(m+1)+⌈2log2ϵ

−1
2 ⌉⟩
)

Phase estimation of Ũϵ2−−−−−−−−−−−→|0a⟩
(∑

ci|λi⟩|λ̃(m,ϵ22
−(m+1))

i ⟩+ |ζ⟩
)

Block encoding 1
4

√
1−AN/2dN−−−−−−−−−−−−−−−−−→|0a⟩

(∑ ci
4

√
1−AN/2dN |λi⟩|λ̃(m,ϵ22

−(m+1))
i ⟩+ |ζ ′⟩

)
+ |ξ⟩

Measure first register−−−−−−−−−−→Pr[0a] ≈ 1

16

∑
i

|ci|2⟨λi|(1−AN/2dN)|λi⟩ =
1− ĀN/2dN

16
.

(4.41)

First, we prepare the state |0a⟩ ⊗
(
|ψ0⟩|03(m+1)+⌈2log2ϵ

−1
2 ⌉⟩
)

. The first register has a =

⌈N log2d⌉ + 5 = O(N) qubits. Since m = O(polyN), this state can be prepared in O(polyN)

space. For convenience, we use a qubit-based algorithm rather than a qudit based algorithm,

where each qudit of the original state is replaced with ⌈log d⌉ qubits. We designate the first a

qubits, which will act as a control, as register 1, and the remaining register as register 2.

Next, we perform phase estimation on register 2 for the operator Ũϵ2 , taking it to m bits of

precision and with 2-norm error in the approximation register of ϵ22−(m+1). The resulting state at

the end of this step is:

|0a⟩
(∑

ci|λi⟩|λ̃(m,ϵ22
−(m+1))

i ⟩+ |ζ⟩
)
, (4.42)

where |λ̃(m,ϵ22−(m+1))
i ⟩ is as above, and |ζ⟩, the error from performing the QPE on Ũϵ1 instead of

eiH , satisfies ∥|ζ⟩∥ ≤ ϵ1. We are once again able to give an efficient classical description of this

phase estimation.

We now apply a block encoding of
√
1−AN/2dN/4 to our state. By Lemma 4.27, we
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can do so to ϵ3 error using O(poly logN poly log ϵ−1
3 ) ancillas. The resulting state is:

|0a⟩
(∑ ci

4

√
1−AN/2dN |λi⟩|λ̃(m,ϵ22

−(m+1))
i ⟩+ |ζ ′⟩

)
+ |ξ⟩ (4.43)

Where (⟨0a| ⊗ I)|ξ⟩ = 0, and ∥|ζ ′⟩∥ ≤ ϵ1 + ϵ3.

Thus, we see that if we measure the first register, we will obtain 0a with probability

Pr[0a] =
∑
i,j

c∗i cj
16

⟨λi| (1−AN/2dN) |λj⟩⟨λ̃(m,ϵ22
−(m+1))

i |λ̃(m,ϵ22−(m+1))
j ⟩

+
∑
i

[
ci
4

(
⟨ζ ′|
√

1−AN/2dN ⊗ I
)
|λi⟩|λ̃(m,ϵ22

−(m+1)

i ⟩+ c
∗
i

4
⟨λi|⟨λ̃(m,ϵ22

−(m+1)

i |
(√

AN⊗I|ζ ′⟩
)]
,

(4.44)

and hence, ∣∣∣∣∣Pr[0a]− 1− ĀN

2dN

16

∣∣∣∣∣ ≤ ϵ2
16

+
1

2
(ϵ1 + ϵ3). (4.45)

Thus, by Hoeffding’s inequality, for any ϵ4 > 0, it suffices to repeat this measurement ⌈ϵ−2
4 ⌉

times and take the sample average to get an (ϵ2/16 + (ϵ1 + ϵ3)/2 + ϵ4)-estimate of 1− ĀN
2dN

16
with

probability at least 2/3. To get overall error of ϵ in the estimate of |ĀN | with that probability, it

suffices to take ϵ2 = ϵ/8dN , ϵ4 = ϵ/128dN, and ϵ1, ϵ3 = ϵ/64dN. Thus, we see that to repeat

this measurement, we need in total

O
(
ϵ−2
(
polyN + poly logNϵ−1 + poly logN poly logNϵ−1

))
= O(ϵ−2 poly log ϵ−1 polyN)

(4.46)

space.

122



Finally, this algorithm allows us to decide FSRelax. Hence, we have

Lemma 4.29. FSRelax ∈ PSPACE.

Proof. Lemma 4.28 allows us to construct a probabilistic quantum polynomial space algorithm to

decide FSRelax. The algorithm in Lemma 4.28 relies on postselection. We can use Lemma 4.28

to probabilistically compute Γ such that |Γ − ĀN | ≤ ϵ′ for some ϵ′ < ϵ. In the event of the

correct postselection outcomes occurring, since we have the promise that either |ĀN − A∗| ≤ ϵ

or |ĀN − A∗| ≥ cϵ, one of the two following cases holds.

1. If |Γ− A∗| ≤ ϵ+ ϵ′ then |ĀN − A∗| ≤ ϵ.

2. Otherwise,if |Γ− A∗| ≥ cϵ− ϵ′, then |ĀN − A∗| ≥ cϵ.

Hence if our algorithm postselects correctly, FSRelax can be decided by a polynomial space

quantum algorithm that computes |Γ−A∗|. On the other hand, if our algorithm does not postselect

correctly, we can simply return YES or NO at random. For YES instances of FSRelax, we accept

with probability strictly greater than 1/2, while for NO instances, we accept with probability

strictly less than 1/2. Hence, FSRelax ∈ PrQSPACE. By Watrous [Wat99], PrQSPACE ⊆

PSPACE. Therefore, FSRelax ∈ PSPACE.

Finally, our main result Theorem 4.5 follows immediately from Lemma 4.29 and Theorem 4.25.

4.5 FSTherm(MC) and FSTherm(Gibbs) are contained in PSPACE

In this section we’ll show that FSTherm(MC) and FSTherm(Gibbs) are contained in

PSPACE. We will first show a polynomial quantum space algorithm to compute tr[ANρMC].
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Along with the polynomial space algorithm to determine FSRelax, this yields a polynomial quan-

tum space algorithm to decide FSTherm(MC) by reducing any instance of FSTherm(MC) to

an instance of FSRelax. Similarly, using a polynomial space quantum algorithm to compute

tr[ANρMC], we show that FSTherm(Gibbs) ∈ PSPACE. Throughout this section, we restrict to

systems of qubits rather than qudits, in order to make use of qubit block-encoding results. How-

ever, this containment result is general, since a system of a k-local Hamiltonian on N qudits of

local dimension d can be described as a system of a k log ⌈d⌉-local Hamiltonian on N log ⌈d⌉

qubits.

First, we prove some preliminary lemmas about block-encodings, which we will use to

prepare an approximation of the microcanonical state.

Proposition 4.30. Let H be a Hermitian matrix on N qubits, and α ≥ ∥H∥. Let the eigen-

vectors and eigenvalues of H be {|λi⟩, λi}. For a polynomial p, let U be an (N + m)-qubit,

(α,m, 0)-block encoding of p(H/α). Let |ψ⟩ := 1√
2N

∑
i|λi⟩a|λi⟩b, where N qubits form the

main computational register a, and N qubits form an auxiliary register b. Then, U can be used

to prepare the state

|ψpoly(p)⟩ :=
p(H/α)a|ψ⟩

∥p(H/α)a|ψ⟩∥
. (4.47)

such that

ρpoly(p) := trb[|ψpoly(p)⟩⟨ψpoly(p)|] =
∑
i

(p(λi/α))
2∑

j(p(λi/α))
2
|λi⟩⟨λi| (4.48)

Proof. Let c be the register of the m block encoding ancilla qubits. U acts non-trivially on

registers a and c. By Definition 4.11, U prepares the state

U |ψ⟩ = p(H/α)a|ψ⟩|0m⟩c + |ϕ⊥⟩, (4.49)
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where ⟨0m|c|ϕ⊥⟩ = 0, and

p(H/α)a|ψ⟩ =
1√
2n

∑
i

1√
2N
p(H/α)a|λi⟩a|λi⟩b

=
1√
2N

∑
i

p(λi/α)|λi⟩a|λi⟩b. (4.50)

The state obtained after postselecting on the correct block-encoding being performed is

|ψpoly(p)⟩ :=
p(H ′/α)a|ψ⟩
∥p(H ′/α)a|ψ⟩∥

=
1√∑

j(p(λi/α))
2

∑
i

p(λi/α)|λi⟩a|λi⟩b. (4.51)

It follows that

ρp := trb[|ψpoly(p)⟩⟨ψpoly(p)|] =
∑
i

(p(λi/α))
2∑

j(p(λi/α))
2
|λi⟩⟨λi|. (4.52)

We now show that there exists a suitable choice of polynomial p such that ρp approximates

the microcanonical state.

Lemma 4.31. Let H be a Hermitian matrix on N qubits, and α ≥ ∥H∥. Let P (η)
Gauss(w/α) be

defined as in Lemma 4.15. Then, for any ϵp ∈ (0, 1], with η = ϵpe−πα2/w2

9
, P (η)

Gauss(w/α) has degree

O(α
w
(log 1/ϵ+ πα2/w2)) and

∥ρpoly(P (η)
Gauss(w/α))− ρMC(H, 0)∥1 ≤ ϵp. (4.53)
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Proof. First, we note that by Lemma 4.15 there exists a polynomial approximation p(x) of the

Gaussian function such that

|P (η)
Gauss(w/α) − e−πα

2x2/(2w2)| ≤ η ∀x ∈ [−1, 1] (4.54)

where P (η)
Gauss(w/α) has degree deg(P

(η)
Gauss(w/α)) = O(α

w
log 1/η). Note that

ρpoly(P
(η)
Gauss(w/α)) =

∑
i

(P
(η)
Gauss(w/α)(λi/α))

2∑
j(P

(η)
Gauss(w/α)(λi/α))

2
|λi⟩⟨λi|, ρMC(H, 0) =

∑
i

e−πλ
2
i /w

2∑
j e

−πλ2j/w2
|λi⟩⟨λi|

(4.55)

Let S :=
∑

i e
−πλ2i /w2 and ∆ :=

∑
i(p(λi/α))

2 − e−πλ
2
i /w

2 . Then,

|(p(λi/α))2 − e−πλ
2
i /w

2| ≤ η|p(λi/α) + e−πλ
2
i /(2w

2)|

≤ η(2 + η)

=⇒ |∆| ≤ η(2 + η)2N . (4.56)

Let ϵη := η(2 + η). We thus have

∥ρpoly(P (η)
Gauss(w/α))− ρMC(H, 0)∥1 = ∥

∑
i

(
(p(λi/α))

2

S +∆
− e−πλ

2
i /w

2

S

)
|λi⟩⟨λi|∥1

=
∑
i

∣∣∣∣∣S(p(λi/α))2S(S +∆)
− (S +∆)e−πλ

2
i /w

2

S(S +∆)

∣∣∣∣∣
≤
∑
i

(
ϵη

|S +∆| +
∣∣∣∣∣∆e−πλ

2
i /w

2

S(S +∆)

∣∣∣∣∣
)

≤ ϵη2
N + |∆|

|S +∆|

≤ 2ϵη2
N

|S +∆| . (4.57)
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Since λi/α ∈ [−1, 1], S ≥ e−πα
2/w2

2N . Therefore,

∥ρpoly(P (η)
Gauss(w/α))− ρMC(H, 0)∥1 ≤

2ϵη
e−πα2/w2 − ϵη

, (4.58)

Selecting η ≤ ϵpe−πα2/w2

9
< 1, we have

ϵη ≤
ϵe−πα

2/w2

3

=⇒ ∥ρpoly(P (η)
Gauss(w/α))− ρMC(H, 0)∥1 ≤ ϵp. (4.59)

The degree of p is O(α
w
log 1/η) = O(α

w
(log 1/ϵ+ πα2/w2)), which completes the proof.

