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Quantum information science is a promising, interdisciplinary field focusing on both

understanding and utilizing quantum systems. Two major paradigms of quantum mechanics

are discrete variable (finite dimensional) systems, such as qubits and qudits, and continuous

variable (infinite dimensional) systems, such as bosonic modes. In this dissertation, we

explore the properties, protocols, and applications of both discrete and continuous variable

systems.

In the first part of this dissertation, we study Hilbert space structures called quantum

state designs, which are small ensembles of quantum states that mimic properties of the full

space. While such designs are well-studied in the discrete variable setting, we show that they

can also be defined and constructed in the continuous variable setting. Using specific mul-

timode ensembles, we demonstrate continuous variable shadow tomography protocols which

allow for efficient estimation of expectation values of many observables. Additionally, we use

these ensembles to define notions of average and entanglement fidelities of continuous vari-

able quantum channels, and we derive an explicit relationship between them that resembles



the analogous relationship in the discrete variable setting.

Meanwhile, on the discrete variable side, we construct a theory of designs on the torus and

find general methods for constructing them in arbitrary dimensions. Using these toric designs

and their relationship to quantum state designs, we construct many new and explicit families

of quantum state designs. Furthermore, we use toric designs to prove various structure

theorems about complete sets of mutually unbiased bases.

In the second part of this dissertation, we examine entanglement in continuous variable

systems. Specifically, we analytically derive average and typical entanglement properties, as

measured by all integer Rényi-α entropies, of random ensembles of Gaussian states outputted

from a Gaussian boson sampling device.

Finally, in the third part of this dissertation, we examine the use of qubit systems for

resolving frequency spectrums in signal processing applications. Specifically, we show that a

classical signal whose spectrum contains closely spaced frequencies can be resolved by cou-

pling the signal to a qubit and performing a superresolution protocol. We find general con-

ditions for a protocol to exhibit superresolution and show various analytic and numerically-

optimized protocols that achieve superresolution.



DISCRETE AND CONTINUOUS VARIABLE SYSTEMS: PROPERTIES,
PROTOCOLS, AND APPLICATIONS

by

Joseph Thomas Iosue

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2025

Advisory Committee:
Professor Nathan Schine, Chair
Professor Alexey V. Gorshkov, Co-Chair and Research Advisor
Professor Victor V. Albert, Co-Chair and Research Advisor
Professor Alexander Barg, Dean’s Representative
Professor Mohammad Hafezi



© Copyright by
Joseph Thomas Iosue

2025



Acknowledgements

I would first like to thank my advisors, Alexey Gorshkov and Victor Albert, for their guidance

and support throughout my PhD journey.

Since I first met Alexey when I was in undergrad, he has been a constant source of

inspiration and enthusiasm, and he is what initially drew me to the University of Maryland

for graduate school. Given to his incredible breadth of knowledge and expertise, he has an

uncanny ability to get me “unstuck” with a continuous stream of ideas and new ways of

looking at a problem. He is an exceptional teacher and mentor, and whatever the context,

he has always had my best academic and personal interests in mind. Additionally, his

(apparent) appreciation for my frequent attempts at humor is always confidence-inspiring.

Victor’s ability to consistenly generate new ideas and insights, often by combining seem-

ingly disparate concepts from math, physics, and computer science, has been remarkable to

witness since we began working together. Some of the highlights of my time in graduate

school have been our many long whiteboard sessions, which always reminded me of what

pleasure comes from working together through problems and coming to new understandings.

I only wish we could have spent more time around a chalkboard instead.

I have had the pleasure of working with many other wonderful people during my PhD,

including Alexander Barg, Ansgar Burchards, Yu-An Chen, Jonathan Conrad, Abhinav

Deshpande, Adam Ehrenberg, Chris Fechisin, Michael Gullans, Dominik Hangleiter, Shub-

ham Jain, Zijian Liang, Jacob Lin, Connor Mooney, Leigh Norris, Jeet Shah, Kunal Sharma,

Paraj Titum, Yan-Qi Wang, Yu-Xin Wang, Braydon Ware, James Watson, Yijia Xu, Bowen

ii



Yang, and Jason Youm, all of whom I have had the great fortune of being co-authors with on

various projects. I would especially like to thank Connor, Kunal, Paraj, Yu-Xin, and Adam,

and I hope to have many more collaborations with them in the future. Outside of direct

co-authors, I would like to thank all of the members of the Gorshkov and Albert groups,

especially Jake Bringewatt and Dhruv Devulapalli, for many fun and useful conversations.

I am tremendously grateful to my family for all of their support and for shaping who I

am today. It is hard to fathom everything they have done for me and the great influence

they have been and continue to be on my life. Especially to my mom, who first piqued my

interest in mathematics, and to my dad, who originally sparked my curiosity in mechanics,

thereby naturally leading me down the route of mathematical physics. And 對我的新家

人— 謝謝你們的愛和支持。我很高興叫你們我的家人！

Finally, and most importantly, thank you to my wife, Andrea. You’ve had to put up with

a lot these last five years, not the least being an unhealthy amount of 3AM wake-ups where I

was sure I solved the problem I was laying in bed thinking about, only to then find me tired

and cranky the next morning, at which point I had inevitably determined my subconscious

solution to be flawed. But the day always became brighter with you around, and I am so

fortunate to know that you will always be by my side.

iii



Citations to Previously Published Work

With the exception of Chapter 7 and Appendix E, all the work appearing in this dissertation

has either been published or appears on the preprint server arXiv. The work appearing in

Chapter 7 and Appendix E is currently in preparation to appear on arXiv [1]; this work was

done at and in collaboration with Johns Hopkins University Applied Physics Laboratory.

Other works that I have been involved with during my graduate studies that do not appear

in this thesis are listed below along with a summary of their content.

Part I: Entanglement and Gaussian boson sampling

• Chapter 2 and Appendix A. Ref. [2]. J. T. Iosue, A. Ehrenberg, D. Hangleiter, A.

Deshpande, and A. V. Gorshkov, “Page curves and typical entanglement in linear

optics”, Quantum 7, 1017 (2023), arXiv:2209.06838 [quant-ph]

• Chapter 3 and Appendix B. Ref. [3]. J. Youm, J. T. Iosue, A. Ehrenberg, Y.-X.

Wang, and A. V. Gorshkov, “Average Rényi entanglement entropy in Gaussian boson

sampling”, Phys. Rev. Res. 7, 023125 (2025), arXiv:2403.18890 [quant-ph]

Other works related to Gaussian boson sampling not included in this thesis:

• Ref. [4]. A. Ehrenberg, J. T. Iosue, A. Deshpande, D. Hangleiter, and A. V. Gorshkov,

“Transition of anticoncentration in Gaussian boson sampling”, Phys. Rev. Lett. 134,

140601 (2025), arXiv:2312.08433 [quant-ph]

iv

https://doi.org/10.22331/q-2023-05-23-1017
https://arxiv.org/abs/2209.06838
https://doi.org/10.1103/PhysRevResearch.7.023125
https://arxiv.org/abs/2403.18890
https://doi.org/10.1103/PhysRevLett.134.140601
https://doi.org/10.1103/PhysRevLett.134.140601
https://arxiv.org/abs/2312.08433


Studies anticoncentration in Gaussian boson sampling by using a graph theoretic

approach to compute moments of relevant Hafnians. Finds a transition in anticoncen-

tration, hinting at a transition in sample complexity.

• Ref. [5]. A. Ehrenberg, J. T. Iosue, A. Deshpande, D. Hangleiter, and A. V. Gorshkov,

“Second moment of Hafnians in Gaussian boson sampling”, Phys. Rev. A 111, 042412

(2025), arXiv:2403.13878 [quant-ph]

Companion work to Ref. [4]. Fully develops the graph theoretic approach and

numerically exactly computes the expected value of the linear cross entropy benchmark

in Gaussian boson sampling experiments.

Other works studying entanglement in quantum information more broadly not included

in this thesis:

• Ref. [6]. Z. Liang, Y. Xu, J. T. Iosue, and Y.-A. Chen, “Extracting topological orders of

generalized Pauli stabilizer codes in two dimensions”, PRX Quantum 5, 030328 (2024),

arXiv:2312.11170 [quant-ph]

Develops an algorithm for enumerating and studying the topological and anyonic

properties of translationally invariant Pauli stabilizer codes on qudits of any dimension.

• Ref. [7]. Z. Liang, B. Yang, J. T. Iosue, and Y.-A. Chen, Operator algebra and al-

gorithmic construction of boundaries and defects in (2+1)d topological pauli stabilizer

codes, Oct. 2024, arXiv:2410.11942 [quant-ph]

Extends the results and algorithms from Ref. [6] to systems with boundaries, study-

ing boundary anyons and the bulk-boundary correspondence.

• Ref. [8]. J. Shah, C. Fechisin, Y.-X. Wang, J. T. Iosue, J. D. Watson, Y.-Q. Wang, B.

Ware, A. V. Gorshkov, and C.-J. Lin, Instability of steady-state mixed-state symmetry-

v

https://doi.org/10.1103/PhysRevA.111.042412
https://doi.org/10.1103/PhysRevA.111.042412
https://arxiv.org/abs/2403.13878
https://doi.org/10.1103/PRXQuantum.5.030328
https://arxiv.org/abs/2312.11170
https://arxiv.org/abs/2410.11942


protected topological order to strong-to-weak spontaneous symmetry breaking, Oct. 2024,

arXiv:2410.12900 [quant-ph]

Analytically and numerically studies symmetry protected topological order and

strong to weak symmetry breaking in mixed quantum states.

Part II: Designs

• Chapter 4 and Appendix C. Ref. [9]. J. T. Iosue, K. Sharma, M. J. Gullans, and V. V.

Albert, “Continuous-variable quantum state designs: theory and applications”, Phys.

Rev. X 14, 011013 (2024), arXiv:2211.05127 [quant-ph]

• Chapter 5. Ref. [10]. J. Conrad, J. T. Iosue, A. G. Burchards, and V. V. Albert,

Continuous-variable designs and design-based shadow tomography from random lattices,

Dec. 2024, arXiv:2412.17909 [quant-ph]

• Chapter 6 and Appendix D. Ref. [11]. J. T. Iosue, T. C. Mooney, A. Ehrenberg,

and A. V. Gorshkov, “Projective toric designs, quantum state designs, and mutually

unbiased bases”, Quantum 8, 1546 (2024), arXiv:2311.13479 [quant-ph]

Other works related to designs in quantum information theory not included in this thesis:

• Ref. [12]. S. P. Jain, J. T. Iosue, A. Barg, and V. V. Albert, “Quantum spherical

codes”, Nature Physics 20, 10.1038/s41567-024-02496-y (2024), arXiv:2302.11593

[quant-ph]

Generalizes classical spherical error correction codes to the bosonic quantum set-

ting, and uses tools from designs theory to designs and analyze codes. Some of the

techniques from Part II are used here.

Part III: Sensing

vi

https://arxiv.org/abs/2410.12900
https://doi.org/10.1103/PhysRevX.14.011013
https://doi.org/10.1103/PhysRevX.14.011013
https://arxiv.org/abs/2211.05127
https://arxiv.org/abs/2412.17909
https://doi.org/10.22331/q-2024-12-03-1546
https://arxiv.org/abs/2311.13479
https://doi.org/10.1038/s41567-024-02496-y
https://doi.org/10.1038/s41567-024-02496-y
https://arxiv.org/abs/2302.11593
https://arxiv.org/abs/2302.11593


• Chapter 7 and Appendix E. Ref. [1]. J. T. Iosue, L. Norris, and P. Titum, Superreso-

lution in quantum sensing, To appear, 2025

vii



Table of Contents

Acknowledgements ii

Citations to Previously Published Work iv

Table of Contents viii

List of Tables xii

List of Figures xiii

1 Introduction 1

I Entanglement in Gaussian boson sampling 11

2 Page curves and typical entanglement in linear optics 12
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 Expectation value . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Variance and typicality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.5 Generalizing to unequal squeezing . . . . . . . . . . . . . . . . . . . . . . . . 27
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Average Rényi entanglement entropy in Gaussian boson sampling 34
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.3 Von Neumann Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3.1 Explicit formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.3.2 Squeezing limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3.3 Unequal squeezing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4 General Rényi-α Entropies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.4.1 Explicit formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.4.2 Squeezing limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.4.3 Unequal squeezing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4.4 Typicality of entanglement . . . . . . . . . . . . . . . . . . . . . . . . 48

3.5 Conclusions and open questions . . . . . . . . . . . . . . . . . . . . . . . . . 49

viii



II Quantum state designs and their application 52

4 Continuous-variable quantum state designs: theory and application 53
4.1 Introduction & summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.2 Finite dimensional designs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.3 Continuous-variable designs . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.4 Rigged designs: definition & constructions . . . . . . . . . . . . . . . . . . . 66
4.5 Regularized Rigged Designs . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.6 Applications of rigged designs . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.6.1 Design-based CV shadows . . . . . . . . . . . . . . . . . . . . . . . . 74
4.6.2 Entanglement verification . . . . . . . . . . . . . . . . . . . . . . . . 77
4.6.3 Fidelities of CV quantum channels . . . . . . . . . . . . . . . . . . . 78

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5 Continuous-variable designs and design-based shadow tomography from
random lattices 89
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2 Continuous variable frame potentials . . . . . . . . . . . . . . . . . . . . . . 90
5.3 Diagonal coherent state basis . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.4 Global and local design-based shadow tomography for 3-designs . . . . . . . 101

5.4.1 Global shadows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
5.4.2 Local shadows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6 Projective toric designs, quantum state designs, and mutually unbiased
bases 105
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.2 Theory of projective toric designs . . . . . . . . . . . . . . . . . . . . . . . . 108

6.2.1 Constructions of projective toric designs . . . . . . . . . . . . . . . . 113
6.2.2 Minimal projective toric designs . . . . . . . . . . . . . . . . . . . . . 116

6.3 Relation to difference sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
6.3.1 Explicit families of designs from Singer sets . . . . . . . . . . . . . . 122

6.4 Relation to quantum state designs and MUBs . . . . . . . . . . . . . . . . . 123
6.4.1 Quantum state designs from projective toric designs . . . . . . . . . . 124
6.4.2 MUBs and quantum state designs: counterexamples to Zhu’s conjecture127
6.4.3 MUBs and group designs . . . . . . . . . . . . . . . . . . . . . . . . . 130

6.5 Conclusion and open questions . . . . . . . . . . . . . . . . . . . . . . . . . . 132

III Superresolution in quantum sensing 137

7 Superresolution in quantum sensing 138
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

7.1.1 Model & problem description . . . . . . . . . . . . . . . . . . . . . . 139
7.1.2 Outline & summary of results . . . . . . . . . . . . . . . . . . . . . . 141

ix



7.2 Superresolution conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
7.2.1 Basic analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
7.2.2 Nonzero noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.3 Instantaneous control superresolution protocols . . . . . . . . . . . . . . . . 146
7.4 Continuous control superresolution protocols . . . . . . . . . . . . . . . . . . 150

7.4.1 Numerical optimization of superresolution protocols . . . . . . . . . . 152
7.5 Entanglement enhancement . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
7.6 Comparison to other methods . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.6.1 Quantum noise spectroscopy . . . . . . . . . . . . . . . . . . . . . . . 157
7.6.2 Classical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

7.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

IV Appendices 164

A Technical details for Chapter 2 165
A.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

A.1.1 Bosonic Gaussian states . . . . . . . . . . . . . . . . . . . . . . . . . 165
A.1.2 Weingarten calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
A.1.3 Series formula for the Rényi-2 entropy . . . . . . . . . . . . . . . . . 168

A.2 Rényi-2 and von Neumann entropies — Proof of Proposition 2.2.1 . . . . . . 172
A.3 Rényi-2 Page curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

A.3.1 Linear term — Proof of Theorem 2.3.1 . . . . . . . . . . . . . . . . . 175
A.3.2 Maximum value — Proof of Corollary 2.3.2 . . . . . . . . . . . . . . . 183
A.3.3 Constant term — Proof of Proposition 2.3.3 . . . . . . . . . . . . . . 184

A.4 Variance of the Rényi-2 entropy — Proof of Theorem 2.4.2 . . . . . . . . . . 190

B Technical details for Chapter 3 196
B.1 von Neumann Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

B.1.1 Page Curve for the von Neumann Entropy . . . . . . . . . . . . . . . 196
B.1.2 Limit as s→ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
B.1.3 Limit as s→ ∞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

B.2 General Rényi-α Entropies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
B.2.1 Page Curve for the Rényi-α entropy . . . . . . . . . . . . . . . . . . . 205
B.2.2 Limit as s→ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
B.2.3 Limit as s→ ∞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
B.2.4 Variance and typicality of entanglement . . . . . . . . . . . . . . . . 210

C Technical details for Chapter 4 213
C.1 Pointers to Appendix C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
C.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

C.2.1 Measure theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
C.2.2 Projector onto symmetric subspace . . . . . . . . . . . . . . . . . . . 223

C.3 Finite dimensional designs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

x



C.3.1 Simplex designs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
C.3.2 Torus designs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228
C.3.3 Complex-projective Haar integral . . . . . . . . . . . . . . . . . . . . 233
C.3.4 Complex-projective designs from simplex and torus designs . . . . . . 235
C.3.5 Simplex designs from complex-projective designs . . . . . . . . . . . . 238
C.3.6 Constrained complex-projective integration . . . . . . . . . . . . . . . 240

C.4 Continuous-variable designs . . . . . . . . . . . . . . . . . . . . . . . . . . . 242
C.4.1 Non-existence of continuous-variable state designs . . . . . . . . . . . 246
C.4.2 Non-existence of continuous-variable unitary designs . . . . . . . . . . 251
C.4.3 Rigged continuous-variable state designs . . . . . . . . . . . . . . . . 252
C.4.4 Regularized rigged state designs – making rigged state designs physical 262
C.4.5 Alternative characterization of continuous-variable, rigged, and regu-

larized rigged designs . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
C.4.6 Displaced Fock states as negative-weight approximate designs . . . . 270
C.4.7 Approximate continuous-variable unitary designs . . . . . . . . . . . 272

C.5 Applications of rigged and regularized rigged designs . . . . . . . . . . . . . 273
C.5.1 Continuous-variable shadows . . . . . . . . . . . . . . . . . . . . . . . 273
C.5.2 Fidelity calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

C.6 Torus designs, trigonometric cubature, and mutually unbiased bases . . . . . 289
C.6.1 Equivalence to Kuperberg’s definition . . . . . . . . . . . . . . . . . . 289
C.6.2 Comparison to standard trigonometric cubature . . . . . . . . . . . . 292
C.6.3 Relation to MUBs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

D Technical details for Chapter 6 296
D.1 Singer sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296

D.1.1 Explicit example of dense modular Sidon set . . . . . . . . . . . . . . 298
D.2 Pullback of the Fubini-Study volume form . . . . . . . . . . . . . . . . . . . 299
D.3 Approximate projective toric designs . . . . . . . . . . . . . . . . . . . . . . 301

E Technical details for Chapter 7 305
E.1 Filter function formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305

E.1.1 Review of instantaneous control filter functions . . . . . . . . . . . . 305
E.1.2 Concentration of the probability distribution . . . . . . . . . . . . . . 309
E.1.3 Review of continuous control filter functions . . . . . . . . . . . . . . 309
E.1.4 Local optimality of instantaneous controls for superresolution . . . . 314

E.2 Robustness of the superresolution criteria . . . . . . . . . . . . . . . . . . . . 315
E.3 Error analysis of noisy superresolution protocols . . . . . . . . . . . . . . . . 316

Bibliography 320

xi



List of Tables

2.1 A summary of the current status of rigorous results on typical entanglement in
Gaussian bosonic systems, where in this figure we assume single-mode squeez-
ing parameters that are independent of n. Strong and weak typicality are
defined in Definition 2.4.1. Note that “weak∗” indicates that the result is not
fully proven, but depends on Conjecture 2.5.2. Where we say “weak”, we have
not ruled out the possibility that the typicality is also strong. The total num-
ber of modes is denoted by n, and 0 ≤ k ≤ n is the number of modes in the
subsystem. “Equal squeezing” refers to the case when each mode is initially
squeezed with the same strength, whereas “unequal squeezing” refers to the
general case when each mode can be squeezed independently. The two left-
most columns come from Corollaries 2.4.3 and 2.4.4 and Remark 2.5.3. The
rightmost column all follows from the results of Ref. [33]. Prior to Ref. [33],
Refs. [34, 132] proved strong typicality in the regime k ∈ O(1). . . . . . . . 24

3.1 A summary of the current status of rigorous results on entanglement typicality
in Gaussian bosonic systems. This table is the same as the one provided
in Ref. [2] and Table 2.1, but the Rényi-2 case has been generalized for all
Rényi-α entropies where α ∈ Z+. Note that “weak∗” indicates that the result
is not fully proven, but is based on Conjecture 10 in Ref. [2]. Furthermore,
wherever "weak" typicality is displayed, we have not ruled out the possibilty
of strong typicality. We present typicality results when k, the number of
modes in the subsystem, scales with Θ(n) , o(n) , and o

(
n1/3

)
, respectively.

Note that we only take the "worst-case" typicality; if there exists both weak
and strong typicality for one scaling, we display only the weakly typical case.
We present typicality results separately for the Rényi-α entropies and the von
Neumann entropy. The leftmost column (k = Θ(n)) stems from our findings
in Section 3.4.4, while the middle column (k = o(n)) follows from Ref. [2]. The
rightmost column (k = o

(
n1/3

)
) follows from the results of Ref. [33]. Refs. [34,

132] proved strong typicality in the regime k = O(1). . . . . . . . . . . . . . 47

A.1 A table showing the first five values of a(ℓ) from Eq. (A.88), which matches
Lemma A.3.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

xii



List of Figures

2.1 (a) Exact results for the Rényi-2 Page curve from Proposition 2.2.1, The-
orem 2.3.1, and Corollary 2.3.2. (b) Numerical simulations of the Rényi-2
Page curve for n = 50 modes and squeezing s = 3/4. We plot the values for
r = k/50 for each k ∈ {0, 1, . . . , 50}. We perform the simulation by generat-
ing random unitary matrices and doing the matrix multiplication described
in Appendix A.1.1. We provide the code for this simulation on GitHub [145]. 20

3.1 Simulated Page curves for Rényi-α entropies for α ∈ {1, 2, 3, 4, 5, 6, 7, 15} in
dots (smaller Page curves indicate larger α), overlaid on the analytic expres-
sions derived in Theorem 3.3.1 and Theorem 3.4.1. The simulated values were
run 250 times. The number of modes is n = 400 with equal squeezing strength
s = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.1 Sketch of definitions of finite-dimensional designs, continuous-variable (CV)
designs and rigged designs. The key point is the absence of the middle block
in the middle and right columns. A generalization of the middle block to
the continuous-variable case is ill-defined, as discussed in Section 4.3. There-
fore, to define CV designs, we simply skip the middle step, as discussed in
Definition 4.3.1. An alternative characterization/definition of CV and rigged
designs is described in Appendix C.4.5. . . . . . . . . . . . . . . . . . . . . 65

4.2 Various fidelity benchmarks for the pure-loss channel Lκ plotted vs the chan-
nel’s transmissitivity κ, with the energy-constrained parameter n̄ = 4, and
all other fidelity parameters being functions of n̄ according to Eq. (4.50). (a)
Comparison of fidelities that utilize a reference mode: the CV entanglement
fidelity Fe (4.45) with soft- and hard-energy constraints (4.19) as well as the
minimum energy-constrained entanglement fidelity Fmin (4.51). (b) Com-
parison of our three average-fidelity quantities — the soft-energy constrained
average fidelities F (Rβ)

1 (4.46a) and F (Rβ/2)

2 (4.46b) as well as the hard-energy
constrained case F (Pd)

1,2 — with the fidelity F n̄

coh (4.52) calculated by averaging
over an ensemble of coherent states. The qualitatively different behavior of
the coherent-state fidelity suggests that it may not be a good approximation
to averages over CV states. . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

xiii



6.1 The construction of the 2-design in Theorem 6.2.7 for (left) n = 2 with p = 3
and (right) n = 3 with p = 5. Note we are representing points in P (T n) here
as points in T n−1 by discarding the first coordinate which we fix to 0. The
number of points in the design for (left) n = 2 is p and for (right) n = 3 is
p2 = 25. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

7.1 Illustrations of the filter functions corresponding to the free evolution and
CPMG superresolution protocols, an example Lorentzian noise spectrum Sλ(ω),
and the (approximate) signal spectrum S(ω). In the presence of noise, we de-
sire to minimize the overlap integral between the noise spectrum and the
filter function while satisfying the superresolution criteria F (ωc, κτ) = 0 and
F ′′(ωc, κτ) > 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.2 Given the parameters g = 0.1 MHz, ωc = 1 MHz, and desired relative error
δ = 0.1, we numerically simulate the free evolution protocol with κ = 5/2
which is not a superresolution protocol (FE Non-SR), the free evolution su-
perresolution protocol with κ = 2 (FE SR), and the CPMG superresolution
protocol with κ = 2 (CPMG SR). For each of the protocols, we utilize Nfree

samples as given in Eq. (7.11). (Left): Noiseless case; the Lorentzian noise
parameters are set to gλ = W = 0. As ∆ω → 0, the SR protocols achieve
the desired relative accuracy while the non-SR protocol fails. (Right): Noisy
case; the Lorentzian noise parameters are set to gλ = 0.001 MHz and FWHM
W = 0.1 Hz. The CPMG superresolution protocol performs significantly bet-
ter due to the fact that the corresponding filter function overlaps with the
noise spectrum significantly less. In both figures, the analytic error bounds
are from Appendix E.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.3 The filter functions for the c1(t) protocol (continuous controls) and for the
CPMG and free superresolution protocols (instantaneous controls). Note that
we are plotting the lowest order filter function. For the instantaneous control
protocols, the lowest order filter function is the only one that matters; how-
ever, for continuous controls protocols, higher order filter functions become
important. (Left) Filter functions for κ = 2. (Right) Filter functions for κ = 4.151

7.4 For κ = 4. (Left): c1, c
(opt)
1 , and CPMG control sequences. (Right): Corre-

sponding filter functions. The green and red filter functions are the same as
in the right of Fig. 7.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

xiv



7.5 This plot is analogous to Fig. 7.2, except we now also consider continuous con-
trol protocols. We numerically simulate the CPMG protocol, the c1 protocol,
and the optimized c

(opt)
1 protocol (where recall we optimized for a small and

smooth control amplitude with small fourth filter function), all with κ = 4.
For each of the protocols, we utilize NCPMG samples for a desired noiseless
relative error of δ = 0.1 given in Eq. (7.11). Note that all the protocols fail
at large enough ∆ω because we are using a second order Taylor expansion
approximation for ⟨P ⟩. (Top left): Noiseless case (gλ = W = 0) and g = 0.06.
As ∆ω → 0, the instantaneous control protocols achieve the desired relative
accuracy while the c1 protocol fails due to the higher order filter functions.
However, there is a range of ∆ω values where the c1 protocol outperforms the
instantaneous control protocols due to their filter functions having a larger
second derivative at the centroid. Meanwhile, due to its small fourth fil-
ter function, the copt1 protocol performs well for smaller values of ∆ω. (Top
right): Noiseless case (gλ = W = 0) and g = 0.02. This is similar to the
top left case, except that now because g is smaller, the effect of the higher
order filter functions is reduced, resulting in a larger range of values of ∆ω
for which the continuous control protocols outperform the instantaneous con-
trol protocols. (Middle left): Noisy case (gλ = g/30, FWHM W = 0.1) and
g = 0.06. (Middle right): Noisy case (gλ = g/30) and g = 0.02. This case is
the same as the Middle left, except again because of the smaller g value, the
continuous control protocols perform better for longer. (Bottom left): Noisy
case (gλ = g/15, FWHM W = 0.1) and g = 0.06. (Bottom right): Noisy case
(gλ = g/15) and g = 0.02. Same as the bottom left, except due to a smaller
g value, the continuous control protocols perform better. . . . . . . . . . . . 154

7.6 The filter functions given in Eq. (7.26) for a sequence of M CPMG sequences
in a total time T . As M increases, the primary peaks slide along the frequency
axis; as T increases the primary peaks become narrower in frequency. . . . . 158

7.7 We plot FI /N for the M = 4 measurement block with Lorentzian noise with
FWHM W = 1/10 and strength gλ, ωc = 1, and κ = 1. For this plot, the
measurement times were chosen to be tm = (m− 1)κτ/M for m = 1, 2, 3, 4. . 160

A.1 The plots of Gℓ(r) := r − fℓ(r) for various values of ℓ. fℓ(r) is given in
Eq. (A.62). In our proof, we crucially used that Gℓ(r) is symmetric under
r 7→ 1− r. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

B.1 The Rényi-α Page curves, for α ∈ {2, 3, 4, 5, 15}, divided by s2, as a function
of the squeezing strength s. These functions are displayed as the solid lines.
The Rényi-α Page curve limit as s→ 0, presented in Eq. (B.48), is shown by
the dashed lines in corresponding color. As expected, the Rényi-α Page curve
approaches α

α−1
r(1− r) in order s2, where we take r = 0.5 and n = 400. . . . 209

xv



B.2 Plots of the von Neumann, Rényi-2, and Rényi-3 Page curves divided by s, as
a function of the squeezing strength s. These functions, which are presented
more generally in Theorem 3.3.3 and Theorem 3.4.2, are shown by the solid
red, blue, and brown lines, respectively. The von Neumann and Rényi Page
curves in the limit as squeezing strength approaches infinity, derived in Ap-
pendix B.1.3 and Appendix B.2.3, have coinciding values of 2min(r, 1 − r)
displayed as the black dotted line. We take r = 0.5. . . . . . . . . . . . . . . 210

C.1 An outline of the proof of the non-existence of continuous-variable t-designs
for t ≥ 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

xvi



Chapter 1: Introduction

Quantum mechanics is arguably the most experimentally well-tested theory in all of physics.

Like any good mathematical theory, quantum physics can be derived from a small set of

axioms, typically called the postulates of quantum mechanics. From just these postulates and

comparable axioms for classical mechanics, it has been proven that quantum computers can

solve various oracle1 tasks exponentially faster than classical computers [13]. Even without

oracle assumptions, there are quantum algorithms that offer super-polynomial speedups

over the best known classical algorithms for many computational tasks. Shor’s factoring

algorithm, for example, could break in polynomial time the RSA protocol that encrypts the

majority of financial and otherwise sensitive data online [14]. This alone demonstrates the

importance of understanding the complexity of quantum theory.

Given this setting, in this thesis, we are broadly interesting in (1) understanding the

complexity of quantum systems, (2) developing useful protocols for quantum devices, and

(3) finding applications of quantum systems. We take these one at a time.

Understanding complex quantum systems In order to determine what types of prob-

lems quantum systems are more useful for than classical systems, it is helpful to understand

how and why they are powerful. The origin of the complexity and the computational power

of quantum systems is surprisingly subtle. A common misconception is to attribute too much
1A quantum oracle in this context is a black box that can coherently implement a function (e.g. in super-

position). It is an unphysical and mathematical ideality, but is nonetheless a useful assumption for proving
rigorous separations between quantum and classical computation. Ultimately, we hope to prove separa-
tions without invoking oracle assumptions, both within and between the classical and quantum complexity
hierarchies, but this has thus far proven difficult in both the classical and quantum settings [15].
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of the power of quantum computation to superposition. Indeed, superposition is a necessary

but not sufficient condition for a quantum device to computationally outperform classical

devices. The most immediate way to see that superposition is not powerful on its own is

to consider a probabilistic classical computer. We can, without loss of generality [16, 17],

consider reversible classical computation. A classical computation on n bits is then simply a

permutation of the bits, and a probabilistic classical computation is a convex combination of

permutations. To see that probabilistic classical computation acts in superposition, we can

map n-bit bitstrings to 2n dimensional vectors via a map b ↔ |b⟩. A probabilistic classical

computation acting on b acts as M |b⟩ for some doubly stochastic (i.e. convex combination

of permutations) matrix M . Given the expansion M |b⟩ =
∑

b′ pb′ |b′⟩, the output is the

bitstring b′ with probability pb′ . The fact that pb′ can be any probability distribution is the

statement that this computation is happening in superposition.

While superposition is not alone sufficient, it is tempting to think that the addition of

interference effects gives rise to additional power. However, classical wave mechanics allows

for superposition and interference, and yet it is computationally no more powerful than

universal classical computation.

Notice that there is no quantum entanglement present in classical wave mechanics. Thus,

we may be led to conjecture that the combination of superposition, interference, and entan-

glement yields quantum computation outperforming classical computation. However, the

benefit of entanglement is subtle, and indeed the study of entanglement and its relation to

computational complexity is the key motivation behind Part I of this thesis. Entanglement

is a necessary ingredient for a quantum computational advantage over probabilistic classical

computation, since quantum computations with little entanglement can be simulated effi-

ciently classically [18–20]. On the other hand, too much entanglement can cause a state to be

useless for computation. In particular, the typical (over the Haar measure) finite-dimensional

quantum state is too entangled to be useful for computation [21, 22]. One particularly nice
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example of a class of quantum computations with superposition, interference, and entangle-

ment that nonetheless yields no advantage over classical computation is the Clifford group

[23].

Part I of this thesis is motivated by understanding the relationship between entanglement

and complexity in a specific setting, called Gaussian boson sampling (GBS), that is thought

to exhibit quantum advantage—that is, up to certain complexity theoretic conjectures, it

is not possible for a classical computer to efficiently sample from the output probability

distribution defined by GBS [24–28]. A GBS device can be thought of as part of a restricted

class of quantum computers; it is not capable of universal quantum computation or universal

classical computation, but it can nonetheless efficiently perform sampling tasks that are

believed to require exponentially more time with classical computers. Due to the more

restrictive nature of GBS relative to universal quantum computation and its experimental

feasibility [29–31], GBS offers a tractable context to analytically study the nature of quantum

advantage and entanglement.

GBS experiments generate random quantum states with respect to an ensemble defined

in Part I. There are states in this ensemble that are easy to efficiently classically simulate (in

the sense of sampling), however the typical state in the ensemble is believed to be classically

intractable to simulate. Thus, in order to understand the interplay between complexity and

entanglement in this setting, we must first understand the typical properties of entangle-

ment. In Chapter 2 of Part I, we study entanglement as measured by the Rényi-2 entropy

[32]. We prove certain regimes in the parameter space of a GBS experiment where Rényi-2

entanglement is typical, and indeed we derive analytically the value that it typically takes.

In Chapter 3 of Part I, we extend these results to Rényi-α entropies [32] for all integer α ≥ 1,

including the von Neumann entanglement entropy α = 1.

Prior work [33, 34] considered typical entanglement properties more analogously to the

setting of thermodynamics, where one considers the interaction between a subsystem S and
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a much larger bath B. That is, given a GBS experiment, one can divide the system into two

parts labeled S and B. In the setting when S is much smaller than B, Refs. [33, 34] proved

that entanglement is typical. A key takeaway of Part I of this thesis is that entanglement

in GBS is typical even when S and B are the same size. Therefore, this result is potentially

much more relevant as it tells us that no matter how one measures entanglement in a GBS

experiment, it will always be typical.

Developing useful protocols for quantum devices In this thesis, we study both dis-

crete variable (DV) and continuous variable (CV) quantum systems, where the former cor-

responds to quantum mechanics in finite dimensions and the latter to infinite dimensions.

In Part I, we study entanglement in GBS, which is a CV system; in Part II, we study both

CV and DV systems; and in Part III, we study a particular DV system.

There are many advantages to building quantum computers using CV resources as op-

posed to DV resources, such as a continuous parameter-set of transversal gates and Hamiltonian-

based bias preserving gates [35]. However, due to the intricacies of infinite dimensionality,

there are many protocols that have been developed for DV devices that have no analogue

in CV devices. In Chapters 4 and 5 of Part II, we are broadly interested in addressing this

challenge and porting over tools and protocols from DV to CV. Specifically, we focus on

protocols that utilize DV quantum t-designs and extend them to CV systems.

In DV quantum information theory, t-designs come in two primary flavors—unitary t-

designs and state t-designs [36–70]. The unitary group has a unique uniform probability

measure called its Haar measure [71]. As with any probability space, it has moments –

e.g. first moments are means, (central) second moments are variances, etc. A unitary t-

design is an ensemble of unitary operators whose first t moments match that of the unitary

group. Similarly, the set of all DV quantum states has a natural probability measure called

the Fubini-Study measure [72], and a quantum state t-design is an ensemble of quantum

states whose first t moments match those of the full set of quantum states. Intuitively, a
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t-design on a space mimics the full space—as t increases, a t-design captures more and more

features of the full space.

Quantum state and unitary designs are important tools in tomography [40, 43, 48–52],

state distinction [44, 53], randomized benchmarking [47, 54–57], fidelity estimation [47, 58–

63], cryptography [64, 65], sensing [66, 73], fundamental physics [45, 67–69], universality of

gate sets [74], and error correction [75–78]. t-designs proved difficult to properly define and

find in CV systems [79]. This means that none of the applications proven to work through

the use of designs, e.g. quantum state fidelity relations [47, 54–57, 59, 60] and design-based

tomographic protocols [49–52], carry over naturally to CV.

In Chapter 4 of Part II, we shed light on the previous difficulties by proving that CV

quantum state and CV unitary t-designs cannot exist for any t > 1. The reason they cannot

exist is a strictly infinite dimensional phenomenon stemming from properties of infinite

sequences in Lp spaces. This no go theorem rules out the straightforward extension of the

aforementioned DV protocols to CV systems. Nonetheless, we find that there is still a way

forward. Using a mathematical construct known as a rigged Hilbert space [80], we define a

new type of CV state design called a rigged t-design. We prove that such a design exists for

all t, thereby bypassing the prior no go theorem. Using this construction, we develop some

applications, including average fidelity calculations, entanglement verification, and shadow

tomography. For the remainder of this overview, we will focus on shadow tomography.

Note that a rigged design no longer only consists of quantum states, but rather of more

general elements of the rigged Hilbert space. One way of viewing these more general elements

is as elements of positive operator-valued measures (POVMs), where a POVM is simply an

arbitrary quantum measurement [13]. Indeed, another way of understanding rigged t-design

is as POVMs that satisfy a few extra conditions. Leaving out some technical details, a rigged

1-design is a POVM, and a rigged t-design is a POVM whose second through tth moments

are fixed in a particular way. Thus, the t = 1 condition allows us to measure with respect to
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a rigged design, and the t > 1 conditions provide us with additional information about the

measurement.

Therefore, we expect that DV protocols that utilize designs as a measurement scheme

can be ported over to CV systems. One particularly useful such protocol is shadow tomog-

raphy [49–52]. In DV systems, shadow tomography at its core is an intelligent measurement

scheme. Specifically, given measurement access to an unknown quantum state, one can build

a classical snapshot of the state. An obvious goal is to find a measurement scheme such that

the classical snapshot contains the most amount of information about the state as possible.

In many settings, shadow tomography is this optimal measurement scheme. DV shadow

tomography protocols measure with respect to POVMs defined by 2- or 3-designs and store

the measurement outcomes classically. Intuitively, designs are used because they mimic the

full state space, effectively “covering” the full space uniformly. With the classical snapshot,

one can then classically compute the expectation value of many observables [49, 50, 52].

Furthermore, the classical snapshot provides a useful classical characterization of the state

that can be fed into machine learning algorithms [51].

Using rigged t-designs, in Chapter 4 of Part II, we generalize design-based shadow tomog-

raphy to the CV setting, mostly focusing on the mathematical aspects of such a procedure.

Next, in Chapter 5 of Part II, we focus more carefully on the application of CV designs to

shadow tomography and develop an explicit procedure. Specifically, we show that an en-

semble of CV multimode states, called Gottesman-Kitaev-Preskill (GKP) states [81], forms

a rigged 2-design. Furthermore, its third moments can be analytically controlled enough

so that measuring with respect to the GKP POVM yields a good CV shadow tomography

procedure.

GKP states are important for CV quantum error correction [81–83]. Measuring with

respect to the GKP POVM is the same measurement that is performed for syndrome extrac-

tion [82]. Thus, our result shows that the tools that have been and are being developed for
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GKP quantum error correction [84] can be directly used to perform CV shadow tomography.

In the final chapter of Part II, we return our attention to DV systems and study quantum

state designs and other discrete structures in finite dimensions. From the perspective of

quantum information theory, the most important and interesting spaces over which to form

designs are (1) the set of quantum states [44], (2) the diagonal subgroup of the unitary

group [85], (3) the set of CV quantum states [86] (Chapters 4 and 5), (4) the n-sphere [12],

and (5) the (projective) unitary group [87]. In Chapter 6 of Part II, we add the projective

torus to this list, where we define the projective torus to be the standard torus with a global

phase redundancy removed2. Broadly speaking, we show for the first time that (1-4) are all

intimately connected through projective toric designs. In fact, one way of understanding the

rigged t-design constructions from Chapter 4 is from the perspective of an infinite dimensional

projective toric t-design.