Lemma 4.32. Let H be a k-local Hamiltonian on N qubits, α ≤ ∥H∥, and let the eigenvec-

tors and eigenvalues of H be {|λi⟩, λi}. For any ϵp ∈ (0, 1], let P (η)
Gauss(w/α) be chosen as in

Lemma 4.31. Let U be an (N +m)-qubit, (α,m, ϵ′)-block encoding of P (η)
Gauss(w/α)(H/α). Then,

a single application of U (postselecting on the correct block-encoding outcome) can be used to

prepare a state ρ′ such that

∥ρ′ − ρMC(H, 0)∥1 ≤
√
8ϵ′ + ϵp. (4.60)

Proof. As in Lemma 4.31, let |ψ⟩ := ∑i
1√
2N

|λi⟩a|λi⟩b, where N qudits form the main compu-

tational register a, N qudits form an auxiliary register b, and |λi⟩ are the eigenstates of H/α. |ψ⟩

is the maximally entangled state represented in the basis of eigenstates of H/α. We also define

a register c for the nc block encoding ancilla qudits. U acts on all three of these registers and by
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definition of the block-encoding,

∥⟨0nc |cU |0nc⟩c − p(H/α)∥ ≤ ϵ′. (4.61)

Let

|ψp⟩ :=
p(H/α)a|ψ⟩
∥p(H/α)a|ψ⟩∥

. (4.62)

Then, as in Proposition 4.30

ρpoly = trb[|ψp⟩⟨ψp|]. (4.63)

Let M := ⟨0nc|cU |0nc⟩c. Then, let the state obtained after postselecting on the correct block-

encoding being performed be

|ϕ⟩ = M |ψ⟩
∥M |ψ⟩∥ . (4.64)

Further, let

ρ′ := trb[|ϕ⟩⟨ϕ|]. (4.65)

Then, by Proposition 9 of Childs et al. [CKS17],

∥|ψp⟩ − |ϕ⟩∥ ≤ ϵ′, (4.66)

By monotonicity of the trace distance under the partial trace,

∥trb[|ϕ⟩⟨ϕ|]− trb[|ψp⟩⟨ψp|]∥1 ≤ ∥|ϕ⟩⟨ϕ| − |ψp⟩⟨ψp|∥1. (4.67)
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Using this, and the relation between the fidelity and the trace distance, we obtain

∥ρ′ − ρpoly∥1 ≤ 2
√
2ϵ′ − ϵ′2

≤
√
8ϵ′. (4.68)

Combining this with Lemma 4.31 using the triangle inequality, we obtain

∥ρ′ − ρMC(H, 0)∥1 ≤
√
8ϵ′ + ϵp. (4.69)

Finally, we have the required ingredients to prepare the microcanonical state.

Lemma 4.33. For any k-local Hamiltonian H on N qubits, and energy E, there is a quantum

algorithm using O(polyN, log 1/ϵ) space and O(polyN, log 1/ϵ exp(((∥H∥ + |E|)/w)2)) ex-

pected time that prepares a state ρ such that

∥ρ− ρMC(H,E)∥1 ≤ ϵ. (4.70)

Proof. Our algorithm is simple. Starting in the initial state |ψ⟩ := 1√
2s

∑
i|λi⟩a|λi⟩b, we apply

a block encoding such that the resultant state, after postselecting on the correct block encoding

being performed and tracing out the subsystem b, is a good approximation of the microcanonical

state. It remains to be shown that such a block encoding can be constructed, and to analyze the

approximation error as well as the time and space requirements.

First, we show how the block encoding is constructed. Since each term of H is k-local
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and there are O(poly n) terms in H , H ′ := H − EI is O(2k poly n)-sparse. We can se-

lect α ≥ ∥H∥ + |E| so that the eigenvalues of H ′/α lie in [−1, 1]. α = poly n, so by

Lemma 4.12,H ′ has an (poly n, poly n, ϵH)-block-encoding that can be implemented by a circuit

with O(poly n, poly log 1
ϵH
) gates and O(poly n, poly log 1

ϵH
) space.

We make use of the polynomial approximation for a Gaussian function P
(η)
Gauss(w/α)

(Lemma 4.15) with degree deg(P
(η)
Gauss(w/α)) which we will determine later. Along with

Lemma 4.13, this implies there is a circuit Ũδ withO(poly n, poly log 1
ϵH
) gates that implements a

(1, poly n, 4 deg(P
(η)
Gauss(w/α))

√
ϵH/α + δ) block-encoding of P (η)

Gauss(w/α)(H
′/α), and has a clas-

sical description computable in time O(poly n, deg(P (η)
Gauss(w/α)), log 1/δ).

The above construction makes use of parameters η, ϵH , δ. We would like to choose these

parameters such that we approximate the target state well, and the postselection probability is not

too small. For the first condition, we apply Lemma 4.32 with ϵ′ = 4deg(P
(η)
Gauss(w/α))

√
ϵH/α+δ,

we have

∥ρ′ − ρMC(H, 0)∥1 ≤
(√

32 deg(P
(η)
Gauss(w/α))

√
ϵH/α + 8δ

)
+ ϵp. (4.71)

We will solve for parameters such that the following condition is fulfilled:

∥ρ′ − ρMC∥1 ≤ ϵ. (4.72)

For our second condition, we require that our algorithm doesn’t take too long. The time

taken is determined by the probability of correctly postselecting, which we now estimate. Let

M := ⟨0nc |cŨδ|0nc⟩c. The probability of postselecting to the correct state is ∥M |ψ⟩∥2. Observe
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that

∥M |ψ⟩∥ ≥ ∥P (η)
Gauss(w/α)(H

′/α)|ψ⟩∥ − ∥(M − P
(η)
Gauss(w/α)(H

′/α))|ψ⟩∥

≥ ∥P (η)
Gauss(w/α)(H

′/α)|ψ⟩∥ − 4 deg(P
(η)
Gauss(w/α))

√
ϵH/α− δ

≥ e−πα
2/(2w2) − η − 4 deg(P

(η)
Gauss(w/α))

√
ϵH/α− δ. (4.73)

In order for the probability of correct postselection to be lower bounded, require that the proba-

bility of correct postselection remains of the order of its leading term, i.e.,

∥M |ψ⟩∥ = Ω(exp(−πα2/(2w2))). (4.74)

We now solve for η, ϵH , δ such that Eq. (4.72) and Eq. (4.74) are fulfilled.

First, to partially satisfy Eq. (4.72), we select ϵp = ϵ/2. This implies η ≤ ϵe−πα2/w2

18
.

Eq. (4.72) is then satisfied if
√
8δ < ϵ/4 and

√
32 deg(P

(η)
Gauss(w/α))

√
ϵH/α < ϵ/4.

Now, in order to satisfy Eq. (4.74), we impose the constraint that

η, 4 deg(P
(η)
Gauss(w/α))

√
ϵH/α, δ are each less than 1

4
e−πα

2/(2w2). By our choice of ϵp, we

have already obtained a sufficient condition for η.

To simultaneously fulfill
√
8δ < ϵ/4 and δ < 1

4
e−πα

2/(2w2), we select δ < ϵ2e−πα
2/(2w2)/32.

We make use of the fact that deg(P
(η)
Gauss(w/α)) = γ

(
α
w
(log 2/ϵ+ πα2/w2)

)
for

some constant γ. To simultaneously fulfill
√

32 deg(P
(η)
Gauss(w/α))

√
ϵH/α < ϵ/4 and

4 deg(P
(η)
Gauss(w/α))

√
ϵH/α <

1
4
e−πα

2/(2w2), we select

ϵH ≤ α

(
ϵe−πα

2/(2w2)

128γ ((α/w)(log 2/ϵ+ πα2/w2))

)4

. (4.75)
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With the chosen values of η, ϵH , δ, Eq. (4.72) and Eq. (4.74) are satisfied. We now analyze

the time and space requirements of the algorithm. The probability of correct postselection is

∥M |ψ⟩∥2. Hence, in order to postselect onto the target state ρ′, we require an expectedO(eπα2/w2
)

repetitions of the block encoding circuit. We do not need any additional space despite an expected

total exponential depth since we are repeating the same circuit until correct postselection. Further,

the depth of the block-encoding circuit as well as the classical computation time to obtain its

description remain polynomial since log 1
ϵH
, log 1

δ
= O(log 1/ϵ(α/w)2).

The depth of the block-encoding circuit scales as

O(
(α
w

)
log 1/η × poly log 1/ϵH) = O(polyN, log 1/ϵ, 1/w). (4.76)

Therefore, to prepare ρ we require O(eπα
2/w2

) expected executions of a

O(polyN, log 1/ϵ, 1/w) depth circuit, which can be performed in O(polyN, log 1/ϵ, 1/w)

space.

This algorithm allows us to estimate observables of the microcanonical state.

Corollary 4.34. The algorithm in Lemma 4.33 can be used to estimate ÂN such that |ÂN −

tr[ANρMC]| ≤ ϵ using O(polyN, log 1/ϵ) space and O(polyN, log 1/ϵ exp(((∥H∥+ |E|)/w)2))

expected time.

Proof. Note that by the triangle inequality, ∥AN∥ ≤ maxi∥Ai∥ = c for some constant c. Let ρ
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be the state as prepared in Lemma 4.33, to precision ϵ/c. Applying Holder’s inequality,

| tr[ANρ−ANρMC(H,E)]| ≤ ∥AN(ρ− ρMC(H,E))∥1

≤ ∥ρ− ρMC(H,E)∥1∥AN∥

≤ ϵ. (4.77)

Hence by preparing ρ and measuring AN , we can estimate tr[ANρMC] to arbitrary constant pre-

cision. AN is a sum of N single site (and hence commuting) observables. A single measurement

of AN can be performed by preparing a sample of ρ and measuring each of the Ai observables

sequentially, adding them, and dividing by N . By Hoeffding’s inequality, to estimate tr[ANρMC]

to precision ϵ with probability at least 2/3 requires O(1/ϵ2) samples. Hence there is a a prob-

abilistic polynomial space quantum algorithm to estimate tr[ANρMC] to constant precision. We

note however, that this algorithm requires postselection, which may only succeed with inverse-

exponentially small probability when w = O(polyN).

Finally, we can use this algorithm to prove one of our main results.

Theorem 4.35. FSTherm(MC) ∈ PSPACE.

Proof. Using the algorithm from Corollary 4.34 along with the probabilistic polynomial space

quantum algorithm to estimate ĀN to constant precision Lemma 4.28, when w = Ω( 1
polyN

),

FSTherm(MC) can be decided by a polynomial-space quantum algorithm that simply compares

the two values, if our algorithm postselects correctly, which occurs with non-zero probability. On

the other hand, in the event our algorithm does not postselect correctly, we can Accept or Reject

with uniform probability. Hence, there is a quantum algorithm that such that for YES instances of
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FSTherm(MC), we accept with probability strictly greater than 1/2, while for NO instances, we

accept with probability strictly less than 1/2. Hence, FSTherm(MC) ∈ PrQSPACE. By Watrous

[Wat99], PrQSPACE ⊆ PSPACE. Therefore, FSTherm(MC) ∈ PSPACE.

Another statistical ensemble of interest is the Gibbs ensemble ρG = e−βH/ tr[e−βH ], rep-

resenting the state of a system in contact with a bath of temperature 1/β. An alternative to

FSTherm(MC) is the problem of deciding whether a system thermalizes to the Gibbs ensem-

ble, i.e., whether the long-time average of an observable converges to the value corresponding

to the Gibbs ensemble. Here, we note that the Gibbs state can be prepared probabilistically in

polynomial quantum space, and hence this decision problem is also contained in PSPACE.

Lemma 4.36. There is a quantum algorithm using O(polyN, log 1/ϵ) space and O(exp(N))

time that computes ÃN such that

|tr[ANρG]− ÃN | ≤ ϵ. (4.78)

Proof. The Gibbs state ρG = e−βH

tr[e−βH ]
can be ϵ-approximated with a block-encoding of circuit

depth O(
√
β log 1/ϵ) and O(

√
dN/Z) amplitude amplification steps [Gil+19; Ape+20; CS16].

Note that Z = tr[e−βH ] ≥ dNe−β∥H∥ = Ω(1/epolyN), so estimating tr[ρGAN ] to constant pre-

cision only requires O(exp(N)) repetitions of a O(polyN)-depth circuit, which can be done in

polynomial quantum space.

Since PrQSPACE ⊆ PSPACE, Theorem 4.7 follows immediately from Lemma 4.36.
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4.6 Hardness of FSTherm(MC) and FSTherm(Gibbs)

In this subsection we will show that FSTherm(MC) is as hard as FSHalt under quantum

polynomial time reductions. We prove this by showing that given an instance of FSHalt, we

may use a poynomial time quantum algorithm to construct an instance of FSTherm(MC). We

note that since we make use of a quantum polynomial time reduction rather than a classical

one, our reduction differs from the standard formal complexity theoretic reduction. We modify

the FSRelax hardness construction such that we have A∗ = tr[ρMCAN ], thus showing that there

exist observables such that determining whether the system thermalizes is as hard as a PSPACE-

complete problem. We describe a high-level overview of our approach:

1. We pad the end of the Turing machine even more in the case of halting, so that when it

halts, ĀN = (1 +O(1/N))(1− α)⟨a2|A|a2⟩. This is covered in Section 4.6.1.

2. We double the size of the local Hilbert space, and modify Ai by introducing parameters

such that the two halves of the Hilbert space have different, tunable values of ⟨Ai⟩. We

then modify the Hamiltonian so that, in the microcanonical state, both halves of the Hilbert

space are represented equally. This construction allows us to tune the microcanonical ex-

pectation of AN . This is covered in Section 4.6.2.

3. Finally, we show that a polynomial time quantum algorithm can be used to tune these

parameters such that in the case of halting, ĀN is equal to the microcanonical average

of AN , and both are separated from 0, the non-halting value of AN . This is covered in

Section 4.6.3.

Finally, in Section 4.6.4, we discuss some evidence and suggest a conjecture under which
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FSTherm(Gibbs) is PSPACE-hard (and hence PSPACE-complete due to Lemma 4.36).

4.6.1 Modifying the TM

We modify the Turing Machine construction such that the values of ĀN on halting inputs

and on non-halting inputs are sufficiently separated, so that we may perform our tuning procedure

in the following sections to reduce FSRelax to FSTherm(MC). We first show how to asymptot-

ically increase ĀN in the case of halting to (1 − α)⟨a2|A|a2⟩, which we require for technical

reasons in our tuning construction in Section 4.6.2. As discussed in Section 4.3.1, TM1 per-

forms the actual computation of a URTM, TM2 flips A cells if TM1 halts, and TM3 runs TM1

in reverse. Since in the case of halting, the A cells are flipped by TM2 and remain flipped for

the duration of TM3, the long-time average of AN is determined by the duration of TM2 and

TM3. We can thus modify this average by changing the time spent in TM3. We achieve this by

modifying TM3 to first run a buffer which performs a full loop around the tape for each element

of the tape (i.e., taking N(N + 1) steps). Then, we continue as before with TM3 running TM1

in reverse, but with an additional buffer that iterates the finite control around the entire loop until

it returns to its initial location in between each (computational) step of TM3. Since a full loop

around the tape takes time N , we thus increase the time spent in the computational part of TM3

by a factor of N + 1.

To ensure the correct TM action, we add to the tape alphabet of TM3 such that every symbol

in the tape alphabet has a “place-marker” copy which will be what the TM initially writes to the

tape. This copy lets the finite-control know when it has returned to its most recent write cell. To

facilitate the traversal, we will also add a copy of every finite-control state, which the update rules
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will just shift through the ring until it hits the “place-marker” tape-symbols. For the first buffer,

we need to add another state of the head corresponding to the specific buffer, and two symbols to

the tape alphabet to help keep track of the progress of the N loops around the tape. Specifically

we will initialize the two symbols, pushing one of the symbols in one direction after every loop,

and only finishing when the symbols come in contact again. Thus, in the case of halting, this

additional looping increases the total run-time to (N +2)Th+(N +1)N . The first buffer ensures

that this run-time is large even when Th < N .

Lemma 4.37. With the above modified Turing Machine construction, If y encodes a Turing Ma-

chine that either halts in time Th or never halts, then there exists δ ∈ (0, N−1] such that

ĀN =


(1− α) [1− δ] ⟨a2|A|a2⟩ halting

0 non-halting.

(4.79)

Proof. The proof proceeds along exactly the same lines as the proof of Lemma 4.24. Revisiting

Eq. (4.29), with the modification that T = (N + 2)Th + (N + 1)N, we have that

ĀN = (1− α)
T − (Th +N/2 + 1/2)

T + 1

= (1− α)
(N + 2)Th + (N + 1)N − (Th +N/2 + 1/2)

(N + 2)Th + (N + 1)N + 1
⟨a2|A|a2⟩

= (1− α)

[
1− Th +N/2 + 3/2

(N + 2)Th + (N + 1)N + 1

]
⟨a2|A|a2⟩

= (1− α) [1− δ] ⟨a2|A|a2⟩, (4.80)

where δ := Th+N/2+3/2
(N+2)Th+(N+1)N+1

, and 0 < δ ≤ 2N−1. The non-halting case will still have ĀN =

0.
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4.6.2 Modifying H,H, and A

In addition to this modification to the Turing Machine, we will also modify the Hilbert

space and Hamiltonian. The goal of this modification is to:

• Push the microcanonical expectation value of AN to the middle of A’s spectrum.

• Give us control of ĀN in the halting case in such a way that we are guaranteed that it

crosses the microcanonical expectation away from the non-halting case’s value (zero).

To do these, we will replace our local Hilbert space H with a new Hilbert space Htune := H⊕H of

doubled dimension. We will denote the projection onto H⊕0 by Π and the projection onto 0⊕H

by Π′. Denote the basis of H⊕0 by {|a⟩ : a ∈ Q∪Γ} and that of 0⊕H by {|a′⟩ : a ∈ Q∪Γ}.

Let

HTM :=
∑

abcd∈T

|cd⟩⟨ab|+ h.c, (4.81)

represent Turing-machine evolution on H⊕ 0, and

H ′
TM :=

∑
abcd∈T

|c′d′⟩⟨a′b′|+ h.c, (4.82)

represent Turing machine evolution on 0 ⊕ H. We then let H := HTM + H ′
TM . Note that

[HTM , H
′
TM ] = 0. We also define

F :=
∑
a∈Q∪Γ

|a′⟩⟨a|+ h.c. (4.83)

Next, we slightly modify Ai. Let Ai := p|a2⟩⟨a2|i + qΠ′
i, where p, q are parameters we will
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choose. With these modifications, we compute the expectation of AN for the microcanonical

ensemble and Gibbs ensembles as special cases of any ensemble which is analytic in H .

Lemma 4.38. Consider any ρ ∝ f(H) where f is analytic and ρ is unit trace. Then,

tr[ANρ] =
q

2
+ p tr[|a2⟩⟨a2|1ρ]. (4.84)

Proof. First, note that [F,H] = 0. As ρ ∝ f(H) for some analytic function f : R → R, it

follows that [ρMC, F ] = 0 by the existence of a power series expansion of f ; we note that this

holds for arbitrary functions f whose domain contains the spectrum of H, but this is a bit more

involved to prove. Therefore, as F 2 = I,

tr[Π′
iρ] = tr[Π′

iFρF ]

= tr[FΠ′
iFρ]

= tr[Πiρ]

= tr[(I − Π′
i)ρ]. (4.85)

Thus, as ρ is unit-trace, tr[Π′
iρ] = 1/2. Hence, we have

tr[ANρ] =
p

N

∑
i

(tr[|a2⟩⟨a2|iρ] + q tr[Π′
iρ])

=
q

2
+ p tr[|a2⟩⟨a2|1ρ]. (4.86)

where we have used the fact that ρ is translationally invariant since H is translationally invariant,

which follows from the same logic as showing that [ρ, F ] = 0 above.
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Applying Lemma 4.38 to the microcanonical state we have

Corollary 4.39.

tr[ANρMC] =
q

2
+ p tr[|a2⟩⟨a2|1ρMC]. (4.87)

Likewise, applying Lemma 4.38 to the Gibbs state we have

Corollary 4.40.

tr[ANρG] =
q

2
+ p tr[|a2⟩⟨a2|1ρG]. (4.88)

4.6.3 A quantum polynomial time reduction from FSHalt to FSTherm(MC)

p

tr[ρMCĀN ]

Halting

Non-halting

Figure 4.2: The solid green and dashed-green lines represent the time-averaged expectation val-
ues in the halting and non-halting cases respectively, as p is tuned. The red line represents the
expectation values with respect to the microcanonical ensemble as p is tuned.

We now show how p can be chosen so that the long time average of AN , i.e., ĀN , in the

halting case and the expectation of AN for the microcanonical ensemble both agree. We briefly

comment here on some constraints of this construction. Our reduction relies on a quantum algo-

rithm to prepare the microcanonical state, but the algorithm presented in Section 4.5 in general
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requires O(eπα2/w2
) expected executions of a O(polyN, log 1/ϵ, 1/w) depth circuit, where α up-

per bounds ∥H∥+ |E|. We therefore show hardness for a restricted class of microcanonical states

with width w = Ω(α/
√
logN). Such a window width is still vanishingly small with respect to

the range of the Hamiltonian spectrum, but allows for efficient preparation of the microcanonical

state.

Lemma 4.41. Let H be a k-local Hamiltonian with cN terms, each with norm bounded by 1.

For energy E, let ρMC(H,E) be the microcanonical state with window width w = Ω(cN/ logN).

Then, for any ϵ there exists N0 such that for all N ≥ N0 there is a quantum algorithm that takes

time O(polyN, log 1
ϵ
) to compute p such that with the above Turing machine construction and

observable AN ,

|tr[ρMCAN ]− ĀN | ≤ ϵ (4.89)

Proof. In the above sections using Lemma 4.37 and Corollary 4.39, we showed how an instance

of FSHalt can be used to construct an instance of FSRelax with parameters p, q such that:

1. In the case of non-halting, ĀN = 0

2. In the case of halting, ĀN = (1− α) [1− δ] p., with δ < 1/N .

3. tr[ρMCAN ] =
q
2
+ p tr[ρMC|a2⟩⟨a2|]

2

In the case of halting, to tune p such that ĀN ≈ tr[ρMCAN ], we require that q is chosen such that

tr[ρMCAN ] > ĀN at p = 0, and tr[ρMCAN ] < ĀN at p = 1. Note that as Π − |a2⟩⟨a2| ⪰ 0, it

follows that 0 ≤ tr[|a2⟩⟨a2|iρMC] ≤ tr[ΠiρMC] ≤ 1/2. Using the fact that tr[ρMC|a2⟩⟨a2|1] ≤ 1/2,
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the above constraint on q is reduced to

q

2
≤ (1− α)[1− δ]− 1

4
. (4.90)

when q = 1
2
, for any N there exists a sufficiently small constant α such that this constraint is

satisfied. Therefore, in the rest of this section we assume q = 1
2
. Using the polynomial time

quantum algorithm described in Lemma 4.33, for constant w, we can estimate ÃN such that

|tr[ρMC|a2⟩⟨a2|1]−ÃN | ≤ ϵ/2 for constant error ϵ/2. To ensure that in the case of halting, ĀN ≈

tr[ρMCAN ], we would like to select an appropriate p, corresponding the point of intersection of

the 2 values in Fig. 4.2. With p = 1

4(1−α)−2ÃN
, we obtain

|tr[ρMCAN ]− ĀN | ≤
∣∣∣∣∣ (1− α)δ

4(1− α)− 2ÃN

∣∣∣∣∣+ ϵ

4
(4.91)

Since δ ≤ N−1, there exists N0 such that for all N ≥ N0, |tr[ρMCAN ]− ĀN | ≤ ϵ.