In the first part of Chapter 6 of Part II, we initiate the study of projective toric t-designs,

which have not been explicitly studied before. We prove a connection between projective

toric t-designs, root lattices, and crystal ball sequences, and use this connection to derive a

(sometimes provably tight) lower bound on the size of t-designs for all t. The projective torus

has a natural group structure, which allows us to consider projective toric t-designs that are

themselves subgroups. We show that cyclic group designs are in one-to-one correspondence

with objects from additive combinatorics called difference sets [88]. Using a class of difference

sets called Sidon sets and Singer sets [89], we explicitly construct an infinite family of minimal

projective toric 2-designs, and infinite families of t-designs for all t that are asymptotically

minimal. Using these constructions, we further construct infinite families of t-designs on the

diagonal subgroup of the unitary group.

Furthermore, we also show that projective toric designs are crucial to understanding
2Quantum states in n dimensions are unit vectors with a global phase redundancy removed and thus

correspond to the space Ωn/U(1), where Ωn is the unit sphere in Cn. Analogously, we define the projective
torus to be U(1)n/U(1).
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another interesting and notoriously difficult object in quantum information theory—complete

sets of mutually unbiased bases (MUBs) [39, 41, 90]. Complete sets of MUBs are maximal

sets of orthonormal bases where measurement in one basis reveals nothing about any of

the other bases. For example, measuring a qubit in the X-basis reveals nothing about the

state of the qubit along the Z-basis, and vice-versa. Thus, the phenomenon of complete

sets of MUBs is at the heart of quantum mechanics. Indeed, due to their relationship to

the uncertainty principle, complete sets of MUBs are important in quantum key distribution

[91], quantum state reconstruction [39], quantum error correction [92, 93], and entanglement

detection [94].

Despite their fundamental importance to both the theory of quantum information and

to applications, their existence or non-existence in non-prime-power dimensions has been an

open problem for decades. Concrete statements about the structure of such MUBs are few

and far in-between, and instead many conjectures stand in their place. Our work makes such

a concrete statement by explicitly connecting complete sets of MUBs to projective toric 2-

designs. We use this connection to prove a number of interesting statements about complete

sets of MUBs. First, we disprove a conjecture by Zhu from 2015 regarding the fundamental

structure of quantum state 2-designs, SIC-POVMs, and complete sets of MUBs [95]. We

achieve this by constructing explicit counterexamples from the Sidon set projective toric

2-designs that yield quantum state 2-designs. Indeed, these (hundreds of) counterexamples

are, to the best of our knowledge, new quantum state 2-designs. Additionally, we prove a

fundamental distinction between complete sets of MUBs in prime-power dimensions (where

they are better understood) and non-prime-power dimensions (where they are notoriously

difficult) in terms of whether the corresponding projective toric 2-design is a group or not.

The existence of complete sets of MUBs in non-prime-power dimensions is a long-outstanding

problem in quantum information theory. This new distinction that we derive provides new

insights into this fundamental problem.
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Finding applications of quantum systems Thus far, we have been focused on un-

derstanding the computational advantage that quantum systems can provide and on useful

protocols and mathematical structures for quantum systems. In the last part of this thesis,

Part III, we shift our focus to quantum sensing applications of qubit quantum devices.

Quantum sensing is a broad field that has found applications everywhere from sensitive

magnetometry to detection of gravitational waves [96]. A general parameter estimation

problem is one where there is some unknown parameter—such as a magnetic field strength or

a frequency present in a time varying signal—that we wish to measure. The goal is therefore

to estimate this parameter to as high accuracy as possible. In Part I of this thesis, we are

interested in understanding when and how quantum devices offer a computational advantage

over their classical counterparts; similarly, in Part III of this thesis, we are interesting in

understanding when and how quantum resources provide a benefit over classical resources

for parameter estimation.

We consider the setting when there is an unknown parameter encoded into the frequencies

present in a time varying (classical) signal. Specifically, we wish to identify peaks in the

frequency spectrum of a stochastic signal. In Chapter 7 of Part III, we find that, because

the signal is stochastic, estimating the locations of neighboring peaks with purely classical

methods requires observing the signal for a time that scales inversely with the distance

between them. The task of resolving two closely spaced peaks is similar to Rayleigh’s curse

in optics, where two light sources cannot be distinctly resolved if they are separated by less

than the diffraction limit [97]. Ref. [98] designed a quantum superresolution protocol that

can in principle resolve two arbitrarily close point light sources provided that the centroid

of the two point sources is known, thereby beating Rayleigh’s curse. Motivated by this,

we study the use of quantum resources in the frequency resolution problem. By coupling

the signal to a qubit, we find necessary and sufficient conditions under which control and

measurement protocols result in substantially improved peak estimation. Analogously to
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those in Ref. [98], our protocols require knowledge of the centroid of the two frequencies,

and we quantify how accurately the centroid must be known in order for the protocols to

succeed.

Reminiscent of our analysis of entanglement in Part I, in Chapter 7 of Part III, we

further study improvements to these protocols when we couple many entangled qubits to the

signal. Interestingly, we find that the stochasticity of the signal results in an entanglement

advantage that is different in character from the more typical Heisenberg limit entanglement

advantage that appears in more “textbook” parameter estimation problems [96]. In fact, the

entanglement advantage, while still present, is less pronounced in this setting that in more

standard parameter estimation problems. Thus, frequency estimation problems provide a

new fruitful ground for understanding the benefit of various quantum resources to sensing

protocols.
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Part I

Entanglement in Gaussian boson

sampling
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Chapter 2: Page curves and typical entanglement in linear optics

Section 2.1: Introduction

In his pioneering paper [99], Page considered a Haar-random pure state in an N -dimensional

Hilbert space. He conjectured an exact formula for the average entanglement entropy of the

reduced density matrix on an rN -dimensional subspace, where r ∈ [0, 1]. His conjecture

was proven soon after [100–102]. This average, which is itself a function of r and N , is now

known as the Page curve. Page also defined the average information of the subsystem as the

difference between the maximum of the entropy and the average entropy. This quantity has

since come to be known as the Page correction. Since then, the Page curve and correction

have found applications in a variety of areas, such as black holes [69, 103, 104], quantum

information theory [105, 106], and statistical mechanics [107–114], among others. As a

next step, many works considered the typical deviation of the entanglement entropy from

its average. In particular, a system is said to exhibit typical entanglement if there is a

vanishingly small probability that a random state has entanglement bounded away from the

average. This phenomenon was introduced and studied in a variety of systems [21, 22, 65,

115–121].

Entanglement is a key feature of quantum physics and can be used as a resource to com-

plete various tasks, such as teleportation, key distribution, dense coding, and many others

[13, 32, 72, 122, 123]. Furthermore, entanglement is a necessary ingredient for quantum ad-

vantage, since quantum computations with little entanglement can be simulated efficiently

classically [18–20]. One can define quantum advantage using the language of complexity as
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using quantum resources to perform a task that is classically hard but quantumly easy. One

such task is sampling from the output probability distribution of a Gaussian Boson Sam-

pling experiment [24–28]. The general relationship between entanglement and complexity is

largely unknown, but at least some entanglement is necessary for classical hardness. Simi-

larly, in the setting of Boson Sampling, at least some amount of non-Gaussianity is necessary

for sampling hardness [124]. On the other hand, too much entanglement can cause a state

to be useless for computation. In particular, the typical (over the Haar measure) finite-

dimensional quantum state is too entangled to be useful for computation [21, 22]. Thus,

studying average and typical entanglement is necessary for learning about the useful part of

entanglement and what utility random states have.

Entanglement in infinite-dimensional quantum states generated by bosonic Gaussian in-

puts and Gaussian operations has found direct application in areas such as quantum sensing

[125–129] and quantum communication [130, Ch. 12]. Furthermore, the original motiva-

tion for studying the finite-dimensional Page curve was to study the black hole information

paradox [99, 103]. Since the degrees of freedom around black holes are inherently infinite-

dimensional bosonic (e.g. photonic) modes, an infinite-dimensional bosonic Page curve may

help to understand black hole information dynamics [130, Ch. 14].

Our contributions. In this work, we study Page curves and the typicality of entanglement

in continuous-variable bosonic Gaussian states. Specifically, we compute average and typical

entanglement quantities averaged over passive (energy-conserving) Gaussian unitaries, also

called linear optical unitaries, with a fixed initial product state of squeezed vacuum states on

n modes. Indeed, this setup is exactly that of a Gaussian Boson Sampling experiment, which

is of great recent interest due to experimental claims of quantum advantage via Gaussian

Boson Sampling [29–31].

We describe this setup in more detail in Section 2.2. Then in Section 2.3, we begin

by studying the regime when all the initial squeezing strengths are equal, and denote this
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squeezing strength by s. We derive an analytic expression for the average Rényi-2 entropy

of a subsystem of k modes as a function of s, n, and k that is exact asymptotically in n for

arbitrary values of s and k. Using this expression, we exactly compute the corresponding

Page correction. These results are summarized in Fig. 2.1. In Section 2.4, we then study the

presence of typical entanglement for various scalings of k with n. When the distance between

the entanglement of a random state and the average entanglement value vanishes additively

(resp. multiplicatively), we say that entanglement is strongly (resp. weakly) typical. We

prove that entanglement as measured by the Rényi-2 entropy is weakly typical for any k and

strongly typical whenever k ∈ o(n). We further show that entanglement as measured by

the von Neumann entropy is weakly typical whenever k ∈ o(n). Finally, in Section 2.5, we

generalize our discussion to the regime when the initial squeezing strengths are not necessarily

equal. We show that, if a certain conjecture is true, then the Rényi-2 and von Neumann

entanglement entropies are both weakly typical whenever k ∈ o(n).

Prior work. Refs. [120, 131] studied Page curves and entanglement in fermionic Gaus-

sian states. Serafini et al. have considered typical entanglement in bosonic Gaussian states

[34, 132], where they defined two measures, namely the microcanonical and canonical mea-

sures, on the set of all n-mode bosonic Gaussian states and averaged with respect to these

measures. Roughly, averaging over the microcanoncial measure corresponds to integrating

over all bosonic Gaussian states up to a fixed bounded total energy, and averaging over

the canonical measure corresponds to integrating over all bosonic Gaussian states with a

Boltzmann weight factor decaying with the energy of the state. Fukuda and Koenig gener-

alized these results by studying entanglement averaged over passive Gaussian unitaries with

a fixed initial product state of squeezed vacuum states on n modes [33]. Indeed, their setup

is exactly the one we consider in this work. As noted in Ref. [33], the measure defined by

fixing squeezing strengths and then applying a random passive Gaussian unitary general-

izes both the microcanonical and canonical measures, as the latter two measures can be
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expressed as convolutions of the former with certain distributions on the set of all squeezing

configurations.

Serafini et al. and Fukuda and Koenig consider entanglement in a subsystem of k bosonic

modes when k ∈ o(n); roughly, Serafini et al. allow k ∈ O(1) and Fukuda and Koenig

allow k ∈ o
(
n1/3

)
. To the best of our knowledge, there are currently no results on average

entanglement or typical entanglement in the regime when k ∈ Ω
(
n1/3

)
. This is what we

address in our work. Concerning typical entanglement, we emphasize that our results do not

supplant the results of Ref. [33] in general, but rather only in certain regimes. In particular,

we primarily consider the situation of equal squeezing strengths, whereas their results pertain

to the situation of arbitrary squeezing. Similarly, we primarily consider the Rényi-2 entropy,

whereas their results apply to both the Rényi-2 and von Neumann entropies. We summarize

our work and that of Ref. [33] on typical entanglement in bosonic Gaussian states in Table 2.1.

For general quantum states, the von Neumann entropy has certain properties, such as

strong subadditivity, that the Rényi-α entropies do not. For other such properties, we refer

to Ref. [32]. Because of this, the von Neumann entropy is generally considered a better

measure of entanglement than the Rényi-α entropies. Notably, however, it has been shown

that the Rényi-2 entropy is special when restricting to bosonic Gaussian states. For example,

it was recently proven that for bosonic Gaussian states, the Rényi-2 entropy also obeys strong

subadditivity [133, 134]. The Rényi-2 entropy is also equal, up to a constant, to the phase-

space Shannon sampling entropy −
∫
W (x,p) logW (x,p) dnx dnp of the Wigner distribution

W (x, p) of the state for Gaussian states [133]. Here the position vector x and momentum

vector p parameterize the phase space of n oscillator modes. The phase-space Shannon

sampling entropy has an operational meaning in terms of sampling via homodyne detections

[133, 135]. Furthermore, it has been shown that for pure tripartite Gaussian states, the

Rényi-2 entropy obeys a strong subadditivity inequality that is stronger than that for the

von Neumann entropy [136]. Finally, correlation measures for Gaussian states based on the
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Rényi-2 entropy have been found that have no counterpart when using the von Neumann

entropy [137]. As noted in Ref. [133], the aforementioned results are “planting the seeds for

a full Gaussian quantum information theory based on the Rényi-2 entropy.” Our work is

focused primarily on entanglement in bosonic Gaussian states as measured by the Rényi-2

entropy and can thus be viewed as planting a few more seeds.

Section 2.2: Setup

In this work, we consider a linear optical system of n modes, where each mode is an inde-

pendent quantum harmonic oscillator. We will restrict our attention to bosonic Gaussian

states. We refer to Refs. [33, 138] for background on the theory of Gaussian states, and we

provide the necessary details to understand this paper in Appendix A.1.1.

Consider an n-mode mixed state ρ in the Hilbert space of square integrable wavefunctions

H = L2(R)⊗n. For each i ∈ {1, . . . , n}, let x̂i and p̂i be the position and momentum

quadrature operators on the ith mode. For each i, define r̂i := x̂i and r̂n+i := p̂i. ρ is a

Gaussian state if there is a β > 0 and a Hamiltonian Ĥ that is at most quadratic in the

quadrature operators such that ρ is the thermal state ρ ∝ e−βĤ . Since Ĥ contains only

linear and quadratic quadrature terms in r̂i, ρ is fully characterized by its first and second

moments, Tr(ρr̂i) and σij =
1
2
Tr[ρ(r̂ir̂j + r̂j r̂i)]− Tr(ρr̂i) Tr(ρr̂j). σ is called the covariance

matrix of the state ρ.

A unitary U is Gaussian if there exists a Hamiltonian Ĥ that is at most quadratic in

the quadrature operators such that U = e−iĤ . One can show that a Gaussian unitary maps

Gaussian states to Gaussian states. Any Gaussian state can be generated by acting on the

vacuum state with a Gaussian unitary. The set of all Gaussian unitaries is isomorphic to the

real symplectic group of 2n× 2n matrices Sp(2n). By the Euler decomposition theorem of a

symplectic matrix, it follows that any pure Gaussian state can be generated by acting on an

initial product state of squeezed vacuum modes with a passive (energy conserving) Gaussian
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unitary. The set of all passive Gaussian unitaries is isomorphic to Sp(2n) ∩ O(2n) ∼= U(n),

where O(2n) is the orthogonal group of 2n × 2n matrices and U(n) is the unitary group of

n × n matrices. Sp(2n) is not compact and thus does not have a finite Haar measure to

average over. Physically, this is due to the fact that the Gaussian operation of squeezing can

take on unbounded values in R. However, U(n) is compact, and it is hence well-defined to

consider uniformly sampling from U(n) according to the finite Haar measure.

We are therefore motivated to consider the following notion of a random pure Gaussian

state. Namely, we initialize the ith mode to be in a squeezed vacuum state with fixed squeez-

ing parameter si ∈ R for each i ∈ {1, . . . , n}. We then randomly sample a passive Gaussian

unitary from U(n) and apply it to the n modes. This random state is thus characterized

by a fixed choice of the squeezing parameters si and a Haar-random choice of a passive

Gaussian unitary U . Understanding the properties of such random states is of great inter-

est, particularly because Gaussian Boson Sampling experiments rely on precisely those state

preparations. For squeezing parameters si for i ∈ {1, . . . , n}, the total expected number

of bosons of the state on the n modes is
∑n

i=1 sinh
2(si). For simplicity, we will begin by

considering the case when all the squeezing parameters are equal; si = s for each i for some

fixed s. In the case of equal squeezings, the average total boson number per mode is sinh2 s.

The general case of unequal squeezings will be discussed in Section 2.5.

The n modes are then partitioned into two groups — one group of k = rn modes for

some 0 ≤ r ≤ 1, and one group of n − k = (1 − r)n modes. We then compute the

entropy of the reduced state of the k modes, or equivalently, since we are considering pure

states, the entropy of the reduced state of the n − k modes [13]. Let the density matrix

of the reduced state be ρ. For the entropy function, we will be primarily focused on the

Rényi-2 entropy S2 = − log Tr ρ2, although we will also prove various statements on the von

Neumann entropy S1 = −Tr ρ log ρ as well. The Rényi-2 entropy takes the elegant form

S2 =
1
2
log detσ = 1

2
Tr log σ, where σ is the covariance matrix of ρ [138]. For the Gaussian
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state generated by the unitary U ∈ U(n) acting on the squeezed product state with squeezing

strength s on each mode, the Rényi-2 entropy of the subsystem of k modes is denoted by

S2(U), and the von Neumann entropy by S1(U), where the dependence of S1(U) and S2(U)

on r, n, and s is implicit. We will derive statistical properties of S2(U) and S1(U) in the

asymptotic limit n→ ∞.

Our main results involve the Rényi-2 entropy, and the following proposition allows us

to use many of the results on the Rényi-2 entropy to bound the von Neumann entropy.

Furthermore, we will also make use of the maximum Rényi-2 entropy to prove our later

results on the Page correction.

Proposition 2.2.1. Let s ∈ R and r ∈ [0, 1]. Then for each j ∈ {1, 2},

max
U∈U(n)

Sj(U) = nmin(r, 1− r)hj(cosh(2s)), (2.1)

where h1(x) = x+1
2

log x+1
2

− x−1
2

log x−1
2

and h2(x) = log x. Furthermore, for any fixed

U ∈ U(n), S1(U) ≥ S2(U) and

S1(U) < S2(U) + nmin(r, 1− r)(1− log 2). (2.2)

The full proof of Proposition 2.2.1 is given in Appendix A.2. A tighter version of Eq. (2.2)

was originally derived in Ref. [136, Eq. 15], but we will only need this weaker version. For

completeness, we provide a different proof of Eq. (2.2). Eq. (2.1) is perhaps implicit in various

results in Refs. [34, 132, 138–140], but we have not found it directly stated anywhere. The

lower bound S1(U) ≥ S2(U) is a general property of the Rényi entropies [13, 32], whereas

the upper bound holds only for Gaussian states. While trivial upper bounds also exist in

the general case, Eq. (2.2) is tighter. Intuitively one may view this as an extension of the

fact that for Gaussian states, the Rényi-2 and von Neumann entropies share many useful

properties, such as strong subadditivity and others mentioned in Section 2.1.
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Section 2.3: Expectation value

Our first results concern the Rényi-2 Page curve, which is the expectation value of the Rényi-

2 entanglement entropy as a function of the partition size ratio r = k/n and the squeezing

strength s. Recall that the dependence of S2(U) on r, n, and s is implicit. We find an exact

formula as an infinite series for the Page curve in the limit n→ ∞.

Theorem 2.3.1 (Rényi-2 Page curve). Fix s ∈ R and r ∈ [0, 1]. Let Cℓ := 1
ℓ+1

(
2ℓ
ℓ

)
be the ℓth

Catalan number, and let 2F1 be the hypergeometric function [141–144]. Then

lim
n→∞

E
U∈U(n)

1

n
S2(U)

= r log cosh(2s)−
∞∑

ℓ=1

rℓ+1 tanh2ℓ(2s)
Cℓ
2ℓ

2F1(1− ℓ, ℓ; ℓ+ 2; r) (2.3)

= r log cosh(2s) +
∞∑

d=2

rd
d−1∑

ℓ=⌈d/2⌉

(−1)d−ℓ tanh2ℓ(2s)
(2ℓ− 1)!

d(d− 1)(d− ℓ− 1)!(2ℓ− d)!ℓ!
.

(2.4)

This function is symmetric under r 7→ 1− r, and hence the formula holds when r is replaced

with min(r, 1−r). Furthermore, asymptotically in n, EU∈U(n) S2(U) = nα(s, r)−λ(s, r)+o(1),

where α(s, r) is precisely limn→∞ EU∈U(n)
1
n
S2(U) given above, λ(s, r) is independent of n, and

o(1) denotes terms that go to zero as n→ ∞.

We plot the analytic Page curve for s = 3/4 in Fig. 2.1(a), and we confirm our results

numerically in Fig. 2.1(b). The proof of Theorem 2.3.1, given in Appendix A.3.1, primarily

uses two ingredients. The first ingredient is the asymptotic form of the Weingarten calculus

for integrating over the unitary group with respect to the Haar measure [146, 147]. From this

we get an equation for the Page curve that is initially daunting. The second main ingredient

is the fact that the Page curve must be symmetric under r 7→ 1 − r since the global state
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Figure 2.1: (a) Exact results for the Rényi-2 Page curve from Proposition 2.2.1, The-
orem 2.3.1, and Corollary 2.3.2. (b) Numerical simulations of the Rényi-2 Page curve
for n = 50 modes and squeezing s = 3/4. We plot the values for r = k/50 for each
k ∈ {0, 1, . . . , 50}. We perform the simulation by generating random unitary matrices and
doing the matrix multiplication described in Appendix A.1.1. We provide the code for this
simulation on GitHub [145].

on the n modes is pure [13]. Quite miraculously, this fact is enough to simplify the equation

for the Page curve and arrive at Theorem 2.3.1.

The Page curve derived in Theorem 2.3.1 can be written as

lim
n→∞

E
U∈U(n)

1

n
S2(U) =

∞∑

ℓ=1

tanh2ℓ(2s)

2ℓ
Gℓ(r), (2.5)

where Gℓ(r) := r − fℓ(r) and fℓ(r) is a polynomial of degrees ℓ + 1 through 2ℓ in r (given

in Eq. (A.62) in Appendix A.3.1). Polynomials Gℓ(r) of this form are uniquely determined

by the requirement that Gℓ(r) = Gℓ(1 − r), which ensures that the Rényi-2 entropy of a

subsystem is equal to that of its complement since we are considering pure states. It is from

this requirement that we ultimately derive the Page curve. We show that the resulting Gℓ(r)

can be understood as a good approximation to m(r) := min(r, 1 − r) from below, which

we will call the ℓth approximation. Indeed, the approximation is especially good near the

endpoints r = 0 and r = 1, where the first ℓ derivatives of Gℓ(r) match those of m(r). As

ℓ→ ∞, the approximation becomes better and better such that limℓ→∞Gℓ(r) = m(r).
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This provides an interpretation of the derived form of the Page curve. The strength of

the squeezing s determines the weight that the Page curve has on the ℓth approximation

to m(r). For small squeezing, only low order approximations contribute, with the most

dominant contribution being the parabolic shape G1(r) = r(1 − r). When the squeezing

is increased, there is more contribution from higher order approximations, giving the Page

curve more of the triangle shape of m(r). We see a manifestation of this interpretation as

lim
s→0

lim
n→∞

E
U∈U(n)

1

s2n
S2(U) = 2r(1− r), (2.6)

lim
s→∞

lim
n→∞

E
U∈U(n)

1

sn
S2(U) = 2min(r, 1− r). (2.7)

Meanwhile, from Eq. (2.1), the maximal Rényi-2 entropy is maxU
1
n
S2(U) = m(r) log cosh(2s).

As stated, near the endpoints r = 0 and r = 1, Gℓ(r) is a very good approximation to m(r).

Thus, regardless of the squeezing strength, when the subsystem size k = rn is small (or when

its complement is small), the average entanglement is very close to maximal.

Unfortunately, we are unable to simplify the infinite sum for general r in Theorem 2.3.1

further. However, the Page curve can be fully simplified at r = 1/2 — which is where the

maximum for a fixed s occurs — to log cosh s. Indeed, we find that

Gℓ(1/2) =
1

2

(
1− 4−ℓ

(
2ℓ

ℓ

))
. (2.8)

From this and the maximum Rényi-2 entropy from Eq. (2.1), we also find the exact expression

for the Page correction at r = 1/2 to be 1
2
log
(
1 + tanh2 s

)
. Let us formally state these results

as follows.

Corollary 2.3.2. For a fixed s ∈ R when r = 1/2,

lim
n→∞

E
U∈U(n)

1

n
S2(U) = log cosh s, (2.9)
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and the Page correction is

lim
n→∞

1

n

(
max
U∈U(n)

S2(U)− E
U∈U(n)

S2(U)

)

=
1

2
log
(
1 + tanh2 s

)
.

(2.10)

The proof of Corollary 2.3.2, given in Appendix A.3.2, is a straightforward consequence

of a simplification of the hypergeometric function 2F1(a, 1 − a; c; 1/2) in terms of gamma

functions due to Bailey’s theorem [141–144]. Altogether, we have derived the exact formula

[Eqs. (2.3) and (2.4)] for the Rényi-2 page curve in the regime of equal squeezers as a series

in tanh2(2s) and r. In the special case when r = 1/2, we simplified the series to obtain an

exact value of log cosh s. From this, we derived the Page correction, or information of the

subsystem, at r = 1/2 to be exactly 1
2
log
(
1 + tanh2 s

)
. Furthermore, since the Page curve is

concave in r while the maximum entropy is linear, this correction is maximized at r = 1/2.

A summary of the Page curve results thus far is provided in Fig. 2.1.

We now shift our attention to the constant term in the Page curve. Theorem 2.3.1 states

that asymptotically in n, EU∈U(n) S2(U) = nα(s, r) − λ(s, r) + o(1), and it provides the

exact expression for α(s, r). We further find the following result for λ, which is proven in

Appendix A.3.3.

Proposition 2.3.3. Fix s ∈ R and r ∈ [0, 1]. Then,

λ(s, r) = −1

8
log
(
1− 4r(1− r) tanh2(2s)

)
. (2.11)

Note that λ(s, r) ≥ 0 for all s and r, and therefore EU S2(U) ≤ nα(s, r) asymptotically.

At r = 1/2, this simplifies to λ(s, 1/2) = 1
4
log cosh(2s).

The proof of Proposition 2.3.3 is very similar to the proof of Theorem 2.3.1, again crucially

using the symmetry r 7→ 1 − r to simplify the expression coming from the Weingarten
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function. However, there is one substantial difficulty in the proof of Proposition 2.3.3 that

does not occur in that of Theorem 2.3.1. In this case, the symmetry r 7→ 1 − r is almost

enough to fully determine λ; however, there are constants that cannot be determined by

the symmetry alone. We derive expressions for these constants that are complicated sums

involving permutations and Catalan numbers. Using objects that arise in bioinformatics

when studying gene orders, called breakpoint graphs [148], Ref. [149] evaluates these sums,

hence completing the proof of Proposition 2.3.3. These constants are discussed more in

Appendix A.3.3.

In summary, we have derived an explicit form of the asymptotic Rényi-2 entropy Page

curve for all r and s up to corrections that vanish as n→ ∞.

Section 2.4: Variance and typicality

Next, we shift our attention to the variance of the Rényi-2 entropy so as to make statements

about typicality of entanglement; that is, how different a random state’s entanglement is

from the average. Using the results for the Rényi-2 entropy, we will also be able to prove

some weaker results for the von Neumann entropy. The typicality results presented below

are summarized in Table 2.1.

Typicality is of interest because it characterizes the applicability of statistical averages.

Indeed, statistical mechanics often relies on quantities being typical so that thermodynamic

average quantities, such as average energy and average pressure, can accurately represent

their true values. In order to quantify the deviation from average, we consider two measures

of deviation corresponding to multiplicative and additive distance. If the multiplicative

distance between a quantity and its average vanishes in the thermodynamic limit, then that

quantity is called weakly typical. If the additive distance vanishes in this limit, then that

quantity is called strongly typical. With this intuition, we now formally define weak and

strong typicality following Ref. [121].
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Definition 2.4.1 (Typicality). Let S be a nonnegative random variable on the unitary group

U(n), and denote its value at U ∈ U(n) by S(U). S is called weakly typical if for any constant

ϵ > 0,

lim
n→∞

Pr
U∈U(n)

[∣∣∣∣
S(U)

EV ∈U(n) S(V )
− 1

∣∣∣∣ < ϵ

]
= 1. (2.12)

S is called strongly typical if for any constant ϵ > 0,

lim
n→∞

Pr
U∈U(n)

[∣∣∣∣S(U)− E
V ∈U(n)

S(V )

∣∣∣∣ < ϵ

]
= 1. (2.13)

k ∈ Θ(n) k ∈ o(n) k ∈ o
(
n1/3

)
[33]

Equal Rényi-2 weak strong strong
squeezing von Neumann ? weak strong

Unequal Rényi-2 ? weak∗ strong
squeezing von Neumann ? weak∗ strong

Table 2.1: A summary of the current status of rigorous results on typical entanglement in
Gaussian bosonic systems, where in this figure we assume single-mode squeezing parameters
that are independent of n. Strong and weak typicality are defined in Definition 2.4.1. Note
that “weak∗” indicates that the result is not fully proven, but depends on Conjecture 2.5.2.
Where we say “weak”, we have not ruled out the possibility that the typicality is also strong.
The total number of modes is denoted by n, and 0 ≤ k ≤ n is the number of modes in
the subsystem. “Equal squeezing” refers to the case when each mode is initially squeezed
with the same strength, whereas “unequal squeezing” refers to the general case when each
mode can be squeezed independently. The two leftmost columns come from Corollaries 2.4.3
and 2.4.4 and Remark 2.5.3. The rightmost column all follows from the results of Ref. [33].
Prior to Ref. [33], Refs. [34, 132] proved strong typicality in the regime k ∈ O(1).

If EU∈U(n) S(U) does not decay as n → ∞, then strong typicality clearly implies weak

typicality. We will be concerned with typicality of S1 and S2, the von Neumann and Rényi-2

entropy respectively. One can compute the variance of the entropy over the Haar measure

and then apply Chebyshev’s inequality to obtain typicality results. Therefore, we now focus

on the variance. We first find the general form of the asymptotic Rényi-2 variance in the

equal squeezing regime and show that it is independent of n. Recall that the dependence of
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S2(U) on r, n, and s is implicit.

Theorem 2.4.2 (Rényi-2 variance). Let s ∈ R and r ∈ [0, 1]. Then

lim
n→∞

Var
U∈U(n)

S2(U) =
∞∑

d=2

ω(d) tanh2d(2s) (r(1− r))d , (2.14)

where ω(d) ∈ Q is some number that depends only on d. In particular, ω(2) = 1/2.

The proof of this theorem, given in Appendix A.4, is very similar to the proof of Theo-

rem 2.3.1. To prove this theorem, we again crucially use that VarU S2(U) must be symmetric

under r 7→ 1 − r since the full state on the n modes is pure. Interestingly, in contrast to

Theorem 2.3.1 where we found that the Page curve grows linearly with n, the asymptotic

variance is independent of n. Indeed, Theorem 2.4.2 is the bosonic analogue of the result

that the variance for fermionic Gaussian states is asymptotically constant [120].

From Theorem 2.4.2, we find typicality in certain regimes as an immediate corollary.

In particular, since the variance is independent of n while the average grows with n, the

entanglement is always weakly typical. Furthermore, the variance is asymptotically zero if

s ∈ o(1) and/or r ∈ o(1), and typicality is therefore strong in those regimes. Altogether,

Theorem 2.4.2 and Chebyshev’s inequality lead to the following corollary.

Corollary 2.4.3. The Rényi-2 entropy is weakly typical for any s ∈ R and r ∈ [0, 1]. Fur-

thermore, if the subsystem size k = rn scales as k ∈ o(n), or if the squeezing scales as s ∈

o(1), then the Rényi-2 entropy is strongly typical, and PrU∈U(n)[|S2(U)− EV S2(V )| < ϵ] ≥

1−Ω(1/n)
ϵ2

. On the other hand, if r and s are constant in n, then limn→∞ PrU∈U(n)[|S2(U)− EV S2(V )| < ϵ] ≥

1− c(r,s)
ϵ2

, where c(r, s) is a constant independent of n (but depends on r and s).

In summary, we have shown weak typicality in the Rényi-2 entropy for all s and k and

strong typicality whenever k ∈ o(n). On the other hand, if s and r do not tend to zero with
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increasing n, the variance converges to a constant value independent of n. Hence, we cannot

use Chebyshev’s inequality to prove strong typicality in this case. Notably, an asymptotically

constant variance does not necessarily imply an absence of strong typicality either — that is,

the probability that the entropy deviates from its average can scale as 1/n2, but the entropy

can deviate by an amount proportional to n thus resulting in a constant variance. We are

therefore unable to make a definitive statement about strong typicality in the r ∈ Θ(1) and

s ∈ Ω(1) case.

In the next corollary, we will use these results to address typicality as measured by the

von Neumann entropy. Specifically, we will use Proposition 2.2.1 to show weak typicality of

the von Neumann entropy as long as the subsystem size scales sublinearly with the system

size.

Corollary 2.4.4. Let s ∈ R and r ∈ [0, 1]. If the subsystem size k = rn scales as k ∈ o(n),

then the von Neumann entropy is weakly typical.

Proof. Using Proposition 2.2.1 to upper bound EU 1
n2S1(U)

2 and to lower bound
(
EU 1

n
S1(U)

)2,

we find that
lim
n→∞

1

n2
Var

U∈U(n)
S1(U) < lim

n→∞

1

n2
Var

U∈U(n)
S2(U)

+ 2r log(e/2) lim
n→∞

1

n
E

U∈U(n)
S2(U)

+ r2 log2(e/2).

(2.15)

From Theorem 2.3.1, the first term in the right-hand side is always zero. Furthermore, from

Theorem 2.4.2, the second term is O(r2). Hence, VarU S1(U)/n
2 ∈ O(r2), which is zero as

n→ ∞ when r ∈ o(1).

We again emphasize that our typicality results thus far, which are summarized in Ta-

ble 2.1, only apply to the case when the initial squeezing strength on each mode is the same.

On the other hand, Ref. [33] proves strong typicality when k ∈ o
(
n1/3

)
for both the von Neu-

mann and Rényi-2 entropies in the general case when squeezing strengths can be different
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on different modes. It is for this reason that our results do not supplant those of Ref. [33]

in general, but rather only in certain regimes. To the best of our knowledge, our results are

the first to address the k ∈ Ω
(
n1/3

)
regime.

Ultimately, we would like to determine in exactly which regimes strong and weak typical-

ity occur and do not occur. Our results thus far almost complete the story for the regime of

equal squeezing when typicality is measured with the Rényi-2 entropy, since we have proven

strong typicality when k ∈ o(n) and weak when k ∈ Θ(n); the missing piece is whether or

not typicality is strong when k ∈ Θ(n). However, the story is even more incomplete for

the regime of equal squeezing when typicality is measured with the von Neumann entropy,

though we made some progress by proving that typicality is at least weak whenever k ∈ o(n).

In this regime, the best known result for strong typicality is when k ∈ o
(
n1/3

)
as proven

in Ref. [33]. Indeed, this is also currently the best known result in the regime of unequal

squeezing. In Section 2.5, we will use our results on equal squeezing typicality to add to the

story for unequal squeezing.

Section 2.5: Generalizing to unequal squeezing

So far, we have considered the restricted setting where each mode i is initially squeezed with

strength si = s for some s ∈ R. We now generalize by allowing the squeezing strengths to

be different on each mode. As such, for the remainder of this section, the squeezings will

be (s1, . . . , sn), where each si ∈ R, and smax and smin are defined as smax := maxi |si| and

smin := mini |si|.

To begin, we focus on the Rényi-2 Page curve in the regime of unequal squeezing. When

squeezing is small, we can utilize the equal squeezing Page curve in Theorem 2.3.1 to compute

the Page curve for unequal squeezing. Recall that the dependence of S2(U) on r, n, and s is

implicit.
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Corollary 2.5.1. Let each si ∈ R and r ∈ [0, 1]. Then, as n→ ∞,

E
U∈U(n)

S2(U) = 2r(1− r)
n∑

i=1

s2i +O
(
rns4max

)
. (2.16)

Proof. The Rényi-2 entropy of a Gaussian state with covariance matrix σ is proportional to

log detσ. log is real analytic and detσ is analytic in the parameters of the initial covariance

matrix σ0. Hence, S2 can be written as a power series in si. There exists a passive Gaussian

unitary, specifically a product of one-mode phase shifters, that acts on σ0 via the transfor-

mation si → −si. Hence, by the translational invariance of the Haar measure — that is,

the invariance of the Haar measure under the application of any fixed unitary — the power

series must be an expansion in s2i . Furthermore, there exists a passive Gaussian unitary,

specifically a product of beamsplitters, that acts on σ0 via the transformation si → sτ(i)

for some permutation τ of n elements. Therefore, again by the translational invariance of

the Haar measure, the power series must be symmetric under si → sτ(i). It follows that

the O(s2i ) term must be of the form g(r, n)
∑

i s
2
i for some function g(r, n). When all si are

equal, the power series must reduce to Theorem 2.3.1, which fixes g(r, n) to be 2r(1− r).

The next term is O(s4max), but what is the k dependence? We will show that the k

dependence is at most linear, proving that the remaining terms in the power series are

O(ks4max). Recall that S2(U) = 1
2
Tr log σ(U) where σ(U) is the covariance matrix for the

state generated by U from the initial product squeezed state σ0. Since the log function is

concave, Jensen’s inequality implies that EU S2(U) ≤ 1
2
Tr logEU σ(U). EU σ(U) is calculated

in Eq. (A.5) in Appendix A.1.1 to be νI2k×2k, where ν = 1
n

∑
i cosh(2si) ≤ cosh(2smax).

Therefore, EU S2(U) ∈ O(k log ν).

One particularly interesting application of this corollary is when each si ∈ O(1/
√
n). In

this case, the average total number of bosons in the n modes is N =
∑

i sinh
2(si) ∈ O(1).

Thus, when one considers a constant number N of bosons in the system as the number of
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modes is taken to infinity, one finds the Page curve to be 2r(1− r)N .

We now shift our focus to entanglement typicality in the regime of unequal squeezing. The

results described in the remainder of this section are summarized in Table 2.1. Ideally, we

would like to make further statements about entanglement in the regime of unequal squeezing

by using our previous results on equal squeezing. One way to potentially proceed is to use

the equal squeezing results to bound the unequal squeezing quantities. Intuitively, we expect

that EU S2(U) for arbitrary unequal squeezing is upper bounded by EU S2(U)|all si=smax and

lower bounded by EU S2(U)|all si=smin
. In other words, by increasing all of the squeezing

strengths until they all are equal, the average entanglement will increase. In this spirit, we

make the following conjecture.

Conjecture 2.5.2. Let r ∈ [0, 1], si ∈ R, and n ∈ N. Then, for any i,

0 ≤ ∂

∂(s2i )

(
E

U∈U(n)

1

n
S2(U)

)
, and (2.17)

0 ≤ ∂

∂(s2i )

(
E

U∈U(n)

1

n2
S2(U)

2

)
. (2.18)

Conjecture 2.5.2 seems intuitive — by increasing the magnitude of any individual squeez-

ing strength, the number of bosons in the system increases, and therefore it would seem

surprising for the average entanglement to decrease. We note that, somewhat counterintu-

itively, one can find explicit unitaries and squeezing configurations for which ∂
∂(s2i )

S2(U) < 0

(we provide an example in our code repository [145]), and hence the presence of the EU is

necessary for the conjecture. Despite its intuitiveness, we have been unable to rigorously

prove Conjecture 2.5.2. The derivative of S2(U) =
1
2
log detσ(U) is 1

2
Tr
(
σ(U)−1 ∂σ(U)

∂(si)2

)
. The

difficulty in computing the expectation value over U ∈ U(n) arises due to the presence of

the inverse σ(U)−1.

Nonetheless, under the assumption that Conjecture 2.5.2 is true, we can immediately

upper and lower bound the Rényi-2 Page curve for an arbitrary squeezing configuration

29



(s1, . . . , sn) by using Theorem 2.3.1 with s = smax and s = smin respectively,

lim
n→∞

E
U∈U(n)

1

n
S2(U) ≥ lim

n→∞
E

U∈U(n)

1

n
S2(U)

∣∣
si=smin

, (2.19)

lim
n→∞

E
U∈U(n)

1

n
S2(U) ≤ lim

n→∞
E

U∈U(n)

1

n
S2(U)

∣∣
si=smax

. (2.20)

Furthermore, the conjecture implies that

lim
n→∞

E
U∈U(n)

1

n2
S2(U)

2

≤ lim
n→∞

E
U∈U(n)

1

n2
S2(U)

2
∣∣
si=smax

.

(2.21)

From this, we can also make statements on weak typicality for unequal squeezers by bounding

the variance. The variance is EU S2(U)
2 − (EU S2(U))

2. We can therefore upper bound the

variance by upper bounding the first term with Eq. (2.21) and lower bounding the second

term with Eq. (2.19).