We note that as we have doubled our Hilbert space dimension twice from the relaxation

construction, d = 204. in the above construction. Combining Theorem 4.25 and Lemma 4.41,

we obtain the following theorem.

Theorem 4.42. For any instance of FSHalt, there exists a Hamiltonian H , input state |ψ0⟩, and

sum of local observables AN for which the long time average of AN equals tr[ANρMC] in the

case of halting and equals 0 in the case of non-halting. Further, H, |ψ0⟩,AN can be constructed

by a polynomial time quantum algorithm from instances of FSHalt. Hence, FSTherm(MC) is

PSPACE-hard under a quantum polynomial time reduction.

Our main result Theorem 4.6 follows from Theorem 4.42 and Theorem 4.35.
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4.6.4 A conjectured classical polynomial time reduction from FSHalt to

FSTherm(Gibbs)

We will show evidence that FSHalt reduces to FSTherm(Gibbs) using similar techniques

to Section 4.6.3. We present the outline of a classical polynomial time reduction, and state a

conjecture which, if true, would imply that FSTherm(Gibbs) is PSPACE-hard.

The only notable difference from Section 4.6.2 is that we must compute appropriate β

such that tr[HρG] = E := ⟨ψ0|H|ψ0⟩ efficiently classically, and then compute tr[|a2⟩⟨a2|ρG]

efficiently classically in order to correctly tune the value of p (using Corollary 4.40). We can

compute both of these using the result [AC21] that there is a classical polynomial time algorithm

to estimate local observables of Gibbs states with finite β in 1D. However, in order to do this, we

must know in advance limits on the value of |β|. In order to make use of these algorithms we

require that β is constant, which we conjecture below.

In order to estimate β, we can make use of the fact that E(β) = tr[HρG] is monotonic in

β. If β is guaranteed to be O(1), we can use the algorithm from [AC21] to estimate tr[HρG] and

iteratively improve our estimate of β to error ϵ in log 1/ϵ steps classically using a binary search

algorithm.

Finally, if β = O(1), we may efficiently compute the expectation value of tr[|a2⟩⟨a2|ρG],

once again using the result of Alhambra and Cirac [AC21].

How do we guarantee that β = O(1)? Observe that as β approaches −∞ or ∞, ρG ap-

proaches the highest excited state or the ground state respectively. Hence, we expect that there is

a range of expected energies for which β is constant, which are found away from the edges of the

spectrum of H . If E is extensively gapped from the edges of the spectrum, in the thermodynamic
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limit (i.e., large N limit) the energy density must be a constant distance away from the edges of

the spectrum as well. This would imply that the corresponding β must be finite in the thermody-

namic limit (as it is only infinite at the edges of the spectrum), and hence in the finite-sized limit

we expect it to be constant. We thus conjecture that:

Conjecture 4.43. For any 1D nearest neighbor Hamiltonian H , and product state |ψ⟩, let E =

⟨ψ|H|ψ⟩. Let the maximum and minimum eigenvalues of H be Emax, Emin respectively. If there

exists a constant ϵ such that Emin + ϵN ≤ E ≤ Emax − ϵN , and if β is such that tr[ρGH] = E,

then β = O(1)

This conjecture implies that for a Hamiltonian H used in our hardness construction, if the

initial state is guaranteed to be in the middle of the spectrum, the corresponding Gibbs state

has β = O(1). By simple modifications of H (increasing the local Hilbert space dimension and

applying local energy penalties), it is possible to ensure that the initial product state encoding hard

instances of FSHalt has expected energy extensively separated from the edges of the spectrum.

Hence, if this conjecture is true, FSHalt reduces to FSTherm(Gibbs), and FSTherm(Gibbs) is

PSPACE-complete. In future work, we hope to verify this conjecture.

4.7 BQP-Hardness of FTFSRelax

4.7.1 Modifying the TM-to-Hamiltonian Construction

We return to FTFSRelax Definition 4.22 showing that it is BQP-hard following a very sim-

ilar proof to the PSPACE-hardness proof of FSRelax. However, instead of encoding the problem

FSHalt, we instead choose to encode a BQP-complete computation. The only major change this
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requires is that TM1 is no longer a classical Turing Machine, but is replaced with a quantum

Turing Machine (QTM). A QTM functions similarly to a classical TM, but where the TM head

and tape configuration can be in a superposition of states [BV97]. At each time-step of the QTM

evolution, the tape configuration and control head update is described by a unitary U which is

determined by the QTM transition rules. If the initial QTM configuration is |ψ⟩, the state at the

next time-step is U |ψ⟩. A more detailed description is given in [BV97].

Similar to the PSPACE-hardness proof, we run TM2 and TM3 only if the computation

outputs an accepting state. However, in the rejecting state, we choose to run a TM2’, which

is identical to TM2 except it does not flip a1 → a2, but otherwise exactly mimics the motion

of TM2. The analysis of the eigenvalues and eigenstates of the Hamiltonian proceeds identi-

cally: following Section 4.3.2. Since the encoded TMs are guaranteed to halt, we find that the

eigenvalues of the effective Hamiltonian are given as λj(Heff) = 2 cos
(
2πj
T

)
.

4.7.2 Time-Averaged Expectation Values

In order to see the long-time relaxation behaviour of the Hamiltonian, we need to observe

the Hamiltonian for a sufficiently long time.

The only other difference is that the BQP computation will only accept with probability

> 2/3 or < 1/3. Thus, we use a standard amplification procedure to push the acceptance proba-

bilities to 1 − 2− polyN and 2− polyN respectively [MW05]. Using the same definition of |wk⟩ as
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Section 4.3.2, we see that

⟨wj|AN |wj⟩



= 0 j < Thalt,

> (1− α)(1− 2− polyN) j > Thalt + T2 and TM1 accepts,

< (1− α)2− polyN j > Thalt + T2 and TM1 rejects.

(4.92)

For the intermediate times, where TM2 is still acting, we note that in the rejecting case

⟨wj|AN |wj⟩ < (1− α)2− polyN .

To simplify the analysis, we first note that provided we are averaging over sufficiently long

times, the averaged expectation value is close to the infinite time value. We prove the following

in Appendix C.1:

Lemma 4.44. Consider the time-averaged expectation value:

ĀN(τ) =
1

τ

∫ τ

0

dt⟨ψ0|eiHtANe
−iHt|ψ0⟩. (4.93)

Then, the following bound between the infinite time and finite time expectation values holds:

|ĀN(τ)− ĀN | = O

(
T 2

τ

)
. (4.94)

Hence we simply need to choose τ ≫ T 2 and our analysis will reduce to the analysis in infinite

time limit. Since T = polyN , for convenience we choose τ = p(N)T 2, for some polynomial p,

as an appropriate (but still polynomial) time period. Repeating the analysis of Section 4.3.3, we
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find that

ĀN(τ)


> 1

2
(1− α)(1− 1/polyN)−O

(
1

p(N)

)
TM1 accepts,

< O
(

1
p(N)

)
TM1 rejects.

(4.95)

We can then verify that the promise is satisfied for this Hamiltonian provided in an identical way

to Lemma 4.26, but noting that T = O(polyN).

Theorem 4.45. FTFSRelax is BQP-complete.

Proof. By the above analysis, the value of ĀN(τ) can be made to depend on whether an instance

of a BQP-complete problem is accepted or rejected, so FTFSRelax is BQP-hard. Further, due

to the promise, we can estimate ĀN to constant precision by simply simulating Hamiltonian

evolution for polynomial time and measuring AN . Hence FTFSRelax ∈ BQP, which implies

FTFSRelax is BQP-complete.

4.8 Discussion

We have shown there exist Hamiltonians for which, given an initial state and an observable

to measure, predicting the long-time average of the observable is computationally intractable

even for a quantum computer. An immediate consequence of this is that, assuming PSPACE does

not collapse to a lower (easy) complexity class, there is no “easy” way of generically determining

whether a given Hamiltonian and initial state thermalizes. This should be compared to the eigen-

state thermalization hypothesis, which states that Hamiltonians satisfying certain conditions on

their matrix elements should thermalize. Hence, either checking whether a Hamiltonian satisfies

the conditions of the ETH on its matrix elements must not be computationally easy, or the ETH
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must not be a full characterization of all Hamiltonians which thermalize.

We briefly discuss here the similarities and differences between our construction and that

of Shiraishi and Matsumoto [SM21]. Primarily, their work focuses on systems in the thermody-

namic limit (i.e. N → ∞), while we focus on finite sized systems. While their result applies

to almost-uniform product state inputs, our hardness construction is for non-uniform product

state inputs in order to satisfy the promise of inverse-exponentially-separated eigenvalues for the

eigenvectors with support on the input state. We take advantage of this relaxation to change the

Turing machines used, as we do not need to decode the input to the URTM. We also make use

of a more concise local Hilbert space for our hardness proof of FSRelax, although we currently

require greater local dimension to prove the hardness of FSTherm(MC). Finally, as their result

shows undecidability, they do not need to prove containment for their decision problem. Our

contribution in this work also includes PSPACE algorithms to compute the long time observable

average, as well as the microcanonical expectation values, and thereby decide FSTherm(MC).

There are several limitations to our work. In our tuning construction, we showed hardness

for a restricted family of microcanonical states, with energy windows having inverse-logarithmic

width ratio with the Hamiltonian norm. This is a technical restriction which arises due to the com-

plexity of preparing the microcanonical state. In addition, in our proof of PSPACE-containment

of FSTherm(MC), we assumed that w = Ω( 1
polyN

). In future work, we hope to show PSPACE-

completeness for the more general microcanonical state, with narrower energy windows. Our

tuning construction also requires large local Hilbert space dimension. We hope to refine this re-

sult in future versions of this work. A hardness result with low local dimension would make our

results much more applicable to ‘natural’ Hamiltonians.
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Further Work While in Section 4.4 we showed that FSTherm(MC) is contained in PSPACE for

both the Gibbs ensemble and the microcanonical ensemble with greater than inverse-polynomial

width of the energy window, our hardness proof in Section 4.6 only applies to the microcanonical

ensemble with an energy window w = Ω(∥H∥/√logN). Further, the hardness proof relies on

a quantum polynomial time reduction as opposed to a more standard classical polynomial time

reduction. In future work, we hope to show hardness under the more standard reduction, as

well as for most general ensembles. In Section 4.6.4, we presented a conjecture under which

FSTherm(Gibbs) is PSPACE-hard. If this conjecture is true, then combined with Lemma 4.36,

FSTherm(Gibbs) is PSPACE-complete (and using only a classical polynomial time reduction).

In future work, we hope to verify this conjecture. Our argument in Section 4.6.4 that there is a

classical polynomial time reduction from FSHalt to FSTherm(Gibbs) (if our conjecture is true)

makes use of the fact that in 1D for constant β, there exists a polynomial time classical algorithm

to compute Gibbs expectation values [AC21]. This algorithms make use of the locality of H

and exponential decay of correlations to construct matrix product operators for Gibbs states.