Remark 2.5.3. Let r ∈ [0, 1] and si ∈ R. If Conjecture 2.5.2 is true and if the subsystem

size k = rn ∈ o(n) or smax ∈ o(1), then the Rényi-2 entropy is weakly typical. Similarly, if

k ∈ o(n), then the von Neumann entropy is weakly typical.

Proof. We can bound the variance of the Rényi-2 entropy as

lim
n→∞

1

n2
Var
U
S2(U) ≤ lim

n→∞

1

n2

×
[
E
U

(
1

n
S2(U)|all si=smax

)2

−
(
E
U

1

n
S2(U)|all si=smin

)2 ]
.

(2.22)

From Theorem 2.4.2, the EU can be brought inside the parentheses in the first term. Then,

the right hand side can be computed using Theorem 2.3.1, which gives limn→∞
1
n2 VarU S2(U) ∈

O(r2s4max). Hence S2 is weakly typical if r ∈ o(1) or smax ∈ o(1).
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For the von Neumann entropy, we again make use of Eq. (2.15), which gives limn→∞
1
n2 VarU S1(U) ∈

O(r2s2max), which goes to zero if r ∈ o(1).

In summary, we have used our results from Sections 2.3 and 2.4 on entanglement in

the equal squeezing regime to prove various statements in the unequal squeezing regime. In

particular, under the assumption that Conjecture 2.5.2 is true, we prove both the Rényi-2 and

von Neumann entropies are weakly typical whenever the subsystem size k scales as k ∈ o(n).

The best known result for the presence of strong typicality in the unequal squeezing regime

is when k ∈ o
(
n1/3

)
as proven in Ref. [33]. The current status of rigorous results on typical

entanglement in Gaussian bosonic systems is summarized in Table 2.1.

Section 2.6: Conclusion

In this work, we studied the average and variance of the Rényi-2 and von Neumann en-

tropies in random bosonic Gaussian systems. We computed the Rényi-2 Page curve and

Page correction when all the initial squeezing strengths are equal, and we proved various

results on the typicality of the Rényi-2 and von Neumann measures of entanglement. Given

that the Rényi-2 entropy is a function of only the purity, it is often tractable to measure

experimentally. It would be interesting to compare the analytic formula in Theorem 2.3.1

to an experimental Gaussian Boson Sampling device to determine how well it is generating

and maintaining bipartite entanglement.

We have identified several open problems that would generalize and expand our results.

One such open problem is to prove Conjecture 2.5.2, which would allow our results on

the Page curve to apply more generally. Perhaps the most important remaining task is to

complete Table 2.1 by proving typicality of entanglement in the remaining regimes, such as

the regime of unequal squeezing and the von Neumann entropy.

For the latter, we note two potentially fruitful avenues. The first comes from the formula
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for the von Neumann entropy of a Gaussian state with covariance matrix σ given in Ref. [150].

Let Dσ :=
√
detσ = eS2 , where S2 is the Rényi-2 entropy of σ. Ref. [150] derives expressions

for all the Rényi-α entropies, including the von Neumann entropy, as functions of Dσ. In our

work, we found an expression for EU S2(U) in the regime of equal squeezers by expanding

S2(U) in a power series and exactly computing asymptotic expectation values over the unitary

Haar measure. To find the Rényi-α entropy EU Sα(U), one could similarly attempt to expand

in powers of Dσ, and therefore compute EU Sα(U) by computing EU ejS2(U) for various values

of j. A second potential way of computing EU S1(U) is similar, where one could use the

formula

S1 =
1

2
log det

[
σ + iΩ

2

]
+

1

2
Tr[arccoth(iΩσ)iΩσ] , (2.23)

where Ω is the 2n × 2n symplectic form given in Eq. (A.1) [138, 151, 152]. The equations

resulting from using these methods with the Weingarten calculus may potentially be too

difficult to simplify at first glance, as was the case in this work. However, it would be

interesting to see if the presence of the r 7→ 1−r symmetry is enough, as it was in this work,

to reduce the complicated Weingarten expressions to something much more tractable and

simple.

In this paper, we have only considered truly Haar-random unitaries. One important ques-

tion concerns how these results translate to the case where one uses random local passive

Gaussian gates to generate random unitary circuits of finite depth. Indeed, an interesting

open problem is to determine the depth dependence of entanglement, sampling complexity,

and gate complexity in linear optical circuits. Sampling complexity refers to the classical

complexity of generating samples from the output probability distribution defined by a fixed

depth linear optical circuit, and gate complexity refers to the minimum number of nearest-

neighbor beamsplitters required to generate the probability distribution. Currently, the

precise relationship between entanglement and complexity is largely unknown. Numerical

analyses of entanglement dynamics in linear optical circuits have been reported in Refs. [153,
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154]. Partial analytical work was done in Ref. [155], but only in the regime where one or a

small number of modes are not initially vacuum. On the contrary, a typical Gaussian Bo-

son Sampling experiment initially squeezes many or all of the modes. Information on such

entanglement growth could yield insights on implementations of Gaussian Boson Sampling

experiments as well as the complexity of computing output probabilities from such exper-

iments. On the complexity side, many recent works have studied classical simulation and

classical sampling complexity of linear optical circuits in certain regimes of low depth and

the phase transition at which the complexity passes from easy to hard [156–160]. Indeed,

both entanglement and complexity are expected grow with depth, and further study may

reveal that the relationship is even more intimate.

In this work, we have characterized the entanglement properties of Gaussian states such

as they arise in Gaussian Boson Sampling. In this setting, we also know that sampling from

Fock basis measurements of the Gaussian state is computationally intractable. It remains

an exciting question to better understand the role that entanglement plays in this context.

An important aspect of this direction is to understand how entanglement and measurement

bases interact. After all, some form of non-Gaussianity is crucial to generate complexity in

bosonic computations [124].
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Chapter 3: Average Rényi entanglement entropy in Gaussian

boson sampling

Section 3.1: Introduction

Major advances in quantum computing over the past decade have opened up potential break-

throughs in various fields of science [161, 162]. One such advancement is Gaussian Boson

Sampling (GBS), an experimental framework for demonstrating quantum advantage that

produces a sample from a distribution that is classically hard to compute [24–26, 163]. In

this framework, squeezed photons are transformed by a Haar-random, passive Gaussian uni-

tary consisting of beamsplitters and phase shifters. Although GBS is not computationally

universal, it is nonetheless crucial for understanding the leverage of quantum devices over

their classical counterparts at performing specific tasks.

The preparation of squeezed states is a much easier task than that of single photons used

in Fock-state boson sampling, hence making GBS an experimentally favorable avenue toward

demonstrating quantum advantage. Indeed, such demonstrations have already been realized

in the lab [29–31].

There is strong evidence that classically sampling from the output probability distribution

of a GBS experiment is hard in the complexity-theoretic sense [27, 29–31, 164], whereas

such sampling can be done efficiently on a quantum device. Moreover, entanglement is a

critical asset across quantum computing, with additional applications in teleportation, dense

coding, and quantum communication [123, 165–167]. Therefore, quantifying the behavior of
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entanglement in Gaussian bosonic systems has been of recent interest [29, 31], especially to

sharpen the connection between entanglement and computational complexity. Indeed, the

relationship between entanglement and complexity is generally unknown. Classical hardness

requires at least some entanglement, but too much entanglement can also cause a state to

be useless for computation. In fact, a randomly chosen finite-dimensional quantum state

generally has too much entanglement to be computationally useful [21, 22]. This prompts

our study of average and typical entanglement, and motivates further study into the general

connection between entanglement and complexity.

In 1993, Page conjectured an explicit formula for the average entanglement entropy over

all Haar-random pure states in an N -dimensional Hilbert space of the reduced density matrix

on an rN -dimensional subsystem for r ∈ [0, 1]. This conjecture was proven soon after in the

N → ∞ limit, and the average entanglement entropy as a function of r is now known as the

Page curve [99–101]. The Page curve was initially studied in the context of information dy-

namics in and around black holes [168], and has since found various applications in quantum

information and condensed matter theory [169]. As a natural follow-up, many works inves-

tigated the deviation of entanglement entropy from its expected value. A system exhibits

typical entanglement if the probability that a random state has entanglement bounded away

from the average is small. This behavior, along with strong and weak classes of entanglement

typicality, has been studied in black holes, thermodynamics, and other systems [65, 105, 118,

121, 169–171].

Leaving the realm of standard finite-dimensional systems, the Page curve for fermionic

Gaussian states has been extensively analyzed [120, 131, 172–176]. A natural next step,

especially given the relevance to GBS, is to study bosonic Gaussian states. The typicality of

entanglement in random bosonic Gaussian states was studied in Refs. [2, 33, 34, 132], and

the Page curve for Gaussian bosonic systems was studied in Ref. [2]. However, Ref. [2] only

computed the Page curve for the Rényi-2 entropy.
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In this work, we derive analytic expressions for the Rényi-α Page curves of bosonic

Gaussian systems for all α ∈ Z>0, with special considerations for the von Neumann (Rényi-

1) Page curve. The entropy of a mixed state is an indicator of its entanglement with the rest

of the universe [13], and indeed the Rényi-α Page curve is a measure of the entanglement

of an average state in a system as measured by the Rényi-α entropy, for α ∈ R+. The

Rényi-α entropies offer a quantitative way to compare the amount of entanglement in two

given quantum states, in that if the Rényi-α entanglement entropy of state |ψ1⟩ is greater

than |ψ2⟩ for any given α, then one cannot convert |ψ2⟩ into |ψ1⟩ via local operations and

classical communication. Each Rényi-α entropy has its own unique mathematical features,

and notable examples are the von Neumann/Shannon entropy (α = 1), collision entropy

(α = 2), and min-entropy (α → ∞). In particular, the min-entropy, the entropy defined

by − logmax(pi) for each pi a probability of occurrence of outcome i when working with

a discrete random variable, is a useful expression for working with extracting randomness

from variables when lower entropies (e.g. von Neumann) do not suffice [177]. Therefore,

it is natural to analyze the Rényi-α entropies in bosonic systems and extract their unique

properties.

Our expressions are asymptotically exact in the number of modes n. Using these ex-

pressions, we prove various results about typicality of entanglement with respect to these

Rényi-α entropies. A surprising feature that our analysis reveals is that Rényi-α entropies all

concentrate for integer α, which suggests that the entanglement spectrum of the states gener-

ated by Gaussian boson sampling also concentrate. This result could be useful in theoretical

analysis of the performance of Gaussian boson sampling circuits.

Our setup is exactly that of a GBS experiment, and is the same as the setups considered

in Refs. [2, 33]. A pure input quantum state with n squeezed vacuum modes is acted on by a

Haar-random, linear unitary (passive Gaussian) circuit. The Page curve, as a function of r,

is the average Rényi-α entanglement between a group of rn modes and the remaining system
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of (1− r)n modes, where r ∈ [0, 1]. We expound our setup in greater detail in Section 3.2.

In Section 3.3, we present our results for the von Neumann entropy. Under an equal

squeezing regime, we first present an explicit formula for the von Neumann Page curve in

Section 3.3.1 in terms of the partition ratio r and initial squeezing strength s, which is exact

up to terms that decay to zero as n→ ∞. We subsequently discuss the von Neumann entropy

under squeezing limits s→ 0 and s→ ∞ in Section 3.3.2.

We then generalize our analyses to the Rényi-α entropies for integers α ≥ 2 in Section 3.4.

In Section 3.4.1, we derive the Rényi-α Page curve in terms of the partition ratio r and

initial squeezing strength s, with additional terms that vanish to zero as n → ∞. We

calculate squeezing limits of the Rényi-α entropy, this time with the extra dependence on α, in

Section 3.4.2. Finally, we evaluate the Rényi-α entropy under unequal, small initial squeezing

strengths in Section 3.4.3 and derive typicality of entanglement results in Section 3.4.4.

Section 3.2: Setup

In this section, we present our setup. We consider a bosonic system of n modes. For a

pedagogical introduction to the concepts discussed in the section, we refer to Ref. [138]. For

each i ∈ {1, 2, . . . , n}, define ri := xi to be the position operator and rn+i := pi to be the

momentum operator. A density matrix ρ describes a Gaussian state if there exists a β > 0

and a Hamiltonian H that is at most quadratic in the quadrature operators ri such that

ρ is the thermal state ρ ∝ e−βH . When ρ is Gaussian, it is fully characterized by its first

and second moments Tr(ρri) and σij =
1
2
Tr[ρ(rirj + rjri)]− Tr(ρri) Tr(ρrj). σ is called the

covariance matrix of the state ρ.

In this work, we investigate the properties of bosonic states after the application of a

linear optical unitary. Linear optical unitaries generate passive (boson-number conserving,

or equivalently energy conserving) Gaussian unitaries. The set of passive Gaussian unitaries

is isomorphic to Sp(2n) ∩ O(2n) ∼= U(n), where Sp(2n) is the symplectic group of 2n × 2n
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matrices, O(2n) is the orthogonal group of 2n× 2n matrices, and U(n) is the unitary group

of n× n matrices [71].

We now define our notion of a random, pure Gaussian state on n modes. We initialize

the ith mode to be in a squeezed vacuum state with fixed squeezing parameter si ∈ R ∀ i ∈

{1, . . . , n}. We then randomly sample a passive Gaussian unitary U ∈ U(n) according to

the Haar measure [71] and apply it to the n modes. The output state is characterized by

the input squeezing strengths si and the unitary U . For squeezing parameters s1, s2, . . . , sn,

the total expected number of bosons in the state on the n modes is
∑n

i=1 sinh
2(si). In this

work, we primarily consider the case when all the squeezing parameters are equal, si = s.

Then, the average total number of bosons per mode is sinh2(s).

We partition the n output modes into two groups: one group of k = rn modes for some

0 ≤ r ≤ 1, and the other group of n − k = (1 − r)n modes. We calculate the Rényi-α

entropy of the reduced state of the k modes. Because we are considering pure states, this is

equivalent to the entropy of the reduced state of the n− k modes [13].

For the density matrix ρ(U) on the k modes, we denote its Rényi-α entropy by Sα(U) :=

1
1−α log Tr(ρ(U)

α). The limit as α → 1 yields the von Neumman entropy S1(U) := −Tr ρ(U) log ρ(U).

We note that the dependence of these quantities on r, n, and s is implicit. Furthermore, the

average value of Sα(U) over U(n) with respect to the Haar measure is defined as the Rényi-α

Page curve.

We will frequently utilize σ(U), the covariance matrix of ρ(U). We also use the symplectic

eigenvalues of σ(U), defined as the eigenvalues of the matrix iΩσ(U) where

Ω :=




0n×n In×n

−In×n 0n×n


 . (3.1)
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Section 3.3: Von Neumann Entropy

In this section, we calculate an explicit formula for the von Neumann Page curve as a function

of equal squeezing strength s and the partition size ratio r up to terms that decay to zero as

n increases. Then, we compute and interpret the Page curve in the squeezing limits s → 0

and s→ ∞. Next, we discuss an approach to the case of small, unequal squeezing strengths.

Finally, we comment on difficulties in deriving the variance and entanglement typicality of

the von Neumann entropy in this setting.

Subsection 3.3.1: Explicit formula

The von Neumann entropy is a function of the squeezing strength s (assuming all modes

are equally squeezed) and the partition size ratio r = k
n
, up to terms that decay to zero as

n→ ∞. We explicitly calculate this function, which also leads us to the von Neumann Page

curve as n→ ∞.

Theorem 3.3.1 (von Neumann entropy). Choose any s ∈ R and r ∈ [0, 1]. Let Ci = 1
i+1

(
2i
i

)

represent the ith Catalan number and 2F1 the hypergeometric function [141]. Then, the

average von Neumann entropy over all unitaries U ∈ U(n) is

E
U∈U(n)

S1(U) =
∞∑

i=1

[
1

2i
− 1

3
sech2(2s) tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)]

× (nGi(r)−Hi(r) + o(1)),

(3.2)

where

Gi(r) = r − ri+1Ci 2F1(1− i, i, 2 + i, r), (3.3)

Hi(r) = 4i−1(r(1− r))i (3.4)
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are functions independent of n detailed in Ref. [2], and o(1) denotes terms that vanish as

n→ ∞.

The derivation for this formula is detailed in Appendix B.1.1. In the derivation we use

a formula for the von Neumann entropy in terms of the covariance matrix of the subsystem

of k modes. Using the decomposition of the covariance matrix derived in Ref. [2], we Taylor

expand about the identity matrix and utilize the negative binomial theorem. Finally, we use

formulas from Ref. [2] regarding expectation values over U(n) of certain functions of matrix

elements to arrive at the final expression.

The von Neumann Page curve as n → ∞ is derived from Theorem 3.3.1 by dividing by

n. The Hi(r) and o(1) terms on the RHS subsequently vanish. One important note is that

the Page curve must be symmetric under r 7→ 1 − r since the global state on the n modes

is pure [13]. Since Gi(r) and Hi(r) are symmetric about r = 1
2

[2], the von Neumann Page

curve derived from Theorem 3.3.1 is indeed symmetric about r = 1
2
. This symmetry allows

one to replace r with min(r, 1− r).

Subsection 3.3.2: Squeezing limits

Theorem 3.3.1 applies for all equal squeezing strengths s. We find considerable simplifica-

tions when examining the limiting behavior as a function of s. We begin with the s → 0

limit, which corresponds to photons in their near-vacuum states. One might expect the von

Neumann Page curve to grow with the total number of bosons,
∑n

i=1 sinh s
2 ≈ ns2 for small

si. Indeed, this behavior occurs for the rest of the Rényi entropies (with integer α ≥ 2) as

shown in Section 3.4.2. However, the pertinent limit lims→0 limn→∞ E
U∈U(n)

1
s2n
S1(U) diverges

to infinity. In Appendix B.1.2, we prove this result and demonstrate the relevant scaling to

be E
U
S1(U) ∼ s2 log(1/s2), as formulated in the following theorem.
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Theorem 3.3.2. For the squeezing strength limit s→ 0,

lim
s→0

lim
n→∞

E
U∈U(n)

1

(s2 log(1/s2))n
S1(U) = r(1− r). (3.5)

We note that of course the entanglement must be zero when s = 0 simply because there

are no bosons present when s = 0. Theorem 3.3.2 addresses how the entanglement approaches

zero as s→ 0. While the derivation of Theorem 3.3.2 is fairly straightforward, its significance

is more interesting. The von Neumann Page curve’s growth in order s2 log(1/s2) for small s

can be attributed to the unique definition of the von Neumann entropy S1(ρ) = −Tr(ρ log ρ),

where ρ is the density matrix of the quantum state. Therefore, the symplectic eigenvalues

νj of the covariance matrix would also scale the von Neumann entropy in order νj log νj,

warranting the s2 log(1/s2) dependence (as νj ∼ s2). Furthermore, the von Neumann entropy

is non-analytic unlike the rest of the Rényi entropies. Therefore, the argument presented in

Ref. [2] that the Rényi entropy can be expanded in lowest order s2 doesn’t apply to the von

Neumann case. More specifically, the deviation from analytic behavior arises from the von

Neumman entropy formula in terms of the covariance matrix σ [138, 152, 178]:

S1 =
1

2
log det

(
σ + iΩ

2

)
+

1

2
Tr
(
coth−1(iΩσ)iΩσ

)
, (3.6)

where Ω is the symplectic form defined in Eq. (3.1). Since coth−1(x) is not a real analytic

function, the resulting Page curve is not analytic, either.

In a similar vein, we compute the von Neumann Page curve as s → ∞, assuming an

equal squeezing regime.

Theorem 3.3.3. In the strong squeezing limit s→ ∞,

lim
s→∞

lim
n→∞

E
U∈U(n)

1

sn
S1(U) = 2min(r, 1− r). (3.7)
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Here, the von Neumann Page curve scales with s as s → ∞. This is because, for large

absolute squeezing values, higher orders in r dominate the expansion of Theorem 3.3.1, which

scale with s. Interestingly, Theorem 3.3.3 remains the exact same for the Rényi-2 entropy

[2], and indeed we will see in Sec. 3.4.2 that it is the same for all the Rényi-α entropies for

integral α.

We now compare this result to the case of averaging over all n-mode bosonic states with

a fixed boson number constraint. In particular, the volume (i.e. proportional to n) scaling

of the corresponding Page curve is [179]

lim
n→∞

1

n
S
(nb)
1 = ((rb + 1) log(1 + rb)− rb log(rb))min(r, 1− r), (3.8)

where rbn = nb the number of bosons. In this case, the Hilbert space is finite-dimensional

with dimension
(
n+nb−1

nb

)
. As nb → ∞, this yields 1

n
S
(nb)
1 ∼ log(rb)min(r, 1− r)

In our Gaussian setup, the expected number of bosons is ⟨nb⟩ = n sinh2(s). In this case,

the Hilbert space in infinite-dimensional, but the fixed squeezing constraint gives an energy

constraint. Using Theorem 3.3.3, we then see that as nb → ∞ , 1
n
S1 ∼ log(⟨rb⟩)min(r, 1−r).

We therefore see that, asymptotically, the average entanglement scales proportional to

the volume of the system. Given a fixed but asymptotically large energy (i.e. number of

bosons), the average entanglement over Gaussian states equals the average entanglement

over all bosonic states.

Finally, we also note that when r → 0, all of the Page curves that we have computed, and

indeed all of the Page curves computed in Ref. [179], scale proportionally to r. In particular,

we can see from Ref. [179, Fig. 2, Eq. (23)] that the fixed particle number Page curves for

(a) fermions, (b) hardcore bosons, and (c) (multi-species) bosons all have Page curves that

are proportional to r as r → 0. Similarly, Page curves in finite-dimensional spaces without

constraints are also proportional to r as r → 0 [65, 99–101, 105, 118, 121, 169–171]. In the

Gaussian case that we have computed in this work, the Page curve is also proportional to r
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in this limit, as can be seen in Theorems 3.3.1 and 3.4.1.

Subsection 3.3.3: Unequal squeezing

In Ref. [2], the expected value of the Rényi-2 entropy for small, unequal squeezing strengths

was calculated through a power-series analysis. The analyticity of the Rényi-2 function was

what allowed writing the entropy as a power series in si, where si was the squeezing strength

of the ith mode. Using this power series expansion, along with the translational invariance

of the Haar measure, Ref. [2] derived a formula for unequal squeezing in order s2, which

reduces to the s→ 0 squeezing limit for small, equal si.

However, due to the von Neumann entropy not being analytic around s = 0, we cannot

perform the same analysis to derive a formula for unequal squeezing strengths. Furthermore,

directly approaching the unequal squeezing regime via the Taylor expansion of the von Neu-

mann entropy runs into another problem, since the separation between s and r dependence

present in the Rényi-2 case presented in Ref. [2] no longer applies here. Specifically, the ma-

trix W described in Appendix B.1.1 is no longer independent of s. Therefore, carrying out

the Taylor expansion would yield complicated matrix expressions in σ that do not simplify

appreciably at first glance. Due to these difficulties, we are unable to derive the unequal

squeezing case for the von Neumann entropy. It is nonetheless possible, though, that exe-

cuting the complicated matrix Taylor expansion and simplifying terms yields a closed-form

result for the von Neumann entropy.

Section 3.4: General Rényi-α Entropies

In this section, we extend much of our analysis with the von Neumann entropy in Section 3.3

to Rényi-α entropies for integer α ≥ 2. We also derive results for the typicality of entan-

glement and the small, unequal squeezing case. First, we present the Rényi-α Page curve

43



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

E
𝑈∈𝑈(𝑛)

1

𝑛
𝑆1(𝑈)

E
𝑈∈𝑈(𝑛)

1

𝑛
𝑆15(𝑈)

𝑟

E
𝑈∈𝑈(𝑛)

1
𝑛𝑆𝛼(𝑈)

Figure 3.1: Simulated Page curves for Rényi-α entropies for α ∈ {1, 2, 3, 4, 5, 6, 7, 15} in
dots (smaller Page curves indicate larger α), overlaid on the analytic expressions derived in
Theorem 3.3.1 and Theorem 3.4.1. The simulated values were run 250 times. The number
of modes is n = 400 with equal squeezing strength s = 0.5.

∀α ∈ Z, α ≥ 2. Next, we investigate squeezing limits as s→ 0 and s→ ∞, as well as consider

the Rényi-α Page curve for small, unequal squeezing strengths. We also study the variance

of the entanglement and prove various regimes of entanglement typicality. Finally, we show

some numerical simulations confirming our results.

Subsection 3.4.1: Explicit formula

As before, we consider a system of n modes, each with equal initial squeezing strength s.

Theorem 3.4.1 (Rényi-α Page curve). For all integer α ≥ 2, define a =
⌊
α−1
2

⌋
. Let ζ = 1

if α is even and ζ = 0 if α is odd. Then, the Rényi-α entropy is given by
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E
U∈U(n)

Sα(U) =
ζ

α− 1
E

U∈U(n)
S2

+
1

α− 1

∞∑

i=1

[
a∑

m=1

sinh2i(2s)

i(cosh2(2s) + cot2 πm
α
)i

]
(nGi(r)−Hi(r) + o(1)) ,

(3.9)

where E
U∈U(n)

S2 is the expected value of the Rényi-2 entropy as a function of s and r given as

E
U∈U(n)

S2 =
∞∑

i=1

tanh2i(2s)

2i
(nGi(r)−Hi(r) + o(1)) , (3.10)

and where Gi(r) and Hi(r) are defined in Eq. (3.3).

The proof of Theorem 3.4.1 is shown in Appendix B.2.1. In the proof, we use a formula

for the Rényi-α entropy in terms of the symplectic eigenvalues of σ, the covariance matrix

of the reduced state of k modes (see, e.g., Ref. [138]). We convert this formula into a matrix

expression in terms of Ω and σ, and perform significant simplifications. Finally, to compute

the expectation value over the unitary group, we again utilize averaged matrix quantities

derived in Ref. [2].

Since Gi(r) is symmetric under r → 1−r, we see that the Page curves are also manifestly

symmetric under r → 1−r. Various analytic Rényi-α Page curves are plotted in Fig. 3.1. We

also plot numerically-simulated values of the Page curve, where we generate Haar-random

unitary matrices and compute the entropies using the positive symplectic eigenvalues νj of

each covariance matrix σ. Then, we compute the respective Rényi-α entropy as Sα(U) =
∑n

j=1
1

1−α ln
(

2α

(νj+1)α−(νj−1)α

)
[138]. The numerical and analytical values overlap, indicating

the validity of Theorem 3.3.1 and Theorem 3.4.1.
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Subsection 3.4.2: Squeezing limits

We now investigate the Rényi-α Page curve for all integer α ≥ 2 in the squeezing limits

s → 0 and s → ∞. We find that, just as in the Rényi-2 case, the Page curve scales with s2

when s approaches zero and scales with s when s→ ∞.

Theorem 3.4.2. For integer α ≥ 2, the Page curves of the Rényi-α entropy as the equal

squeezing strength s approaches 0 and ∞, respectively, are given by

lim
s→0

lim
n→∞

E
U∈U(n)

1

ns2
Sα(U) =

α

α− 1
r(1− r), (3.11)

lim
s→∞

lim
n→∞

E
U∈U(n)

1

ns
Sα(U) = 2min(r, 1− r). (3.12)

In general, the Rényi entropies satisfy Sα ≥ Sα′ whenever α ≤ α′. This behavior matches

with our formulas for the Rényi-α limits in Theorem 3.4.2, as the Page curve decreases when

α increases. From Theorem 3.4.2, it is furthermore evident that S2(U) = 2S∞(U) when

s → 0. This relation between two Rényi entropies saturates the case of a discrete random

variable with outcome probabilities p1, p2, . . . , pm, where

S2 = − log
∑

i

p2i ≤ − log sup p2i = −2 log sup pi = 2S∞. (3.13)

In the infinite squeezing case, the Page curve remains independent of α in order s as

α → ∞. This indicates that, as s → ∞, the Page curve approaches the curve of maximum

Gaussian entanglement (that is, the maximum is taken over all Gaussian states with a fixed

initial squeezing configuration).
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k = Θ(n) k = o(n) [2] k = o(n1/3) [33]

Equal Rényi-α (α ≥ 2) weak strong strong
squeezing von Neumann ? weak strong

Unequal Rényi-α (α ≥ 2) ? weak∗ strong
squeezing von Neumann ? weak∗ strong

Table 3.1: A summary of the current status of rigorous results on entanglement typicality
in Gaussian bosonic systems. This table is the same as the one provided in Ref. [2] and
Table 2.1, but the Rényi-2 case has been generalized for all Rényi-α entropies where α ∈ Z+.
Note that “weak∗” indicates that the result is not fully proven, but is based on Conjecture 10
in Ref. [2]. Furthermore, wherever "weak" typicality is displayed, we have not ruled out the
possibilty of strong typicality. We present typicality results when k, the number of modes
in the subsystem, scales with Θ(n) , o(n) , and o

(
n1/3

)
, respectively. Note that we only take

the "worst-case" typicality; if there exists both weak and strong typicality for one scaling,
we display only the weakly typical case. We present typicality results separately for the
Rényi-α entropies and the von Neumann entropy. The leftmost column (k = Θ(n)) stems
from our findings in Section 3.4.4, while the middle column (k = o(n)) follows from Ref. [2].
The rightmost column (k = o

(
n1/3

)
) follows from the results of Ref. [33]. Refs. [34, 132]

proved strong typicality in the regime k = O(1).

Subsection 3.4.3: Unequal squeezing

We now consider the Rényi-α entropy when the initial squeezing strengths are not necessarily

equal, but are close to zero. We let the squeezing strength on the ith mode be si for some

si ∈ R. Define smax := max (|s1|, |s2|, . . . , |sn|).

Theorem 3.4.3. For integer α ≥ 2, the Rényi-α entropy for small, unequal squeezing

strengths s1, s2, . . . , sn is given by

E
U∈U(n)

Sα(U) =
α

α− 1
r(1− r)

n∑

i=1

s2i +O
(
rns4max

)
. (3.14)

To prove Theorem 3.4.3, note that the Rényi-α entropy is real analytic for positive integer

α. This is because the Rényi-α expression, when written in terms of the covariance matrix

σ, contains only analytic expressions in the vicinity of s = 0, and thus the final expression is

also analytic in the small-squeezing limit [138]. Thus, we can write the entropy as a power
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series in si. Furthermore, there exists a passive, local (i.e. acting independently on each

mode) Gaussian unitary that acts on the initial covariance matrix σ0 with the transformation

si → −si. Since this unitary can absorbed into the Haar random unitary U , the power series

can be expanded in s2i . Note that when the absolute squeezing strengths are close to zero,

the first statement of Theorem 3.4.2 is a special case of Theorem 3.4.3.

There exists another passive Gaussian unitary that acts on σ0 via the transformation

si → sτ(i) for any permutation τ of n elements. Since this unitary can also be absorbed into

the Haar random unitary U , the power series is symmetric under si → sτ(i). Thus, the s2i

term in the power series expansion is of the form g(r, n)
∑n

i=1 s
2
i for some function g(r, n).

The equal-squeezing result in Theorem 3.4.2 then immediately implies g(r, n) = α
α−1

r(1− r).

Subsection 3.4.4: Typicality of entanglement

Next, we investigate the variance of the Rényi-α Page curve. Chebyshev’s inequality allows

one to relate the variance with the typicality of entanglement, where typicality describes

how quickly the difference between some quantity (in this case, entanglement) and its aver-

age vanishes. This analysis is useful in statistical mechanics, where typicality is useful for

thermodynamic variables to accurately represent their mean values.

The formal definition of typicality as described in Ref. [2] is as follows: a unitary-

dependent nonnegative random variable S(U) is weakly typical if, for any constant ϵ > 0,

lim
n→∞

Pr
U∈U(n)



∣∣∣∣∣∣

S(U)

E
V ∈U(n)

S(V )
− 1

∣∣∣∣∣∣
< ϵ


 = 1. (3.15)

Similarly, S(U) is strongly typical if, for any constant ϵ > 0,

lim
n→∞

Pr
U∈U(n)

[∣∣∣∣S(U)− E
V ∈U(n)

S(V )

∣∣∣∣ < ϵ

]
= 1. (3.16)
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Perhaps contrary to intuition, a weakly typical variable has its multiplicative distance

vanish in the thermodynamical limit, while a strongly typical variable has its additive dis-

tance vanish. This occurs because the entropy goes to infinity as n → ∞. In this regard,

strong typicality implies weak typicality.

We are able to prove typicality results based on a crucial invariance described in Ref. [2].

Specifically, Ref. [2] derives that the variance of the Rényi-2 entropy is constant as n→ ∞.

We extend this to general integer α ≥ 2 using a Cauchy-Schwarz argument in Appendix B.2.4.

Using a bound for the variance via Chebyshev’s inequality, the Rényi-α entropy exhibits weak

typicality for k = Θ(n) (again, for all integer α ≥ 2). We present our results, as well as past

analyses of entanglement typicality in Gaussian bosonic systems, in Table 3.1.

Section 3.5: Conclusions and open questions

In this paper, we have carefully studied the Rényi and von Neumann entropies of random

bosonic Gaussian states. Such states are exactly the output states of a GBS experiment.

Specifically, we have found closed formulas for the Rényi-α entanglement entropy in terms

of the squeezing strength s and the mode partition ratio r that are exact asymptotically

in n, where α ∈ Z+. Using this, we calculated the Rényi-α Page curve and various results

stemming from it, such as s → 0 and s → ∞ squeezing limits, and, for α ≥ 2, variance and

typicality of entanglement.

We have not reached a conclusion regarding the typicality of entanglement for the von

Neumann entropy as k scales with Θ(n).We have that VarU S1(U) = EU S1(U)
2−(EU S1(U))

2 ,

which we have not been able to simplify appreciably when using the von Neumann entropy

formula from Theorem 3.3.1. Specifically, the squaring of hypergeometric functions yields

terms in the variance expansion that we have not been able to simplify. More research should

be done to determine the typicality of entanglement for the von Neumann entropy. However,

since we’ve proven in Appendix B.2.4 that the Rényi-α entropies for integer α ≥ 2 are only
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weakly typical, the von Neumann entropy is unlikely to be strongly typical. It remains to

be rigorously proven, perhaps through examining special cases of the von Neumann entropy,

such as when r = 1
2

or s→ 0, and attempting to extract the variance from these cases.

Another point of research is in generalizing the Rényi-α entropy in Theorem 3.4.1 to non-

integer α. In our work, we only considered α ∈ Z+. Extending to non-integer α would allow

a formula for the Rényi entropies that is continuous in α, and could be useful to examine

the behavior of the Rényi entropy as α → 1.

We also propose other areas of further research. Thus far, we have only considered

Haar-random unitaries that describe the linear optical circuit. However, an interesting point

of research could be in examining the entanglement associated with random linear optical

circuits of finite depth, that is, the depth dependence of entanglement entropy. Currently,

the precise relationship between entanglement and circuit depth is largely unknown [180].

There have been some numerical studies [153], but only specialized cases where most, but

not all, initial modes are vacuum are understood analytically [155].

Another related notion deals with sampling complexity, the overall complexity of classical

computers producing a sample from approximately the same distribution as the quantum sys-

tem [181]. Quantifying the relationship between entanglement and complexity, and studying

the depth dependence of entanglement and complexity, could yield crucial new insights into

the classical hardness of simulating quantum experiments such as GBS and, more generally,

into the relation between entanglement and complexity.

Another problem to tackle deals with unequal squeezing. There are two primary avenues

of future research. First, for small, varying squeezing strengths s1, s2, . . . , sn, what is the

average von Neumann entanglement entropy of the subsystem? We have outlined a method

in Section 3.3.3 of tackling this problem, but initial attempts have proved futile due to the

heavy presence of inverse matrices. Nonetheless, learning the behavior of the von Neumann

entropy for unequal squeezing regimes is important from a practical standpoint, since many
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GBS experiments are conducted with one set of modes at zero squeezing strength and the

other at some varied squeezing strength close to zero. Second, it is interesting to consider

Rényi-α entropies for systems with varying squeezing strengths that are not necessarily close

to zero. The argument given in Section 3.4.3 revolves around the entropy expression being

analytic around s = 0 and vanishing in higher orders of smax. However, for the most general

case of smax ∈ R, one cannot simply extend the s→ 0 squeezing limit for unequal squeezing.

Nonetheless, deriving such an expression would be important for a wider range of bosonic

systems.
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Part II

Quantum state designs and their

application

52



Chapter 4: Continuous-variable quantum state designs: theory

and application

Section 4.1: Introduction & summary

It is useful in a wide variety of fields to be able to efficiently calculate uniform averages of

polynomial functions over points in a space. Prominent examples include Gaussian quadra-

ture rules [182] and spherical designs [183, 184], which reduce integrals of polynomials to

weighted sums of polynomial values at particular points. More generally, a t-design over a

space is a set of points picked in such a way that averaging any polynomial of degree ≤ t

over the design is equivalent to uniformly averaging the same polynomial over the space.

Gaussian quadrature rules and spherical designs are t-designs over the hypercube and hy-

persphere, respectively, and closely related ideas can be formulated for simplices and tori

[185–191] as well as general topological spaces [192].

Designs also have a number of important applications in quantum theory. A quantum

state t-design is an ensemble of quantum states such that expectation values of homogeneous

polynomials of degree t or less in the amplitudes of quantum states are the same whether the

averaging is performed uniformly over all states or over only the states in the design [36–46].

State, unitary, and spherical [44, 47] designs are important tools in tomography [40, 43, 48–

52], state distinction [44, 53], randomized benchmarking [47, 54–57], fidelity estimation [47,

58–63], cryptography [64, 65], sensing [66, 73], fundamental physics [45, 67–69], and error

correction [75–78].
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Both the original formulation of designs and its quantum counterparts hold only for

finite-dimensional spaces. This means that none of the applications proven to work through

the use of designs, e.g., quantum state fidelity relations [47, 54–57, 59, 60] and design-based

tomographic protocols [49–52], carry over naturally to countably infinite-dimensional spaces.

Such spaces are important for quantum applications because they describe quantum systems

whose natural degrees of freedom are continuous variables (CVs), e.g., electromagentic modes

of optical or microwave cavities, or mechanical modes of harmonic oscillators.

Formulating a notion of designs would unlock important abilities for CV systems. We

proceed to do so in this paper, summarizing both our formalism and several fleshed-out

applications below.

Non-existence of CV designs A first attempt to define state t-designs for CV systems

was made in Ref. [79]. The authors showed that a particular set of CV states — the Gaus-

sian states [193] — does not form a CV 2-design. This is perhaps surprising since Gaussian

unitaries are the infinite-dimensional analog of finite-dimensional Clifford unitaries, which

themselves can form 2-designs [194–197]. Similarly, Ref. [153] defined the notion of CV

unitary t-designs and argued that Gaussian unitaries do not form a 2-design. These re-

sults leave open the question of whether CV state (unitary) designs require non-Gaussian

states (unitaries).

In this work, we answer this open question and prove that CV state and unitary t-designs

do not exist for any t ≥ 2. Our results hold for any separable, infinite-dimensional Hilbert

space, not just the space L2(R) associated with CV quantum systems. Thus, even the

inclusion of non-Gaussian states and unitaries does not help in defining t-designs over CV

systems.

Our proof relies on the connection between state designs and simplex designs. We first

show that infinite-dimensional simplex t-designs do not exist for t ≥ 2. Then, using the

simple fact that the complex probability amplitudes of any pure quantum state can be
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parameterized by a simplex (for the moduli) and a torus (for the phases), we show by

contradiction that infinite-dimensional state designs do not exist either.

Rigged designs We show that removing the requirement for states to be normalizable

yields a meaningful extension of the notion of designs. We define rigged t-designs that utilize

states in a rigged Hilbert space, the Hilbert space populated by, e.g., the non-normalizable

eigenstates of the oscillator position and momentum operators. We construct several exam-

ples for rigged 2-designs, thus proving that rigged state designs exist even though CV state

(t ≥ 2)-designs do not.

In particular, it is well-known that there is no notion of uniform integration over L2(R),

and our proof that CV t-designs do not exist for t ≥ 2 proves that there is no form of

integration over L2(R) that has even basic qualities that mimick uniform integration. Rigged

designs get around this shortcoming by expanding the integration space to the set of all

non-normalizable states in a rigged Hilbert space—specifically, the space S(R)′ of tempered

distributions. We construct a measure on S(R)′ that mimicks the qualities of a uniform

measure over infinite-dimensional quantum states, and we then construct designs on this

space.

Our first rigged design consists of Fock states as well as the phase states, which form

a well-known positive operator-valued measure (POVM) that is optimal for measuring the

angle of rotation induced on a mode [198–204] (see [205, Sec. 3.9] for an exposition). The

other examples combine Fock states with the cosine and sine states (and rotated states

thereof), close relatives of the phase states [199]. In all cases, an extra parameter is induced

on the phase states via evolution by a “Kerr” Hamiltonian n̂2, with n̂ the occupation number

operator [206].

Design-based shadows The ability to use rigged t-designs as POVMs lends itself to

a natural extension of shadow tomography [49–52] to CV systems. In finite-dimensional
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versions of such protocols, one generates a classical snapshot of an unknown quantum state

by performing random measurements according to the states from a 2- or 3-design. Then

the expectation values over several observables can be efficiently and accurately estimated

using these classical snapshots [50].