In our tuning construction in Section 4.6.2 to prove hardness of FSTherm(MC), which relies

on computing local observables, we do not make use of the additional structure of H when

estimating local observables of ρMC. One possible strategy to make the reduction from FSHalt to

FSTherm(MC) classical rather than quantum could be to make use of this structure to show that

local observables of ρMC can be estimated efficiently classically. Such an approach may show

that FSTherm(MC) is indeed PSPACE-complete.

One direction for future work is investigating complexity of different formulations of ther-

malization and equilibration. An example of a notion of thermalization and ensembles that is

not captured by our work is equilibration of integrable systems to generalized Gibbs ensem-
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bles [Rig+07; DAl+16]. An additional open question is related to thermalization of subsys-

tems. For example, in a system with two parts A,B, with dynamics generated by a hamiltonian

H = HA+HB +HAB, we may like to know under which conditions and inverse temperatures β

the behavior of subsystem A is captured by the Gibbs ensemble ∝ e−βHA .

An alternative route to further research is to consider the reasons why Hamiltonians do

not thermalize from a complexity-theoretic perspective. Some relevant thermalization-inhibiting

phenomena include many-body localization (MBL) and quantum scars. While the complexity of

simulating systems with MBL been studied previously [Hua15; Ehr+22], the authors of this work

do not know of any results concerning the complexity of determining MBL from a description of

the Hamiltonian.

Two additional obvious and interesting paths are as follows: finding constructions with

smaller local Hilbert space dimensions, and proving a complexity result without the assumption

on the gap between eigenvalues. Recent work has shown the presence of ultraslow relaxation

in systems based on the complexity of word problems, with small local dimension [Bal+24]. In

future work we hope to explore whether similar techniques can be used to yield results on the

hardness of thermalization but with smaller local dimension.
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Chapter 5: Outlook

Quantum information science elevates information to a physical quantity that can be stud-

ied much like energy and momentum. Information can be quantified, transferred, and treated as a

resource in physical systems. In Chapter 1, we set out with the goal of investigating the dynamics

of quantum information in local systems. These dynamics are important from two perspectives.

The first is that of quantum computation. Scalable quantum architectures are constrained by lo-

cality and a natural way to implement interactions between their parts is by moving information

around. By performing quantum routing, we may simulate all-to-all interactions, thereby over-

coming connectivity constraints. However, implementing these permutations induces an over-

head in circuit depth or the time taken for various quantum information tasks. It is hence crucial

to find optimal protocols as well as lower bounds for this task.

The other perspective on information dynamics that we investigated arises from equilibra-

tion. The theory of statistical physics has been remarkably successful at describing the behavior

of large, complex systems using a small number of macroscopic properties. One reason for this

success is the fact that such complex systems evolve over sufficiently long times in such a way as

to be well-approximated by statistical ensembles that only depend on the macroscopic properties

of the initial state. The process by which systems evolve over time and observable averages take

on fixed values is known as equilibration or relaxation. In the case of relaxing to the thermal state
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(a statistical ensemble), this process is known as thermalization. While relaxation and thermal-

ization in classical systems have been well understood, there has not been a conclusive answer

elucidating their mechanism in quantum systems. This is due to the fact that unlike classical

systems, isolated quantum systems evolve unitarily and hence cannot ‘lose memory’ of the initial

state (and the large number of associate microscopic properties). Nevertheless, isolated quantum

systems appear to thermalize and can be well-approximated by statistical ensembles. One pro-

posed explanation for this has been due to information dynamics. It has been suggested that as

quantum systems evolve, local information becomes spread and small subsystems become entan-

gled with the rest of the system. This leads to local systems losing memory of the initial state

and microscopic properties, which allows the system to be well-approximated by a statistical

ensemble.

With these perspectives, our investigations aimed to address the following two questions:

Question 1. How fast can we engineer flow of information in quantum systems?

Question 2. How fast does information flow in quantum systems when we do not control

it, and how hard is it to make predictions about such uncontrolled systems?

Chapter 2 and Chapter 3 of this thesis investigate the first question through the lens of

quantum routing, while parts of Chapter 3 and Chapter 4 investigate the second through the lens

of entanglement dynamics and thermalization. We briefly recap some of our main results. In

Chapter 2, we investigated the use of mid-circuit measurements and classical feedback to speed

up quantum routing. The ability to perform mid-circuit measurements and feedback enables the

violation of Lieb-Robinson bounds on information transfer. We found classes of permutations

and architecture graphs for which teleportation enabled a speedup over swap-based methods. We

designed a graph for which teleportation obtains a O(logN) speedup over swap-based routing
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even for worst-case permutations. Our main result was a bound on the advantage of teleportation

routing over swap-based routing, showing that for worst-case permutations, on any graph the

maximum speedup in routing time is O(
√
N logN). In Chapter 3, we investigated quantum rout-

ing with continuous-time evolution in systems with a vertex bottleneck. We showed an improved

lower bound on routing in such systems. We also designed an optimal routing protocol on the

star graph for free particles, which obtains a polynomial speedup over gate-based routing.

Our investigation in Chapter 3 also addressed Question 2 by considering the case of un-

controlled flow of quantum information. We investigated the entanglement dynamics in systems

with a vertex bottleneck. Existing results such as the small incremental entangling theorem (SIE)

only consider the worst-case entanglement dynamics, which meant they could not provide a tight

bound for routing. Using similar techniques to those developed for our routing lower bound,

we showed a tighter upper bound on the amount of bipartite entanglement that can be generated

in time t through a vertex bottleneck. Instead of just the worst-case, we considered the typical

entanglement dynamics for random input states drawn from a 1-design.

In Chapter 4, we addressed Question 2 from the perspective of thermalization, making use

of tools from computational complexity theory. While much research has focused on the question

of when (and why) thermalization or relaxation occur, we show that this question is actually hard

to decide even for a quantum computer. In particular, we showed that the problem of deciding

whether a system thermalizes is PSPACE-complete.

At the end of each chapter, we have discussed corresponding conclusions and open ques-

tions in detail. Here, we present some discussions and directions for future investigation from the

perspective of the full thesis. Chapter 3 indicates that the answer to Question 1 is subtle and de-

pends on more than just the geometry of the architecture. Whether we have local ancillas, and the
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strength of those local interactions, can greatly affect the time taken for routing. An example of

this is routing on the vertex barbell. In the presence of ancillas (with arbitrarily fast interactions

between the data qubits and their corresponding ancillas) we can perform routing much faster

than our bound without ancillas, and we conjecture that it can be performed in poly(log(N))

time on the vertex barbell graph with N vertices. One possible direction for future research is

investigating the possibility of speedups for quantum routing using both Hamiltonian evolution

and LOCC. While we have constructed examples of speedups over gate-based routing for each

case, we have not designed speedups that make use of both. Since Hamiltonian routing appears

to have an advantage for vertex bottlenecks (which our teleportation routing model remains lim-

ited by), and teleportation routing has an advantage for permutations that make use of long paths

(which Hamiltonian routing is limited by), it seems promising that a powerful routing model that

makes use of both Hamiltonian routing and LOCC may obtain larger speedups.

Another possible direction for future work is investigating the complexity of decision prob-

lems related to entanglement dynamics. Whether or not a state is highly entangled has implica-

tions for its simulability and our ability to make predictions about its observables. The importance

of entanglement as a resource and to shed light on quantum phenomena has prompted several in-

vestigations into identifying its presence, quantity, and structure in a variety of different scenarios

[Gut+15; Ami+08; BZZ24; BGW24; Bak+24; BO20; Gha10]. While we showed that it is com-

putationally complex to determine whether a system relaxes at long times, our results do not

specifically address the entanglement of the state at long times. For general mixed states, the

problem of deciding whether they are entangled or not (given as input the entries from their den-

sity matrix, which may themselves be hard to obtain) is known to be NP-hard [Gha10]. On the

other hand, for pure states this problem is classically easy since pure state density matrices are
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rank 1 (albeit still requiring the full classical description of the state). In a more restricted setting

where only the Hamiltonian is given as input, it has been shown that learning the ground state en-

tanglement is cryptographically hard [BZZ24; Bou+24]. Some related questions for future work

are thus to determine the complexity of estimating the amount of entanglement, or the location

of entanglement in thermal states. While Bakshi et al. [Bak+24] show that thermal entanglement

vanishes at high temperatures, an open direction for investigation is thermal entanglement at low

temperatures. Alternatively, one could investigate the same questions for states obtained after

evolving a given initial under a given input Hamiltonian for a long time (and possibly equilibrat-

ing).

Finally, a potential direction for further related research is characterizing the time required

for relaxation or thermalization to occur (or determining the computational complexity of clas-

sifying the thermalization timescale). Recently, there has been much interest in quantum algo-

rithms to prepare Gibbs states and sample from them, particularly due to the classical compu-

tational hardness of this task [CKG23; BCL24]. Crucially, existing algorithms for Gibbs state

preparation are only efficient in systems that have the property of mixing/thermalizing rapidly.

One potential direction for future research is to further classify and identify properties of systems

which mix rapidly and are hence amenable to such algorithms, as in Rouzé et al. [RFA24]. Al-

ternatively, similarly to our result in Chapter 4, it may be possible to show that deciding whether

a system mixes rapidly, or estimating the relaxation time are computationally complex.
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Appendix A: Appendices for Chapter 2

A.1 Sparse routing

Previous work [Bap+23] shows anO(diam(G)+k2) swap-based routing algorithm to route

k vertices on a graph G. In this Appendix, we show that using swap s with a constant number of

ancillas per qubit, this result can be improved to be linear in k.

We first introduce the following definitions.

Definition A.1.1 (Null token). A null token is a dummy token that can be routed anywhere. In

quantum routing, all ancillas are initialized with a null token in state |0⟩.

Definition A.1.2 (Train). A train is a set of non-null tokens along a path subgraph of G.

Now we show how a train can advance, i.e., translate by 1 along its length.

Lemma A.1.3. A train can advance in depth 5.

(a) Line 2 (b) Line 4 (c) Line 5

(d) Line 7 (e) Line 8 (f) Advanced train

Figure A.1: Advancing a train of tokens, as in Algorithm A.1.1. Blank vertices hold state |0⟩.
The dashed lines represent connections with the local ancilla qubits.
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· · ·

(a) The blue train advances one vertex at a time.

· · ·

(b) The red train waits for the blue train, but
remains in the same connected token cluster.

· · ·

(c) The red train is concatenated to the blue
train.

· · ·

(d) Once concatenated, they move as a single
train.

Figure A.2: Joining trains of tokens.

Algorithm A.1.1: Advance a train
Input: Train T from vertices 0 to l − 1 on a path. Vertex l has a null token. The data

token on vertex i is data(i), and the token on the corresponding ancilla is
ancilla(i).

1 parallel for i = 1, 3, . . . :
2 swap data(i) with ancilla(i)
3 parallel for i = 0, 2, 4, . . . :
4 swap data(i) with data(i+ 1)
5 swap data(i+ 1) with ancilla(i+ 1)

6 parallel for i = 1, 3, . . . :
7 swap data(i) with data(i+ 1)
8 swap data(i) with ancilla(i)
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Algorithm A.1.2: Token cluster movement
Input: Set of token clusters; vertex r.

1 In each token cluster, advance the train with head closest to r by 1 using
Algorithm A.1.1.

2 If any two token clusters are adjacent, join them as a single token cluster.
3 If the head of any train T1 is adjacent to the tail of another train T2, join them as a

single train with the head of T2 and the tail of T1.

Proof. Suppose we want to move a train of length l towards some vertex r. We define the head of

a train as the token on the vertex closest to r, and the tail as the token on the vertex furthest from

r. Consider the path subgraph spanned by the vertices the train lies on as well as the vertices of

the shortest path from the head to r. Let the tail lie on vertex 0, and head lie at vertex l − 1. We

use Algorithm A.1.1 to advance the train such that after 5 time steps, the tail of the train is at

vertex 1 and the head at l. This procedure is depicted in Fig. A.1.