We propose a CV shadow tomography protocol based on the Kerred-phase-state and

Fock-state rigged 2-design. The advantage of our protocol is that it maintains the key

feature of the original qubit shadow protocols; namely, the ability to efficiently measure

many observables using only a set of “shadow” snapshots of a particular form. This protocol

can be generalized to an efficient multi-mode protocol using a recent result [207]. We discuss

how our rigged CV shadows can be used for CV entanglement verification.

Although our design-based shadow protocol is more experimentally taxing than, e.g., CV

shadows based on conventional homodyne or photon parity measurements [207], it can be

implemented by combining and improving previously demonstrated experimental techniques.

In order to utilize our first (second, third) rigged two-design as a POVM in the lab, one needs

to be able to evolve the system under a Kerr Hamiltonian and then apply the phase (cosine,

sine) state POVM. In addition, one needs to alternatively measure in the Fock-state basis.

All three aspects of this protocol — CV phase measurements [208, 209], photon-number

resolution (e.g., [210]), and engineered Kerr evolution [211–213] — have been realized in

some form in microwave cavities coupled to superconducting qubits [206]. Providing an

experimentally realizable implementation of our protocol that can achieve the same scaling

as our predicted sample complexity is an interesting avenue for future work.

Approximate CV designs Another natural question to ask is whether approximate CV

state designs exist in L2(R). Or, can the notion of designs be defined over the CV states

that satisfy some energy constraints? We provide a solution to this problem by regularizing

the rigged CV designs.

To approximate our rigged designs with sets of normalized states, we use operators called
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regularizers, which correspond to different cutoffs of the infinite-dimensional space. For ex-

ample, a regularizer that projects onto a low-energy finite-dimensional subspace corresponds

to a hard cutoff, i.e., a maximum-energy constraint. A regularizer that smoothly decays with

increasing energy but has support on the full infinite-dimensional space corresponds to a soft

cutoff, i.e., an average-energy constraint. By analogy to numerical quadrature rules on the

real line, a sharp cutoff is akin to restricting the domain of integration to a compact interval,

while a smooth cutoff is akin to endowing the line with a Gaussian measure. Moreover,

certain regularizers allow us to extend the notion of a frame potential [40, 41, 214] to infinite

dimensions.

Regularizers (a.k.a. cooling or damping operators) and related ideas have been employed

in works on CV quantum error-correcting codes [215, 216][217, Appx. B], uniform continuity

for quantum entropies [218], energy-constrained capacities [219] and distances [220, 221] of

CV channels, and CV cryptographic protocols [222].

Average CV fidelity Armed with regularized-rigged designs, we extend the well-known

notion of average fidelity (over all states) of a quantum channel from finite-dimensional [47,

54–57] to CV systems. In previous such extensions, systems were limited to the setting

where the average fidelity between operations is estimated over an ensemble of coherent

states [223–231]. Other approaches to benchmarking CV operations rely on witnesses that

are lower bounds to the true average fidelity over an ensemble of Gaussian states [229, 230],

while energy-constrained diamond-distance based performance estimates require knowledge

of the noise model in experimental approximations and are often computationally taxing

[220, 231–236].

We provide two different definitions of the average fidelity of a CV quantum channel.

These formulas can be directly employed to estimate the average fidelity between CV quan-

tum gates and their experimental approximations [232]. Our formulation yields an experi-

mental procedure to estimate the average fidelity of an arbitrary CV quantum gate without
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requiring the knowledge of the noise involved in experimental implementations. As a con-

crete example, we estimate the average fidelity between an ideal displacement operation and

its experimental approximation [232], suggesting that an average over coherent states only

is not a good approximation to an average over all CV states.

Average-to-entanglement fidelity relation Another interesting open question in CV

information theory is to establish a relation between the average channel fidelity and the

entanglement fidelity, similar to the finite-dimensional setting [59, 60]. In this work, we solve

this open problem and establish connections between average and entanglement fidelities for

CV operations.

We utilize the conventional notion of single-mode CV entanglement fidelity, namely, the

fidelity over a two-mode squeezed vacuum state [138, 237]. We then evaluate our average

fidelity over states in the corresponding regularized-rigged design. Combining these two

fidelity formulas, we establish a simple relation between the average gate fidelity and the

entanglement fidelity for CV operations.

Relating designs to MUBs As an additional result of independent interest, we find a

relationship between torus 2-designs and complete sets of mutually unbiased bases [238], and

we prove that the condition of mutually unbiasedness can be replaced by a torus 2-design

condition.

Outline The rest of the paper is meant to succinctly relay the results and is structured as

follows. In Section 4.2, we introduce finite-dimensional designs. In Section 4.3, we develop

the notion of infinite-dimensional designs and prove that CV state and unitary t-designs do

not exist for any t ≥ 2. In Section 4.4, we then define rigged designs and provide explicit

constructions for rigged 2-designs. In Section 4.5, we introduce regularized rigged designs.

In Section 4.6, we study applications of rigged and regularized rigged designs. In particular,
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in Section 4.6.1, we introduce the shadow tomography formalism to CV quantum states. In

Section 4.6.2, we discuss how such rigged CV shadows can be used for CV entanglement

verification. Next, in Section 4.6.3, we define various notions of the average fidelity of a CV

quantum channel using regularized rigged 2-designs. We then prove a relationship between

the CV entanglement and average fidelities. Finally, in Section 4.7, we conclude with a brief

summary and discuss open questions.

Section 4.2: Finite dimensional designs

In this section, we review relevant prior results on finite-dimensional state designs, making

contact with designs on simplices and tori.

Quantum state designs reduce integrals of polynomials over all quantum states to av-

erages over a discrete set. Let Cd denote a d-dimensional Hilbert space with orthonormal

basis {|n⟩}d−1
n=0. Due to their normalization and global-phase redundancy, quantum states

in this space correspond to points in the complex-projective space CPd−1 [72, 239]. A non-

trivial complex-projective t-design is a set of states X ⊊ CPd−1, sampled according to some

probability measure µ, satisfying [36–45]

E
ψ∈X

f(ψ) =

∫

CPd−1

f(ψ) dψ (4.1)

for any polynomial f(ψ) of degree t or less in the amplitudes of ψ and degree t or less in the

conjugate amplitudes. The canonical measure dψ on the set of such quantum states, called

the Fubini-Study measure [72, 239], is the unique unit-normalized volume measure that is

invariant under the action of the unitary group U(d) (see Appendix C.2.1 for more details).

The above conventional relation can be lifted into a relation between particular operators

by using the fact that polynomials of degree up to t in state degrees of freedom can be

expressed as expectation values of operators with t copies of the state.
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Consider, for example, t = 2 and an arbitrary polynomial f(ψ) =
∑d−1

j,k,l,m=0 fjklmψ̄jψ̄kψlψm

in the amplitudes ψj := ⟨j|ψ⟩ and their conjugates ψ̄j, with complex coefficients fjklm. This

polynomial can equivalently be expressed as an expectation value of a bipartite operator f̂

with respect to two copies of |ψ⟩⟨ψ|,

f(ψ) =
d−1∑

j,k,l,m=0

fjklm⟨l|ψ⟩⟨m|ψ⟩⟨ψ|j⟩⟨ψ|k⟩ (4.2a)

= Tr
(
f̂ |ψ⟩⟨ψ|⊗2

)
, (4.2b)

where f̂ =
∑d−1

j,k,l,m=0 fjklm|j⟩|k⟩⟨l|⟨m|. Using this relation, we see that X is a t-design if and

only if

E
ψ∈X

(|ψ⟩⟨ψ|)⊗t =
∫

CPd−1

(|ψ⟩⟨ψ|)⊗t dψ . (4.3)

Next, we can use representation theory (see Appendix C.3.3 for details) to solve the

integral on the right-hand side, yielding

∫

CPd−1

(|ψ⟩⟨ψ|)⊗t dψ =
Π

(d)
t

TrΠ
(d)
t

, (4.4)

where Π
(d)
t is the projector onto the permutation-invariant (a.k.a. symmetric [240]) subspace

of (Cd)⊗t, the t-fold tensor product of the original space, and Tr is the trace function. When

t = 1, this integral reduces to a resolution of the identity. For higher t, the resolution can

only be of the symmetric subspace since the t-fold tensor product of any state is symmetric

under all permutations (see Appendix C.2.2 for details).

Combining the above manipulations yields the following “operator-level” definition of a

complex-projective t-design,

E
ψ∈X

(|ψ⟩⟨ψ|)⊗t = Π
(d)
t

TrΠ
(d)
t

. (4.5)

Designs can be obtained via the convenient parameterization of pure states in terms of a
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simplex and a torus. State amplitudes can be written as

⟨j|ψ⟩ = √
pj e

iϕj , (4.6)

where the probabilities pj add up to one due to normalization, and the phases ϕj are 2π-

periodic (with ϕ0 set to zero to remove global-phase redundancy). By definition, the proba-

bility distribution defined by pj is a point on the (d− 1)-simplex,

∆d−1 :=

{
(p0, . . . , pd−1) ∈ [0, 1]d

∣∣∣∣
d−1∑

j=0

pj = 1

}
, (4.7)

while the vector of phases parameterizes a (d − 1)-torus T d−1. Hence, volume integration

over all states is reduced to volume integration over the simplex and the torus [72, 239] (see

Appendix C.3.4 for details). This naturally makes contact with simplex and torus designs.

Simplex and torus designs are defined in similar fashion to complex-projective designs. A

set X ⊂ ∆m of probability vectors is an m-simplex t-design if for all tuples a = (a1, . . . , at) ∈

{0, 1, . . . ,m}t,

E
q∈X

t∏

i=1

qai =

∫

∆m

t∏

i=1

pai dp, (4.8)

where dp is the standard measure on the simplex. A set of angles X ⊂ Tm is an m-torus

t-design if for all tuples a = (a1, . . . , at) ∈ {1, 2, . . . ,m}t and b = (b1, . . . , bt) ∈ {1, 2, . . . ,m}t,

E
θ∈X

t∏

i=1

ei(θai−θbi ) =

∫

Tm

t∏

i=1

ei(ϕai−ϕbi ) dϕ, (4.9)

where dϕ is the standard measure on the torus. We discuss various constructions of simplex

and torus designs in Appendix C.3.1 and Appendix C.3.2, respectively.

There is a bilateral connection between complex-projective designs and designs on the

corresponding simplices and tori. Denoting π as the “Born-rule” map that produces the

vector of probabilities (pn)
d−1
n=0 from a state |ψ⟩, the set π(X) is a simplex t-design for any
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complex-projective t-design X [70, 189] (see Appendix C.3.5 for details). On the other hand,

a combination of a simplex and a torus t-design of appropriate dimensions yields a complex-

projective t-design [189]. We provide a proof of these latter connections and present various

combinations that yield complex-projective 2-designs for all d in Appendix C.3.4.

Our simplex designs from Eq. (4.8) are more commonly referred to as simplex positive,

interior (or boundary) cubature rules [185–190]. Our torus t-designs from Eq. (4.9) closely

resemble trigonometric cubature rules [186], but the two are not equivalent. In Appendix C.6,

we show that torus designs are equivalent to a special case of torus cubature rules from

Ref. [189]. We then establish a connection between torus 2-designs and mutually unbiased

bases (MUBs), which might be of independent interest. To the best of our knowledge, this

connection has not been previously discussed.

Section 4.3: Continuous-variable designs

In this section, we develop the notion of continuous-variable (CV) designs and present our

main results in Theorem 4.3.2 and Corollary 4.3.3.

Let L2(R) denote an infinite-dimensional, separable Hilbert space of square-integrable

functions on the real line, with a countable Fock-state (a.k.a. photon number-state or occu-

pation number-state) basis {|n⟩ | n ∈ N0}, where N0 denotes the natural numbers including

zero. We note that all separable Hilbert spaces are isomorphic to L2(R). We call unit-norm

vectors in L2(R) CV quantum states.

The right-hand side of Eq. (4.4) is straightforward to generalize to infinite dimensions.

Let Πt denote the projector onto the symmetric subspace of t copies of L2(R) (see Ap-

pendix C.2.2). For any tuples a = (a1, . . . , at) ∈ Nt
0 and b = (b1, . . . , bt) ∈ Nt

0,

Πt(a; b) :=

(
t⊗

i=1

⟨ai|
)
Πt

(
t⊗

i=1

|bi⟩
)

(4.10)
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denotes the matrix elements of Πt. The trace of this projector, TrΠt, is infinite, but we can

simply omit it from the equation.

The left-hand side of Eq. (4.4) is unfortunately impossible to generalize to infinite di-

mensions [241]. Since L2(R) is infinite dimensional, there is no finite Haar measure on its

corresponding unitary group U(L2(R)) [242, Sec. 5]. Therefore, there is no natural unitarily

invariant volume measure on the set of CV quantum states. However, if one could define

the unitarily invariant volume integration over all CV states, Schur’s lemma would imply

that the resulting integration would be proportional to Πt. Therefore, in principle, infinite-

dimensional state designs can be defined using the definition of complex-projective designs

in Eq. (4.5), but without the TrΠt term.

An infinite-dimensional design may be parameterized by points in a noncompact space

with a non-normalizable measure. To accommodate this, we relax the assumption that the

parameter space of a design is a probability space and instead assume it is a generic measure

space — a triple consisting of X ⊂ L2(R), a collection Σ of all reasonable subsets of X called

a σ-algebra, and a measure µ (see Appendix C.4 for details). The only difference from a

probability space is that µ(X), the measure on the entire space, no longer has to be finite.

Combining the above ideas, we define CV designs as abstract measure spaces that average

to the unnormalized symmetric-subspace projector.

Definition 4.3.1. Let X ⊂ L2(R). The measure space (X,Σ, µ) is a continuous-variable

t-design if ∫

X

(|ψ⟩⟨ψ|)⊗t dµ(ψ) = Πt, (4.11)
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where we use the weak (Pettis) integral. 1 In other words, for all tuples a, b ∈ Nt
0,

∫

X

(
t∏

i=1

⟨ai|ψ⟩⟨ψ|bi⟩
)
dµ(ψ) = Πt(a; b) . (4.12)

Definition 4.3.1 is a formalized version of the definition of CV state t-designs given in

Ref. [79]. We note that Definition 4.3.1 bypasses the issue of defining a volume measure on

the set of CV quantum states. We do not perform any integration on the set of all states

and instead require a design to match the projector onto the symmetric subspace. This

construction is illustrated in Fig. 4.1.

There is an alternative motivation for Definition 4.3.1 that we describe in detail in Ap-

pendix C.4.5. It is based on the following observation in finite dimensions. Integration over

the set CPd−1 of d-dimensional quantum states is equivalent to integration over Cd with d

independent zero-mean, unit-variance complex Gaussian distributions. The integration is

over each of the d amplitudes of the quantum state with respect to the Gaussian measure,

and the resulting state is then normalized. We can similarly put an infinite product of Gaus-

sian measures on the space C∞ and then define a CV t-design to be a measure space over

L2(R) that matches integration over C∞ for polynomials of degree t or less. We show in

Appendix C.4.5 that this definition is equivalent to Definition 4.3.1.

Since Π1 = I, where I denotes the infinite-dimensional identity operator, any orthonormal

basis for L2(R) or POVM is a CV 1-design. For example, the photon-number basis |n⟩

satisfies
∑

n∈N0
|n⟩⟨n| = I, which corresponds to a photon counting measurement. Coherent

states {|α⟩} also form a 1-design as they satisfy
∫
C |α⟩⟨α| d2α

π
= I, which corresponds to

a heterodyne measurement. Finally, the eigenstates of cos(ϕ)x̂ + sin(ϕ)p̂ form a 1-design,

which corresponds to a homodyne measurement.
1The use of the weak integral in the definition of CV designs is well-motivated. For the purposes of

designs, the weak (Pettis) integral is more natural than the strong (Bochner) integral because we are generally
interested in averaged functions of ψ. Ultimately, we will prove that CV t-designs do not exist for t ≥ 2,
which immediately implies the result for the case of the strong integral as well.
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Discrete variable Continuous variable Rigged

Π
(𝑑)
𝑡 : (C𝑑)⊗𝑡 → (C𝑑)⊗𝑡

∫︀
CP𝑑−1 (|𝜓⟩⟨𝜓|)⊗𝑡

d𝜓 ∝ Π
(𝑑)
𝑡

(𝑋 ⊂ CP𝑑−1,Σ, 𝜇) s.t.∫︀
𝑋
(|𝜓⟩⟨𝜓|)⊗𝑡

d𝜇(𝜓) ∝ Π
(𝑑)
𝑡

Π𝑡 : 𝐿
2(R)⊗𝑡 → 𝐿2(R)⊗𝑡

(𝑋 ⊂ 𝐿2(R),Σ, 𝜇) s.t.∫︀
𝑋
(|𝜓⟩⟨𝜓|)⊗𝑡

d𝜇(𝜓) ∝ Π𝑡

Π𝑡 : 𝑆(R)⊗𝑡 → 𝑆(R)⊗𝑡

(𝑋 ⊂ 𝑆(R)′,Σ, 𝜇) s.t.∫︀
𝑋
(|𝜒⟩⟨𝜒|)⊗𝑡

d𝜇(𝜒) ∝ Π𝑡

Fact

Definition (CP𝑑−1 𝑡-design) Definition (CV 𝑡-design) Definition (Rigged 𝑡-design)

𝑑→ ∞

𝑑→ ∞

Figure 4.1: Sketch of definitions of finite-dimensional designs, continuous-variable (CV) de-
signs and rigged designs. The key point is the absence of the middle block in the middle
and right columns. A generalization of the middle block to the continuous-variable case is
ill-defined, as discussed in Section 4.3. Therefore, to define CV designs, we simply skip the
middle step, as discussed in Definition 4.3.1. An alternative characterization/definition of
CV and rigged designs is described in Appendix C.4.5.

In Section 4.2, we argued that a complex-projective design on Cd gives rise to a sim-

plex design. Similarly, in Appendix C.4.1, we prove that the existence of CV t-designs

implies the existence of infinite-dimensional simplex t-designs. Here, we define a infinite-

dimensional simplex design by starting with a finite-dimensional simplex integration over

the unit-normalized Lebesgue measure and then removing the normalization requirement of

the measure as we take the dimension to infinity.

By construction, a CV 1-design induces an infinite dimensional simplex 1-design by con-

verting the amplitudes of a quantum state to probabilities via the Born rule. For example,

the simplex design induced by the CV 1-design {|n⟩ | n ∈ N0} is a set of probability dis-

tributions
{
p(n) | n ∈ N0

}
. Here p(n) = (p

(n)
0 , p

(n)
1 , . . . ) is a probability distribution over N0

defined as p(n)i = δin.

As for t > 1 designs, we prove that no set of CV states, Gaussian or not, forms a CV

t-design for any t ≥ 2 (see Appendix C.4 for proofs).

Theorem 4.3.2. For any t ≥ 2, continuous-variable state t-designs do not exist.
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The non-existence of state (t ≥ 2)-designs immediately implies non-existence of unitary

(t ≥ 2)-designs because their existence would imply the existence of state designs.

Corollary 4.3.3. For any t ≥ 2, continuous-variable unitary t-designs do not exist.

To prove Theorem 4.3.2, we show that infinite-dimensional simplex t-designs do not exist

for t ≥ 2, and then invoke the connection between state and simplex designs described in

Section 4.2. The non-existence of infinite-dimensional simplex designs can be understood

as follows. All simplex (t ≥ 2)-designs require at least one point near the centroid of

the simplex. The centroid of a finite-dimensional simplex ∆d−1 is the point (1/d, . . . , 1/d).

However, for the infinite-dimensional case, the centroid is no longer a valid point on the

probability simplex. In the context of quantum states, this translates to the fact that uniform

superpositions of all Fock states are not normalizable. We are therefore motivated to remove

the requirement that elements of CV t-designs are normalized states.

Section 4.4: Rigged designs: definition & constructions

The non-existence of CV t-designs for t > 1 stems from the requirement that elements

of said designs, according to Definition 4.3.1, belong to L2(R) and thus should have finite

norm. We are therefore motivated to develop a new notion of CV designs that allows for

non-normalizable states.

To include non-normalizable states in a CV design, we need to consider a set larger than

L2(R). We consider the space of tempered distributions, denoted as S(R)′ ⊃ L2(R), which

contains infinitely squeezed position or momentum states as well as oscillator phase states

[198–202, 205]. Despite being awkwardly called “states”, these and other distributions may

not be normalizable.

The use of distributions, whether for our purposes or for CV measurement protocols such

as homodyne detection [226], is only well-defined for those CV states for which inner products
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with tempered distributions are finite. This class consists of those states which admit finite

expectation values of all powers of the occupation number operator n̂ =
∑

n∈N0
n |n⟩⟨n|,

making up the Schwartz space S(R) ⊂ L2(R) [243]. Together, the three spaces of interest

make up the Gelfand triple S(R) ⊂ L2(R) ⊂ S(R)′ , the standard rigged Hilbert space for a

quantum harmonic oscillator [80, 244, 245].

We modify Definition 4.3.1 to include tempered distributions. The motivation for our

modification is summarized in Fig. 4.1.

Definition 4.4.1. Let X ⊂ S(R)′. The measure space (X,Σ, µ) is called a rigged t-design

if ∫

X

(|χ⟩⟨χ|)⊗t′ dµ(χ) = αt′Πt′ (4.13)

for all positive integers t′ ≤ t, where αt′ ∈ (0,∞), where we use the weak (Pettis) integral.

In other words, for all tuples a, b ∈ Nt′
0 ,

∫

X

(
t′∏

i=1

⟨ai|χ⟩⟨χ|bi⟩
)
dµ(χ) = αt′Πt′(a; b) (4.14)

for t ≤ t′.

Analogously to what is discussed below Definition 4.3.1, there is an alternative motivation

Definition 4.4.1 that we describe in Appendix C.4.5. Recall that we described an equivalent

definition of CV designs to be measure spaces over L2(R) that match integration over C∞

with an infinite product of Gaussian measures. In Appendix C.4.5, we further show C∞ \

S(R)′ has measure zero in C∞, so that the integration over C∞ is equivalent to integration

over S(R)′. It follows therefore that rigged t-designs exist for any t ∈ N, since we can

simply take the aforementioned measure space over S(R)′ to be our design. This design is

however not desirable since it involves infinite-dimensional integration. We thus look for

more manageable measure spaces that form rigged designs.

Inclusion of distributions circumvents the no-go Theorem 4.3.2 and allows us to construct
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several examples of rigged 2-designs. Our first example consists of Fock states {|n⟩}n∈N0 and

a family of distributions that we call Kerred phase states |θ⟩φ — tempered distributions

defined informally as

|θ⟩φ :=
1√
2π

∑

n∈N0

exp
[
i(θn+ φn2)

]
|n⟩ , (4.15)

and formally as functionals mapping |ψ⟩ ∈ S(R) to

ψ(θ, φ) := φ⟨θ|ψ⟩ =
1√
2π

∑

n∈N0

exp
[
−i(θn+ φn2)

]
⟨n|ψ⟩. (4.16)

The Kerred phase “states” consist of oscillator phase states [198–205], evolved up to some

“time” θ under a Hamiltonian n̂2 associated with the optical Kerr effect. In Appendix C.4.3,

we prove that

1

2

∑

n∈N0

(|n⟩⟨n|)⊗t + 1

2

∫ π

−π
dθ

∫ π

−π
dφ
(
φ|θ⟩⟨θ|φ

)⊗t
= αtΠt (4.17)

for t = 1 and t = 2, where α1 = π + 1/2 and α2 = 1.

To show that the above set is a design, we extend simplex and torus 2-designs to the

rigged regime (see Appendix C.4.3 for details). The integration over the two phases {θ, φ}

corresponds to a torus 2-design. The Fock states |n⟩ correspond to extremal points of a simple

simplex 2-design consisting of extremal points and the centroid in the finite-dimensional case,

with the centroid vanishing in the infinite-dimensional case (as discussed in Section 4.3).

By removing the normalization condition, we define an “non-normalizable centroid”, which

corresponds to a uniform superposition of Fock states |θ = 0⟩φ=0. Combining such a state

with the aforementioned torus 2-design gives the Kerred phase states.

Oscillator phase states are (left) eigenstates of the oscillator phase operator Z =
∑

n∈N0
|n+

1⟩⟨n| [198–205], an analogue of the oscillator raising operator but without the square-

root factor. Both the phase and raising operators do not admit right eigenstates, but ±-
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superpositions of each operator with its adjoint yield (anti-)Hermitian operators that admit

well-known distributions as eigenstates. Superpositions of lowering and raising operators

admit position and momentum states as eigenstates, respectively, while superpositions of

the phase operator and its adjoint admit the cosine and sine states, respectively [199]. In

Appendix C.4.3, we show that these two sets of states, when evolved under the Kerr Hamilto-

nian and combined with Fock states, make up two more examples of rigged 2-designs. More

generally, since Z is unitarily related to Zeiω via a Fock-space rotation eiωn̂, eigenstates of a

linear combination of Zeiω and its conjugate should similarly yield a distinct set of designs

for any ω.

We do not provide constructions of useful rigged 3-designs. As shown with an example

in Appendix C.4.3, not all simplex 2-designs can be extended to infinite dimensions. Thus,

the difficulty in constructing a rigged 3-design lies is finding a simplex 3-design that is well-

behaved enough to be extended to infinite dimensions. We leave this exciting open question

for future work.

Section 4.5: Regularized Rigged Designs

Our rigged designs consist of non-normalizable states, but some applications require ap-

proximate versions of such designs that consist of physical quantum states. One way to

approximate is to simply truncate the Fock space, corresponding to a hard or maximum-

energy cutoff. This brings us back to finite dimensions, reducing rigged designs to ordinary

quantum state designs. Another way, possible only with our infinite-dimensional formula-

tion, is to impose a soft or average-energy cutoff that maintains the ability for states to have

infinite support in Fock space. Both cutoffs can be encompassed in a general regularization

formalism.

Let the regularizer R be a positive-semidefinite operator that yields a corresponding
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“regularized projector”

Π
(R)
t := R⊗tΠtR

⊗t such that TrΠ
(R)
t <∞ . (4.18)

The two aforementioned energy cutoffs correspond, respectively, to regularizers

R =





Pd :=
∑d−1

n=0 |n⟩⟨n| hard cutoff, d ∈ N0

Rβ := e−βn̂ soft cutoff, β > 0

, (4.19)

but our formalism allows for more general R. We construct regularized designs by applying

a regularizer to elements of a rigged design.

Suppose (X,Σ, µ) is a rigged t-design satisfying αt = 1. Regularization by an appropriate

regularizer, such as Rβ and Pd, converts X into a set of normalized states

Y := {|ψ⟩ = R |χ⟩ / ∥R |χ⟩∥ | |χ⟩ ∈ X} , (4.20)

with corresponding σ-algebra ΣY and measure

dν(|ψ⟩) = dµ(χ) · ∥R |χ⟩∥2t /TrΠ(R)
t . (4.21)

These regularized designs average to Π
(R)
t /TrΠ

(R)
t instead of Πt,

∫

Y

(|ψ⟩⟨ψ|)⊗t dν(ψ) =
∫

X

(R |χ⟩⟨χ|R)⊗t dµ(χ)

TrΠ
(R)
t

=
Π

(R)
t

TrΠ
(R)
t

. (4.22)

The use of normalized states allows us to promote Y to a probability space. By taking the

trace of both sides of Eq. (4.22) and applying assumption (4.18), we see that the measure

ν is automatically normalized, 1 =
∫
Y
⟨ψ|ψ⟩t dν(ψ) = ν(Y ). This allows us to express
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∫
Y
(·) dν(ψ) as a statistical expectation Eψ∈Y (·) of states in Y sampled according to the

distribution defined by ν (see Appendix C.4.4 for details). This yields the definition below,

with a related definition of regularized CV unitary designs provided in Appendix C.4.7.

Definition 4.5.1. Let Y ⊂ L2(R). The probability space (Y,ΣY , ν) is called an R-regularized

rigged t-design if

E
ψ∈Y

(|ψ⟩⟨ψ|)⊗t = Π
(R)
t

TrΠ
(R)
t

. (4.23)

Analogous to the discussion below Definitions 4.3.1 and 4.4.1, there is again an alternative

motivation for Definition 4.5.1 that we detail in Appendix C.4.5. Recall that an infinite

product of zero-mean, unit-variance Gaussian measures on C∞ forms a rigged t-design. We

show in Appendix C.4.5 that if the variance of the ith measure is instead λi such that the

diagonal operator Rii = λi is trace class (
∑

i λi <∞), then the resulting measure space is a
√
R-regularized rigged t-design for any t ∈ N. Importantly, with this measure, C∞ \ L2(R)

has measure zero in C∞ so that the design is a measure space over L2(R) as desired.

We now consider regularizing the Fock-state and Kerred phase-state design (4.17) with

the soft-energy cutoff R = Rβ = e−βn̂ (4.19). Denote the regularized Kerred phase states

(a.k.a. phase coherent states [246]) as

|θ̃⟩φ :=
Rβ |θ⟩φ
∥Rβ |θ⟩φ∥

=
√
1− e−2β

∞∑

n=0

e−βn+iθn+iφn2 |n⟩ , (4.24)

such that ∥|θ̃⟩φ∥ = 1. Then it follows that

∑

n∈N0

wn |n⟩⟨n|⊗2 + fβ

∫
φ|θ̃⟩⟨θ̃|⊗2

φ dθ dφ =
Π

(Rβ)
2

TrΠ
(Rβ)
2

, (4.25)

where the limit of integration for both θ and φ is [−π, π], fβ := cosh β/(eβ(2π)2), and

wn = 4 sinh2 β coshβ
eβ(4n+3) .

Given a fixed average-energy constraint E, it is natural to define an energy-constrained
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state design consisting of states {ψ}, such that each state in the design satisfies Tr(n̂ψ) ≤ E.

Our regularized-rigged design does not satisfy this condition explicitly as it contains Fock

states |n⟩ with n > E, as shown in Eq. (4.25). However, the contribution of large n terms is

suppressed by the wn coefficient in Eq. (4.25), which decays exponentially with n. Thus, our

regularized-rigged designs are good approximations to energy-constrained state designs. It is

an interesting open question to further develop the framework for energy-constrained state

designs; we make some headway in this direction by formulating constrained integration in

Appendix C.3.6, albeit for the finite-dimensional case.

As another example, we show in Appendix C.4.6 that displaced Fock states form reg-

ularized 2-designs for which the regularizer is the maximum-energy cutoff from Eq. (4.19),

granted that we are allowed to use negative weights in the combination.

An important feature not inherited from the finite-dimensional case is that, in general,

an R-regularized rigged t-design is not an R-regularized rigged (t− 1)-design. For example,

if Y is an R-regularized rigged 2-design, then

E
ψ∈Y

|ψ⟩⟨ψ| = Π
(R)
1

2TrΠ
(R)
2

(
(TrR2)I+R2

)
̸= Π

(R)
1

TrΠ
(R)
1

, (4.26)

violating Eq. (4.23) for t = 1. Similarly, if Y is an R-regularized rigged 3-design, then

E
ψ∈Y

(|ψ⟩⟨ψ|)⊗2 =
Π

(R)
2

3TrΠ
(R)
3

×
(
(TrR2)I⊗ I+ I⊗R2 +R2 ⊗ I

) (4.27)

instead of Π(R)
2 /TrΠ

(R)
2 .

Notice that, as R gets closer to the identity in Eqs. (4.26) and (4.27), TrR2 dominates the

remaining terms. This behavior holds for general t. As described further in Appendix C.4.4,

if Y is an R-regularized rigged t-design, then it is almost an R-regularized rigged (t−1)-design
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in the sense that

E
ψ∈Y

(|ψ⟩⟨ψ|)⊗(t−1) ≈ Π
(R)
t−1

TrΠ
(R)
t−1

(
1 +O

(
1/TrR2

))
. (4.28)

We conclude this section by generalizing the frame potential from finite dimensions [40,

41, 214] to regularized rigged t-designs. For a positive definite (and therefore invertible)

regularizer R, we define the frame potential of an ensemble G over unit vectors in L2(R) to

be

V
(R)
t (G) := E

ψ,ϕ∈G

∣∣⟨ψ|R−1 |ϕ⟩
∣∣2t . (4.29)

In Appendix C.4.4, we prove the following proposition regarding the frame potential.

Proposition 4.5.2. Let R be positive definite. For any ensemble G,

V
(R)
t (G) ≥ 1

TrΠ
(R)
t

, (4.30)

with equality if and only if G is an R-regularized rigged t-design.

Note the presence of the R−1 in Eq. (4.29). We will see something similar in Section 4.6.3,

where we find that finite-dimensional formulas nicely generalize to infinite-dimensions by

introducing factors of R−1 to R-regularized rigged designs.

Section 4.6: Applications of rigged designs

In Section 4.6.1, we develop a shadow tomography protocol for CV systems based on rigged

CV designs. In Section 4.6.2, we show how such CV rigged shadows can be used for en-

tanglement verification. In Section 4.6.3, we develop the notion of the average fidelity of

a CV quantum channel by using regularized-rigged 2-designs, relate this fidelity to the CV

entanglement fidelity, and compare various fidelities for the case of the pure loss channel.
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Subsection 4.6.1: Design-based CV shadows

The main idea behind finite-dimensional shadow tomography protocols is to perform ran-

dom measurements of an unknown state to create classical snapshots through which many

properties of the same unknown state can be efficiently predicted [49–52]. One can perform

O(logM) random measurements of an unknown state ρ to accurately predict the expecta-

tion values of M different observables with high probability. Each measurement for one such

protocol yields a shadow of the form 3|e⟩⟨e| − I on each qubit of the system, where e is an

eigenstate of one of the qubit Pauli matrices, and I is the two-by-two identity. The number

of measurements needed is independent of the dimension of the Hilbert space, a property

that can be proven using designs [50].

Shadow tomography can be framed in terms of informationally-complete positive operator-

valued measures (POVMs), which include quantum state (t ≥ 2)-designs [52]. The concept

of POVMs extends to infinite dimensions in such a powerful way that POVM elements can

even be tempered distributions [205], [222, Appx. A]. Such POVMs are widely used. For

example, homodyne measurements correspond to measurements in the position-state POVM

or its rotated counterparts [226], while measuring in the phase-state POVM is optimal for

determining the angle induced by a phase-space rotation [205, Sec. 3.9].

Utilizing rigged designs as infinite-dimensional POVMs, we develop a CV shadow to-

mography protocol (see Appendix C.5.1 for more details). Here, our goal is to determine

⟨Oj⟩ := Tr(ρOj) for a collection of M single-mode observables O1, . . . ,OM , where ρ is an

unknown infinite-dimensional state which we can access on a quantum device. We first de-

scribe a protocol utilizing a rigged 3-design, and then describe a protocol utilizing a rigged

2-design such as the one constructed in Eq. (4.17). The former case is slightly more general

and easier to describe, but we have not yet constructed useful rigged 3-designs. We leave

this question for future work.
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CV shadows with rigged three-designs

Let (X,Σ, µ) denote a rigged 3-design, which implies that
∫
X
(|χ⟩⟨χ|)⊗t dµ(χ) = αtΠt for

t ∈ {1, 2, 3} and αt ∈ (0,∞). Without loss of generality, let α1 = 1, rescaling the measure µ

if necessary. Then, it follows that the design resolves the identity,

∫

X

|χ⟩⟨χ| dµ(χ) = I , (4.31)

and therefore, ν : A 7→
∫
A
|χ⟩⟨χ| dµ(χ) is a POVM.

Recall that a POVM maps subsets, which correspond to collections of measurement

outcomes, to bounded, nonnegative self-adjoint operators (see Appendix C.2.1 for a measure

theory review and Appendix C.5.1 for a short review on POVMs). Sampling from such a

POVM results in sampling measurement outcomes from the probability measure µ′ : A 7→

Tr(ρν(A)). We denote the measurement outcome corresponding to χ as c(χ) that we then

store on a classical computer.

Suppose that we measure N times from µ′, resulting in outputs {c(χ1), . . . , c(χN)}. Each

of these outputs corresponds to a CV shadow

ρ̂i :=
2

α2

|χi⟩⟨χi| − I . (4.32)

Note that |χi⟩ is not generally a physical quantum state but instead a tempered distribution.

Fortunately, this is unimportant, since we are simply storing a description of |χi⟩ on a classical

computer.

Using the classical snapshot and the classical description of observables Oj, one can

compute

ôj :=
1

N

N∑

i=1

Tr(ρ̂iOj) . (4.33)

On average, this yields the right answer: by the rigged 2-design property of X, E[ôj] = ⟨Oj⟩,
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where the expectation value is taken over measurement outcomes. Moreover, convergence to

the right answer depends only on the features of Oj: using the rigged 3-design property of X,

we find that Var(ôj) = O
(

(Tr|Oj |)2
N

)
in the large-N limit (see Appendix C.5.1 for details). We

perform the aforementioned procedureK times, resulting in a collection Cj = {ô(1)j , . . . , ô
(K)
j }.

Following Ref. [50, Thm. 1], for each j, the median of Cj is within ε of ⟨Oj⟩ with probability

at least 1− δ provided that

N = O
(

1

ε2
(max

j
Tr |Oj|)2

)
, (4.34a)

K = O(log(M/δ)) . (4.34b)

In other words, using a shadow tomography procedure with a rigged 3-design, we can ac-

curately determine the expectation values of M observables using only ∼ logM measure-

ments, provided that each observable Oj is reasonably well-behaved; that is, provided that

maxj Tr |Oj| is not too large.

CV shadows with rigged two-designs

If we had only used a rigged 2-design in the above protocol, we would still have that E[ôj] =

⟨Oj⟩. For certain observables Oj, we can show that a rigged 2-design is sufficient to give

reasonable bounds on the variance by following an analogous result in finite dimensions from

Ref. [52].

As before, suppose we have a collection of N shadows ρ̂1, . . . , ρ̂N sampled from the POVM

defined by the rigged 2-design, yielding estimates ôj (4.33). We pick observables that satisfy

c < Tr(ρ̂iOj) < d (4.35)

for some c < d ∈ R almost surely for every shadow ρ̂i. Then, to achieve a success probability
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of at least 1− δ and maximum additive error ε, we need only

N ≥ log

(
2M

δ

)
(d− c)2

2ε2
(4.36)

shadows to determine ⟨Oj⟩ for each 1 ≤ j ≤M .

For concreteness, we consider a simple example of the rigged 2-design shadow protocol.

Let each observable Oj be of the form Oj = |aj⟩⟨bj|+|bj⟩⟨aj| for aj, bj ∈ N0. We use the rigged

2-design from Eq. (4.17) consisting of Fock states and Kerred phase states. The explicit

sampling step for this procedure is worked out in Appendix C.5.1. Using the explicit form

of |θ⟩φ, it follows that for any possible shadow ρ̂i coming from this design, |Tr(ρ̂iOj)| < 1/5.

Therefore, to determine the M observables {Oj} to a maximum additive error ε with success

probability at least 1− δ, we need only

N ≥ log

(
2M

δ

)
2

25ε2
(4.37)

measurements.

Subsection 4.6.2: Entanglement verification

In finite dimensions, classical shadows of a quantum state allows for the checking of many

entanglement witnesses on that state [50]. Indeed, the same result holds for design-based

CV shadows.

From Ref. [247, Thm. 2.2], for infinite-dimensional states ρ, ρ is entangled if and only

if there exists a finite-rank operator A and a real number α such that α + Tr(ρA) < 0 and

α+Tr(σA) ≥ 0 for all separable states σ. Since A is finite rank, the expectation value of A

with respect to a rigged shadow is finite even though the rigged shadow is not a normalizable

quantum state. Hence, the use of rigged shadows (obtained from very few measurements of

ρ) allows one to test many candidate witnesses A in order to determine if ρ is entangled.
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Subsection 4.6.3: Fidelities of CV quantum channels

We develop the notions of the average fidelity of a continuous-variable (CV) quantum channel

as well as their relationship to the CV entanglement fidelity. Such notions require approxi-

mate (i.e., regularized) versions of our rigged designs. We work out the case of a general pos-

itive semi-definite regularizer R, but note that the reader should keep in mind the two phys-

ically relevant hard- and soft-energy cases (4.19), corresponding to R = Pd :=
∑d−1

n=0 |n⟩⟨n|

and R = Rβ := e−βn̂, respectively. Finally, we benchmark the performance of a displacement

operation by evaluating various fidelities for the case of the loss channel in Section 4.6.3.

Average fidelity of CV quantum channels

In a d-dimensional Hilbert space, quantum states belong to a compact space CPd−1. There-

fore, one can define quantities that are averaged over all quantum states. In particular, for

a quantum channel D, the average channel fidelity is defined as [47, 58–62]

F (D) :=

∫

CPd−1

⟨ψ| D(|ψ⟩⟨ψ|) |ψ⟩ dψ, (4.38)

quantifying how close D is to an identity channel on average. Due to non-existence of a

standard measure on infinite-dimensional space, as discussed in Section 4.3, this formula

cannot be extended to CV systems.