We now define a token cluster.

Definition A.1.4 (Token cluster). A token cluster is a set of trains such that each train contains a

token on a vertex that is adjacent to a vertex with a token from another train in the token cluster.

Token clusters move as in Fig. A.2, by Algorithm A.1.2. Once a train joins a token cluster,

it remains connected and part of the token cluster.

We now prove Theorem 2.5, which we reproduce here for clarity.

Theorem 2.5 (Sparse routing). For any N -vertex connected simple graph G and k ∈ [N ],

rtswap(G, k) = O(diam(G) + k). (2.14)
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Proof. Let us call the k tokens on vertices

{v ∈ V (G) | π(v) ̸= v} (A.1)

marked tokens, and let the remaining token be unmarked tokens. Our algorithm involves three

phases.

Phase 1: First, we swap the unmarked tokens into local ancilla qubits and store them there

for the duration of routing. Every vertex that initially held an unmarked token now holds a null

token.

Next, we select some vertex r of G arbitrarily (in practice, selecting r to be at the center

of the graph may provide constant-factor speedups). We now move all marked tokens towards

vertex r by swap ping along the shortest possible paths, until the tokens span a set of vertices

forming a tree connected to r. The tokens are moved in parallel, and when their paths intersect,

the tokens move as trains, as per Lemma A.1.3. When the paths of multiple trains intersect, they

form a token cluster, and can be moved as in Algorithm A.1.2.

Any given train is at most diam(G) distance away from r at the start of Phase 1. At every

time step, a train either advances by 1 vertex towards r, or is part of a token cluster in which

another train closer to r advances. Therefore, every token cluster becomes connected to r in depth

O(diam(G)), since in every token cluster, at least 1 train must reach r in depth O(diam(G)). In

particular, in O(diam(G)) depth, all non-null tokens must span a tree containing r, and thus have

merged into a single token cluster.

Phase 2: Now we have k vertices spanning a tree T . Suppose token v is mapped to the

vertex t(v) in T after Phase 1. Note that the token u that was originally at t(v) must also be
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a marked token, and therefore must now lie in T . We route the tokens on T according to a

permutation π′ such that

π′(t(v)) := t(π(v)) (A.2)

for all t(v) ∈ V (T ), in depth 2k [ACG94].

Phase 3: We now simply perform Phase 1 in reverse. During Phase 1, the marked token

at u was mapped to t(u). Therefore, after Phase 3, the token at t(u) is mapped to vertex u.

Therefore, the following mapping is applied to all vertices with marked tokens:

u
Phase 1−−−→ t(u)

Phase 2−−−→ t(π(u))
Phase 3−−−→ π(u). (A.3)

The combined depth of the three phases is at most O(k + diam(G)).

A.2 Proof of diameter-expansion trade-off

In this appendix, we prove Lemma 2.7, adapting Proposition 3.1.5 from [Kow19] to vertex

neighborhoods rather than edge neighborhoods.

Lemma 2.7. For any connected simple graph G,

diam(G) ≤ 2
log N

2

log (1 + c(G))
+ 2. (2.28)

Proof. For any vertex v ∈ V , denote by C(v, k) the set of all vertices that are at distance k from

v. We call C(v, k) a circle of radius k centered on v. Note that C(v, k) ∩ C(v, k′) = ∅ when

160



k ̸= k′. Next, define

D(v, k) :=
k⋃
r=0

C(v, r) (A.4)

to be the disk of radius k centered on v. Observe that C(v, 0) = D(v, 0) = {v}. Finally, choose

an integer ρ(v) such that |D(v, ρ(v))| ≤ N/2 < |D(v, ρ(v) + 1)| and call it the horizon of v. For

any vertex, a horizon exists and is an integer between 0 and diam(G)− 1.

By definition, for all k ≤ ρ(v) + 1, we have

|C(v, k)| ≥ c(G) · |D(v, k − 1)|. (A.5)

Applying this inequality gives

|D(v, ρ(v))| = |C(v, ρ(v))|+ |D(v, ρ(v)− 1)| (A.6)

≥ (1 + c(G))|D(v, ρ(v)− 1)|. (A.7)

Recursing until we reach the base case D(v, 0) = {v}, we obtain

N/2 ≥ (1 + c(G))ρ(v), (A.8)

giving

ρ(v) ≤ log(N/2)

log(1 + c(G))
. (A.9)

Next, for any two vertices u, v ∈ V , let d(u, v) denote the distance between u, v. We claim that

d(u, v) ≤ ρ(u) + ρ(v) + 2. (A.10)
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To see this, note that by definition, |D(u, ρ(u) + 1)| > N/2 and |D(v, ρ(v) + 1)| > N/2, which

implies that D(u, ρ(u) + 1)
⋂
D(v, ρ(v) + 1) ̸= ∅ by the pigeonhole principle. Therefore, there

exists a vertex t such that d(u, t) ≤ ρ(u) + 1 and d(t, v) ≤ ρ(v) + 1. By the triangle inequality,

we have d(u, v) ≤ ρ(u) + ρ(v) + 2 as claimed.

Finally, we use Eq. (A.9) and maximize the distance over all vertex pairs u, v to get

diam(G) ≤ 2 log(N/2)

log(1 + c(G))
+ 2 (A.11)

as claimed.
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Appendix B: Appendices for Chapter 3

B.1 Proof of Lemma 3.12

In this section, we prove Lemma 3.12. First, we upper bound the Frobenius norms of

commutators of terms in the Hamiltonian, which allows us to construct low-depth circuit approx-

imations to the Hamiltonian evolution using the Trotter-Suzuki formula.

Lemma B.1.1. Given a sequence η1, . . . , ηP+Q ∈ {LC,R}, let the nested commutator

[HηP+Q
, . . . , [Hη2 , Hη1 ]] include HLC a total of P times and HR a total of Q times. Then there

exists an f(P,Q) > 0 with no dependence on NL, NC , NR such that

∥[HηP+Q
, . . . , [Hη2 , Hη1 ]]∥F ≤ f(P,Q)

√
NP
LN

Q
RNC . (B.1)

Proof. The proof strategy is as follows. We first show that the nested commutator can be ex-

pressed in terms of sums over Pauli strings with bounded coefficients, using induction to bound

the coefficients. The base case is the first-order commutator. We write out terms of the commu-

tator and regroup coefficients of identical Pauli strings that originate from products of different

terms, and then bound the resulting coefficient. We take a similar approach to recursively identify

the structure of the higher-order nested commutator and bound its coefficients. Finally, we use

orthogonality of Pauli strings under the Frobenius norm to compute the bound of Eq. (B.1).
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For convenience, we re-label the terms in H:

H(L) =
∑
l1∈L

h
(L)α1

l1
Xα1
l1
, H(LL) =

∑
l1,l2∈L
l1<l2

h
(LL)α1α2

l1,l2
Xα1
l1
Xα2
l2
, H(LC) =

∑
l1∈L
c1∈C

h
(LC)α1γ1
l1,c1

Xα1
l1
Xγ1
c1
,

H(C) =
∑
c1∈C

h(C)γ1
c1

Xγ1
c1
, H(CC) =

∑
c1,c2∈C
c1<c2

h(CC)γ1γ2
c1,c2

Xγ1
c1
Xγ2
c2
,

H(R) =
∑
r1∈R

h(R)β1
r1

Xβ1
r1
, H(RR) =

∑
r1,r2∈R
r1<r2

h(RR)β1β2
r1,r2

Xβ1
r1
Xβ2
r2
, H(RC) =

∑
r1∈R
c1∈C

h(CR)β1γ1
r1,c1

Xβ1
r1
Xγ1
c1

(B.2)

(recall that we use the Einstein summation convention for α1, α2, β1, β2, γ1, γ2 ∈ {1, 2, 3}). Here,

∀ i, li ∈ L, ri ∈ R, ci ∈ C. We number the vertices in L,C,R uniquely so that these are disjoint

sets. We group these terms as

HLC = H(L) +H(LL) +H(LC) +H(C) +H(CC), (B.3a)

HR = H(R) +H(RR) +H(RC). (B.3b)

As mentioned above, we proceed by induction. For any sequence η1, . . . , ηP+Q ∈ {LC,R},

suppose there are P ≥ 1 LCs and Q ≥ 1 Rs (the order does not matter). We will show by

induction that the corresponding nested commutator, which we call a (P,Q)-commutator, is of
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the form

[HηP+Q
, . . . , [Hη2 , Hη1 ]] =

P∑
p1=0

P+1−p1∑
p2=1

Q∑
q=0

∑
l1<l2<···<lp1

∑
c1<c2<···<cp2

∑
r1<r2<···<rq

A
α1···αp1 ,β1···βq ,γ1···γp2
l1···lp1 ,r1···rq ,c1···cp2 ;P,Q

Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
,

(B.4)

where

|Aα1···αp1 ,β1···βq ,γ1···γp2
l1···lp1 ,r1···rq ,c1···cp2 ;P,Q

| ≤ cP,QNL
(P−p1)/2NR

(Q−q)/2NC
(1−p2)/2, (B.5)

and where cP,Q is a constant that does not depend on NL, NC , NR.

The base case is the first-order commutator

[HLC , HR] =
∑
c1,r1,c′1

h(C)γ1
c1

h
(CR)β1γ′1
r1,c′1

Xβ1
r1
[Xγ1

c1
, X

γ′1
c′1
] +

∑
c1,c2,r1,c′1

h(CC)γ1γ2
c1,c2

h
(CR)β1γ′1
r1,c′1

Xβ1
r1
[Xγ1

c1
Xγ2
c2
, X

γ′1
c′1
]

+
∑

l1,c1,r1,c′1

h
(LC)α1γ1
l1,c1

h
(CR)β1γ′1
r1,c′1

Xβ1
r1
Xα1
l1
[Xγ1

c1
, X

γ′1
c′1
]. (B.6)

By expanding the commutators and grouping terms based on which sites they are supported (i.e.,

act non-trivially) on, we can rewrite this in the form

[HLC , HR] =
∑
r1,c1

Aβ1γ̃1r1c1
Xβ1
r1
X γ̃1
c1

+
∑
r1,c1,c2

Aβ1γ̃1γ̃2r1c1c2
Xβ1
r1
X γ̃1
c1
X γ̃2
c2

+
∑
l1,r1,c1

Aα1β1γ̃1
l1r1c1

Xα1
l1
Xβ1
r1
X γ̃1
c1
.

(B.7)

Aβ1γ̃1r1c1
, Aα1β1γ̃1

l1r1c1
, Aβ1γ̃1γ̃2r1c1c2

are coefficients of distinct Pauli strings in Eq. (B.7). For conciseness, we

leave P,Q implicit in our notation for the first-order commutator, where P = Q = 1. Also note

that, for example, the coefficients Aα1β1γ̃1
l1r1c1

and Aβ1γ̃1γ̃2r1c1c2
are distinguishable since the lower indices
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come from distinct sets (e.g., l1 ∈ L and r1 ∈ R). Each Aβ1γ̃1r1c1
is a sum of coefficients of Xβ

r1
X γ̃1
c1

from Eq. (B.6):

Aβ1γ̃1r1c1
= 2

∑
γ1,γ′1

h(C)γ1
c1

h(CR)β1γ′1
r1,c1

I[Xγ1
c1
Xγ′1
c1

= X γ̃1
c1
], (B.8)

where I[x] is the indicator function that returns 0 (1) if x is false (true). For each Aβ1γ̃1r1c1
, there are

four contributing terms from Eq. (B.6) (counting the multiplicity factor 2 in Eq. (B.8)), obtained

by expanding the commutator and making use of the Pauli multiplication rules. The number of

such terms is the number of valid indices (c1, r1, c′1, β1, γ1, γ
′
1) that, on regrouping Eq. (B.6) to the

form Eq. (B.7), contribute to terms with new indices (c1, r1, β1, γ̃1). A tilde on an index indicates

that it is an updated index in the commutator formed by the multiplication of two Paulis as in

Eq. (B.8), where γ̃1 is the index corresponding to the single-qubit Pauli obtained on multiplying

Xγ1 and Xγ′1 . Indices without a tilde are unchanged and are identical to those in HLC , HR.

Likewise, each Aα1β1γ̃1
l1r1c1

is the sum of four coefficients from Eq. (B.6), and each Aβ1γ̃1γ̃2r1c1c2
is

the sum of eight coefficients.

Hence

|Aβ1γ̃1r1c1
| ≤ 4max |h(C)γ1

c1
h(CR)β1γ1
r1,c1

| ≤ 4
√
N, (B.9a)

|Aα1β1γ̃1
l1r1c1

| ≤ 4max |h(LC)α1γ1
l1,c1

h(CR)β1γ1
r1,c1

| ≤ 4, (B.9b)

|Aβ1γ̃1γ̃2r1c1c2
| ≤ 8max |h(CC)γ1γ2

c1,c2
h
(CR)β1γ′1
r1,c′1

| ≤ 8. (B.9c)
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Now, as different Pauli strings are orthogonal with respect to the Frobenius norm, we have

∥[HLC , HR]∥2F ≤
∑
c1,r1

16N +
∑
c1,c2,r1

64 +
∑
l1,c1,r1

16

≤ 16N ×NC ×NR + 64N2
C ×NR + 16NL ×NC ×NR, (B.10)

satisfying Eq. (B.1) for P = Q = 1 because we have assumed NL is larger than NR, NC .

We now consider higher-order commutators. We use the induction hypothesis Eq. (B.4)

to prove that the same equation holds for the (P + 1, Q)-commutator, i.e., adding one more

outermost commutator with HLC . The case P̃ = P , Q̃ = Q + 1 follows analogously. We use a

tilde to denote next-order quantities, e.g., the numbers of LCs and Rs in the new η sequence are

P̃ = P + 1, Q̃ = Q. (B.11)

We use · · · to indicate products over intermediate indices. For example, Xα1
l1

· · ·Xαj

lj

indicates
∏j

i=1X
αi
li

. We also use X0
j to denote the identity operator for any j. We write

l /∈ −→
lp1 as shorthand for l /∈ {l1, . . . , lp1}, and similarly for c /∈ −→cp2 , etc. We also abbrevi-

ate Aα1···αp1 ,β1···βq ,γ1···γp2
l1···lp1 ,r1···rq ,c1···cp2 ;P,Q

as A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
. We first compute the commutators of terms in HLC

(whose indices are labeled by primes, e.g., Xα′
1

l′1
X
γ′1
c′1

) with terms from the (P,Q)-commutator

(whose indices are labeled without primes, e.g., Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
).

First, we consider the commutator with H(L). Any term X
α′
1

l′1
in H(L) is non-commuting
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with Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
iff ∃ j such that lj = l′1 and αj ̸= α′

1. Therefore,

[H(L), A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
]

=
∑
l′1∈L

h
(L)α′

1

l′1
A

−−→αp1 ,
−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
I[l′1 = lj]X

α1
l1

· · ·X0
lj
· · ·Xαp1

lp1
Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
[X

α′
1

l′1
, X

αj

lj
].

(B.12)

Now we consider terms in H(LL). For a term X
α′
1

l′1
X
α′
2

l′2
, we divide the terms from the (P,Q)-

commutator which have the form Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
into those with exactly

one overlapping site with l′1, l
′
2 or exactly two overlapping sites. The commutator is thus ex-

pressed as

[H(LL), A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
]

=
∑
l1,l2∈L
l1<l2

h
(LL)α′

1α
′
2

l′1,l
′
2

A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
×

(
I[l′1 = lj]I[l′2 /∈

−→
lp1 ]X

α1
l1

· · ·X0
lj
· · ·Xαp1

lp1
X
α′
2

l′2
[X

α′
1

l′1
, X

αj

lj
] (B.13)

+ I[l′1 /∈
−→
lp1 ]I[l′2 = lj]X

α1
l1

· · ·X0
lj
· · ·Xαp1

lp1
X
α′
1

l′1
[X

α′
2

l′2
, X

αj

lj
] (B.14)

+ I[l′1 = lj1 ]I[l′2 = lj2 ]X
α1
l1

· · ·X0
lj1

· · ·X0
lj2

· · ·Xαp1
lp1

[X
α′
1

l′1
X
α′
2

l′2
, X

αj1
lj1
X
αj2
lj2

]

)
. (B.15)

Now we look at the commutator with H(LC). Similarly to H(LL), we divide terms of the order-

(P + Q) nested commutator into those that have exactly one or two overlapping sites with each
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term of H(LC). Therefore,

[H(LC), A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
]

=
∑
l1∈L
c1∈C

h
(LC)α′

1γ
′
1

l′1,c
′
1

A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xβ1
r1

· · ·Xβq
rq ×

(
I[l′1 = lj]I[c′1 = ck]X

α1
l1

· · ·X0
lj
· · ·Xαp1

lp1
Xγ1
c1
· · ·X0

ck
· · ·Xγp2

cp2
[X

α′
1

l′1
X
γ′1
c′1
, X

αj

lj
Xγk
ck
] (B.16)

+ I[l′1 /∈
−→
lp1 ]I[c′1 = cj]X

α1
l1

· · ·Xαp1
lp1

X
α′
1

l′1
Xγ1
c1
· · ·X0

cj
· · ·Xγp2

cp2
[X

γ′1
c′1
, Xγj

cj
] (B.17)

+ I[l′1 = lj]I[c′1 /∈ −→cp2 ]Xα1
l1

· · ·X0
lj
· · ·Xαp1

lp1
Xγ1
c1
· · ·Xγp2

cp2
X
γ′1
c′1
[X

α′
1

l′1
, X

αj

lj
]

)
. (B.18)

Now we consider the commutator with H(C), which is analogous to the commutator with H(L):

[H(C), A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
]

=
∑
c′1∈C

h
(C)γ′1
c′1

A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
I[c′1 = cj]X

α1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·X0

cj
· · ·Xγp2

cp2
[X

γ′1
c′1
, Xγj

cj
].

(B.19)
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The case for H(CC) is analogous to the commutator with H(LL):

[H(CC), A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
]

=
∑

c1,c2∈C
c1<c2

h
(CC)γ′1γ

′
2

c′1,c
′
2

A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq ×

(
I[c′1 = cj]I[c′2 /∈ −→cp2 ]Xγ1

c1
· · ·X0

cj
· · ·Xγp2

cp2
X
γ′2
c′2
[X

γ′1
c′1
, Xγj

cj
] (B.20)

+ I[c′1 /∈ −→cp2 ]I[c′2 = cj]X
γ1
c1
· · ·X0

cj
· · ·Xγp2

cp2
X
γ′1
c′1
[X

γ′2
c′2
, Xγj

cj
] (B.21)

+ I[c′1 = cj1 ]I[c′2 = cj2 ]X
γ1
c1
· · ·X0

cj1
· · ·X0

cj2
· · ·Xγp2

cp2
[X

γ′1
c′1
X
γ′2
c′2
, X

γj1
cj1
X
γj2
cj2

]

)
. (B.22)

Overall, the (P + 1, Q)-commutator is

[HLC , [HηP+Q
, · · · , [Hη2 , Hη1 ]]] =

P∑
p1=0

P+1−p1∑
p2=1

Q∑
q=0

∑
l1<l2<···<lp1

∑
c1<c2<···<cp2

∑
r1<r2<···<rq

(
A

−−→αp1 ,
−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q

× [H(L) +H(LL) +H(LC) +H(C) +H(CC), Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
]

)
.

(B.23)

Using Eqs. (B.12) to (B.22) and grouping terms together, we can rewrite this as

[HLC , [HηP+Q
, · · · , [Hη2 , Hη1 ]]]

=
P+1∑
p̃1=0

P+2−p̃1∑
p̃2=1

Q∑
q=0

∑
l̃1<···<l̃p̃1

∑
c̃1<···<c̃p̃2

∑
r1<r2<···<rq

A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

×

X α̃1

l̃1
· · ·X α̃p̃1

lp̃1
X β̃1
r1

· · ·X β̃q
rq X

γ̃1
c̃1
· · ·X γ̃p̃2

cp̃2
. (B.24)

Each coefficient A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

is a sum of coefficients of the

170



form A
−−→αp1 ,

−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
× h, where h is a coefficient from HLC . We can thus

bound ∥Aα̃1···α̃p̃1
,β̃1···β̃q ,γ̃1···γ̃p̃2

l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q
∥ using the induction hypothesis, which bounds

∥Aα1···αp1 ,β1···βq ,γ1···γp2
l1···lp1 ,r1···rq ,c1···cp2 ;P,Q

∥, and by counting the number of terms (and their norms) in each

of Eqs. (B.12) to (B.22) that contribute to the (P + 1, Q) commutator:

• In Eq. (B.12), the number of sites in the support of the commutator is the same as the

number of sites in the support of Xα1
l1

· · ·Xαp1
lp1

Xβ1
r1

· · ·Xβq
rq X

γ1
c1
· · ·Xγp2

cp2
, i.e., p̃1 = p1, p̃2 =

p2. We count the number of terms in the (P + 1, Q) commutator that are obtained from

Eq. (B.12). For a given
−→̃
lp̃1 , we count the number of terms from Eq. (B.12) with l′1,

−→
lp1 that

would produce a term in the (P+1, Q)-commutator with
−→̃
lp̃1 . We see that

−→
lp1 must equal

−→̃
lp̃1 ,

and there are p̃1 choices of l′1 that overlap with a site from
−→
lp1 . As in Eq. (B.9a), we have a

multiplicity of 4, obtained by expanding the commutator and from the Pauli multiplication

rules. Thus, there are at most 4p̃1 terms from Eq. (B.12) which are grouped together in

Eq. (B.24) for each coefficient A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

.

• Similar to the analysis of Eq. (B.12), we count the number of terms of Eq. (B.13) that

contribute to a given
−→̃
lp̃1 . In Eq. (B.13), the number of sites in L in the support of the

commutator increases by 1, so we have p̃1 = p1+1, p̃2 = p2. There are p̃1 choices of l′2 and

p̃1− 1 choices of l′1 that match a given
−→̃
lp̃1 . Hence there are at most 4p̃1(p̃1− 1) coefficients

from Eq. (B.23) that are grouped together in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

.

• Eq. (B.14) is similar to Eq. (B.13). There are at most 4p̃1(p̃1 − 1) coefficients from

Eq. (B.23) that are grouped together in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

.

• Eq. (B.15) is non-zero on terms of H(LL) which have two overlapping sites with terms
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of the (P,Q)-commutator, such that the Paulis commute on one site and anticommute

on the other site. An example of this on two sites is [X1X2, X1Z2] ∝ Y2. Once again,

we count the number of choices of sites l′1, l
′
2,
−→
lp1 in Eq. (B.15) that contribute to a given

A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

, i.e., match the sites
−→̃
lp̃1 . There are at mostNL choices of the site to

be removed (l′2), and p̃1 choices of the site to retain (l′1). For a given Pauli on site l′1, there are

6 commutators that contribute to the coefficient. For example, Y2 can be obtained from the

following commutators: [X1X2, X1Z2], [Y1X2, Y1Z2], [Z1X2, Z1Z2] and the commutators

obtained from these by swapping X2 ↔ Z2. On expanding each commutator, we obtain

two terms. There are thus at most 12NLp̃1 contributing terms from Eq. (B.15) grouped in

A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 = p1 − 1, p̃2 = p2.