Since there are exactly two copies of |ψ⟩⟨ψ| in the integrand for the average fidelity, the

integral over all states can be substituted with an average over any state 2-design X using

Eqs. (4.4-4.5),

F (D) = E
ψ∈X

⟨ψ| D(|ψ⟩⟨ψ|) |ψ⟩ . (4.39)

The design provides a more manageable sample of states that is useful for estimating the

average fidelity of quantum operations [47, 54–57]. This formula can be extended to infinite

dimensions using normalized (i.e., regularized) versions of our rigged designs from Section 4.5.
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Let Y denote a regularized-rigged 2-design with a general positive semi-definite regularizer

R. There is more than one way to generalize the average fidelity from the finite-dimensional

case, and we consider two average-fidelity quantities defined for a CV channel D,

F
(R)

1 (D) := NR E
ψ∈Y

⟨ψ|R+D(ψ)R+ |ψ⟩ , (4.40a)

F
(R)

2 (D) := E
ψ∈Y

⟨ψ| D(ψ) |ψ⟩ , (4.40b)

where we use the short-hand notation D(ψ) = D(|ψ⟩⟨ψ|), and where the constant NR =

TrR4+(TrR2)2

TrR2+(TrR)2
. The second quantity faithfully uses two copies of the normalized state pro-

jections |ψ⟩⟨ψ| sampled from the design, while the first can revert one copy back to its

non-normalizable version using the Moore-Penrose inverse R+ of the regularizer.

As a sanity check, let us employ a hard-energy cutoff and plug in the regularizer R = Pd =
∑d−1

n=0 |n⟩⟨n| from Eq. (4.19) into Eq. (4.40). This essentially recovers the finite-dimensional

case. Since the Moore-Penrose inverse of a projector is itself, the two average-fidelity quanti-

ties are equal for this case. Moreover, if D is trace-preserving for states within the subspace

defined by Pd, then F
(Pd)

1 (D) = F
(Pd)

2 (D) = F (D), recovering the finite-dimensional design-

based average fidelity from Eq. (4.39).

In a setting relevant to CV states enjoying infinite support, such as coherent or squeezed

states, one should consider a regularizer with no zero eigenvalues. We prove in Appendix C.5.2

that an R-regularized rigged 2-design is informationally-complete for states on the entire Fock

space whenever R is invertible. Therefore, choosing R = Pd may not be a good approxima-

tion of average fidelity over all CV states.
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Average-to-entanglement fidelity relation

In the finite-dimensional case, the entanglement fidelity for a quantum channel D on Cd is

[47, 58–60]

Fe(D) := ⟨ϕ| (I ⊗ D)(ϕ) |ϕ⟩ , (4.41)

where |ϕ⟩ := 1√
d

∑d−1
n=0 |n⟩ ⊗ |n⟩ denotes a maximally entangled state, and I is the identity

channel. This fidelity quantifies how well entanglement with a reference system is preserved

by D. We refer the reader to Ref. [248, Ap. A] for a nice review of the utility of the

entanglement fidelity. The entanglement fidelity is related to the average fidelity by the

following simple formula [59, 60]

F (D) =
dFe(D) + 1

d+ 1
. (4.42)

We can similarly relate our average-fidelity relations (4.40) to a CV version of entanglement

fidelity.

Maximally entangled states become non-normalizable as d → ∞, meaning that CV ver-

sions of such states also have to be regularized in order to define an analogous fidelity. We

require that R be diagonal in the Fock-state basis and define the regularized state

|ϕR⟩ :=
1√
TrR

(R1/4 ⊗R1/4)
∑

n∈N0

|n⟩ ⊗ |n⟩ , (4.43)

a purification of the regularizer state

ρR := Tr2(|ϕR⟩⟨ϕR|) = R/TrR . (4.44)

The R-regularized CV entanglement fidelity of a channel D is then

F (R)
e (D) := ⟨ϕR| (I ⊗ D)(ϕR) |ϕR⟩ . (4.45)
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In Appendix C.5.2, we show that both CV average-fidelity quantities from Eq. (4.40) are

related to the CV entanglement fidelity (4.45) as

F
(R)

1 (D) =
dRF

(R)
e (D) + Tr[D(ρR2)RR+]

dR + 1
, (4.46a)

F
(
√
R)

2 (D) =
dRF

(R)
e (D) + dR Tr[D(ρR)ρR]

dR + 1
. (4.46b)

Since we are assuming R is diagonal, RR+ is simply a projector onto the subspace for

which R has support. For invertible R, this subspace is the whole space so that RR+ = I,

and therefore Eq. (4.46a) yields a CV generalization of the finite-dimensional average-to-

entanglement fidelity relation (4.42):

F
(R)

1 (D) =
dRF

(R)
e (D) + 1

dR + 1
, (4.47)

where the effective dimension dictated by the regularizer is the inverse purity of the regu-

larizer state (4.44),

dR := 1/Tr ρ2R = (TrR)2/TrR2 . (4.48)

This effective dimension in the infinite-dimensional case plays the role of, and reduces to,

the actual dimension in the finite-dimensional case.

The above general formulation reduces to a more physically relevant one when the soft-

energy cutoff R = Rβ = e−βn̂ (4.19) is used as the regularizer. The state |ϕR⟩ (4.43) becomes

a Gaussian two-mode squeezed vacuum state (a.k.a. thermofield double) with squeezing pa-

rameter r = log[ 1+e−β/2√
1−e−β

] [138], while the regularizer state (4.44) becomes a thermal state

whose “inverse temperature” β > 0 sets the energy scale of states involved in the regulariza-

tion. The effective dimension (4.48) becomes

dR = 2Tr(ρRn̂) + 1 , (4.49)
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directly related to the mean energy of the thermal state. Similar energy-dependent factors

also replace dimensions in studies of uniform continuity for quantum entropies [218] as well

as bounds on energy-constrained capacities of Gaussian channels [219]. Since |ϕR⟩ is a Gaus-

sian state, the corresponding CV entanglement fidelity may be extractable via reasonable

experimental protocols [228, 229].

As for more general R, we emphasize that Eqs. (4.46) and (4.47) only hold as is when

R is diagonal in the {|n⟩} basis even though Eq. (4.40) is well-defined even when R is not

diagonal. Of course, one has the freedom to arbitrarily choose the basis with respect to which

the CV entanglement fidelity is defined, so R being diagonal is not a substantial restriction.

Recall in Eq. (4.29) and Proposition 4.5.2, we saw that introducing factors of R−1 into

a definition of frame potential resulted in finite-dimensional formulae nicely generalizing

to infinite-dimensions. We again see this effect present in Eq. (4.47). The definition of

F
(R)

1 utilizes factors of R−1 while F (R)

2 does not. As a consequence, the finite-dimensional

relation (4.42) involving F and Fe very closely matches the infinite-dimensional relation

(4.47) involving F (R)

1 and F (R)
e , whereas the relation involving F (R)

2 and F (R)
e (4.46b) contains

a factor not present in the finite-dimensional case.

Fidelity benchmarks for displacement operations

We compare the fidelity quantities introduced in this section to known quantities for the case

of the pure loss channel, D = Lκ [249], with transmissitivity κ ∈ [0, 1]. This case is relevant to

benchmarking the performance of displacement operations that are implemented via a non-

ideal two-mode beam-splitter, with the transmissivity characterizing the degree of nonideality

[232, 250]. All quantities described below are computed analytically in Appendix C.5.2.

In order to put all quantities on as equal of a footing, we set them to be a function of

a fixed energy scale n̄ using the following convention (with other choices possible). For the

soft- and hard-energy regularizers, Rβ = e−βn̂ and Pd =
∑d−1

n=0 |n⟩⟨n| (4.19), respectively, we
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Figure 4.2: Various fidelity benchmarks for the pure-loss channel Lκ plotted vs the channel’s
transmissitivity κ, with the energy-constrained parameter n̄ = 4, and all other fidelity pa-
rameters being functions of n̄ according to Eq. (4.50). (a) Comparison of fidelities that utilize
a reference mode: the CV entanglement fidelity Fe (4.45) with soft- and hard-energy con-
straints (4.19) as well as the minimum energy-constrained entanglement fidelity Fmin (4.51).
(b) Comparison of our three average-fidelity quantities — the soft-energy constrained aver-
age fidelities F (Rβ)

1 (4.46a) and F
(Rβ/2)

2 (4.46b) as well as the hard-energy constrained case
F

(Pd)

1,2 — with the fidelity F n̄

coh (4.52) calculated by averaging over an ensemble of coherent
states. The qualitatively different behavior of the coherent-state fidelity suggests that it may
not be a good approximation to averages over CV states.
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set

β = log(1 + 1/n̄) and d = ⌊n̄⌋+ 1 . (4.50)

The soft-energy cutoff then corresponds to an average energy of n̄ for the regularizer thermal

state (4.44) and an effective dimension dR = 2n̄+ 1 (4.49).

Our first comparison is between all fidelities that utilize a reference mode. This com-

parison is between the CV entanglement fidelity (4.45), with either soft- or hard-energy

regularization, and its minimum energy-constrained version [232, 251]

F
(n̄)

min(Lκ) := min
ψEA:Tr(n̂AψA)≤n̄

⟨ψ| Lκ(ψEA) |ψ⟩EA , (4.51)

consisting of an optimization of the CV entanglement fidelity over all input states whose

average energy on the mode acted on by the channel is bounded by n̄.

The three reference-mode fidelities {F (Pd)
e , F

(Rβ)
e , F

(n̄)
min} are plotted for n̄ = 4 and all trans-

missivities κ ∈ [0, 1] in Fig. 4.2(a). All quantities decrease in similar fashion with decreasing

transmissitivy, with the soft-energy fidelity following the scaling of the minimum case slightly

better than the hard-energy fidelity near unity transmissitivity. Due to the parameterization

picked in Eq. (4.50), the entanglement fidelities for the two energy constraints are equal for

zero transmissivity, F (Pd)
e = F

(Rβ)
e = 1/(n̄+ 1)2 at κ = 0.

Our second comparison is between fidelities that do not utilize a reference mode. This

set includes both of our CV average fidelities from (4.40), each with either a soft- or a

hard-energy constraint. These are related to the entanglement fidelity of a CV channel via

Eqs. (4.46a) and (4.46b), respectively. Since the pure-loss channel is trace preserving on the

subspace defined by Pd, two of these four fidelities are equal in the case of the hard-energy

constraint, F (Pd)

1 = F
(Pd)

2 =: F
(Pd)

1,2 . This comparison also includes the average fidelity of the
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pure-loss channel over an ensemble of coherent states,

F
(n̄)

coh(Lκ) :=
∫

C
p(α) ⟨α| Lκ(α) |α⟩ d2α, (4.52)

where |α⟩ denotes the coherent state specified by α ∈ C. We choose the density function

to be p(α) = 1
πn̄
e−|α|2/n̄ to ensure that the average occupation number of the ensemble of

coherent states is
∫
C p(α) |α|

2 d2α = n̄.

The four average-fidelity quantities {F (Pd)

1,2 , F
(Rβ)

1 , F
(Rβ/2)

2 , F
(n̄)

coh} are plotted for n̄ = 4

and all transmissivities κ in Fig. 4.2(b). Note that the average fidelity over an ensemble of

coherent states does not qualitatively match the other fidelities. In particular, the concavity

of F coh near unity transmissivity is different from the other fidelity quantities. This may be

related to the fact that an ensemble of coherent states only forms a CV 1-design, whereas the

other fidelities are defined with respect to various notions of 2-designs. This result suggests

that the coherent-state average may not be a useful approximation for an average over all

CV states.

Section 4.7: Conclusion

In this work, we study quantum state designs in finite and infinite dimensions. In finite

dimensions, we review a method for constructing complex-projective designs using simplex

and torus designs. In particular, we establish a relationship between torus designs and

complete sets of mutually unbiased bases.

We then prove a no-go theorem implying that a naïve extension of the definition of state

designs to infinite dimensions fails. Similarly, we prove that CV unitary t-designs do not exist

for any t ≥ 2. Prior to our work, it was proven [79] (argued [153]) that Gaussian resources are

not sufficient to form CV state (unitary) designs. Our no-go theorem establishes a stronger

result implying that even non-Gaussian resources are not sufficient to form CV designs.
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The lack of CV designs is due to a restriction to using only normalizable states. We

successfully extend the notion of state designs to infinite dimensions by proposing a new

definition of CV state designs using non-normalizable states. These non-normalizable states

belong to a rigged Hilbert space, and we provide various constructions of such rigged 2-

designs consisting of Fock states and oscillator phase states [198–202, 205] subject to Kerr-

Hamiltonian evolution.

As an application of rigged designs, we extended the formalism of shadow tomography

[49–52] to CV systems. We show that our rigged 2-designs and, if useful ones exist, rigged

3-designs can yield efficient shadow-based protocols. It is an interesting direction to ex-

perimentally implement our design-based CV shadow tomography protocol based on rigged

2-designs and compare it with other protocols based on homodyne or heterodyne measure-

ments [226], which can also be formulated within a shadow-like framework (albeit without

the use of designs) [207]. The POVMs defined by the rigged 2-designs that we constructed

are highly non-Gaussian. It is an exciting open theoretical and experimental direction to

develop techniques to measure from such POVMs.

We construct approximate CV designs by regularizing the elements of rigged designs.

These regularized-rigged designs consist of physical quantum states and therefore can be used

to define information-theoretic quantities, such as fidelities, for CV quantum channels. In

particular, we define various notions of the average fidelity of a CV channel. We then establish

a relation between the average fidelity and the entanglement fidelity of a CV channel. Our

result is a natural generalization of finite-dimensional formulas [13], where the dimension is

replaced by the effective dimension that depends on the mean energy of the input state to

the channel. It is an interesting open question to develop efficient experimental methods

to prepare states belonging to regularized-rigged designs introduced in our work. On the

theory side, it may be interesting to determine a relationship between the energy-constrained

diamond distance [220, 221] and the average fidelity introduced in our work.
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As discussed in Section 4.6.3, an important application of regularized-rigged designs is to

estimate the average fidelity between an ideal unitary and its experimental approximations.

We emphasize again that our results are applicable directly when analytical expressions of

an ideal unitary gate and its experimental approximation are known. Instead of estimating

the average fidelity over a subset of states such as coherent states, one can calculate a good

approximation of the average fidelity over all states using our regularized-rigged designs.

We construct rigged and regularized-rigged CV state 2-designs, leaving the interesting

question of constructing useful CV state t-designs for t ≥ 3 to future work. Another inter-

esting direction is to develop the notion of energy-constrained CV state designs, where each

state in the design satisfies a fixed energy constraint. Our regularized-rigged state designs

are good approximations of energy-constrained CV state designs.

Our rigged designs are defined on the Hilbert space L2(R) of a single mode, but can

formally be mapped into any other countably infinite Hilbert space because all such spaces

are isomorphic. A mapping like this from the single-mode space to the space L2(Rn) of

multiple modes is likely to be physically obscure. An interesting future topic would be to

develop designs for other spaces, such as multiple modes, rotors and rigid bodies [216], using

states natural to those spaces. For example, we anticipate that designs similar to our Kerred

phase-state designs can be formulated for the space of the planar rotor, L2(U(1)) [216, Sec.

IV.B]. Similarly, cross-Kerr interactions [206] may provide a recipe for rigged designs for

multiple modes.

We also prove that CV unitary t-designs do not exist for any t ≥ 2. A natural research

question is whether, similar to rigged CV state designs, there exists a reasonable notion of

CV operator designs. We introduce one such notion in this work, leaving the interesting and

important question of how to construct such designs to future work.

Finally, another interesting avenue to explore is that of designs for function spaces. In

Appendix C.4.5, we showed how our rigged designs can be interpreted as designs over infinite-
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dimensional function spaces. Can this theory be further generalized to other functional

integrals, such as e.g. path integrals? In particular, in field theories, one is typically interested

in correlators (i.e. polynomials in the fields) of various degrees; a t-design is therefore a

space of fields that match all correlators up to degree t. Can designs be defined and used

in this context? Refs. [252–255], which contain a small number of cubature rules for Weiner

integrals, may be a useful place to start.

88



Chapter 5: Continuous-variable designs and design-based shadow

tomography from random lattices

Section 5.1: Introduction

In Chapter 4, we defined rigged t-designs and found some single mode examples of rigged

2-designs. In this chapter, we find a natural class of states that form multimode rigged

2-designs.

We denote the ensemble of all n-mode Gottesman-Kitaev-Preskill (GKP) states [215,

256, 257] for all lattices by

Xn = {|Λ;α⟩ = D(α) |Λ⟩ , Λ ∈ Yn, α ∈ P(Λ)} . (5.1)

Here, |Λ⟩ is an equal superposition of coherent states at all points in the symplectically

self-dual lattice Λ = Λ⊥ ⊂ R2n, and Yn is the set of all such lattices with its unique unit-

normalized Haar measure. This state is displaced by all possible complex vectors α in

the lattice’s fundamental domain P(Λ) — the unit cell centered at the origin — via dis-

placement operators D(α). Each lattice is defined by a symplectic matrix, and the space

Yn = Sp2n(Z) \Sp2n(R) of all lattices is parameterized by all such matrices, up to basis trans-

formations done by integer-valued symplectic matrices. This space happens to be compact

and comes with its own Haar measure, µ(Λ) [258, 259].

In Sections 5.2 and 5.3, we show two different ways of proving the following theorem.

Theorem 5.1.1 (GKP states form a rigged 2-design). The ensemble Xn forms a rigged
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2-design with respect to the Haar measure over the space of symplectic lattices Yn and the

uniform measure over the fundamental domain P(Λ).

A key necessary lemma is the following.

Lemma 5.1.2 (Symplectic mean value formula [258], [260, Thm. 2]). Let f : R2n → R be a

(Riemann) integrable function such that the following quantities converge absolutely, and let

Λ ∈ Yn denote a symplectic lattice. For

F (Λ) =
∑

λ∈Λ\{0}

f (λ) , (5.2)

it holds that ∫

Yn

dµ(Λ)F (Λ) =

∫

R2n

dx f (x) . (5.3)

Then, in Section 5.4, we discuss a generalization of shadow tomography similar to that

discussed in Section 4.6.1 and Appendix C.5.1, which shows how the displaced GKP rigged

2-design can be used for shadow tomography.

Section 5.2: Continuous variable frame potentials

Building on Chapter 4, we examine the ensemble of GKP states defined in the main text

through the lens of continuous variable frame potentials. Frame potentials are an important

tool in the analysis of evenly distributed states and we discuss their interpretation further

below. To maintain well-defined expressions throughout, we need to work with appropriately

regularized quantities, regularized through a Hermitian regularization operator R. The end

of this section contains a general discussion on the frame potential and its interpretation.

Let Πt be the projector onto the symmetric subspace of L2(Rn)⊗t, and for a positive

definite Hermitian trace-class operator R, define Π
(R)
t = R⊗tΠtR

⊗t. For any measure space
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Xn over S ′(Rn), define

W
(R)
t (Xn) :=

∫

Xn

dµXn (X) dµXn (Y ) |⟨X|R|Y ⟩|2t (5.4a)

X
(R)
t (Xn) :=

∫

Xn

dµXn (X) ⟨X|R2|X⟩t (5.4b)

F (R)
t (Xn, at) := W

(R)
t (Xn)− 2atX

(R)
t (Xn) + a2t Tr

[
Π

(R)
t

]
. (5.4c)

The following proposition is a modification of Proposition 4.5.2.

Proposition 5.2.1. For any ensemble Xn and any positive real number at, F (R)
t (Xn, at) ≥

0. Furthermore, there exists positive real numbers at′ such that F (R)
t′ (Xn, at′) = 0 for each

t′ = 1, 2, . . . , t if and only if Xn is a rigged t-design.

There are a few easy facts that we need:

Tr
[
Π

(R)
1

]
= Tr

[
R2
]

(5.5a)

Tr
[
Π

(R)
2

]
=

1

2

(
Tr
[
R2
]2

+ Tr
[
R4
])

(5.5b)

Tr
[
Π

(R)
3

]
=

1

6

(
Tr
[
R2
]3

+ 3
(
Tr
[
R4
]) (

Tr
[
R2
])

+ 2Tr
[
R6
])
. (5.5c)

Finally, for the operator R, let cR (α) := Tr
[
D† (α)R

]
denote its characteristic function.

We have

cR2(0) = Tr
[
R2
]
=

∫

R2n

dα |cR(α)|2 (5.6a)

cR4(0) = Tr
[
R4
]

=

∫

R2n

dα1dα2dα3 cR (α1) cR (α2) cR (α3) c
∗
R (α1 +α2 +α3) e

−iπ(αT
1 Jα2+αT

1 Jα3+αT
2 Jα3).

(5.6b)

In a very long calculation we will now proceed to show the following theorem, using the

proposition above. This calculation serves as independent verification that the ensemble Xn
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of GKP states discussed in the main text indeed yields a rigged 2-design.

Theorem 5.2.2. The ensemble of GKP states Xn ⊂ S ′(Rn) defined in the main text forms

a rigged 2-design with a1 = 1 and a2 = 2.

Proof. Using the frame potential, we can check if our ensemble Xn defined in the main text

is a t = 1, 2-design. Specifically, we need to express X(R)
t (G) and W (R)

t (G) for each t in terms

of Tr[R2] and Tr[R4].

Recall that elements of Xn are of the form D(α) |Λ⟩, where |Λ⟩⟨Λ| = ∑λ∈Λ e
iΦ(λ)D(λ).

In general, our computations will include expressions of the form

⟨Λ|D† (α)RD(α′) |Λ′⟩ =
∑

λ∈Λ

∫

R2n

dγ cR (γ) eiΦ(λ) Tr
[
D(λ)D† (α)D(γ)D(α′)

]
(5.7a)

=
∑

λ∈Λ

∫

R2n

dγ cR (γ) eiΦ(λ)eiπλ
T Jα−iπγT Jα′

Tr[D(λ−α)D(γ +α′)]︸ ︷︷ ︸
δ(γ−α+α′+λ)

(5.7b)

=
∑

λ∈Λ

eiΦ(λ)cR (α−α′ − λ) eiπλ
T Jα−iπ(α−α′−λ)T Jα′

. (5.7c)

If α = α′ this is

⟨Λ|D† (α)RD(α) |Λ⟩ =
∑

λ∈Λ

eiΦ(λ)cR (−λ) ei2πλ
T Jα. (5.8a)

We begin with t = 1. We compute

X
(R)
1 (Xn) =

∫

Yn

dµ(Λ)

∫

P(Λ)

dα⟨Λ|D† (α)R2D(α) |Λ⟩ (5.9a)

=

∫

Yn

dµ(Λ)

∫

P(Λ)

dα

∫

R2n

dγ
∑

λ∈Λ

eiΦ(λ)e−i2πα
T JλcR2 (γ) Tr[D(λ)D(γ)] (5.9b)

= cR2 (0) = Tr
[
R2
]
. (5.9c)
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Similarly, we have

W
(R)
1 (Xn) =

∫

Yn

dµ(Λ) dµ(Λ′)

∫

P(Λ)

dα

∫

P(Λ)′
dα′ ⟨Λ|D† (α)RD (α′) |Λ′⟩⟨Λ′|D† (α′)RD (α) |Λ⟩

(5.10a)

=

∫

Yn

dµ(Λ) dµ(Λ′)
∑

λ∈Λ

∑

λ′∈Λ′

∫

P(Λ)

dα

×
∫

P(Λ)′
dα′ eiΦ(λ)eiΦ(λ′)e−i2πα

T Jλ−i2πα′T Jλ′
Tr[D(λ)RD (λ′)R]

(5.10b)

= Tr
[
R2
]
, (5.10c)

where we used ∫

P(Λ)

dαe−i2πα
T Jλ = δ0,λ, λ ∈ Λ. (5.11)

Altogether, this yields

F (R)
1 (Xn, a1) = Tr

[
R2
]
− 2a1Tr

[
R2
]
+ a21Tr

[
R2
]

(5.12)

We see that, with a1 = 1, we obtain F (R)
1 (Xn, a1 = 1) = 0.

Now, on to t = 2. Here we have

X
(R)
2 (Xn) =

∫

Yn

dµ(Λ)

∫

P(Λ)

dα⟨Λ|D† (α)R2D(α) |Λ⟩2 (5.13a)

=

∫

Yn

dµ(Λ)
∑

λ,λ′∈Λ

eiΦ(λ)−iΦ(λ′)cR2 (−λ) cR2 (λ′)

∫

P(Λ)

dα ei2π(λ−λ′)T Jα

︸ ︷︷ ︸
δλ,λ′

(5.13b)

=

∫

Yn

dµ(Λ)
∑

λ∈Λ

|cR2 (λ)|2 (5.13c)

= |cR2 (0)|2 +
∫

R2n

dλ |cR2 (λ)|2 (5.13d)

= Tr
[
R2
]2

+ Tr
[
R4
]
. (5.13e)
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We also need to compute

W
(R)
2 (Xn) =

∫

Yn

dµ(Λ) dµ(Λ′)

∫

P(Λ)

dα

∫

P(Λ)′
dα′ ∣∣⟨Λ|D† (α)RD (α′) |Λ′⟩

∣∣4 (5.14a)

=

∫

Yn

dµ(Λ) dµ(Λ′)

∫

R2n

dγ1dγ2dγ3dγ4 cR (γ1) cR (γ2) cR (γ3) cR (γ4)
∑

λ1,λ2∈Λ;λ′
1,λ

′
2∈Λ′

(5.14b)
∫

P(Λ)

dα

∫

P(Λ)′
dα′e−i2πα

′T J(λ′
1+λ′

2)−i2παT J(λ1+λ2) (5.14c)

Tr[D(γ1)D(λ′
1)D(γ2)D(λ1)D(γ3)D(λ′

2)D(γ4)D(λ2)] (5.14d)

=

∫

Yn

dµ(Λ) dµ(Λ′)

∫

R2n

dγ1dγ2dγ3dγ4 cR (γ1) cR (γ2) cR (γ3) cR (γ4)
∑

λ∈Λ;λ′∈Λ′

(5.14e)

Tr
[
D(γ1)D(λ′)D(γ2)D(λ)D(γ3)D

† (λ′)D(γ4)D
† (λ)

]
(5.14f)

=

∫

Yn

dµ(Λ) dµ(Λ′)

∫

R2n

dγ1dγ2dγ3dγ4 cR (γ1) cR (γ2) cR (γ3) cR (γ4)
∑

λ∈Λ;λ′∈Λ′

(5.14g)

Tr[D(γ1)D(γ2)D(γ3)D(γ4)]︸ ︷︷ ︸
e−iπγT

1 Jγ2e−iπγT
3 Jγ4δ(γ1+γ2+γ3+γ4)

e−i2πλ
T J(γ3+γ4−λ′)e−i2πλ

′T J(γ2+γ3) (5.14h)

=

∫

Yn

dµ(Λ) dµ(Λ′)

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3)

∑

λ∈Λ;λ′∈Λ′

(5.14i)

e−iπγ
T
1 Jγ2e−iπγ

T
3 J(−γ1−γ2)ei2πλ

T J(γ1+γ2+λ′)e−i2πλ
′T J(γ2+γ3) (5.14j)

We have

∫

Yn

dµ(Λ)
∑

λ∈Λ

e−i2πλ
T Jx = 1 + δ (x) , (5.15)

such that we can further simplify
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. . . =

∫

Yn

dµ(Λ′)

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3) (5.16a)

∑

λ′∈Λ′

e−iπγ
T
1 Jγ2e−iπγ

T
3 J(−γ1−γ2) {1 + δ (γ1 + γ2 + λ′)} e−i2πλ′T J(γ2+γ3) (5.16b)

=

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3) (5.16c)

e−iπγ
T
1 Jγ2e−iπγ

T
3 J(−γ1−γ2) {1 + δ (γ1 + γ2)} (5.16d)

+

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3) (5.16e)

e−iπγ
T
1 Jγ2e−iπγ

T
3 J(−γ1−γ2)

∫

R2n

dλ′ {1 + δ (γ1 + γ2 + λ′)} e−i2πλ′T J(γ2+γ3) (5.16f)

=

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3) (5.16g)

e−iπγ
T
1 Jγ2e−iπγ

T
3 J(−γ1−γ2) {1 + δ (γ1 + γ2)} (5.16h)

+

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3) (5.16i)

e−iπγ
T
1 Jγ2eiπγ

T
3 J(γ1+γ2)

{
δ (γ2 + γ3) + ei2π(γ1+γ2)

T J(γ2+γ3)
}

(5.16j)

This final sum has 4 parts, the first equals Tr[R4]. The second is

∫

R2n

dγ1dγ3 |cR (γ1) |2|cR (γ3) |2 = Tr
[
R2
]2
, (5.17a)

same as the third

∫

R2n

dγ1dγ2|cR (γ1) |2|cR (γ2) |2 = Tr
[
R2
]2
. (5.18a)

Finally, the last term is computed as

∫

R2n

dγ1dγ2dγ3 cR (γ1) cR (γ2) cR (γ3) c
∗
R (γ1 + γ2 + γ3) e

−iπγT
1 Jγ2eiπγ

T
3 J(γ1+γ2)ei2π(γ1+γ2)

T J(γ2+γ3)

(5.19a)
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=

∫

R2n

dγ1dγ2dγ4 cR (γ1) cR (γ2) c
∗
R (γ1 + γ2 + γ4) cR (γ4) e

−iπγT
1 Jγ2e−iπγ

T
4 (γ1+γ2) = Tr

[
R4
]
.

(5.19b)

Thus in total, we have

W
(R)
2 (Xn) = 2Tr

[
R4
]
+ 2Tr

[
R2
]2 (5.20)

and

F (R)
2 (Xn, a2) = 2Tr

[
R4
]
+ 2Tr

[
R2
]2 − 2a2

{
Tr
[
R2
]2

+ Tr
[
R4
]}

+
a2t
2

{
Tr
[
R2
]2

+ Tr
[
R4
]}
.

(5.21)

From this equation, we can observe that we have, with a2 = 2, F (R)
2 (Xn, a2 = 2) = 0. Under

the premise of Proposition 5.2.1 we hence have verified that Xn is a rigged 2-design.

The meaning of the frame potential

We now give a basic interpretation of the frame potential in finite-dimensional systems. The

frame potential has its roots in Welch bounds [261, 262]. There are many great expositions

of the frame potential, its relation to designs, mutually unbiased bases, and scrambling and

chaos [41, 45, 214, 263, 264]. Here, we give a slightly different argument for its applicability.

Ultimately, we want to characterize some ensemble Xn of states via a number F (Xn) ∈

R. Because states are elements of projective space, this function F must be a function of

projectors rather than states. Additionally, there is no ordering on Xn, meaning F (Xn)

should be independent of reordering or relabeling the elements of Xn. We are thus led to

F
(k)
t (Xn) = Tr E

ψ1,...,ψk∈Xn

(|ψ1⟩⟨ψ1|)⊗t . . . (|ψk⟩⟨ψk|)⊗t = E
ψ1,...,ψk∈Xn

⟨ψ1|ψ2⟩t⟨ψ2|ψ3⟩t . . . ⟨ψk|ψ1⟩t,

(5.22)

where we can tune t to probe different moments of Xn.
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We then notice that F (1)
t (Xn) = 1 for any Xn (because in finite-dimensions we can always

assume the states are unit-normalized), and so is trivial. The first nontrivial function that

can characterize the tth moment of Xn is thus F (2)
t (Xn). F

(2)
t (Xn) is in fact the standard frame

potential for finite-dimensional systems, and as such we will notate Ft(Xn) ≡ F
(2)
t (Xn).

If we are interested in measuring how distributed an ensemble of states is (i.e. how much

it “covers” the full space of states and how spread it is over the space), we want the average

magnitude of the overlap between the states in the ensemble to be small. Therefore, the

Ft(Xn) being small is a measure of how evenly spread Xn is. This then gives some intuition

as to why the frame potential shows up as a measure of scrambling and chaos.

When thinking about t-designs, we need ensembles Xn that maximally cover the whole

space of states in order for them to mimic the whole space itself. Therefore, Xn is a t-

design if and only if Ft(Xn) is minimized (the proof of this is analogous to the proof of

Proposition 5.2.1). When Xn does mimic the tth moment of the whole space of states, then

clearly F (k)
t (Xn) is determined for all k. Thus, we have found that even though F (k)

t (Xn) in

principle contains more information about the tth moment of Xn than just Ft(Xn) = F
(2)
t (Xn),

Ft(Xn) alone already characterizes how far Xn is from being sufficiently spread over the whole

space of states. In particular, via some continuity analysis, F (k)
t (Xn) can be bounded in terms

of how far Ft(Xn) is from its minimum, and this bound gets tighter as Ft(Xn) approaches its

minimum.

In the CV case, W (R)
t (Xn) is the analogue of Ft(Xn). The function X(R)

t (Xn) is an artifact

of the fact that the states are not normalized. In the case of regularized rigged designs,

X
(R)
t (Xn) can in fact be gotten rid of as in Proposition 4.5.2, making the analogy between

the finite- and infinte-dimensional frame potentials more direct.

97



Section 5.3: Diagonal coherent state basis

In this appendix, we provide another proof that the displaced GKP ensemble forms a rigged

2-design by working in the coherent state basis (i.e. the P -representation). We then perform

the analogous 3-design calculation, but are unfortunately unable to complete it.

The key point is that the diagonal elements of an operator in the coherent state basis

fully determine the operator [265, 266]. Hence, in order to check if an ensemble Xn is a

rigged t-design, we only need to check that

∫

Xn

dX

t∏

i=1

|⟨αi|X⟩|2 = at⟨α1, . . . ,αt|Πt|α1, . . . ,αt⟩ (5.23)

for some at > 0. For Xn the ensemble of GKP codes defined in the main text, this amounts

to showing that

g(α1, . . . ,αt) = at ⟨α1, . . . ,αt|Πt |α1, . . . ,αt⟩ , (5.24)

where

g(α1, . . . ,αt) :=

∫

Yn

dµ(Λ)

∫

P(Λ)

dβ
t∏

i=1

Tr [D(β) |Λ⟩⟨Λ|D(−β)D(αi) |0⟩⟨0|D(−αi)]

(5.25a)

=

∫

Yn

dµ(Λ)

∫

P(Λ)

dβ
t∏

i=1

∑

λi∈Λ

eiΦ(λi) Tr [D(β)D(λi)D(−β)D(αi) |0⟩⟨0|D(−αi)]

(5.25b)

=

∫

Yn

dµ(Λ)

∫

P(Λ)

dβ
t∏

i=1

∑

λi∈Λ

eiΦ(λi) ⟨0|D(−αi)D(β)D(λi)D(−β)D(αi) |0⟩

(5.25c)

=

∫

Yn

dµ(Λ)

∫

P(Λ)

dβ
t∏

i=1

∑

λi∈Λ

eiΦ(λi)e2πiλ
T
i J(β−αi) ⟨0|D(λi) |0⟩ (5.25d)
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(Eq. (5.11)) =
∫

Yn

dµ(Λ)
∑

λ1,...,λt∈Λ
s.t. λ1+···+λt=0

ei
∑t

j=1 Φ(λj)e2πi
∑t

j=1 α
T
j Jλj

t∏

j=1

⟨0|λj⟩ (5.25e)

=

∫

Yn

dµ(Λ)
∑

λ1,...,λt∈Λ
s.t. λ1+···+λt=0

ei
∑t

j=1 Φ(λj)e2πi
∑t

j=1 α
T
j Jλje−

1
2

∑t
j=1∥λj∥2 . (5.25f)

The RHS of Eq. (5.23) yields

Π1 = I =⇒ ⟨α|Π1 |α⟩ = 1 (5.26a)

Π2 =
1

2
(I ⊗ I + SWAP) =⇒ ⟨α1,α2|Π2 |α1,α2⟩ =

1

2
+

1

2
|⟨α1|α2⟩|2 . (5.26b)

Furthermore, using Π3 =
1
6

∑
σ∈S3

Wσ, where Wσ permutes the tensor factors, we also have

⟨α1,α2,α3|Π3 |α1,α2,α3⟩ =
1

6

[
1 + |⟨α1|α2⟩|2 + |⟨α1|α3⟩|2 + |⟨α2|α3⟩|2

+ 2Re (⟨α1|α2⟩⟨α2|α3⟩⟨α3|α1⟩)
]
.

(5.27)

For t = 1, we have

g(α) =

∫

Yn

dµ(Λ)
∑

λ∈Λ
s.t. λ=0

eiΦ(λ)e2πiα
T Jλe−∥λ∥2/2 (5.28a)

= 1 (5.28b)

= ⟨α|Π1 |α⟩ , (5.28c)

therefore showing that the displaced GKP ensemble forms a 1-design with a1 = 1.

For t = 2, we have

g(α1,α2) =

∫

Yn

dµ(Λ)
∑

λ1,λ2∈Λ
s.t. λ1+λ2=0

ei
∑2

j=1 Φ(λj)e2πi
∑2

j=1 α
T
j Jλje−

1
2

∑2
j=1∥λj∥2 (5.29a)
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=

∫

Yn

dµ(Λ)
∑

λ∈Λ

e2πiλ
T J(α2−α1)e−∥λ∥2 (5.29b)

= 1 +

∫

Yn

dµ(Λ)
∑

λ∈Λ\{0}

e2πiλ
T J(α2−α1)e−∥λ∥2 (5.29c)

(Lemma 5.1.2) = 1 +

∫

R2n

dλ e2πiλ
T J(α2−α1)e−∥λ∥2 (5.29d)

= 1 + e−∥α2−α1∥2 (5.29e)

= 1 + |⟨α1|α2⟩|2 (5.29f)

= 2 ⟨α1,α2|Π2 |α1,α2⟩ . (5.29g)

This therefore shows that the displaced GKP ensemble forms a rigged 2-design with a2 = 2.

The analogous calculation for t = 3 requires a second moment analogue of Lemma 5.1.2

beyond the extension provided in Ref. [267]. For t = 3, we have

g(α1,α2,α3) =

∫

Yn

dµ(Λ)
∑

λ1,λ2,λ3∈Λ
s.t. λ1+λ2+λt=0

ei
∑t

j=1 Φ(λj)e2πi
∑t

j=1 α
T
j Jλje−

1
2

∑3
j=1∥λj∥2 (5.30a)

=

∫

Yn

dµ(Λ)
∑

λ1,λ2∈Λ

e2πi(α
T
1 Jλ1+αT

2 Jλ2−αT
3 J(λ1+λ2))e−∥λ1∥2/2−∥λ2∥2/2−∥λ1+λ2∥2/2

(5.30b)

=

∫

Yn

dµ(Λ)
∑

λ1,λ2∈Λ

e2πi(λ
T
1 J(α3−α1)+λT

2 J(α2−α1))e−∥λ1∥2/2−∥λ2∥2/2−∥λ1+λ2∥2/2.

(5.30c)

To complete this calculation, we need an expression for the second moment integral over Yn.

Once this is known, we would need to compare the result to Eq. (5.27).
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Section 5.4: Global and local design-based shadow tomography for

3-designs

In the previous sections, we have leveraged the rigged 2-design property of our ensemble

Xn together with knowledge about the specific structure of the ensemble and/or additional

physical assumptions in order to bound the variance scaling. While we have not been able

to show whether a stronger 3-design property also holds for our ensemble, we explore what

this property would imply. The following discussion applies to design-based classical shadow

tomography protocols for either finite or inifinite systems (via the definition of rigged de-

signs).

Throughout this section, we will always assume that O is traceless in order to simplify

calculations. Assume that we have a measure space (X , µ) that is a 3-design. In other

words, for all t ≤ 3,
∫
X X

⊗tdµ(X) = atΠt, where each X ∈ X is a positive operator, a1 = 1,

and at > 0. A rigged 3-design in infinite-dimensions and a quantum state 3-design in finite

dimensions satisfies exactly this criteria. In particular, in d dimensions for d finite, if we

choose at = d/Tr(Πt) (ie a2 = 2/ (d+ 1) and a3 = 6/(d + 1)(d + 2)) and require each X

to be rank 1, then we get the standard definition of a quantum state 3-design. In infinite-

dimensions, if we allow a2, a3 to be arbitrary constants and require each X to be rank 1,

then we get the definition of a rigged 3-design.

Subsection 5.4.1: Global shadows

Define

M(ρ) =

∫

X
Tr[ρX]X dµ(X) =

a2
2
(I + ρ). (5.31)

Suppose that we can sample from the probability distribution dP (X, ρ) = Tr(ρX) dµ(X).

Given a sample X from this distribution, we have the estimator o(X) = 2
a2
Tr[XO]. The
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expectation value of our estimator is

EX∼dP [o(X)] =

∫

X
o(X) dP (X) (5.32a)

=
2

a2

∫

X
Tr[OX] Tr[ρX] dµ(X) (5.32b)

= 2Tr[Π2(ρ⊗O)] (5.32c)

= Tr[ρO] (5.32d)

The variance of our estimator is

VarX∼dP [o(X)] =

∫

X
o(X)2 dP (X) − Tr[ρO]2 (5.33a)

=
4

a22

∫

X
Tr[XO]2Tr[ρX] dµ(X) − Tr[ρO]2 (5.33b)

=
4a3
a22

Tr[Π3(O ⊗O ⊗ ρ)]− Tr[ρO]2 (5.33c)

≤ 2a3
a22

Tr[O2], (5.33d)

where the last step is executed using Eq. (E9) in Chapter 4. We see that the efficiency of a

global shadow tomography protocol with a 3-design depends on 2a3/a
2
2. In finite dimension

d, when using quantum state 3-designs, the scaling dependencies of this fraction on d cancel

and it follows that the variance of the corresponding estimator is ∼ Tr[O2]. In infinite

dimensions, a rigged 3-design satisfies a2, a3 ∼ 1, and thus again we obtain a variance scaling

of ∼ Tr[O2].

We highlight that the factor a2 alone is not important, but rather the ratio 2a3/a
2
2.

In general, even in the displaced GKP case (where we are unsure if the ensemble forms a

rigged 3-design), the fact that a2 ∼ 1 (as opposed to a2 ∼ 2−n as is typically the case in

qubit protocols) is not the key difference dictating the variance scaling of the corresponding

shadow tomography protocol. Ultimately, what matters is the ratio 2a3/a
2
2. For finite d and
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utilizing quantum state 3-designs, we have

a2 =
2

d+ 1
and a3 =

6

(d+ 1)(d+ 2)
, (5.34)

yielding 2a3
a22

d→∞−−−→ 3, which is precisely the scaling observed in Ref. [50].

Subsection 5.4.2: Local shadows

In this section, we will assume that our observable O is of form O = O1 ⊗ · · · ⊗ On, and

we assume that Tr[O] = 0 (for example, in finite dimensions, O can be a Pauli observable).

We expand our state as ρ =
∑

α cαρ
(α)
1 ⊗ · · · ⊗ ρ

(α)
n , with Tr[ρ

(α)
i ] = 1 for each i and α. We

sample from the ensemble X = X⊗n
1 with measure dP (X1 ⊗ · · · ⊗Xn) defined by

dP (X1 ⊗ · · · ⊗Xn) = Tr[ρ(X1 ⊗ · · · ⊗Xn)] dµ(X1) . . . dµ(Xn). (5.35)

Our estimator is

o(X1 ⊗ · · · ⊗Xn) =

(
2

a2

)n
Tr[X1O1] . . .Tr[XnOn]. (5.36)

The expectation value of our estimator is then

EX1⊗···⊗Xn∼dP [o(X1 ⊗ · · · ⊗Xn)] =

∫

X⊗n
1

o(X1 ⊗ · · · ⊗Xn) dP (X1 ⊗ · · · ⊗Xn) (5.37a)

=

(
2

a2

)n∑

α

cα

n∏

i=1

∫

X1

Tr[XiOi] Tr[Xiρ
(α)
i ] dµ(Xi)

(5.37b)

=
∑

α

cα

n∏

i=1

Tr[Oiρ
(α)
i ] (5.37c)

= Tr[ρO] (5.37d)
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The variance of our estimator is

VarX1⊗···⊗Xn∼dP [o(X1 ⊗ · · · ⊗Xn)] ≤
∫

X⊗n
1

o(X1 ⊗ · · · ⊗Xn)
2 dP (X1 ⊗ · · · ⊗Xn) (5.38a)

=
∑

α

cα

n∏

i=1

4

a22

∫

X1

Tr[XiOi]
2Tr[Xiρ

(α)
i ] dµ(Xi) (5.38b)

=
∑

α

cα

n∏

i=1

2a3
a22

Tr[O2
i ] (5.38c)

=

(
2a3
a22

)n n∏

i=1

Tr[O2
i ] (5.38d)

=

(
2a3
a22

)n
Tr[O2] (5.38e)

Again we see that the relevant factor is 2a3
a22

. For fixed d = 2, using Eq. (5.34), this value is

2a3/a
2
2 = 9/4 < 3.

If the design was such that 2a3 ≤ a22, this design-based shadow tomography protocol is

expected attain an asymptotic variance of 0 for any observable. This suggests that in general

a parameter tradeoff 2a3 ≥ a22 must hold and the optimal ensemble is the one that minimizes

this inequality. Observe that here we have used the local shadow tomography protocol to

derive a statement about the global shadow as well as general parameter tradeoffs between

the factors at of any 3-design.
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Chapter 6: Projective toric designs, quantum state designs, and

mutually unbiased bases

Section 6.1: Introduction

Given a measure space (M,µ) and a set of polynomials on M , a t-design on M is a measure

space (X ⊂ M, ν) satisfying
∫
X
f dν =

∫
M
f dµ for all polynomials f of degree ≤ t [182–

192, 268, 269]. Classic examples are Gaussian quadrature rules [182] and spherical designs

[183, 184], where the measure space M is the hypercube and hypersphere, respectively.

Typically, one is interested in finding designs where X is a discrete measure space such that

the integral over X with respect to ν reduces to a weighted sum that is often simpler to

compute. However, this is not always possible; in the case of rigged designs (defined below),

it is often crucial that X be a non-discrete measure space [9].

Specific forms of t-designs for particular choices of measure spaces M have found a

plethora of uses in the field of quantum information theory [36–70]. In particular, com-

plex projective space CPd−1 describes the space of d-dimensional quantum states [72], so

t-designs on M = CPd−1 are called complex-projective or quantum state t-designs. These

quantum state designs also relate to other mathematical objects such as symmetric, infor-

mationally complete positive operator valued measures (SIC-POVMs) and complete sets of

mutually unbiased bases (MUBs), which themselves are conjectured to relate to finite pro-

jective geometry. Finite-dimensional quantum state designs can be generalized to designs on

infinite-dimensional, or continuous-variable, quantum systems by defining rigged quantum
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state t-designs, which are designs on the space of tempered distributions M = S(R)′ [9].

The (projective) unitary group PU(d) describes the space of noiseless dynamics of quantum

states, and these too admit constructions of unitary t-designs. Finally, the space of mixed

quantum states with the Hilbert-Schmidt volume measure allows for mixed-state t-designs

[70]. Therefore, a better understanding of various kinds of t-designs can also lead to deep

insights about quantum information.

Consider the complex sphere Ωd; that is, the set of unit vectors in Cd. Any vector

in Ωd can be written (non-uniquely) as |q, ϕ⟩ :=
∑d

n=1

√
qne

iϕn |n⟩, where {|n⟩}dn=1 forms

an orthonormal basis, q = (qn)
d
n=1 is a discrete probability distribution (

∑
n qn = 1), and

ϕ = (ϕn)
d
n=1 is a set of phases. Therefore, q belongs to the (d−1)-simplex ∆d−1 and ϕ to the

d-torus T d. Via this mapping ∆d−1 × T d → Ωd, one can combine simplex designs and toric

designs to form complex spherical designs [189]. Identifying CPd−1 with Ωd/U(1) (that is,

quantum states are complex unit vectors with a global phase redundancy), we have a similar

mapping ∆d−1×P (T d) → CPd−1 defined as (q, [ϕ]) 7→ [|q, ϕ⟩], where P (T d) = T d/U(1) is the

projective torus (see Definition 6.2.4) and [·] denotes equivalence classes in the respective

quotient spaces. In a similar way as before, via this mapping one can combine simplex

designs and projective toric designs (see Definition 6.2.5) to form quantum state designs [9,

189].

In what follows, we flesh out and formalize this argument. Specifically, we formalize the

notion of projective toric designs—both finite- and infinite-dimensional—and provide vari-

ous constructions thereof. We discuss the connection between projective toric designs and

difference sets [88, 270, 271], and use this correspondence to construct more projective toric

designs, including some minimal ones. We illustrate the connection to quantum state designs

and various other mathematical objects. Using minimal projective toric 2-designs, we con-

struct an infinite family of almost-minimal complex-projective 2-designs. Finally, we discuss

many exciting open questions regarding projective toric designs, some of which are deeply
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connected to long-outstanding conjectures in mathematics, such as some conjectures relating

to finite affine and projective spaces. In particular, we construct explicit counterexamples to

a conjecture by Zhu [95, Conj. 1] on the relationship between uniformly-weighted quantum

state 2-designs and complete sets of MUBs, and we prove a fundamental distinction between

complete sets of MUBs in prime-power dimensions versus in dimension 6.

Relation to prior work. Toric designs have been considered before. Trigonometric cu-

bature rules are such designs on the torus [186, 268, 269]. Ref. [189] generalized the idea of

trigonometric cubature to more general algebraic tori. Ref. [9] studied designs on projective

tori and showed an equivalence to a specific case of Ref. [189], and further showed that such

projective toric designs are related to complete sets of MUBs [238]. However we believe the

presentation given in Section 6.2 gives new clarity and focus on the subject. Furthermore,

Section 6.2.1 compiles, to the best of our knowledge, all previously known constructions of

projective toric t-designs1, and indeed generalizes some of these constructions.

The main novel contributions of our work lie in Sections 6.2.2, 6.3 and 6.4. In Sec-

tion 6.2.2, we prove a general lower bound on the size of projective toric t-designs for all

dimensions and all t by relating these designs to the crystal ball sequence corresponding

to the root lattice An−1 [272, 273]. In Section 6.3, we relate difference sets to projective

toric designs. We show how the former can be used to construct the latter. Using the

connection between difference sets and projective toric designs, we furthermore relate dense

difference sets to the crystal ball sequence mentioned above, and derive new (to the best of

our knowledge) bounds on the size of Bt mod m sets (cf. Corollary 6.3.6). In Section 6.3.1,

using our construction of projective toric t-designs for all t and dimensions n, we construct

corresponding toric t-designs for t and n (where recall that a toric design is also a design

on the diagonal subgroup of the unitary group). In Section 6.4.1, we describe the relation-

ship between projective toric designs and quantum state designs. This relationship was first
1Of course, many toric designs are known, and these always project to projective toric designs. Such

constructions are not compiled in this manuscript.
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noted in Refs. [9, 189], though we believe that Section 6.4.1 greatly clarifies the details of

this connection. In Section 6.4.1, we also construct an infinite family of almost-minimal

quantum state 2-designs—that is, quantum state 2-designs of size exactly one more than

minimal. While these specific almost-minimal designs have been noted before in Ref. [274],

we arrive at the construction via a different route that utilizes projective toric designs, which

we believe may have a better hope of generalizing to other infinite families and t > 2.

In Section 6.4.2, we use projective toric 2-designs from our difference set construction to

yield uniformly-weighted quantum state 2-designs in dimension d of size exactly d(d+1) that

do not form complete sets of MUBs, thereby disproving a conjecture by Zhu that has been

open for nine years [95, Conj. 1] (see also Ref. [275] for a discussion on Zhu’s conjecture).

In Section 6.4.3, we further characterize the relationship between projective toric 2-designs

and complete sets of MUBs by proving (cf. Proposition 6.4.6) that the phases involved in

any complete set of MUBs in dimension 6 must form a non-group projective toric 2-design.

In particular, this highlights a fundamental distinction between all known constructions

of complete sets of MUBs in prime-power dimensions versus any potential construction in

dimension 6 (and, we conjecture, in all non-prime-power dimensions). We then discuss

one possible modification of Zhu’s conjecture relating to this fundamental distinction and

discuss potential paths towards proving this new conjecture (cf. Conjecture 6.4.8). Finally,

Section 6.5 compiles a number of new interesting open problems involving projective toric

designs, highlighting their connection to a number of other open problems in mathematics.

Section 6.2: Theory of projective toric designs

We begin with some basic definitions that are used throughout the rest of the paper.

Definition 6.2.1 (Torus). Let T := R/2πZ. When n ∈ N, let In := {1, 2, . . . n}; when

n = ∞, let In = I∞ := N. For such n, let T n :=
∏

i∈In T with the product topology. Define

the projection maps pi : T n → T as (ϕj)j∈In 7→ ϕi. For all n ∈ N ∪ {∞}, let µn denote T n’s
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unit-normalized Haar measure.

Note that by Tychonoff’s theorem, T∞ is compact. For all n, T n is therefore a compact

abelian group and thus has a unique unit-normalized Haar measure.

By definition, the product topology on T∞ is the coarsest topology such that the pro-

jection maps pi are continuous. Similarly, we endow T∞ with the smallest σ-algebra such

that the projections pi are measurable. This σ-algebra is generated by sets of the form

A =
∏

i∈NAi, where each Ai is a measurable subset of T and all but finitely many Ai are

equal to T . Define a measure µ′ on T∞ by µ′(A) =
∏

i∈N µ1(Ai). From Ref. [276, Thm. 10.6.1]

(or Ref. [277] for a shorter proof), this definition of µ′ on such subsets uniquely determines µ′

on the whole space. Clearly µ′ is transitionally-invariant and unit-normalized, and therefore

µ′ = µ∞.

We now define trigonometric cubature rules [186, 268, 269], which are designs on the

torus. To match the general terminology of this paper, we prefer to use the term toric

design.

Definition 6.2.2 (Toric design). A T n t-design (or trigonometric cubature rule of dimension

n and degree t [186, 268, 269]) is a measure space (X ⊂ T n,Σ, ν) such that

∫

X

exp

(
i

n∑

j=1

αjϕj

)
dν(ϕ) =

∫

Tn

exp

(
i

n∑

j=1

αjϕj

)
dµn(ϕ) (6.1)

for all α ∈ Zn satisfying
∑n

j=1 |αj| ≤ t.

The torus T n is the same as the maximal torus of the unitary group T (U(n)) [71], and

indeed a T n design is a design on T (U(n)) [189]. Since T (U(n)) is the diagonal subgroup of

the unitary group U(n), we see that toric designs can equivalently be thought of as designs on

the diagonal subgroup of U(n). Such designs are of interest in quantum information theory

[85].
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Example 6.2.3. In this example, we consider n = 1 and t = 2. Let X be the discrete,

uniformly-weighted measure space X = {0, 2π/3, 4π/3} ⊂ T 1. Then, for every integer

−2 ≤ α ≤ 2,

1

|X|
∑

ϕ∈X

eiαϕ =
1

2π

∫ 2π

0

eiαθ dθ =





1 if α = 0

0 if 1 ≤ |α| ≤ 2.

(6.2)

Hence, X is a T 1 2-design. ⋄

We now consider the projective torus, an important object in the study of quantum

mechanics because it removes a global phase redundancy (see Section 6.4).

Definition 6.2.4 (Projective torus). Let P (T n) denote the projective torus P (T n) := T n/T ,

where here T denotes the inclusion T ↪→ T n by T ∋ θ 7→ (θ, θ, . . . ) ∈ T n.

In other words, P (T n) is the set points in T n identified up to a constant additive fac-

tor. Clearly, for any f : T n → C to descend to a well-defined function on P (T n) it

must be constant on the cosets of the diagonal subgroup; in other words, it must satisfy

f(eiϕ1+iθ, eiϕ2+iθ, . . . ) = f(eiϕ1 , eiϕ2 , . . . ) for all θ ∈ T . Hence, when studying designs on

P (T n), we need only consider monomials on T n where the degree and conjugate degree are

equal. A degree t monomial on P (T n) therefore lifts to exp
(
i
∑t

k=1(ϕak − ϕbk)
)

for a, b ∈ I tn.

We are thus now in a position to define a P (T n) t-design.

Definition 6.2.5 (Projective toric design). Fix an n ∈ N∪{∞} and t ∈ N. Let X ⊂ P (T n)

and (X,Σ, ν) be a measure space. X is called a P (T n) t-design if for all a, b ∈ I tn,

∫

X

exp

(
i

t∑

j=1

(ϕaj − ϕbj)

)
dν(ϕ) =

∫

P (Tn)

exp

(
i

t∑

j=1

(ϕaj − ϕbj)

)
dµn−1(ϕ). (6.3)

Here we denote the unit-normalized Haar measure on P (T n) as simply µn−1 since P (T n) ∼=

T n−1. X is called discrete if ν is a counting measure, and is called finite if it is discrete and

|X| <∞. If X is finite, then |X| is called the size of X.
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We note that, in the language of Ref. [189], a P (T n) design is a design on the maximal

torus of the projective unitary group T (PU(n)). It was shown in Ref. [9] that the two notions

coincide2. Clearly a P (T n) t-design is also a (t− 1)-design, since we can let at = bt and have

the integrand become an arbitrary degree (t− 1) monomial. Additionally, a P (T n) t-design

is also a P (T n−1) t-design, as can be seen by picking a subset of indices.

Example 6.2.6. In this example, we consider n = 2 and t = 1. For any point in P (T 2),

which is itself an equivalence class, we choose a representative of the equivalence class to be

zero in the first entry of the tuple. In other words, since the equivalence relation ∼ that we

quotient T n by to get P (T n) = Tn
/∼ is (ϑ, φ) ∼ (ϑ+ θ, φ+ θ), we can always choose θ such

that the first entry in the tuple is 0.

LetX be the discrete, uniformly-weighted measure spaceX = {(0, 0), (0, 2π/3), (0, 4π/3)} ⊂

P (T 2). Then,

1

|X|
∑

ϕ∈X

ei(ϕa−ϕb) =
1

2π

∫ 2π

0

ei(θa−θb) dθ2 =





1 if a = b

0 if a ̸= b.

(6.4)

Note that, since we fix the first entry of any element of P (T 2) to be 0, θ1 = 0 and the Haar

measure on P (T 2) is dθ2. Hence, we see that X is a P (T 2) 1-design. ⋄

Throughout this work, we use double braces to denote multisets, whereas single braces

denote sets as usual; that is, {{1, 2, 2}} = {{2, 1, 2}} ̸= {{1, 2}}, whereas {1, 2, 2} = {1, 2} =

{2, 1}. Since the integrand in Eq. (6.3) contains only a finite number of projection maps,

we can use Fubini’s theorem to compute the integral on the right-hand side. By choosing

a set of representatives of P (T n) to be those phases ϕ for which p1(ϕ) = ϕ1 = 0, we can

think of P (T n) as {0} × T n−1. In this way, we have that p1(ϕ) = 0 for all ϕ. It follows that
2We note that, in contrast to our manuscript, Ref. [9] refers to P (Tn) designs as Tn designs and refers

to Tn designs as trigonometric cubature rules.
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X ⊂ {0} × T n−1 is a P (T n) t-design if

∫

X

exp

(
i

t∑

j=1

(ϕaj − ϕbj)

)
dν(ϕ) =

∫

{0}×Tn−1

exp

(
i

t∑

j=1

(ϕaj − ϕbj)

)
dµn−1(ϕ) (6.5a)

=





1 if {{ai | i ∈ {1, . . . , t}}} = {{bi | i ∈ {1, . . . , t}}}

0 otherwise
.

(6.5b)

Suppose that we set each bj = 1. It follows that X must match integration of polynomials

on T n−1 of degree t and conjugate degree 0 (because ϕbj = 0). Similarly, we can set each

aj = 1, and thus X must match integration of degree 0 and conjugate degree t. More

generally, we see that it must match on monomials on T n−1 of degree (t1, t2) whenever t1 ≤ t

and t2 ≤ t. It follows that a T n−1 (2t)-design is a P (T n) t-design, and a P (T n) t-design is a

T n−1 t-design. The reverse implications however do not hold in general.

By linearity, a P (T n) t-design exactly integrates all polynomials on P (T n) of degree t

or less. It is the projective nature of the polynomials that we are integrating that give

projective toric designs their interesting structure that is quite different than the structure

of toric designs. For example, as we will see, for finite n, P (T n) 2-designs must be of size at

least n(n−1)+1, and indeed this can be saturated for many n; in contrast, it is known that

a T n 4-design requires size at least 2n2, 3-design requires at least 4n points (which can often

be achieved), and 2-design requires at least 2n points (and 2n + 1 can often be achieved)

[269]. Indeed, the difference between toric designs (i.e. trigonometric cubature rules) and

projective toric designs is analogous to the difference between (complex) spherical designs

and (complex) projective designs.
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Subsection 6.2.1: Constructions of projective toric designs

In this section, we present a few simple constructions in order to get a handle on projective

toric designs. Later, in Section 6.3, we construct more (and smaller) projective toric t-designs

by utilizing difference sets and Sidon sets from additive combinatorics [88]. Throughout this

section, we write points in P (T n) as representatives in T n with the first entry set to 0.

Our first example is a P (T n) 2-design of size n2 whenever n is prime, and slightly larger

when n is not prime. Note that this construction can be generalized to be size n2 whenever

n is a prime power, but we do not do this here. The generalized construction can be seen in

the phases in the complete set of MUBs in prime-power dimensions given in Ref. [39].

Theorem 6.2.7 (Thm. C.9 of [9]). Let n ∈ N. Define p to be the smallest prime number

strictly larger than max(2, n) (by the prime number theorem, p ∈ O(n+ log n)). Let X ⊂ T n

be the set

X =
{(

0, 2π(q1 + q2)/p, 2π(2q1 + 4q2)/p, . . . , 2π((n− 1)q1 + (n− 1)2q2)/p
)
| q1 ∈ Zp, q2 ∈ Zp

}

(6.6)

and v the constant map3 v(ϕ) = 1/ |X|. Then X with the counting measure weighted by v is

a P (T n) 2-design.

We can easily write out the construction for n = 2, where we have p = 3, and therefore

X = {(0, 0) , (0, 2π/3) , (0, 4π/3)} with weight v(ϕ) = 1/3 is a P (T 2) 2-design. We show the

construction in Fig. 6.1 for this example of n = 2 with p = 3 as well as for n = 3 with p = 5.

We can extend this construction to the case when n = ∞.

Theorem 6.2.8. Let X ⊂ T∞ be the set

X =
{(

0, ϑ+ φ, 2ϑ+ 4φ, . . . , jϑ+ j2φ, . . .
)
| ϑ, φ ∈ [0, 2π]

}
(6.7)

3We corrected a minor error in Thm. C.9 of [9]. Namely, the map v was stated as v(ϕ) = 1/p2. This is
correct for all n > 2, as |X| = p2. However, when n = 2, |X| = p = 3.
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Figure 6.1: The construction of the 2-design in Theorem 6.2.7 for (left) n = 2 with p = 3 and
(right) n = 3 with p = 5. Note we are representing points in P (T n) here as points in T n−1

by discarding the first coordinate which we fix to 0. The number of points in the design for
(left) n = 2 is p and for (right) n = 3 is p2 = 25.

and ν the unit normalized Lebesgue measure on [0, 2π]2 (i.e. dν = dϑ dφ/(2π)2). Then X is

a T∞ 2-design.

Proof. For any a, b, c, d ∈ N,

∫

X

exp(i(ϕa + ϕb − ϕc − ϕd)) dν(ϕ) =

∫

[0,2π]2
exp
(
iϑ(a+ b− c− d) + iφ(a2 + b2 − c2 − d2)

) dϑ dφ
(2π)2

(6.8a)

=





1 if a+ b = c+ d ∧ a2 + b2 = c2 + d2

0 otherwise
(6.8b)

=





1 if {{a, b}} = {{c, d}}

0 otherwise
, (6.8c)

where in the last line we used [9, Lem. C.10].

We now consider a construction for arbitrary t.
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Theorem 6.2.9 (Thm. C.8 of [9]). Let n, t ∈ N, and X ⊂ T n be the set

X =
{
(0, 2πd1/(t+ 1), 2πd2/(t+ 1), . . . , 2πdn−1/(t+ 1)) | d ∈ Zn−1

t+1

}
, (6.9)

and v be the constant map v(ϕ) = (t+1)−(n−1). Then X with the counting measure weighted

by v is a P (T n) t-design.

Example 6.2.10 (n = 2, t = 3). We have

X =

{
(0, 0, 0) ,

(
0, 0, 2π

1

3

)
,

(
0, 2π

1

3
, 0

)
,

(
0, 0, 2π

2

3

)
,

(
0, 2π

2

3
, 0

)
,

(
0, 2π

1

3
, 2π

2

3

)
,

(
0, 2π

2

3
, 2π

1

3

)
,

(
0, 2π

1

3
, 2π

1

3

)
,

(
0, 2π

2

3
, 2π

2

3

)}
,

(6.10)

with v(ϕ) = 1/9, is a P (T 3) 2-design. ⋄

We now extend this construction to n = ∞.

Theorem 6.2.11. Let t ∈ N and X1 ⊂ T be the discrete probability space X1 = {2πd/(t+1) |

d ∈ Zt+1}. Let X =
∏

i∈NX1 and its σ-algebra be generated by sets of the form
∏

i∈NAi where

each Ai in the power set Ai ∈ P(X1) and for all but finitely many i we have Ai = X1. Define

ν by its action ν(A) =
∏

i∈N(|Ai| / |X1|), and note that ν uniquely extends to a measure on

X [276, Thm. 10.6.1]. Then X is a T∞ t-design.

Proof. Let m = max(maxj aj,maxj bj). Since t is finite, we are only ever dealing with a finite

number of projection maps pi in the integrand. Therefore, we can apply Fubini’s theorem to

separate the integral
∫
X

into a product of an integral over Xm
1 and an integral over the rest

of the space. Hence,

∫

X

exp

(
i

t∑

j=1

(ϕaj − ϕbj)

)
dν(ϕ) =

1∣∣Zmt+1

∣∣
∑

d∈Zm
t+1

exp

(
2πi

t+ 1

t∑

j=1

(daj − dbj)

)
(6.11a)
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=





1 if {{aj | j ∈ {1, . . . , t}}} = {{bj | j ∈ {1, . . . , t}}}

0 otherwise
.

(6.11b)

Finally, for completeness, we note the asymptotic existence theorem proven in Ref. [189].

Theorem 6.2.12 (Thm. 3.3 and Cor. 5.4 of [189]). Asymptotically in n → ∞ but for

finite n, a P (T n) t-design must have size at least nt(1−o(1))
⌈t/2⌉!⌊t/2⌋! and there exists t-designs of size

nt(1 + o(1)).

Subsection 6.2.2: Minimal projective toric designs

A very natural question that one can ask is what is the size of the smallest projective toric

t-design? We call such designs minimal. Ref. [9, Prop. C.11] proved a lower bound on the

size of minimial projective toric 2-designs. In this section, we generalize this bound and

prove a lower bound on the size of minimal projective toric t-designs for all t. In the case

when t is even, we conjecture that this bound is tight. In Section 6.3, we show that the t = 2

bound can be saturated in many dimensions.

We begin by, for all n, s ∈ N, defining the set

P (n)
s :=

{
q− r

∣∣∣∣ q, r ∈ Nn
0 ,

n∑

i=1

qi =
n∑

i=1

ri = s

}
. (6.12)

An element q − r ∈ P
(n)
s corresponds to a monomial exp(i

∑n
j=1(qj − rj)ϕj) on P (T n).

We show that |P (n)
s | is the sth element of the crystal ball sequence corresponding to the root

lattice An−1 := {v ∈ Zn |∑n
i=1 vi = 0} [272, 273], and therefore arrive at the explicit formula

for |P (n)
t | given in Eq. (6.13). We begin by defining the crystal ball sequence of An−1. Let

Sn−1(t) denote the number of vertices of An−1 a distance t away from some fixed vertex, where
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we define distance for the lattice An−1 as follows: letting R := {ei−ej | i, j ∈ {1, . . . , n}} be

the roots of An−1, the distance between x,y ∈ An−1 is the smallest d such that x− y ∈ dR,

where dR := R + R + · · · + R is the d-fold set sum of R. The sequence (Sn−1(t))t∈N0

is the coordination sequence of An−1 [272]. The crystal ball numbers are the partial sums

Gn−1(s) =
∑s

x=0 Sn−1(x) [272]. The explicit formula for Gn−1(s) is [272, 273]

Gn−1(s) = 3F2(1− n,−s, n; 1, 1; 1) =
s∑

i=0

(
n− 1

i

)2(
n− i+ s− 1

s− i

)
, (6.13)

where 3F2 denotes the generalized hypergeometric function [141–144]. We can easily see

that P (n)
s = sR, and furthermore Gn−1(s) = |sR| by definition since it is precisely the set of

all points that are reachable within a path of at most s edges. It therefore follows that

|P (n)
s | = Gn−1(s). (6.14)

We recall that Ref. [9] showed the equivalence of P (T n) designs and designs on the

algebraic torus T (PSU(n)) as defined in Ref. [189]. Ref. [189] further explored the connection

between such designs and the root lattice of PSU(n), which is An−1. This gives a hint as to

why An−1 shows up in the analysis of projective toric designs. Indeed, each point in An−1

corresponds to a monomial on P (T n). P (n)
s is precisely all points on An−1 a distance of less

than or equal to s from the origin. Since the origin corresponds to the constant monomial

(i.e. degree 0), P (n)
s corresponds to all monomials of degree less than or equal to s.

We now prove a lower bound on the size of projective toric designs. We note that this

bound is compatible with the asymptotic bound given in Theorem 6.2.12. One can see this

by using the asymptotic expansion of the binomial coefficients in Eq. (6.13).

Proposition 6.2.13. Let n ∈ N and (X,Σ, ν) be a finite P (T n) t-design. Then |X| ≥

Gn−1(⌊t/2⌋), where Gn−1(s) is given in Eq. (6.13).

Proof. We prove the bound for even t. The bound for odd t is then automatically valid since
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the minimal size of a (t+ 1)-design is at least as large as the minimal size of a t-design. We

therefore restrict our attention to even t for the rest of the proof.

Since X is a finite, discrete measure space, we can rewrite
∫
X
(·) dν as

∑
ϕ∈X v(ϕ)(·).

The projective toric t-design condition can be expressed as follows. Let each ϕ ∈ X label

a basis element of V := C|X| so that {|ϕ⟩ | ϕ ∈ X} is an orthonormal basis of V . Then

for k ∈ P
(n)
t/2 , define |k⟩ =

∑
ϕ∈X

√
v(ϕ)eik·ϕ |ϕ⟩. The t-design condition is equivalently

stated as ⟨k|k′⟩ = δk,k′ . Hence, {|k⟩ | k ∈ P
(n)
t/2 } must be orthonormal in V , meaning that

|P (n)
t/2 | ≤ dimV = |X|. The proposition then follows from Eq. (6.14).

Furthermore, we can prove that a minimal t-design for even tmust be uniformly weighted.

Proposition 6.2.14. Let X ⊂ P (T n) and let v : X → (0,∞) define a weighted discrete

measure on X. Suppose the measure space defined by X and v is a minimal t-design with t

even. Then v(θ) = 1/ |X|.

Proof. This proof essentially follows that of Ref. [269, Thm. 2.2]. The P (T n) t-design con-

dition is written as MM † = I|P (n)
t/2

|×|P (n)
t/2

|, where Mk,θ =
√
v(θ)eik·θ. If X is minimal—that

is, if |X| = |P (n)
t/2 |—then M is a square matrix so that MM † = I if and only if M †M = I.

From the latter condition, it follows that δθ,θ′ =
√
v(θ)v(θ′)

∑
k∈P (n)

t/2

eik·(θ−θ
′). When θ = θ′,

we therefore find that v(θ) = 1/|P (n)
t/2 | = 1/ |X|.

Finally, we conjecture that the bound given in Proposition 6.2.13 is tight for even t.

Conjecture 6.2.15. When t is even, the bound given in Proposition 6.2.13 is tight in the

sense that there are infinitely many dimensions n for which the bound is saturable.

In Section 6.3, we show how minimal t-designs are related to difference sets. Using this

connection, we construct an infinite family of minimal 2-designs that indeed saturate the

bound given in Proposition 6.2.13, and we derive a bound on the size of dense difference

sets.
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Section 6.3: Relation to difference sets

We say that X ⊂ P (T n) is a group toric t-design if X is a t-design and also inherits group

structure from P (T n). In this section, we consider the case when X is a cyclic group for finite

n and a circle group for n = ∞. In this case, we find connections to Sidon sets and difference

sets [88]. Using this, in Section 6.3.1, we construct minimal P (T n) 2-designs whenever n− 1

is a prime power, and more generally we construct t-designs of size (n−1)t+1−1
n−2

whenever n−1

is a prime power.

We begin with the infinite case. Suppose that X ⊂ P (T∞) is a t-design and isomorphic

to the circle group U(1). Then there is a single element z ∈ Z∞ such that X = {θz =

(θz1, θz2, . . . ) | θ ∈ [0, 2π]}. In order for X to be a design, it must be that

∫ 2π

0

exp

(
iθ

t∑

j=1

(zaj − zbj)

)
dθ

2π
=





1 if {{aj | j ∈ {1, . . . , t}}} = {{bj | j ∈ {1, . . . , t}}}

0 otherwise
(6.15)

for all a, b ∈ Nt. It follows that z must satisfy

(
t∑

j=1

zaj =
t∑

j=1

zbj

)
⇐⇒ ({{aj | j ∈ {1, . . . , t}}} = {{bj | j ∈ {1, . . . , t}}}) . (6.16)

In other words, the sum of any t elements of z must be unique. If we restrict z to be in

Z∞
≥0, then Eq. (6.16) is exactly the definition for z to be a Bt set [88, Def. 4.27]. In the

special case of t = 2, we need to find a z ∈ Z∞
≥0 such that za + zb = zc + zd if and only if

{{a, b}} = {{c, d}}. Such a z is called a Sidon set [88].

Definition 6.3.1 (Bt and Sidon sets [88]). A Bt set4 is an element z ∈ Z∞
≥0 satisfying

Eq. (6.16) for all a, b ∈ Nt. A Sidon set is a B2 set.
4Note that we are considering z to be a tuple and yet calling it a difference “set”. It is understood that

we are talking about the set {za | a ∈ N}.
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We have therefore proven the following proposition.

Proposition 6.3.2. Group P (T∞) t-designs isomorphic to the circle group are in one-to-one

correspondence with Bt sets.

We next give a simple example of a Bt set.

Example 6.3.3 (Exponential Bt set). Let z ∈ Z∞ be defined by za = ta. In this case, za

written in base t is 100 . . . 0, a 1 followed by a 0s. It follows easily that every sum is unique

up to reordering. ⋄

We now discuss finite n. Suppose that X ⊂ P (T n) is a t-design and isomorphic to the

cyclic group Zm. It follows that X is a size m t-design and is generated by a fixed z ∈ Znm.

In order for X to be a design, it must be that

m−1∑

d=0

exp

(
2πid

m

t∑

j=1

(zaj − zbj)

)
=





1 if {{aj | j ∈ {1, . . . , t}}} = {{bj | j ∈ {1, . . . , t}}}

0 otherwise
(6.17)

for all a, b ∈ I tn, where recall that In = {1, 2, . . . , n}. It follows that z must satisfy

(
t∑

j=1

zaj ≡
t∑

j=1

zbj (mod m)

)
⇐⇒ ({{aj | j ∈ {1, . . . , t}}} = {{bj | j ∈ {1, . . . , t}}}) .

(6.18)

In other words, the sum of any t elements of z must be unique, or equivalently,

∣∣∣∣
{ t∑

j=1

zaj mod m | a ∈ I tn

}∣∣∣∣ =
(
n+ t− 1

t

)
. (6.19)

Eq. (6.18) is precisely the definition for z to be a Bt mod m set of size n [88].

Definition 6.3.4 (Modular Bt and Sidon sets [88]). A Bt mod m set of size n is an element

z ∈ Znm satisfying Eq. (6.18) for all a, b ∈ I tn. A Sidon set of size n mod m is a B2 mod m

set of size n.
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We have therefore shown the following proposition.

Proposition 6.3.5. Group P (T n) t-designs isomorphic to the cyclic group Zm are in one-

to-one correspondence with Bt mod m sets of size n.

Given Proposition 6.3.5 and the bound in Proposition 6.2.13, we immediately arrive at

the following corollary.

Corollary 6.3.6. Any Bt mod m set must have size n satisfying m ≥ Gn−1(⌊t/2⌋), where

Gn−1(s) is given in Eq. (6.13). Furthermore, if Conjecture 6.2.15 is true, then this bound is

tight for even t in the sense that there are infinitely many dimensions n for which the bound

is saturable.

We have been unable to find the bound in Corollary 6.3.6 in the existing literature on

difference sets. If this bound is indeed new, it illustrates the utility of studying projective

toric designs due to the many interesting mathematical objects to which they relate.

In the special case of t = 2, Bt=2 mod m sets are called a Sidon sets of size n mod

m. Notably, by a simple counting argument, any Sidon set of size n mod m must satisfy

m ≥ n(n − 1) + 1.5 Further, for many but not all n, this bound can be saturated, as we

discuss later. When the bound is saturated, we say the Sidon set is dense. Hence, for every

n for which there is a Sidon set of size n mod n(n − 1) + 1, there is a minimal P (T n)

2-design—that is, a P (T n) 2-design of size n(n − 1) + 1, hence saturating the lower bound

from Proposition 6.2.13.

For one example of a dense Sidon set, consider n = 6 andm = Gn−1(1) = n(n−1)+1 = 31.

Then one can easily check that z = (0, 1, 3, 8, 12, 18) is a Sidon set and thus gives rise to a

P (T 6) 2-design of size 31. A simple numerical search however reveals that there does not

exist a Sidon set of size 7 mod 7(7− 1) + 1 = 43. Furthermore, by the classification of finite
5The Sidon set condition can be restated as stipulating that za−zc ≡ zd−zb if and only if {{a, b}} = {{c, d}}.

We therefore need za − zc to be unique for all a and c. First choose an a ∈ In and then choose a c ∈ In with
c ̸= a. This gives us n(n − 1) distinct values. Further, we have one more value—namely 0—coming from
when a = c.
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abelian groups, any group of order 43 must be isomorphic to Z43. Therefore, we have the

following corollary.

Corollary 6.3.7. Either there are no P (T 7) 2-designs of size saturating the lower bound

given in Proposition 6.2.13, or such a saturating design cannot be isomorphic to a group.

Subsection 6.3.1: Explicit families of designs from Singer sets

There is a general construction of dense Sidon sets—called Singer sets—whenever n− 1 is a

prime power [89]. Thus, with this, we have constructed minimal P (T n) 2-designs whenever

n− 1 is a prime power, and these designs are isomorphic to the cyclic group Zn(n−1)+1. For

completeness, we review the Singer set construction in Appendix D.1. However, we note

that the details of the Singer set construction are not necessary to understand for our work.

Indeed, our results only use that such a construction exists. For reference, we provide code

for constructing Singer sets [278].

Indeed more generally, we review Singer’s construction in Lemma D.1.2 of Bt mod
(n−1)t+1−1

n−2
sets of size n whenever n − 1 is a prime power. Using Proposition 6.3.5, we

have therefore constructed explicit P (T n) t-designs of size (n−1)t+1−1
n−2

whenever n − 1 is a

prime power, and these designs are isomorphic to the cyclic group Z (n−1)t+1−1
n−2

. Furthermore,

since the restriction of a P (Tm) t-design to P (T n) for n ≤ m is still a t-design, it follows

that for all n we have constructed explicit P (T n) t-designs of size (m−1)t+1−1
m−2

, where m is the

smallest integer greater than or equal to n such that m− 1 is a prime power.

Finally, we recall that a P (T n) t-design is a T n−1 t-design (see the discussion below

Eq. (6.5)). We also note that a P (T n) t-design be made into a T n (2t)-design by twirling

over a T 1 = S1 (2t)-design. For example, if a set Φ ⊂ {0} × T n−1 is a P (T n) t-design, then

the set {ϕ + (θ, . . . , θ) | ϕ ∈ Φ, θ ∈ Θ} is a T n (2t)-design when Θ is a S1 (2t)-design. We
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can see this as follows. Suppose
∑n

j=1 |αj| ≤ 2t. Then,

1

|Φ| · |Θ|
∑

ϕ∈Φ

∑

θ∈Θ

ei
∑n

j=1 αj(ϕj+θ) =

∫

T 1

eiθ
∑n

j=1 αj dµ1(θ)×
1

|Φ|
∑

ϕ∈Φ

ei
∑n

j=1 αjϕj (6.20a)

= δ∑n
j=1 αj=0

1

|Φ|
∑

ϕ∈Φ

ei
∑n

j=1 αjϕj (6.20b)

= δ∑n
j=1 αj=0

∫

P (Tn)

ei
∑n

j=1 αjϕj dµn−1(ϕ) (6.20c)

=
n∏

j=1

δαj ,0, (6.20d)

where in Eq. (6.20c) we used that ei
∑n

j=1 αjϕj is at most a degree t monomial on P (T n) when
∑n

j=1 αj = 0. The set Θ =
(

2π
2t+1

)
Z2t+1 is a S1 (2t)-design. We have therefore constructed

explicit T n (2t)-designs of size (2t+ 1)× (m−1)t+1−1
m−2

for all n.

Section 6.4: Relation to quantum state designs and MUBs

Projective toric designs are closely connected to complex-projective designs [36–47], continuous-

variable (CV) rigged designs [9], and complete sets of mutually unbiased bases (MUBs) [238].

These connections arise by concatenating projective toric and simplex designs in order to

generate elements in complex-projective space, which in turn satisfy the design condition.