• Eq. (B.16) is similar to Eq. (B.15). Terms in Eq. (B.16) have one overlapping site in C

and one overlapping site in L with the (P,Q)-commutator. Similar to Eq. (B.15), the

number of sites decreases, in either C or L. If the site removed is from C, then there are

at most NC choices of the site to be removed (c′1), and p̃1 choices of the site to retain (l′1).

Likewise, if the site removed is from L, then there are NL choices of l′1 and p̃2 choices of

c′1. There are at most 12NLp̃2 terms of Eq. (B.16) grouped in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with

p̃1 = p1 − 1, p̃2 = p2. Likewise, there are at most 12NC p̃1 terms of Eq. (B.16) grouped in

A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 = p1, p̃2 = p2 − 1.

• From Eq. (B.17), the number of sites in L in the support of the commutator increases

by one, while the number of sites in the support from C remains unchanged. Therefore,

there are at most 4p̃1p̃2 terms of Eq. (B.17) grouped in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 =

p1 + 1, p̃2 = p2.
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• Eq. (B.18) is similar to Eq. (B.17), increasing the number of sites from C while leaving the

number of sites from L unchanged. There are at most 4p̃1p̃2 terms of Eq. (B.17) grouped

in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 = p1, p̃2 = p2 + 1.

• Eq. (B.19) is similar to Eq. (B.12). There are at most 4p̃2 terms of Eq. (B.19) grouped in

A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 = p1, p̃2 = p2.

• The analysis of Eq. (B.20) is similar to that of Eq. (B.13). There are at most 4p̃2(p̃2 − 1)

terms of Eq. (B.13) grouped in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 = p1, p̃2 = p2 + 1.

• The analysis of Eq. (B.21) is similar to that of Eq. (B.20). There are at most 4p̃2(p̃2 − 1)

terms of Eq. (B.13) grouped in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with p̃1 = p1, p̃2 = p2 + 1.

• The analysis of Eq. (B.22) is similar to that of Eq. (B.15). Eq. (B.22) is non-zero on terms

of H(CC) which have two overlapping sites with terms of the (P,Q)-commutator, such

that the Paulis on one site anticommute, and on the other site they commute. We count

the number of choices of sites c′1, c
′
2,
−→cp2 that match with a given

−→̃
cp̃2 . There are at most

NC choices of the site to remove (c′2) and p̃2 choices of the site to retain (c′1). Hence

there are at most 12NC p̃2 terms of Eq. (B.22) grouped in A
α̃1···α̃p̃1

,β̃1···β̃q ,γ̃1···γ̃p̃2
l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q

with

p̃2 = p2 − 1, p̃1 = p1.

Eq. (B.24) is the sum of Eqs. (B.12) to (B.22). Applying the triangle inequality to the cases

above, we thus have

∥Aα̃1···α̃p̃1
,β̃1···β̃q ,γ̃1···γ̃p̃2

l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q
∥ ≤ 4p̃1max ∥A

−−→αp1 ,
−→
βq ,

−→γp2−→
lp1 ,

−→rq ,−→cp2 ;P,Q
∥
∣∣∣∣
p1=p̃1,p2=p̃2

+ · · ·

≤ 4p̃1 × cP,QNL
(P−p̃1)/2NR

(Q−q)/2NC
(1−p̃2)/2 + · · · , (B.25)
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where the first term comes from Eq. (B.12), and · · · represents the contributions from the remain-

ing equations. The second line follows from the induction hypothesis [Eq. (B.5)]. Adding the

terms from the analysis of each of Eqs. (B.12) to (B.22), we thus have

∥Aα̃1···α̃p̃1
,β̃1···β̃q ,γ̃1···γ̃p̃2

l̃1···l̃p̃1 ,c̃1···c̃p̃2 ,r1···rq ;P+1,Q
∥

≤
[
(4p̃1 + 4p̃2) +

(
8p̃1

2 + 4p̃1p̃2 − 8p̃1
)√

NL

+
(
8p̃2

2 + 4p̃1p̃2 − 8p̃2
)√

NC + (12p̃2 + 12p̃1)
NC√
NC

+ (12p̃1 + 12p̃2)
NL√
NL

]
× cP,QNL

(P−p̃1)/2NR
(Q−q)/2NC

(1−p̃2)/2

≤
[
(4p̃1 + 4p̃2) +

(
8(P + 1)2 + 4P (P + 1)− 8p̃1

)√
NL

+
(
8P 2 + 4P (P + 1)− 8p̃2

)√
NC + (12(P + 1) + 12P )

NC√
NC

+ (12(P + 1) + 12P )
NL√
NL

]
× cP,QNL

(P−p̃1)/2NR
(Q−q)/2NC

(1−p̃2)/2

≤ (24P 2 + 72P + 32)× cP,QNL
(P+1−p̃1)/2NR

(Q−q)/2NC
(1−p̃2)/2

≤ cP+1,QNL
(P+1−p̃1)/2NR

(Q−q)/2NC
(1−p̃2)/2, (B.26)

where, for example, the term ∝ 4p̃1p̃2
√
NL comes from the contribution of Eq. (B.17), with the

extra factor
√
NL due to p̃1 = p1 + 1. The induction hypothesis, Eq. (B.5), is thus satisfied for

P + 1, Q by choosing cP+1,Q ≥ (24P 2 + 72P + 32)cP,Q.

Now, we use this to show a bound on the commutator norm. Since different Pauli strings
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are orthogonal, the Frobenius norm is bounded as

∥[HηP+Q
, · · · , [Hη2 , Hη1 ]]∥2F

≤
P∑

p1=0

P+1−p1∑
p2=1

Q∑
q=0

∑
l1<···<lp1

∑
c1<···<cp2

∑
r1<r2<···<rq

∥Aα1···αp1 ,β1···βq ,γ1···γp2
l1···lp1 ,c1···cp2 ,r1···rq ;P+1,Q∥2 (B.27)

≤
P∑

p1=0

P+1−p1∑
p2=1

Q∑
q=0

∑
l1<···<lp1

∑
c1<···<cp2

∑
r1<r2<···<rq

c2P+1,QNL
P−p1NR

Q−qNC
1−p2 (B.28)

≤
P∑

p1=0

P+1−p1∑
p2=1

Q∑
q=0

(
NL

p1

)(
NC

p2

)(
NR

q

)
c2P+1,QNL

P−p1NR
Q−qNC

1−p2 (B.29)

≤
P∑

p1=0

P+1−p1∑
p2=1

Q∑
q=0

Np1
L

p1!

Np2
C

p2!

N q
R

q!
c2P+1,QNL

P−p1NR
Q−qNC

1−p2 (B.30)

≤ (f(P,Q))2NL
PNR

QNC , (B.31)

where f(P,Q) does not depend on NL, NC , NR.

Now we are ready to prove Lemma 3.12, which we restate here.

Lemma B.1.2. Consider a graph with a vertex bottleneck. LetH be any time-independent Hamil-

tonian that respects this connectivity. Let Ũ be the architecture-respecting simulation circuit cor-

responding to dividing the time-evolution U = U(H, t) into M equal segments, and simulating

each by the (2k)th-order Trotter-Suzuki formula. Then, Ũ has depth d = 2 × 5k−1M [Zha+22]

and there exists a function g(k), only dependent on k, such that

∥U − Ũ∥F ≤ g(k)
t2k+1

M2k

√
NL

2kNRNC . (B.32)

Proof. We use the decomposition in Eq. (3.35) to define Ũ as the simulation circuit corresponding

to dividing the time-evolution by H , U(H, t), into M equal segments, and simulating each by the
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(2k)th-order Trotter-Suzuki formula. For example, if k = 1,

Ũ =
(
e−i(t/2M)HLCe−i(t/M)HRe−i(t/2M)HLC

)M
. (B.33)

Ũ consists of 2×5k−1M gates each acting on either the left and center qubit, or the right and center

qubit [Zha+22]. We call Ũ the circuit approximation. According to Theorem 2 in Ref. [Zha+22]

(but using the normalized Frobenius norm),

∥U − Ũ∥F ≤ 2(2× 5k−1)2k+1M

(
t

M

)2k+1 ∑
η1,··· ,η2k+1∈{L,R}

∥[Hη2k+1
, · · · , [Hη2 , Hη1 ]]∥F,

≤ 2(4× 5k−1)2k+1M

(
t

M

)2k+1

max
η1,··· ,η2k+1∈{L,R}

∥[Hη2k+1
, · · · , [Hη2 , Hη1 ]]∥F.

(B.34)

Let f ∗
2k+1 := maxP,Q f(P,Q) s.t.P +Q = 2k+1. Then Lemma B.1.1 implies the distance

is bounded by

∥U − Ũ∥F ≤ 2(4× 5k−1)2k+1M

(
t

M

)2k+1√
f ∗
2k+1

√
NL

2kNRNC , (B.35)

which completes the proof with g(k) = 2(4× 5k−1)2k+1
√
f ∗
2k+1.
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Appendix C: Appendices for Chapter 4

C.1 Finite Time-Averaged Expectation Values

In this appendix, we prove Lemma 4.44. First, let us recall the lemma:

Lemma 4.44. Consider the time-averaged expectation value:

ĀN(τ) =
1

τ

∫ τ

0

dt⟨ψ0|eiHtANe
−iHt|ψ0⟩. (4.93)

Then, the following bound between the infinite time and finite time expectation values holds:

|ĀN(τ)− ĀN | = O

(
T 2

τ

)
. (4.94)

Proof. In the finite time case, we can no longer use the integration property of e−i(λi−λj)t. Instead

we write:

ĀN(τ) =
1

τ

∫ τ

0

dt
∑
ij

e−i(λi−λj)c∗i cj⟨λi|AN |λj⟩

=
∑
ij

δ(λi − λj)c
∗
i cj⟨λi|A|λj⟩+

1

τ

∑
ij

∫ τ

[τij ]

dte−i(λi−λj)c∗i cj⟨λi|AN |λj⟩, (C.1)

where for a particular i, j we define [τij] as the largest multiple of the period of e−i(λi−λj) which

177



is less than τ . We have used that e−i(λi−λj) integrates to zero if the integration is done over a

multiple of the oscillatory period. We now want to bound the second term. Using the fact there

are at most T eigenstates, we get:

1

τ

∑
ij

∫ τ

[τij ]

dte−i(λi−λj)c∗i cj⟨λi|AN |λj⟩ ≤
∥A∥
τ

∫ τ

[τij ]

dte−i(λi−λj)c∗i cj⟨λi||λj⟩

=
∥A∥
τ

∫ τ

[τij ]

dt⟨ψ(t)||ψ(t)⟩

≤ ∥A∥
τ

(τ − [τij]) (C.2)

We now note that (τ − [τij]) must be less than a single period of the exponential e−i(λi−λj)t, and

hence (τ − [τij]) ≤ maxij 1/(λj − λi), where maxij 1/(λj − λi) is the maximum period of any

of the complex exponentials. From Section 4.7.1, we see that

λk − λm = cos

(
kπ

T + 1

)
− cos

(
mπ

T + 1

)
. (C.3)

The minimum will be achieved for m = k + 1, hence:

|λk − λk+1| = cos

(
kπ

T + 1

)
− cos

(
(k + 1)π

T + 1

)
≤ 1

2

(
π

T + 1

)2

|[k2 − (k + 1)2]|+O

(
1

T 4

)
=

1

2

(
π

T + 1

)2

(2k + 1) +O

(
1

T 4

)
(C.4)
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The minimum is achieved for k = 0. Hence:

1

τ

∑
ij

∫ τ

[τij ]

dte−i(λi−λj)c∗i cj⟨λi|AN |λj⟩ ≤
∥A∥
τ

(τ − [τij])

≤ O

(
T 2

τ

)
. (C.5)
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