We discuss the connection here. In Section 6.4.1, we set up the connection between projective

toric designs and quantum state designs and use it to construct almost minimial quantum

state 2-designs (ie. quantum state 2-designs in d dimensions of size d2+1). Using this connec-

tion, in Sections 6.4.2 and 6.4.3, we find a close connection between projective toric designs

and MUBs, and we use this connection to prove various results. Namely, in Section 6.4.2,

we disprove Zhu’s conjecture, and in Section 6.4.3, we characterize a fundamental difference

between complete sets of MUBs in prime-power dimensions vs in dimension 6 in terms of

the group structure of the associated projective toric designs.
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Subsection 6.4.1: Quantum state designs from projective toric designs

Denote the complex unit sphere by Ωd = {z ∈ Cd |∑d
i=1 |zi|

2 = 1}, which can be identified

with S2d−1. Let CPd−1 be complex-projective space Ωd/U(1). Pick an orthonormal basis

{|n⟩ | n ∈ {1, . . . , d}} of Cd. A polynomial f on Ωd descends to a well-defined polynomial

on CPd−1 if and only if it is invariant under the action of U(1)—that is, f(eiθ |ψ⟩) = f(|ψ⟩)

for all θ and |ψ⟩ ∈ Ωd. It follows that all degree t monomials on CPd−1 are of the form
∏t

i=1 ⟨ai|ψ⟩⟨ψ|bi⟩ for a, b ∈ I td (recall that Id = {1, 2, . . . , d}). A CPd−1 t-design is thus a

measure space (X,Σ, ν) such that, for all a, b ∈ I td,

∫

X

(
t∏

i=1

⟨ai|ψ⟩⟨ψ|bi⟩
)
dν(ψ) =

∫

CPd−1

(
t∏

i=1

⟨ai|ψ⟩⟨ψ|bi⟩
)
dψ =

Π
(d)
t (a; b)

TrΠ
(d)
t

, (6.21)

where Π
(d)
t is the projector onto the symmetric subspace of (Cd)⊗t,

Π
(d)
t (a; b) :=

(
t⊗

i=1

⟨ai|
)
Π

(d)
t

(
t⊗

i=1

|bi⟩
)
, (6.22)

and dψ denotes the Fubini-Study volume measure on CPd−1. The last equality is a simple

consequence of Schur’s lemma and the unitary invariance of dψ [43, 45][9, Ap. C3].

Let ∆d−1 = {p ∈ [0, 1]d |∑d
i=1 pi = 1} denote the (d− 1)-dimensional simplex. Simplex

t-designs have analogous definitions to those of toric and complex-projective designs [185,

187–190]. Any vector |ψ⟩ ∈ Ωd can be represented as |p, ϕ⟩ :=
∑d

n=1

√
pne

iϕn |n⟩ for some

(not necessarily unique) p ∈ ∆d−1 and ϕ ∈ T d. For a complex unit vector |ψ⟩ ∈ Ωd, let [|ψ⟩]

denote the equivalence class corresponding to a point in CPd−1. Let π : ∆d−1 × P (T d) →

CPd−1 be defined by (p, ϕ) 7→ [|p, ϕ⟩], where ϕ is any representative of an equivalence class

in T d/T = P (T d). The pullback of the Fubini-Study volume form along π is precisely

the Lebesgue measure on ∆d−1 times the Lebesgue measure on P (T d) (see Appendix D.2).

Together, this implies that the concatenation of a ∆d−1 t-design and a P (T d) t-design yields
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a CPd−1 t-design [9, 189].

We note that the analogous result holds for the complex sphere Ωd; namely, concatenation

of a ∆d−1 t-design and a toric (2t)-design (see Definition 6.2.2) yields a Ωd t-design. The

reason that we only need a projective toric design in the CPd−1 case, as opposed to a full

toric design as in the Ωd case, is because polynomials on CPd−1 are more restricted than on

Ωd. On Ωd, z1z2z̄3 is a valid monomial. On the other hand, this is an invalid monomial on

CPd−1 = Ωd/U(1) since it varies under the action of U(1).

One particularly nice simplex 2-design contains the extremal points and the centroid (see

e.g. [9, Thm. C4]), which we show in the following proposition (see Example 6.4.2 for a

simple example).

Proposition 6.4.1. Let c = (1/d, . . . , 1/d) ∈ ∆d−1 be the centroid of the simplex and e(1) =

(1, 0, . . . , 0), . . ., e(d) = (0, 0, . . . , 1) be the extremal points, and define D =
{
c, e(1), . . . , e(d)

}
.

Define the weight function w : D → [0, 1] by w(e(j)) = 1
d(d+1)

and w(c) = d
d+1

. The discrete

probability space defined by (D,w) is a ∆d−1 2-design.

When concatenating the extremal points e(j) of the simplex with a projective toric design,

we get the basis vectors [|j⟩] ∈ CPd−1, since [|e(j), ϕ⟩] = [|j⟩] for any ϕ. When concatenat-

ing the centroid with a finite-sized projective toric design X, we get a collection of points
{
[|c, ϕ⟩] ∈ CPd−1 | ϕ ∈ X

}
. Hence, the total number of points in the resulting complex-

projective design is d+ |X|. Recalling Proposition 6.2.13, we have that |X| ≥ d(d− 1) + 1.

Furthermore, from Section 6.3, we found an explicit construction using Singer sets of these

minimal projective toric designs whenever d+1 is a prime power. It follows that the resulting

complex-projective 2-design is of size d2 +1 (note that this complex-projective design is not

uniformly-weighted). Interestingly, the smallest possible complex-projective 2-design—also

called a SIC-POVM—has size d2. The existence of SIC-POVM’s in all dimensions d is still

an open problem.

These almost-minimal CPd−1 2-designs that we just constructed using Singer sets—CPd−1
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2-designs of size d2+1—were first constructed in Ref. [274]. Notably, however, our utilization

of projective toric designs indicates a possible path toward extending such constructions to

higher t-designs.

Example 6.4.2 (d = 3). We construct the above almost-minimal CPd−1 2-design in the case

of d = 3. Let us utilize the minimal P (T 3) 2-design given by the mod 7 Sidon set (0, 1, 3).

The corresponding projective toric design is given by the phases

{(
0,

2πk

7
,
2πk

7
× 3

)
| k ∈ Z7

}
, (6.23)

where we understand (0, θ, ϕ) ∈ T 3 to be a representative of an equivalence class in P (T 3).

Denote by (p0, p1, p2) an element of ∆2. Consider the ∆2 2-design from Proposition 6.4.1

given by the centroid (1/3, 1/3, 1/3) weighted by 3/4 and the extremal points (1, 0, 0),

(0, 1, 0), (0, 0, 1) each weighted by 1/12. Finally, denote points in CP2 by [|ψ⟩] for |ψ⟩ a

unit vector in C3, and fix an orthonormal basis {|0⟩ , |1⟩ , |2⟩}. Let

X = {[|0⟩], [|1⟩], [|2⟩]} ∪
{
[|ψk⟩] :=

[
1√
3

(
|0⟩+ e2πik/7 |1⟩+ e2πik×3/7 |2⟩

)]
| k ∈ Z7

}
. (6.24)

Turn X into a discrete measure space by weighting [|0⟩], [|1⟩], and [|2⟩] each by 1/12 and

each [|ψk⟩] by 3/(4× 7). The resulting measure space is a CP2 2-design of size 10. ⋄

Similar to the finite-dimensional case above, we see analogous results in infinite-dimensional

quantum systems. Ref. [79] introduced the notion of a continuous variable (CV) t-design.

Ref. [9] proved that such designs do not exist and therefore introduced rigged CV t-designs.

A simplex design can be generalized to the unnormalized infinite-dimensional simplex. It

then follows that the concatenation of an infinite-dimensional simplex t-design and a P (T∞)

t-design yields a rigged CV t-design. We therefore see that designs on the infinite-dimensional

projective torus P (T∞) are closely related to designs on other infinite-dimensional spaces.
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Subsection 6.4.2: MUBs and quantum state designs: counterexamples to Zhu’s

conjecture

In this subsection, we explicitly derive the relationship between complete sets of MUBs

and projective toric 2-designs. We then use this relationship to disprove Zhu’s conjecture

regarding the structure of MUBs [95, Conj. 1].

The non-existence of complete sets of MUBs in non-prime-power dimensions has been a

well-known and long-outstanding question in quantum information theory. Since the question

of non-existence has proven incredibly difficult, there have been many related conjectures

made in hopes of making some progress. One such conjecture is as follows.

Zhu’s conjecture [95, Conj. 1]. Any (uniformly-weighted) quantum state 2-

design in d dimensions of size no more than d(d + 1) is either a complete set of

MUBs or a SIC-POVM.

See also Ref. [275] for a discussion on Zhu’s conjecture. In this subsection, we disprove

this conjecture by explicitly constructing counterexamples that utilize the difference set

construction of projective toric designs. We begin by recalling the definition of complete sets

of MUBs. We then show the relationship of MUBs to projective toric designs, and we restate

Zhu’s conjecture in terms of projective toric designs. We then show explicit examples of

projective toric designs that violate Zhu’s conjecture. We then prove a nice characterization

of complete sets of MUBs in dimension 6 in terms of non-group projective toric 2-designs

(cf. Proposition 6.4.6). Finally, we discuss one possible modification of Zhu’s conjecture and

discuss potential paths towards proving this new conjecture (cf. Conjecture 6.4.8).

For brevity, we take Ref. [41, Thms. 3, 4] as our definition6 of a complete set of MUBs.

Definition 6.4.3. A set M ⊂ CPd−1 is a complete set of MUBs if and only if
6The second condition in Definition 6.4.3 is actually implied by the first and third [279] (we thank Daniel

McNulty for pointing this out).
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1. |M| = d(d+ 1),

2. M is a (uniformly-weighted) quantum state 2-design (ie. a CPd−1 2-design), and

3. for every |ψ⟩ ≠ |φ⟩ ∈ M, |⟨ψ|φ⟩|2 ∈ {0, 1/d}.

In Ref. [9, App. F], it was shown that projective toric designs are closely related to

complete sets of MUBs. For completeness, we state this relationship (modified from Ref. [9]

to use the terminology of our paper) as a theorem and sketch the proof of the direction that

is most important for us in this work.

Theorem 6.4.4 (App. F of Ref. [9]). A complete set of MUBs M exists in dimension d if

and only if there exists a uniformly-weighted P (T d) 2-design X of size |X| = d2 satisfying

∀ϕ ̸= θ ∈ X :

∣∣∣∣∣
d∑

j=1

ei(ϕj−θj)

∣∣∣∣∣

2

∈ {0, d} . (6.25)

Proof sketch. The “only if” direction is proven in Ref. [9, Lem. F.2] (in Ref. [9], a projective

toric design is referred to as a torus design).

We now sketch the proof of the “if” direction. Let X be a uniformly-weighted P (T d)

2-design. As discussed in Section 6.4.1, we can concatenate X with the simplex 2-design

given in Proposition 6.4.1 to yield the CPd−1 2-design M consisting of the elements

1. |n⟩ for n ∈ {0, . . . , d− 1}, each weighted by 1
d(d+1)

; and

2. |c, ϕ⟩ for ϕ ∈ X, each weighted by d
d+1

× 1
|X| =

1
d(d+1)

,

where recall that c = (1/d, . . . , 1/d) ∈ ∆d−1 is the centroid and |p, ϕ⟩ =
∑d

n=1

√
pne

iϕn .

Hence, M is a uniformly-weighted 2-design of size M = d(d + 1). To show that M is a

complete set of MUBs, the only thing left to show is condition (3) of Definition 6.4.3. The
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only nontrivial overlaps to consider are ⟨c, θ|c, ϕ⟩ for ϕ ̸= θ ∈ X, giving

|⟨c, θ|c, ϕ⟩|2 =
∣∣∣∣∣
1

d

d∑

j=1

ei(ϕj−θj)

∣∣∣∣∣

2

∈ {0, 1/d} , (6.26)

which comes by assumption of Eq. (6.25).

Using Theorem 6.4.4 and the fact that (as we saw in the proof) any uniformly-weighted

P (T d) 2-design yields a uniformly-weighted quantum state 2-design of size d(d + 1) via

concatenation with the simplex design given in Proposition 6.4.1, we see that we can now

rephrase part of Zhu’s conjecture as follows.

Rephrasing of (part of) Zhu’s conjecture [95, Conj. 1]. Any uniformly-

weighted P (T d) 2-design X of size |X| = d2 must satisfy Eq. (6.25).

We note that we are rephrasing Zhu’s conjecture as it pertains to uniformly-weighted

quantum state 2-designs of size d(d + 1), as this is the case of interest for complete sets of

MUBs and for the remainder of this manuscript. We do not make any statements regarding

the existence of uniformly-weighted quantum state 2-designs of size ⪇ d(d+ 1).

In the language of our paper, Zhu’s conjecture can be seen as conjecturing that a complete

set of MUBs exists in dimension d if and only if there exists a uniformly-weighted P (T d)

2-design X of size |X| = d2. Given the Sidon set construction of P (T d) 2-designs from

Section 6.3, we see that we can disprove Zhu’s conjecture by finding a Sidon set of size d

mod d2 that does not satisfy Eq. (6.25). Via brute force numerical searches for Sidon sets

of size d mod d2 for small d, we can find many counterexamples. Indeed, there are 288 such

Sidon sets when d = 6 (see our code [278]), hence yielding 288 counterexamples to Zhu’s

conjecture in dimension 6. The simplest counterexample however occurs in dimension d = 3,

as we show in the following example.

Example 6.4.5 (Counterexample to Zhu’s conjecture in dimension 3). Utilizing {0, 1, 3},

which is a Sidon set of size 3 mod 9, we arrive at the following uniformly-weighted quantum
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state 2-design of size exactly d(d+ 1) = 12 that is not a complete set of MUBs:








1

0

0



,




0

1

0



,




0

0

1








⋃





1√
3




1

e
2πik
9

e
6πik
9




∣∣∣∣∣ k ∈ {0, 1, . . . , 8}




. (6.27)

⋄

Subsection 6.4.3: MUBs and group designs

In this subsection, we consider general group projective toric 2-designs and when they can

yield complete sets of MUBs. We find that while such designs can yield complete sets

of MUBs is prime-power dimensions, they cannot in dimension in 6. This illustrates a

fundamental difference between the structure of MUBs in prime-power versus non-prime-

power dimensions.

Consider the following general parameterization of a subgroup of P (T d). Suppose that

the subgroup is isomorphic to Zα1×· · ·×Zαk
. We can generate each factor Zαj

by z(αj) ∈ Zdαj
,

where, since we are considering the projective torus, we fix z(αj)
1 = 0. We call the subgroup

X
(
α1, . . . , αk; z

(α1), . . . , z(αk)
)
, and we have that

X
(
α1, . . . , αk; z

(α1), . . . , z(αk)
)
=

{
k∑

j=1

2πnj
αj

z(αj)
∣∣∣ n1 ∈ Zα1 , . . . , nk ∈ Zαk

}
. (6.28)

For example, when d is prime, the P (T d) 2-design in the standard MUB construction [39]

(Theorem 6.2.7) is

X
(
d, d; (0, 1, 2, 3, . . . , d− 1),

(
0, 1, 4, 9, . . . , (d− 1)2

))
. (6.29)

In the case of prime-power dimensions, the construction is a generalization of Theorem 6.2.7
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that uses the field theoretic trace [39]. Since the trace is linear, one can easily verify the

design to be a group. Thus, for all prime-power d, there are group 2-designs of size d2

satisfying Eq. (6.25).

However, via a numerical bruteforce search (see our code [278]), we find that there are no

P (T 6) group 2-designs of size 62 = 36 satisfying Eq. (6.25). The search is done by recognizing

that, given the classification of finite abelian groups, there are only four α to consider:

α = (α1, α2) = (4, 9), (6.30a)

α = (α1, α2, α3) = (3, 3, 4), (6.30b)

α = (α1, α2, α3) = (2, 2, 9), (6.30c)

α = (α1, α2, α3, α4) = (2, 2, 3, 3). (6.30d)

We can then explicitly check every generator z(αj) for each of these group structures. We

have therefore proven (via exhaustive numerical search) the following proposition, which

comes as a corollary of the exhaustive search and Theorem 6.4.4.

Proposition 6.4.6. If a complete set of MUBs exists in dimension 6, then there is a

uniformly-weighted P (T 6) 2-design X of size |X| = 36 such that X is not a subgroup of

P (T 6).

Indeed, we believe this proposition highlights why finding complete sets of MUBs in

dimension 6 is difficult: the projective toric designs that form the set must be something

more complicated than a group. We state the generalization of Proposition 6.4.6 to all

non-prime-power dimensions as a conjecture.

Conjecture 6.4.7. Let d be a non-prime-power. If a complete set of MUBs exists in di-

mension d, then there is a uniformly-weighted P (T d) 2-design X of size |X| = d2 such that

X is not a subgroup of P (T d).
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Proposition 6.4.6 and Conjecture 6.4.7 highlight a fundamental distinction between com-

plete sets of MUBs in prime-power dimensions versus those in non-prime-power dimensions.

To the best of our knowledge, all currently known complete sets of MUBs in prime-power

dimensions come from projective toric designs that are groups. On the contrary, we showed

that this is not possible in d = 6, and conjecture it more generally.

Given this result, we make the following conjecture, which can be viewed as a modification

of Zhu’s conjecture that evades our earlier counterexamples.

Conjecture 6.4.8. A complete set of MUBs exists in dimension d that is not a prime power

if and only if there is a uniformly-weighted P (T d) 2-design X of size |X| = d2 such that X

is not a subgroup of P (T d).

Given Conjecture 6.4.8, we naturally conjecture that there do not exist non-group,

uniformly-weighted P (T 6) 2-designs of size 36. More generally, we conjecture that, in any

dimension, a complete set of MUBs must come from a group projective toric 2-design. We

phrase this conjecture in terms of Eq. (6.25).

Conjecture 6.4.9. Let d be any dimension and let X be a P (T d) 2-design of size |X| = d2.

If X is not a subgroup of P (T d), then X does not satisfy Eq. (6.25).

If this conjecture is true, then Proposition 6.4.6 would prove the nonexistence of complete

sets of MUBs in dimension 6.

Section 6.5: Conclusion and open questions

In this work, we have developed the theory of projective toric designs and their relation to

various other objects in and areas of mathematics and physics. There is still much unknown

and we believe there are still many exciting connections to be made. We now discuss various

future research directions relating to projective toric designs.
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Complete sets of mutually unbiased bases In this work, we proved (cf. Proposi-

tion 6.4.6) that the phases in a complete set of MUBs in dimension 6 must form a uniformly-

weighted P (T 6) 2-design of size 36 that is not a subgroup of P (T 6). Using projective toric

designs that are subgroups, we constructed families of quantum state 2-designs of size ex-

actly d(d+ 1) that are not complete sets of MUBs, thereby disproving Zhu’s conjecture [95,

Conj. 1]. Given this result, we proposed a modified verison of Zhu’s conjecture (cf. Conjec-

ture 6.4.8) regarding the relationship between complete sets of MUBs and projective toric

designs. An obvious interesting open problem is to prove this conjecture. Another interest-

ing direction is to try to prove that non-group P (T 6) 2-designs of size 36 do not exist. If

our conjecture is true, then this result would prove the long-outstanding problem regarding

the existence of complete sets of MUBs in dimension 6. Finally, projective toric designs may

have a close connection to Hadamard matrices, since the latter are also related to MUBs

[72]. We leave this interesting question to future work.

Minimal projective toric designs In this work, we showed that if X is a P (T n) 2-design,

then |X| ≥ n(n− 1) + 1. Furthermore, using Sidon sets, we showed that the bound can be

saturated when n − 1 is a prime power. However, we also showed that the bound cannot

always be satisfied using the Sidon set construction; for example, when n = 7, the Sidon set

construction does not yield a minimal projective toric 2-design. We thus have the following

open question: do projective toric 2-designs saturating the bound exist for all n?

We showed that if the t-design is a cyclic group, then the constructions are in one-to-one

correspondence with Bt mod |X| sets. In the case of e.g. n = 7 and t = 2, n(n− 1) + 1 = 43

is prime so that the only group design could be a cyclic group. Therefore, if one can prove

that a minimal design must be a group, then one would prove that the t = 2 bound cannot

be saturated for all n. Must the minimal design be a group?

We further proved that if X is a P (T n) t-design, then |X| ≥ Gn−1(⌊t/2⌋). We conjectured

that the bound is tight when t is even. Can this conjecture be proven? Can the bound be
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tightened for odd t? Can one construct saturating designs? As we saw in Proposition 6.2.13,

the lower bound on the size of projective toric 2-designs matches the lower bound on the

size of dense modular Sidon sets. We believe that the analogous statement holds for all t.

Using the connection between difference sets and projective toric designs, we related dense

Bt mod m sets to the root lattice An−1 and proved a bound relating the size n of the set and

the value of m. This connection seems to be a fruitful area to continue exploring.

Connection to affine/projective planes A finite projective plane is a tuple (P,L) of a

finite set of points P and lines L ⊆ 2P (where 2P means the power set of set P , i.e. the set

of all subsets of P ) such that:

1. Any two points are elements of a unique common line

2. Any two lines intersect at a unique point

3. There exist four points in P such that no line contains more than two of them.

Affine planes are defined similarly. A tuple (P,L) can only be a finite projective plane if

there exists some d ∈ N such that |P | = |L| = d2 + d + 1. However, finite projective planes

have only been constructed for d a prime power, and are known to not exist if d is both not

the sum of two squares and d ≡ 1 or 2 mod 4. These numeric similarities, along with deep

connections between combinatorial designs and finite geometry, hint at a deeper connection

between projective toric designs and finite projective planes. In addition, projective planes

appear in the construction of Sidon sets, and are conjectured to correspond to dense ones

[280].

Further, a complete set of MUBs yields a finite projective plane, while a SIC-POVM

in prime power dimensions yields a finite affine plane [90, 238, 281]. As mentioned above,

MUBs are closely related to projective toric designs, while SIC-POVMs are minimal complex-

projective designs. All of this circumstantial evidence begs the question: are there interesting
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direct connections one can make between projective toric designs and finite planes, either

projective or affine?

Connection to other designs Recall that complex projective designs can be constructed

by concatenating simplex and projective toric designs. Similarly, rigged continuous variable

t-designs can be constructed in an analogous way by using P (T∞) designs. One can ask: how

much can this result be generalized? Can we use similar constructions for toric varieties and

flag varieties? Indeed CPn is a toric variety with moment map to the associated polytope

being the simplex ∆n. The moment map allows us to project CPn designs to ∆n designs.

Projective toric designs allow us to pullback along the moment map and build CPn designs

from ∆n designs. How much more general can this result be made?

New families of quantum state designs Using the families of P (T n) t-designs con-

structed in Section 6.3.1, can we generate new interesting families of quantum state t-designs?

To do this, we need to find families of simplex t-designs. In the t = 2 case, we used a partic-

ularly nice simplex 2-design that allowed us to construct almost-minimal quantum state 2-

designs from minimal projective toric 2-designs. Can we find similarly nice simplex t-designs

for t > 2? Our construction in Section 6.3.1 of P (T d) t-designs of size (asymptotically in

d) ≈ dt yields quantum state t-designs of size ≈ |D| dt, where D is an ∆d−1 t-design. It

is an interesting question to study simplex t-designs to arrive at potentially new explicit

constructions of quantum state t-designs.

Approximate designs One can consider approximate projective toric t-design, which are

points on the projective torus that integrate monomials of degree ≤ t up to an error of ε.

How does the size of the minimal approximate t-design depend on t and ε? If one takes an ε1-

approximate simplex t-design and ε2-approximate projective toric design and concatenates

them, what is the ε with which we get an ε-approximate complex-projective t-design? In
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Appendix D.3, we take the first steps to study such approximate designs. In particular,

we define ε-approximate P (T n) t-designs, and we provide an upper bound on the minimum

number of points drawn uniformly randomly from P (T n) needed to form an ε-approximate

P (T n) t-design with probability 1 − δ. We show that the resulting bound depends on the

crystal ball sequences of the root lattices An−1 [272, 273] given in Eq. (6.13). Using the

discussion around Eq. (6.20), these approximate P (T n) designs can be lifted to approximate

T n designs, which we recall are then approximate designs on the diagonal subgroup T (U(n))

of U(n), which are of inherent interest in quantum information theory [85]. Ref. [85] also

constructs approximate designs on T (U(n)), which can of course be projected to designs on

P (T n).
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Part III

Superresolution in quantum sensing
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Chapter 7: Superresolution in quantum sensing

Section 7.1: Introduction

Estimating the separation between peaks in a spectrum is a problem that occurs in many ap-

plications, such as nuclear magnetic resonance spectroscopy for the identification of molecules

and chemical structure [282] and magnetometry for measurement and detection of weak mag-

netic fields [283]. The task of resolving two closely spaced peaks is similar to Rayleigh’s curse

in optics, where two light sources cannot be distinctly resolved if they are separated by less

than the diffraction limit [97]. Ref. [98] designed a quantum superresolution protocol that

can in principle resolve two arbitrarily close point light sources, thereby beating Rayleigh’s

curse.

In this work, we consider a similar problem. Given a signal with a frequency spectrum

that contains closely spaced peaks, resolving the different peaks typically requires observing

the signal for a time that scales inversely with the peak separation. We design quantum

superresolution protocols, and indeed a general method of finding and optimizing such pro-

tocols, that can resolve arbitrarily closely spaced frequency peaks in finite time. Our work

is related to that of Ref. [284], where they provide sufficient conditions on a quantum state

to exhibit superresolution. In this work, we provide conditions in terms of the protocol and

controls, thus giving conditions and procedures for designing superresolution protocols. We

summarize and describe our setting and results in Section 7.1.1.
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Subsection 7.1.1: Model & problem description

We begin with a signal γ(t) which is itself a stochastic Gaussian process. We assume

that the signal has zero mean ⟨γ(t)⟩ = 0 and that the signal is stationary ⟨γ(t)γ(t′)⟩ =

⟨γ(t+ τ)γ(t′ + τ)⟩, where we denote averaging over the stochasticity by ⟨·⟩. It follows that

⟨γ(t)γ(t+ τ)⟩ is a function C(τ) independent of t so that the spectral density

S(ω) :=

∫ ∞

−∞
e−iωτC(τ) dτ (7.1)

is a function of only the frequency ω. Notice that under our given assumptions on γ, γ(t) is

completely determined by S(ω).

We consider the case when S(ω > 0) ∼ δ(ω − ω1) + δ(ω − ω2), where δ(x) is the Dirac

delta function. That is, the spectral density of the signal γ is infinitely peaked at two distinct

frequencies ω1 and ω2. One such example is the signal

γ(t) = g
(
A1 cos(ω1t) + A2 cos(ω2t)

+B1 sin(ω1t) +B2 sin(ω2t)
)
,

(7.2)

where A1, A2, B1 and B2 are i.i.d. normal random variables with mean 0 and variance 1.

Such a signal is considered in Ref. [284]. Denote the centroid and frequency difference by

ωc := (ω1 + ω2)/2 and ∆ω := ω2 − ω1 respectively. Our task is to determine the frequency

difference ∆ω up to relative error δ — that is, absolute error δ∆ω. Specifically, we are

interested in the limiting case when ∆ω → 0. We assume that the centroid ωc is known;

later we will generalize to when the centroid is only approximately known.

In the setting of metrology, this task falls naturally within the framework of parameter

estimation. Specifically, given access to some form of measurements ξ of the signal γ(t),

there is some probability distribution P (ξ|∆ω) over measurement outcomes ξ for a fixed

value of the parameter of interest ∆ω. The fundamental limit on the amount of information

139



about ∆ω that one can extract given access to P (ξ|∆ω) is given by the Fisher information

FI∆ω(P ) :=
∑

ξ

1

P (ξ|∆ω)

(
∂P (ξ|∆ω)
∂∆ω

)2

. (7.3)

The Cramér-Rao bound gives a fundamental bound in terms of the Fisher information on

how accurately one can estimate a parameter: given N measurements from the probability

distribution P , the variance of any unbiased estimator of ∆ω is greater than 1
N FI∆ω(P )

. Thus,

the goal is as follows: given access to the signal γ(t), design an experiment that generates a

probability distribution P that maximizes FI∆ω(P ).

In this setting, we now formally define superresolution in terms of the Fisher informa-

tion. A protocol exhibits superresolution if the associated probability distribution P (ξ|∆ω)

satisfies

lim
∆ω→0

FI∆ω(P ) > 0. (7.4)

We further require that the protocol takes finite time even in the limit as ∆ω → 0.

We now couple the signal to a qubit via the Hamiltonian H(t) = γ(t)σz + c(t)σx, where

σz and σx are the Pauli-Z and Pauli-X operators and c(t) is a control form. More generally,

we will also consider the affect of a stochastic dephasing noise process λ(t), thus resulting in

the Hamiltonian

H(t) = (γ(t) + λ(t))σz + c(t)σx (7.5)

After a total time T = κτ , with τ := 2π/ωc, we measure the qubit, resulting in a probability

distribution P . Our task is therefore to choose a κ and control form c(t) to maximize

lim∆ω→0 FI∆ω(P ).
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Subsection 7.1.2: Outline & summary of results

To begin, we restrict our attention to instantaneous controls — these are controls that are

a sum of Dirac delta functions, c(t) = π
2

∑M
i=1 δ(t − ti), hence corresponding a sequence of

instantaneous Pauli-X gates performed at times specified by ti. The first main result of our

work, described in Section 7.2, is a set of necessary and sufficient conditions on the controls

c(t) and the total time κτ to achieve superresolution. The conditions are expressed in terms of

the filter function, which itself depends only on c(t) and κ. This characterization elucidates

a key distinction between our work and that of Ref. [284]; namely, we provide sufficient

conditions for superresolution in terms of conditions on the controls (i.e. conditions on the

filter function), whereas Ref. [284] provides conditions on the quantum state that is being

sampled from.

Next, in Section 7.3, we derive two families of instantaneous control superresolution

protocols; namely, free controls with c(t) = 0 and CPMG controls with c(t) consisting of

CPMG sequences. We carefully analyze their performance and error bounds, both in the

noiseless (λ(t) = 0) and noisy (λ(t) ̸= 0) case. In the noisy case, we will specifically analyze

Lorentzian noise, which is a common noise model for quantum sensors such as NV defects

in diamonds. We find that the overlap of the filter function with the noise spectrum has a

large effect on the performance of the protocols, and therefore the CPMG superresolution

protocol can substantially outperform the free superresolution protocol in the presence of

Lorentzian noise.

In Section 7.4, we generalize to continuous control protocols. By analyzing its filter func-

tion, we find explicit controls c(t) that outperform both the free and CPMG superresolution

protocols in certain regimes. Furthermore, a major contribution of our work is a well-defined

numerical procedure to optimize controls to achieve the best results subject to various con-

ditions of interest, such as noise strength and type, limitations on the length and width of

control pulses, etc. We demonstrate this numerical procedure in Section 7.4.1, where we
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find numerically optimized controls that outperform all of the aforementioned protocols in

certain regimes.

In Section 7.5, we show a straightforward method of taking any of superresolution protocol

and modifying it to work with entangled qubits, resulting in the need for less resources.

Finally, in Section 7.6, we compare our superresolution protocols to traditional methods in

quantum noise spectroscopy. We also compare to information-theoretically optimal classical

protocols by studying the classical Fisher information in various settings. These comparisons

help to elucidate when superresolution protocols should be used, and when other methods

are more favorable.

Section 7.2: Superresolution conditions

Throughout this work, we will fix the initial qubit state to be |+⟩ and fix the measurement

basis to be {|+⟩ , |−⟩}, where |+⟩ (|−⟩ resp.) is the +1 (−1 resp.) eigenvector of σx. Indeed,

we show in Appendix E.2 that this can be done without loss of generality. We will begin

by considering instantaneous controls, so that c(t) = π
2

∑M
i=1 δ(t − ti) for some choices of

ti and M . We return to the more general case of continuous controls in Section 7.4. Such

an instantaneous control sequence can be described by its switching function f(t), where

f(t) = −1 if ti−1 < t < ti and M − i is odd, and f(t) = 1 otherwise.

We set the noise λ(t) = 0, and return to the noisy case in Section 7.2.2. After evolving

the initial |+⟩ state for a time κτ , we denote by P the probability of measuring |+⟩. We

are then interested in the Fisher information of the probability distribution ⟨P ⟩, where ⟨·⟩

denote the average over the stochastic signal. Given our signal in Eq. (7.2), ⟨·⟩ denotes

averaging over A1, A2, B1, and B2.

⟨P ⟩ can be expressed in terms of the signal’s spectrum S(ω) and a filter function F (ω, t)

that depends only on the switching function f(t) [285–288]. Indeed, we review filter functions
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in Appendix E.1, and show that

⟨P ⟩ = 1

2
+

1

2
e−χ, where

χ =
1

π

∫ ∞

−∞
S(ω)F (ω, κτ) dω,

F (ω, t) =

∣∣∣∣
∫ t

0

f(t′)eiωt
′
dt′
∣∣∣∣
2

.

(7.6)

The key point is that the dependence on the controls and the signal is separated in terms of

the filter function and the spectrum.

The signal in Eq. (7.2) has spectrum

S(ω) = πg2
[
δ(ω1 − ω) + δ(ω1 + ω)

+ δ(ω2 − ω) + δ(ω2 + ω)
]
,

(7.7)

making χ simply a sum of F (±ω1, κτ) and F (±ω2, κτ). Taylor expanding around small ∆ω

and using Eq. (7.3), we find that

FI∆ω(⟨P ⟩) =




g2F ′′(ωc, κτ) +O(∆ω2) if F (ωc, κτ) = 0

O(∆ω2) otherwise.

(7.8)

where F ′′(ωc, κτ) denotes the second derivative of the filter function with respect to ω eval-

uated at ωc and κτ . Thus, a protocol, which is defined by filter function and a total time

κτ , exhibits superresolution if F (ωc, κτ) = 0 and F ′′(ωc, κτ) > 0.

We note that the superresolution conditions are specific to the signal spectrum, however

our procedure can in principle be adapted to other signals as well. The exact conditions on

the filter function to ensure superresolution for different signal spectrums may differ, but

such conditions can nonetheless be found.
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Subsection 7.2.1: Basic analysis

We now describe a basic analysis of the superresolution protocol. Because everything is

symmetric under ∆ω → −∆ω, in the limit of small ∆ω, the probability distribution takes

the form ⟨P ⟩ = a − b∆ω2 + O(∆ω4). From Eqs. (7.6) and (7.7), a = 1 − g2F (ωc, κτ) and

b = g2

4
F ′′(ωc, κτ). With this and Eq. (7.3), the Fisher information takes the values

FI∆ω(⟨P ⟩) =





4b+O(∆ω2) if a ∈ {0, 1}

4b2

a(1−a)∆ω
2 +O(∆ω4) if 0 < a < 1.

(7.9)

By sampling from the qubit at the end of the protocol N times, we output an estimate

P̃ = N+/N of ⟨P ⟩, where N+ is the number of times the qubit was measured to be in the

|+⟩ state. This results in an estimate ∆̃ω =
√

(P̃ − a)/b of ∆ω. Therefore, an estimation

error of 2b∆ωε in ⟨P ⟩ corresponds to an estimation error of ∼ ε in ∆ω. By Chebyshev’s

inequality with the variance ⟨P ⟩ (1− ⟨P ⟩)/N of the binomial distribution, we find that

Pr
[∣∣∣P̃ − ⟨P ⟩

∣∣∣ ≥ 2b∆ωε
]

≤ a(1− a) + |b(1− 2a)|∆ω2

4Nb2∆ω2ε2
+O

(
∆ω4

)
.

(7.10)

Hence, in order to achieve a fixed absolute error ε in our estimate of ∆ω, we need

N ∼





1
4bε2

if a ∈ {0, 1}
a(1−a)

4b2∆ω2ε2
if 0 < a < 1

(7.11)

measurements. Notice that in both cases, from Eq. (7.9), the number of samples required is

N ∼ 1/(ε2 FI∆ω(⟨P ⟩)), which is simply a manifestation of the Cramér-Rao bound.

It is more natural to work in terms of relative error δ = ε/∆ω since we are considering

the limit as ∆ω → 0. Hence, in the superresolution case a ∈ {0, 1}, to achieve a fixed relative
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accuracy δ, it is sufficient to sample

N ∼ 1

4bδ2∆ω2
=

1

g2F ′′(ωc, κτ)δ2∆ω2
(7.12)

times from ⟨P ⟩ when ∆ω → 0, whereas in the non-superresolution case, one needs to sample

N ∼ 1/∆ω4 times to achieve the same relative accuracy.

Thus far in our analysis, we have assume that we sample from the probability distribution

⟨P ⟩ N times in order to get the estimate P̃ . However, in reality, we will be sampling from P

for many different realizations of the parameters A1, A2, B1, and B2. Fortunately, this is not

an issue due to the concentration of P around ⟨P ⟩. In particular, we show in Appendix E.1.2

that σ2 = ⟨P 2⟩ − ⟨P ⟩2 = 2 ⟨P ⟩2 (1 − ⟨P ⟩)2. For superresolution protocols where a ∈ {0, 1},

this variance becomes σ2 = 2b2∆ω4 +O(∆ω6). Then Bennett’s inequality implies that our

estimate ⟨̃P ⟩ of ⟨P ⟩ after N measurements will satisfy

Pr
[∣∣∣⟨̃P ⟩ − ⟨P ⟩

∣∣∣ > ξ
]
≤ exp

[
−Nσ2h(ξ/σ2)

]

h(x) = (1 + x) log(1 + x)− x.

(7.13)

Recall that we require ξ ≤ 2bδ∆ω2 in order to achieve a relative error of δ in our estimate

of ∆ω. It follows that one needs to sample N ∼
(
bδ∆ω2 log

(
δ

b∆ω2

))−1 times in order to

effectively sample from ⟨P ⟩. From Eq. (7.12), our superresolution protocols require N ∼
1

bδ2∆ω2 . Hence, the superresolution protocols already fulfill the necessary condition to combat

this, and superresolution is therefore practically unaffected by it.

Subsection 7.2.2: Nonzero noise

We now consider the case when the noise λ(t) is nonzero. Recall from Eq. (7.1) that S(ω) is

the spectrum of the signal γ(t), and we similarly define Sλ(ω) to be the spectrum of the noise

λ(t). In this case, Eq. (7.6) gets modified via χ→ χ+χλ, where χλ = 1
π

∫
Sλ(ω)F (ω, κτ) dω.
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Given a superresolution protocol, corresponding to a = 1 in the language of the previous

section, the effect is therefore a → 1− 1
2
χλ. It follows that superresolution is not robust to

noise, in the sense that lim∆ω→0 FI = 0 due to a < 1.

Nonetheless, for finite but small ∆ω, superresolution protocols can still yield good per-

formance. In particular, we can design controls such that χλ is minimized. In general, we

are therefore interested in controls such that F (ωc, κτ) = 0, F ′′(ωc, κτ) is maximized, and

χλ is minimized. These criteria are well-suited for numerical optimization, which we explore

in Section 7.4.1.

Section 7.3: Instantaneous control superresolution protocols

While exactly instantaneous controls are not possible, approximately instantaneous controls

are accessible [286]. Throughout this work, we will consider two instantaneous control su-

perresolution protocols: free evolution and CPMG evolution. Free evolution refers to no

controls, so that the corresponding switching function is f(t) = 1 for all t. CPMG evolution

refers to a sequence of κ/2 CPMG sequences. Specifically, letting κ be an even integer,

we apply instantaneous σx gates at times τ/2, 3τ/2, . . . , (2κ − 1)τ/2. From Eq. (7.6), it

immediately follows that in both cases, the superresolution conditions are satisfied with

FI∆ω→0 =





8π2g2κ2

ω4
c

free (if κ ∈ N)

32π2g2κ2

ω4
c

CPMG (if κ ∈ 2N).
(7.14)

We can easily compare, for example, (FE-SR) the free evolution protocol with κ = 2,

(FE-Non-SR) the free evolution protocol with κ = 5/2, and (CPMG-SR) the CPMG protocol

with κ = 2. Using Eq. (7.12), we see that in order the achieve a fixed relative estimation

error, CPMG-SR requires 4 times fewer measurements than FE-SR. Additionally, FE-Non-

SR requires ∼ ∆ω−2 times more measurements than the two superresolution protocols FE-SR
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and CPMG-SR, despite the fact that FE-Non-SR uses a larger evolution time.

Thus, designing controls that satisfy the superresolution criteria yields a huge improve-

ment over non-superresolution protocols. Furthermore, we can see differences between dif-

ferent superresolution protocols stemming from how their filter function derivatives at the

centroid compare. We can see even larger differences emerge between superresolution proto-

cols by introducing noise. Recall that in order the minimize the effect of a noise spectrum

Sλ(ω), we want to design controls such that the corresponding filter function has minimal

overlap with Sλ. In Fig. 7.1, we plot the filter functions for FE-SR and CPMG-SR with

κ = 2 alongside a Lorentzian noise spectrum

Sλ(ω) =
g2λ
π

2W

4ω2 +W 2
, (7.15)

where W is the full width at half maximum (FWHM) and gλ is the strength of the noise. As

can be seen in the figure, the CPMG-SR filter function has as substantially smaller overlap

with the noise than does FE-SR, and we therefore suspect that the benefit of CPMG-SR over

FE-SR will become even more pronounced in the presence of Lorentzian noise (and more

generally any low frequency noise).

In fact, in Appendix E.3 we perform detailed analysis of CPMG-SR and FE-SR with the

addition of Lorentzian noise, and we find that, given the same number of measurements,

CPMG-SR will achieve a relative error of ∼
√

W
κ2ωc

times the relative error that FE-SR

achieves. For example, when κ = 2, CPMG-SR achieves a relative error of less than
√

W
15ωc

times the relative error that FE-SR achieves. Note that as the FWHM of the noise grows, the

overlap of the CPMG filter function increases more and more so that at very large FHWM,

the advantage is lost. However, for low frequency noise, we see a large benefit stemming

from the filter function having low weight on low frequencies.

The effects discussed above can be seen clearly in numerical simulations shown in Fig. 7.2.

The simulations are performed by letting all three of the protocols have access to N =
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0 ω1 ωc ω2

0

FCPMG(ω, κτ )

Ffree(ω, κτ )

Sλ(ω)

S(ω)

Figure 7.1: Illustrations of the filter functions corresponding to the free evolution and CPMG
superresolution protocols, an example Lorentzian noise spectrum Sλ(ω), and the (approx-
imate) signal spectrum S(ω). In the presence of noise, we desire to minimize the overlap
integral between the noise spectrum and the filter function while satisfying the superresolu-
tion criteria F (ωc, κτ) = 0 and F ′′(ωc, κτ) > 0.
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Figure 7.2: Given the parameters g = 0.1 MHz, ωc = 1 MHz, and desired relative error
δ = 0.1, we numerically simulate the free evolution protocol with κ = 5/2 which is not
a superresolution protocol (FE Non-SR), the free evolution superresolution protocol with
κ = 2 (FE SR), and the CPMG superresolution protocol with κ = 2 (CPMG SR). For each
of the protocols, we utilize Nfree samples as given in Eq. (7.11). (Left): Noiseless case;
the Lorentzian noise parameters are set to gλ = W = 0. As ∆ω → 0, the SR protocols
achieve the desired relative accuracy while the non-SR protocol fails. (Right): Noisy case;
the Lorentzian noise parameters are set to gλ = 0.001 MHz and FWHM W = 0.1 Hz.
The CPMG superresolution protocol performs significantly better due to the fact that the
corresponding filter function overlaps with the noise spectrum significantly less. In both
figures, the analytic error bounds are from Appendix E.3.
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ω4
c

8π2g2κ2δ2∆ω2 measurements, with κ = 2. From Eq. (7.12), it follows that in the noiseless case,

FE-SR should achieve a relative error of at most δ and CPMG-SR a relative error of at most

δ/4, while FE-Non-SR should achieve a relative error that grows as ∆ω decreases. This is

confirmed numerically in Fig. 7.2. Furthermore, Appendix E.3 shows that in the noisy case

with small FWHM, we see FE-SR initially achieves a relative error of δ, but the relative

error grows as ∆ω decreases due to the noise. On the other hand, CPMG-SR remains at

a relative error of ∼ δ/4 for much smaller values of ∆ω (due to the
√

W
15ωc

factor derived

above), until eventually it also must grow as ∆ω → 0.

Finally, we mention one peculiarity in Fig. 7.2. Recall that each of the methods, including

FE-Non-SR, has access to N ∼ ∆ω−2 measurements. Therefore, if we are sampling from

the probability distribution defined by Eq. (7.6) for FE-Non-SR, the relative error should

scale as ∆ω−2 as ∆ω → 0 in both the noisy and noiseless cases. However, the protocols are

not sampling from ⟨P ⟩, but rather P . We showed around Eq. (7.13) that this distinction is

unimportant for superresolution protocols, but the same analysis with a non-superresolution

protocol reveals that the distinction is important unless N ∼ ∆ω−4. This finite sampling

error results in estimates ⟨̃P ⟩ of ⟨P ⟩ that can sometimes yield estimates of ∆ω2 that are

negative. In the numerical simulations presented in Fig. 7.2, we combat this effect by simply

taking the absolute value of the estimate. Nonetheless, this approach affects the expected

scaling, and indeed the FE-Non-SR relative error does not increase exactly as ∆ω−2 as

∆ω → 0.

In summary, we have seen that choosing superresolution controls whose filter function

has minimal overlap with the noise in a system can yield dramatic improvements. It is

therefore natural to numerically search for controls that satisfy the superresolution criteria

and minimize overlap with the noise. In the next section, we generalize our discussion

from instantaneous controls to continuous controls and show how this optimization can yield

substantial benefits even over CPMG-SR.
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Section 7.4: Continuous control superresolution protocols

Thus far, we have used filter functions to study instantaneous control methods, yielding

Eq. (7.6). We now allow the controls c(t) to be arbitrary, and define the integrated controls

θc(t) =

∫ t

0

c(t′) dt′. (7.16)

In Appendix E.1, we review the filter function formalism for continuous controls by following

the Magnus expansion [289]. The upshot is that with a modification F (2)(ω, t) of the filter

function F (ω, t), Eq. (7.6) holds up to order O(g4), and therefore the superresolution criteria

derived in Section 7.2 are still valid with respect to F (2) as long as g2/∆ω2 is small.

More specifically, as ∆ω → 0, the Magnus expansion [289] with our signal Eq. (7.2) gives

⟨P ⟩ = 1−g2
(
2F (2)(ωc, κτ) +

2g2

3
F (4)(ωc, ωc, κτ)

)

+ g2∆ω2

(
1

4
F (2)′′(ωc, κτ) +

g2

3
F (4)′′(ωc, ωc, κτ)

)
+O

(
∆ω4, g6

)
.

(7.17)

Here, F (2) is a generalization of F in Eq. (7.6) given by

F (2)(ω, t) =

∣∣∣∣
∫ t

0

cos(2θc(t
′))eiωt

′
dt′
∣∣∣∣
2

+

∣∣∣∣
∫ t

0

sin(2θc(t
′))eiωt

′
dt′
∣∣∣∣
2

,

(7.18)

and F (4) is a higher order filter function given by Eq. (E.21) in Appendix E.1, and F (4)′′

denotes the second derivative with respect to the first argument. When c(t) is an instanta-

neous control, then sin(2θc(t)) = 0 and cos(2θc(t)) = f(t), therefore reducing to Eq. (7.6) as

expected.

If F (2) satisfies the superresolution criteria F (2)(ωc, κτ) = 0 and F (2)′′(ωc, κτ) > 0, then

Eq. (7.17) implies a region of ∆ω where the corresponding protocol effectively behaves as a
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Figure 7.3: The filter functions for the c1(t) protocol (continuous controls) and for the CPMG
and free superresolution protocols (instantaneous controls). Note that we are plotting the
lowest order filter function. For the instantaneous control protocols, the lowest order filter
function is the only one that matters; however, for continuous controls protocols, higher
order filter functions become important. (Left) Filter functions for κ = 2. (Right) Filter
functions for κ = 4.

superresolution protocol. In particular, the region is given by all values ∆ω satisfying

∆ω2 ≳
8g2F (4)(ωc, ωc, κτ)

3F (2)′′(ωc, κτ)
. (7.19)

One major benefit of considering continuous controls is the ability to numerical optimize

over a continuous space to find particularly good protocols. Indeed in Section 7.4.1, we

specifically discuss numerically optimizing to find protocols that attempt to maximize this

region by minimize F (4)(ωc, ωc, κτ).

Before numerically optimizing, though, we analytically study a specific continuous control

to demonstrate that continuous controls can be beneficial as compared to the free and CPMG

instantaneous controls. We define the controls

c1(t) = −1

2
+
π

2
δ

(
t− πκ

ωc

)
, (7.20)

which represents a continuous constant drive with a single instantaneous σx gate halfway

151



through. When κ is an integer, the filter function F
(2)
c1 for c1 obeys the superresolution

criteria. If the higher filter functions were also to vanish at the centroid, then c1 would yield

superresolution with the Fisher information

lim
∆ω→0

FI
(c1)
∆ω =

π4g2κ4

ω4
c

(if κ ∈ N). (7.21)

Eq. (7.19) then implies that the c1 protocol behaves as a superresolution protocol with this

Fisher information in the region ∆ω ≳
√

3g2

2π2 ∼ g/3. We will hence refer to the c1 protocol

as c1-SR

We can immediately see a benefit of c1 as compared to FE-SR and CPMG-SR by compar-

ing their Fisher informations. Specifically, the Fisher information for FE-SR and CPMG-SR

increase quadratically with the total time, whereas the Fisher information for c1-SR increases

quartically. Furthermore, comparing their filter functions shown in Fig. 7.3, c1-SR will be

effected less by low frequency noise, especially as κ increases, due to its lower weight on low

frequencies.

Indeed, we see this effect in numerical simulations presented in Fig. 7.5. We can explicitly

see c1-SR perform better as g decreases, and the gap between the achieved relative error of

CPMG-SR and c1-SR increase as the Lorentzian noise strength increases when g is small.

Subsection 7.4.1: Numerical optimization of superresolution protocols

One major benefit of considering the superresolution criteria for continuous controls is that

it easily allows for numerical optimization. In particular, in this section, we will begin with

c1-SR as an initial seed and optimize to find c(opt)1 -SR.
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Figure 7.4: For κ = 4. (Left): c1, c
(opt)
1 , and CPMG control sequences. (Right): Corre-

sponding filter functions. The green and red filter functions are the same as in the right of
Fig. 7.3.

We minimize the following Lagrangian,

L = −F (2)′′(ωc, κτ) + µ1

∫
Sλ(ω)F

(2)(ω, κτ) dω + µ2F
(2)(ωc, κτ)

+ µ3 ∥c(t)∥22 + µ4F
(4)(ωc, ωc, κτ) + µ5 ∥c′(t)∥22 .

(7.22)

The first term represents maximizing the Fisher information (proxied by the second derivative

of the filter function at the centroid). The µ2 term enforces the superresolution condition

that the filter function vanishes at the centroid – in the case of instantaneous controls, this

exactly results in superresolution, whereas in the case of continuous controls, this results

in superresolution up to order g4. The µ1 term means that we are attempting to minimize

the overlap between the filter function and the Lorentzian noise, thus reducing the effect

of the noise on our protocols. The µ3 term encourages the resulting controls to have small

amplitude. The µ4 term tries to minimize the effect of the higher order filter functions.

Finally, the µ5 term enforces that the resulting controls are smooth.

We emphasize that the numerical optimization framework is flexible, and there are many

different terms that one could add to the Lagrangian depending on the setting and task.

The Lagrangian we have chosen for illustration purposes attempts to find superresolution
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Figure 7.5: This plot is analogous to Fig. 7.2, except we now also consider continuous control
protocols. We numerically simulate the CPMG protocol, the c1 protocol, and the optimized
c
(opt)
1 protocol (where recall we optimized for a small and smooth control amplitude with

small fourth filter function), all with κ = 4. For each of the protocols, we utilize NCPMG

samples for a desired noiseless relative error of δ = 0.1 given in Eq. (7.11). Note that all
the protocols fail at large enough ∆ω because we are using a second order Taylor expansion
approximation for ⟨P ⟩. (Top left): Noiseless case (gλ = W = 0) and g = 0.06. As ∆ω → 0,
the instantaneous control protocols achieve the desired relative accuracy while the c1 protocol
fails due to the higher order filter functions. However, there is a range of ∆ω values where
the c1 protocol outperforms the instantaneous control protocols due to their filter functions
having a larger second derivative at the centroid. Meanwhile, due to its small fourth filter
function, the copt1 protocol performs well for smaller values of ∆ω. (Top right): Noiseless case
(gλ = W = 0) and g = 0.02. This is similar to the top left case, except that now because g
is smaller, the effect of the higher order filter functions is reduced, resulting in a larger range
of values of ∆ω for which the continuous control protocols outperform the instantaneous
control protocols. (Middle left): Noisy case (gλ = g/30, FWHM W = 0.1) and g = 0.06.
(Middle right): Noisy case (gλ = g/30) and g = 0.02. This case is the same as the Middle
left, except again because of the smaller g value, the continuous control protocols perform
better for longer. (Bottom left): Noisy case (gλ = g/15, FWHM W = 0.1) and g = 0.06.
(Bottom right): Noisy case (gλ = g/15) and g = 0.02. Same as the bottom left, except due
to a smaller g value, the continuous control protocols perform better.
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controls that are the most robust to noise, are small and smoothly varying, and have the

largest regime of validity according to Eq. (7.19). For example, if instead of Lorentzian noise,

the relevant noise model is 1/f noise as is common in superconducting qubit platforms [290],

then the form of L is the same except that Sλ now becomes the spectrum of 1/f noise.

We numerically optimize L with respect to the controls c(t). For illustration, we seed

our optimizer with the c1 protocol given in Eq. (7.20), though we replace the instantaneous

pulse in the middle simply by a random small number. We will fix κ = 4. After optimizing,

we find new controls, which we call c(opt)1 (t). The resulting control sequence is shown in

Fig. 7.4, along with the control sequence for c1 for comparison. Also in Fig. 7.4, we show

the corresponding filter functions for c(opt)1 , c1, and CPMG. Note that one will get different

results depending on what is being optimized for. In this example, we want maxt|c(opt)1 (t)|

to be small and we want copt1 (t) to be smooth. We see that maxt|c(opt)1 (t)| ∼ 3/4 and copt1 (t)

is quite smooth, whereas the ideal CPMG and c1 protocols have infinite amplitude jumps.

Despite the restriction on the amplitude, the numerical optimization is still able to find a

good control sequence that performs well. Specifically, the c(opt)1 (t) and c1 protocols both have

a much larger value of F ′′(ωc, κτ) and have smaller overlap with low frequency Lorentzian

noise, and c
(opt)
1 (t) is able to achieve this even with small amplitude controls. Additionally,

because we optimized copt1 to have a small value of F (4)(ωc, ωc, κτ), copt1 will outperform c1 at

larger values of g where higher filter functions matter.

We simulate the protocols to produce the analogous plot as Fig. 7.2, and all of these

effects are shown in Fig. 7.5. We see that when O(g4) terms are irrelevant, both the c1 and

c
(opt)
1 protocol outperform CPMG, both in the noiseless and noisy cases.

Section 7.5: Entanglement enhancement

In this section, we show that entangled qubits and measurements can take any superreso-

lution protocol that utilizes a single qubit and N repetitions and convert it to a superres-
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olution protocol that achieves the same relative error δ that utilizes Ne ∼ R
2δ1/2

qubits and

Nr =
2N

Ne

√
δR

repetitions, with R = max(
√
log
(

δ
b∆ω2

)
, 1) and b = g2

4
F ′′(ωc, κτ). Thus, as the

relevant figure of merit is to compare N to NeNr, we see that utilizing entanglement requires

a factor of NeNr/N ∼ 2
√
δ/R fewer resources. Importantly, this comes with the caveat that

the entangled qubits must be evolved with the HamiltonianHNe(t) =
∑Ne

i=1 (γ(t)σ
z
i + c(t)σxi ).

This means that the Ne entangled qubits must be evolved by the signal with the same real-

ization of A1, A2, B1, and B2.

For simplicity, we will derive this entanglement advantage by utilizing GHZ states, but

note that one can get the same advantage (up to a constant factor) with other by using

other states, such as Hamming weight Ne/2 Dicke states. We therefore let the initial state

be |Ψ0⟩ = 1√
2

(
|0⟩⊗Ne + |1⟩⊗Ne

)
, evolve under HNe(t) for a time κτ , and measure the overlap

with |Ψ0⟩. Thus, if U(t) is the time evolution operator under H(t), then U(t)⊗Ne is the time

evolution operator under HNe(t). We are therefore interested in the expected probability

⟨PNe⟩ with

PNe =
〈∣∣⟨Ψ0|U(κτ)⊗Ne |Ψ0⟩

∣∣2
〉
. (7.23)

Restricting our attention to instantaneous controls, following the Ne = 1 calculation in

Appendix E.1, we find that ⟨PNe⟩ = 1
2
+ 1

2
e−N

2
eχ, with χ given in Eq. (7.6). Computing the

Fisher information then yields

lim
∆ω→0

FI∆ω(⟨PNe⟩) = N2
e lim

∆ω→0
FI∆ω(⟨P ⟩) = 4N2

e b. (7.24)

In other words, the Fisher information for Ne entangled qubits is N2
e times that of a single

qubit. It follows from the Cramér Rao bound that in order to achieve a relative error of ε,

the protocol must repeated

Nr ∼
1

4N2
e bδ

2∆ω2
(7.25)

times.
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Recall from below Eq. (7.13) that we require Nr ≳ 1
bδ∆ω2R2 . Fixing Nr in this way yields

Ne ∼ R
2
√
δ

and this a total resource requirement of NeNr ∼ 1
2Rbδ3/2∆ω2 . Comparing this to

the number of repetitions required when Ne = 1, N ∼ 1
4bδ2∆ω2 , we see that utilizing R

2
√
δ

entangled qubits requires a factor of NeNr/N ∼ 2
√
δ/R fewer resources.

Finally, the same result holds for continuous controls superresolution protocols in their

regime of applicability – that is, when the higher order filter functions can be neglected.

We note an interesting feature of the nature of the entanglement advantage in these

superresolution protocols. If we were sampling from ⟨PNe⟩ rather than from different real-

izations of PNe (that is, with respect to different A1, A2, B1, B2 coefficients), then we could

set Nr = 1. In this case, Eq. (7.25) is the standard square-root quantum entanglement

advantage, because Ne can then be chosen to be
√
N . However, sampling from PNe gives

the requirement on Nr coming from Eq. (7.13) in order to effectively sample from ⟨PNe⟩,

therefore limiting the entanglement advantage to only 2
√
δ/R, which is essentially only a

constant factor due to the logarithm in R.

Section 7.6: Comparison to other methods

In this section, we will compare superresolution protocols to other quantum and classical pro-

tocols. In particular, in Section 7.6.1, we will describe standard quantum noise spectroscopy

(QNS) techniques for estimating ∆ω, and in Section 7.6.2, we will perform a classical Fisher

information analysis on a few different settings, therefore analyzing the best possible classical

methods for estimating ∆ω in these settings.

Subsection 7.6.1: Quantum noise spectroscopy

In our superresolution protocols, we look for filter functions that vanish at the centroid ωc but

have a large second derivative. Traditional QNS methods, however, aim for filter functions

with a large a narrow peak at a fixed frequency ω∗. By sliding such a filter function along

157



0 20 40 60 80 100
ωT

0.0

0.1

0.2

0.3

0.4

F
M

(ω
,T

)/
T

2

M = 1

M = 2

M = 3

M = 4

M = 5

M = 6

M = 7

Figure 7.6: The filter functions given in Eq. (7.26) for a sequence of M CPMG sequences
in a total time T . As M increases, the primary peaks slide along the frequency axis; as T
increases the primary peaks become narrower in frequency.

the ω axis, the overlap between the filter function and the signal S(ω) will vary, being largest

when ω∗ is near ω1 or ω2. In this way, one can estimate ∆ω = ω2 − ω1. In stark contrast

to superresolution protocols, these QNS methods require κ → ∞ as ∆ω → 0 in order for

the peak in the filter function to be narrow than ∼ ∆ω around ω∗. Thus, superresolution

protocols fundamentally outperform traditional QNS methods at estimating ∆ω as they only

require the signal to be observed for a fixed, finite amount of time.

To be more specific, we describe one particular traditional QNS method that utilizes

CPMG sequences. Given a total evolution time of T , we consider the filter function arising

from applying M CPMG sequences – in this case, the controls consist of instantaneous σx

gates at time T/(4M), 3T/(4M), 5T/(4M), . . . , (4M − 1)T/(4M). The analytic form of the

resulting filter function is

FM(ω, T ) =
16

ω2
sec2

(
ωT

4M

)
sin2

(
ωT

2

)
sin4

(
ωT

8M

)
, (7.26)

and the resulting filter function is shown in Fig. 7.6.

A key feature of FM(ω, T ) is that it has a large peak at some ω∗ that depends on M , and

158



the width of this peak scales inversely with T . Thus, given the signal γ(t), we can evolve

a qubit under γ(t) and the M CPMG sequences for a time T and measure the expectation

value of σx. This will yield the value of the overlap between the FM(ω, T ) and S(ω). By

performing this protocol for many different values of M , we can estimate ω1 and ω2 based

on when these expectation values are maximal. However, the resulting resolution along the

ω-axis only scales as 1/T , so that T must scale at least as 1/∆ω as ∆ω → 0.

Subsection 7.6.2: Classical methods

Throughout this work, we have considered the signal γ(t) given in Eq. (7.2). A superresolu-

tion protocol begins with the quantum state |+⟩, evolves with the Hamiltonian in Eq. (7.5)

for a time κτ , and then measures in the σ+ basis. This protocol is repeated N times, where

the a = (A1, A2, B1, B2) in γ(t) are different i.i.d. random normal coefficients for each of

the N runs. Such a procedure is applicable the scenario when the coherence time of the

signal is small, so that one is not able to make multiple measurements of the signal with the

same a coefficients. In this section, we consider the case when the coherence time is long

enough such that one is able to make M measurements of γ(t) with the same coefficients.

This procedure is then repeated N/M times, resulting in N measurements of the signal. We

want to determine what is the best possible accuracy a classical algorithm can achieve in its

estimate of ∆ω when given access to these N measurements.

Before performing the analysis, we summarize the results. When M = 1, the Fisher

information vanishes, so that there is no algorithm that is able to achieve any accuracy in

estimating ∆ω. Note that our quantum superresolution protocols also operate in the M = 1

regime and make N measurements; however, the key difference is that although the quantum

procedures only measure once for a fixed realization of the a coefficients just as the classical

procedure, the quantum protocol can have nonzero Fisher information because the qubit is

subjected to time evolution corresponding to the signal for all times from 0 to κτ with a
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Figure 7.7: We plot FI /N for the M = 4 measurement block with Lorentzian noise with
FWHM W = 1/10 and strength gλ, ωc = 1, and κ = 1. For this plot, the measurement
times were chosen to be tm = (m− 1)κτ/M for m = 1, 2, 3, 4.

fixed a.

On the other hand, we also consider the case when the coherence is long enough so that

M > 1 measurements are able to be made with a fixed realization of a. We show that if

M ≥ 4 and there is no noise (λ(t) = 0), the classical Fisher information scales as ∼ N
∆ω2 as

∆ω → 0, and hence a classical procedure is able to estimate ∆ω arbitrarily well as ∆ω → 0.

We therefore see that the quantum superresolution protocols are best suited for when the

coherence time is short (so that M ≥ 4 is not practically achievable) and ∆ω is small.

Finally, we also consider the classical M ≥ 4 case when subjected to Lorentzian noise. We

find that the Fisher information scales as ∼ N
∆ω2 for large ∆ω and as ∼ N∆ω2 as ∆ω → 0,

which is in fact the scaling that the quantum superresolution protocols achieve despite them

only having access to a single measurement per realization of a. The Fisher information as

a function of ∆ω can be seen in Fig. 7.7 for various values of the noise strength.

Fisher information analysis

Because the Fisher information is additive, we can simply considerN =M , and then multiply

the end result by a factor of N/M . Given N =M , we consider measuring the signal γ(t) at
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times 0 ≤ t1 < t2 < · · · < tM ≤ κτ . The result is a vector s = (s1, . . . , sM) of measurement

outcomes. Specifically, from Eq. (7.2), in the noiseless case, we will have s = gDa, where D

is the M × 4 matrix

D =




cos(ω1t1) cos(ω2t1) sin(ω1t1) sin(ω2t1)

...
...

...
...

cos(ω1tM) cos(ω2tM) sin(ω1tM) sin(ω2tM)



. (7.27)

In the presence of noise λ, we instead have s = gDa + gλλ, where λ = (λ1, . . . , λM), and

gλλm is the value of the noise at time tm.

In order the calculate the Fisher information, we are first interested in the probability

density ρ(s|∆ω) that quantifies the probability of measuring a given s over the random values

of a and the random values of λ. The probability distribution over a is simply a zero-mean,

unit-variance independent Gaussian distribution on each factor, while the distribution over

λ is zero-mean multivariate Gaussian distribution with M ×M covariance matrix V −1 with

entries (V −1)ij = exp[−Wπ |ti − tj|]. Thus, letting δ(M) denote the Dirac delta function on

M elements, we have that

ρ(s|∆ω) =
√

|detV |
(2π)2(2π)M/2

∫

R4

da

∫

RM

dλ

× exp

[
−1

2
(aTa+ λTV λ)

]
δ(M)(gDa+ gλλ− s) .

(7.28)

We compute the Fisher information in two cases, M = 1 and M = 4. When M = 1, a

straightforward Gaussian integral shows that ρ(s|∆ω) is independent of ∆ω even if gλ = 0.

Therefore, the Fisher information is zero for all ∆ω and N . Intuitively, this is due to the

randomness in the a coefficients; measuring the signal N times with N different a yields a

sequence of random measurements with no information about the underlying signal.

Next, we consider the M = 4 case. We assume that t1, . . . , t4 have been chosen so that
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D is an invertible 4×4 matrix. For example, tm = mκτ/4 yields an invertible D unless κ/ωc

is an even integer. In this case, the δ(4) function exactly cancels the integral over a, and

the λ integral can be performed as a standard multivariate Gaussian integral. We then find

that ρ(s|∆ω) is the probability density function of a multivariate zero-mean Gaussian with

covariance matrix Σ−1, where Σ = σ − g2λσ(V + g2λσ)
−1σ and σ = (D−1)TD−1.

The Fisher information for a multivariate Gaussian distribution whose covariance matrix

depends on an unknown parameter is well-known and takes the form [291, Eq. (6)]

FI =
N

8
Tr
[
Σ(Σ−1)′Σ(Σ−1)′

]
, (7.29)

where (Σ−1)′ denotes the entrywise derivative of Σ−1 with respect to ∆ω, and we put back

the factor of N/M . Using that for any matrix A, (A−1)′ = −A−1A′A−1, we can substitute for

d
d∆ω

(V + g2λσ)
−1 and d

d∆ω
σ = d

d∆ω
(D−1TD−1) in order to arrive at a numerically computable

form of the Fisher information. The result is shown in Fig. 7.7.

In fact, in the noiseless case when gλ = 0, the exact Fisher information can be computed

using a computer symbolic algebra software. For example, when κ = 1, we find that

FIκ=1 =
Nπ2

8ω2
c

(
2 csc2

(
π∆ω

2ωc

)
− 1

)
=

N

∆ω2
+O(1) . (7.30)

To see why the Fisher information diverges as ∆ω → 0 in the noiseless case, we consider

a simple protocol when N = M = 5. Note that of course the Fisher information can

only increase with increasing M , and therefore the M = 5 Fisher information must also

diverge as ∆ω → 0. To be concrete, we will let κ = 1, and by assumption there is a single

realization of a. We measure the signal at times 0, τ/5, 2τ/5, 3τ/5, 4τ/5. Then the signal

that we measure will be s = Da. This time, because M = 5, D is 5 × 4; As ∆ω → 0,

D = D0 +∆ωD1 +∆ω2D2 +O(∆ω3). Hence, for small ∆ω, after measuring the signal five

times and getting s, we have a system of five equations for five unknowns (A1, A2, B1, B2
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and ∆ω), D0a+∆ωD1a+∆ω2D2a = s. From here, we can simply solve for the unknowns

in order to determine ∆ω. As ∆ω → 0, the Taylor expansion of D becomes more and

more acccurate, meaning our estimate of ∆ω will also become more and more accurate.

Therefore, in this limit, we can achieve arbitrarily good accuracy in our estimate with only

five measurements. Recall the Cramér Rao bound says that the optimal estimation error ε2

behaves as 1
N FI

. Because it is possible to achieve arbitrarily good accuracy (i.e. ε→ 0) with

N =M = 5 as ∆ω → 0, we see that the Fisher information must diverge in this limit.

In conclusion, we see that if the coherence time of the signal is long enough that multiple

measurements of the signal are able to be made with a single realization of a, then simple

classical methods will outperform quantum superresolution protocols. On the other hand,

in the short coherence time setting, quantum protocols are the better choice.

Section 7.7: Conclusion

In this work, we studied quantum superresolution for frequency resolution and estimation.

We found explicit conditions on the filter function defined solely in terms of the control

Hamiltonian for a protocol to exhibit superresolution. Using these conditions, we find many

such protocols, as well as show how to numerically optimize control sequences to find controls

that exhibit superresolution and satisfy other conditions, such as robustness to a specified

noise model, smoothness of controls, etc. We further showed that any superresolution pro-

tocol can be improved with entanglement. We compared quantum superresolution methods

to standard QNS methods and other classical methods in order to understand the regime in

which quantum superconducting protocols will outperform other methods.
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Appendix A: Technical details for Chapter 2

Section A.1: Preliminaries

In this preliminary appendix, we will establish some notation and equations that will be

used throughout the rest of the appendices. In particular, in Appendix A.1.1, we review

bosonic Gaussian states and describe our setup. In Appendix A.1.2, we describe integration

over the unitary group with the Weingarten calculus. Finally, in Appendix A.1.3, we restrict

our attention to the case when all initial squeezing strengths are equal and derive a series

formula for the Rényi-2 entropy that is used in many of our proofs.

Subsection A.1.1: Bosonic Gaussian states

Here, we describe the setup and fix the notation required for the proofs of our main results.

We consider a very similar setup as the one described in Ref. [33] and use much of the same

notation as them. For a review of bosonic Gaussian states, we recommend Ref. [138]. Since

we are only interested in entanglement properties, the first moments — displacements — of

the Gaussian states will be irrelevant, and we will ignore them.

We consider a system of n bosonic modes. Each mode 1 ≤ i ≤ n is initially in a squeezed

state with squeezing strength si ∈ R. Define the diagonal matrix Z = diag(e2s1 , . . . , e2sn).

The initial state can be represented by the covariance matrix σ0 = Z ⊕ Z−1. Define A =

1
2
(Z − Z−1) and B = 1

2
(Z + Z−1).

The set of all passive Gaussian unitaries — that is, energy-conserving unitaries — acting
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on n modes is Sp(2n) ∩ O(2n) which acts on the covariance matrix by conjugation. Here

O(2n) is the orthogonal group of 2n× 2n matrices, and Sp(2n) is the real symplectic group

of 2n× 2n matrices defined with respect to the symplectic form

Ω :=




0n×n In×n

−In×n 0n×n


 . (A.1)

Let η : U(n) → Sp(2n) ∩O(2n) be the isomorphism

η(U) =




Re(U) Im(U)

− Im(U) Re(U)


 . (A.2)

We evolve the initial state with covariance matrix σ0 by a passive Gaussian unitary, which

corresponds to a U ∈ U(n). The resulting state is σ̃(U) := η(U)σ0η(U
†) = η(U)σ0η(U)

T .

Define the k × n matrix P and the n× n projector Π as

P :=

(
Ik×k 0k×(n−k)

)
, Π :=




Ik×k 0k×(n−k)

0(n−k)×k 0(n−k)×(n−k)


 = Ik×k ⊕ 0(n−k)×(n−k). (A.3)

Then let P̂ := P ⊕ P and Π̂ = Π⊕ Π. The covariance matrix corresponding to the reduced

state on the first k ≤ n modes is σ(U) := P̂ σ̃(U)P̂ T . Denote the element-wise complex

conjugate of the unitary U by Ū , and the conjugate transpose by U †. By simply doing the

matrix multiplication, one finds that

σ(U) =
1

2



P
[
UBU † + ŪBŪ † + UAŪ † + ŪAU †]P T −iP

[
UBU † − ŪBŪ † − UAŪ † + ŪAU †]P T

iP
[
UBU † − ŪBŪ † + UAŪ † − ŪAU †]P T P

[
UBU † + ŪBŪ † − UAŪ † − ŪAU †]P T


 .

(A.4)

Note that σ(U) is a covariance matrix on k modes and is correspondingly a positive 2k× 2k

matrix. Throughout this paper, we define r := k/n. One can derive from Eq. (A.6) that the
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average over the Haar measure is EU UBU † = EU ŪBŪ † = TrB
n

In×n, whereas all the other

terms have expectation value 0 since they do not contain an even number of U ’s and Ū ’s.

Therefore,

E
U∈U(n)

σ(U) =
TrB

n
I2k×2k. (A.5)

The symplectic eigenvalues of σ(U) are the positive eigenvalues of iΩσ(U). There are

k symplectic eigenvalues labeled as νi for 1 ≤ i ≤ k. Let the von Neumann entropy of

the reduced state be S1(U), and the Rényi-2 entropy of the reduced state be S2(U). Then

Sj(U) =
∑k

i=1 hj(νi), where h1(x) = x+1
2

log x+1
2

− x−1
2

log x−1
2

and h2(x) = log x [138]. The

Rényi-2 entropy of the reduced state takes a particularly nice form in terms of the standard

eigenvalues of σ(U), namely S2(U) = 1
2
log detσ(U) = 1

2
Tr log σ(U). The dependence of

S1(U) and S2(U) on r, n, and s is implicit.

Subsection A.1.2: Weingarten calculus

Since we are interested in average entanglement, we will be averaging over the unitary group

U(n) with respect to the unique unit normalized Haar measure. To do so, we will use the

Weingarten calculus [146, 147]. For a matrix U , let Uij denote the entry in row i and column

j. Then,

E
U∈U(n)

Ui1j1 . . . Uiqjq Ūi′1j′1 . . . Ūi′qj′q =
∑

σ,τ∈Sq

δi1i′σ(1)
. . . δiqi′σ(q)

δj1j′τ(1) . . . δjqj′τ(q)Wg(στ−1, n), (A.6)

where Sq denotes the permutation group on q elements. Wg is called the Weingarten function.

In our proofs, we will need the asymptotic form of the Weingarten function, which is given

by

Wg(σ, n) =
1

nq+|σ|

∏

i

(−1)|ci|−1C|ci|−1 +O
(
n−q−|σ|−2

)
, (A.7)
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where |σ| denotes the minimum number of transpositions needed to generate the permutation

σ, Cm = (2m)!/m!(m + 1)! is the mth Catalan number, and σ is a product of cycles ci of

length |ci|.

Subsection A.1.3: Series formula for the Rényi-2 entropy

In this subappendix, we Taylor expand S2(U) = 1
2
Tr log σ(U) and derive a series formula

for the Rényi-2 entropy when all the initial squeezing values are equal. Hence, for each

1 ≤ i ≤ n, we set si = s. Crucially, the resulting formula is a series in the squeezing strength

s, and the effect of the unitary U is separated from that of the squeezing strength s.

We would like to apply the Taylor series for the matrix logarithm, and hence must first

consider its convergence. We find that

∥σ(U)− I2k×2k∥ =
∥∥∥P̂ η(U) (σ0 − I2n×2n) η(U)

T P̂ T
∥∥∥ (A.8)

=
∥∥∥Π̂η(U) (σ0 − I2n×2n) η(U)

T Π̂T
∥∥∥ (A.9)

≤
∥∥∥Π̂
∥∥∥
2 ∥∥η(U) (σ0 − I2n×2n) η(U)

T
∥∥ (A.10)

=
∥∥η(U) (σ0 − I2n×2n) η(U)

T
∥∥ (A.11)

= ∥σ0 − I2n×2n∥ (A.12)

= max
{∣∣e2s − 1

∣∣ ,
∣∣e−2s − 1

∣∣} (A.13)

= e2|s| − 1, (A.14)

and therefore the Taylor series for log,

log σ(U) = −
∞∑

j=1

(−1)j

j
(σ(U)− I2k×2k)

j , (A.15)

converges for all |s| < R := 1
2
log 2. Since σ(U) is a positive, real symmetric matrix, this

expression is indeed real and nonnegative. To make this work for all s ∈ R, we can let N ≥ 1
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and consider

S2(U) =
1

2
log detσ(U) (A.16)

=
1

2
log

(
N2k det

σ(U)

N

)
(A.17)

= k logN +
1

2
Tr log

(
1

N
σ(U)

)
, (A.18)

which follows from the fact that the determinant of products is equal to the product of

determinants. For any given s ∈ R, we can choose N large enough such that
∥∥ 1
N
σ(U)− I

∥∥ <

1 and therefore the Taylor series for log can be used. We therefore find that for large enough

N ,

S2(U) = rn logN − 1

2
Tr

∞∑

j=1

(−1)j

j

(
1

N
σ(U)− I2k×2k

)j
. (A.19)

When all si = s, A simplifies to A = sinh(2s)In×n and B to B = cosh(2s)In×n, and

therefore σ(U) simplifies to σ(U) = cosh(2s)I2k×2k + sinh(2s)M , where

M :=



P Re(ŪU †)P T P Im(ŪU †)P T

P Im(ŪU †)P T −P Re(ŪU †)P T


 . (A.20)

With Eq. (A.19),

S2(U) = nr logN − 1

2
Tr

∞∑

j=1

(−1)j

j

([
1

N
cosh(2s)− 1

]
I2k×2k +

1

N
sinh(2s)M

)j
(A.21)

= nr logN − 1

2
Tr

∞∑

j=1

(−1)j

j

j∑

ℓ=0

(
j

ℓ

)
1

N ℓ
sinhℓ(2s)

[
1

N
cosh(2s)− 1

]j−ℓ
M ℓ (A.22)

= nr logN − rn
∞∑

j=1

(−1)j

j

[
1

N
cosh(2s)− 1

]j

− 1

2
Tr

∞∑

j=1

(−1)j

j

j∑

ℓ=1

(
j

ℓ

)
1

N ℓ
sinhℓ(2s)

[
1

N
cosh(2s)− 1

]j−ℓ
TrM ℓ

(A.23)
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= nr logN + nr log(cosh(2s)/N)− 1

2

∞∑

j=1

(−1)j

j

j∑

ℓ=1

(
j

ℓ

)
1

N ℓ
sinhℓ(2s)

[
1

N
cosh(2s)− 1

]j−ℓ
TrM ℓ

(A.24)

= nr log cosh(2s)− 1

2

∞∑

ℓ=1

1

N ℓ
sinhℓ(2s) TrM ℓ

∞∑

j=ℓ

(−1)j

j

(
j

ℓ

)[
1

N
cosh(2s)− 1

]j−ℓ

(A.25)

= nr log cosh(2s)− 1

2

∞∑

ℓ=1

1

N ℓ
sinhℓ(2s) TrM ℓ (−1)ℓ

ℓ
(N sech(2s))ℓ (A.26)

= nr log cosh(2s)− 1

2

∞∑

ℓ=1

(−1)ℓ

ℓ
tanhℓ(2s) TrM ℓ. (A.27)

Of course, S2(U) is independent of the choice of N , and hence the N dependence has dropped

out.

The only thing left to compute is TrM ℓ. Since we are now only dealing with traces, we

can replace P with Π in M . This nicely simplifies some formulas, since Π is a square matrix,

and indeed a projector, whereas P is a rectangular matrix. Henceforth, we will therefore let

M =



ΠRΠ ΠIΠ

ΠIΠ −ΠRΠ


 , (A.28)

where R = Re(ŪU †) and I = Im(ŪU †). Then, doing the matrix multiplication,

M2 =



ΠRΠRΠ+ΠIΠIΠ ΠRΠIΠ− ΠIΠRΠ

ΠIΠRΠ− ΠRΠIΠ ΠRΠRΠ+ΠIΠIΠ


 . (A.29)

We then notice that M2 =



D E

−E D


, where D = Re(W ), E = Im(W ), and W =

ΠUŪ †ΠŪU †Π. It is then easy to verify that M2j =



Dj Ej

−Ej Dj


, where Dj+1 = DjD−EjE,
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Ej+1 = DjE +EjD, D1 = D, and E1 = E. It is then also easy to verify that this recurrence

relation is solved by Dj = Re(W j) and Ej = Im(W j). Finally, TrM2j = 2TrDj.

Using this recurrence, we can do the matrix multiplication M2j+1 = M2jM to find that

TrM2j+1 = 0. Hence, we only need to worry about even powers of M , giving

S2(U) = nr log cosh(2s)− 1

2

∞∑

ℓ=1

1

2ℓ
tanh2ℓ(2s) TrM2ℓ. (A.30)

We then use that TrM2j = 2TrDj to find that

S2(U) = nr log cosh(2s)−
∞∑

ℓ=1

1

2ℓ
tanh2ℓ(2s) TrReW ℓ. (A.31)

Furthermore, since W is Hermitian, TrW j = Tr W̄ j. Therefore, we arrive at

S2(U) = nr log cosh(2s)−
∞∑

ℓ=1

1

2ℓ
tanh2ℓ(2s) TrW ℓ (A.32)

= n
∞∑

ℓ=1

tanh2ℓ(2s)

2ℓ

(
r − 1

n
TrW ℓ

)
, (A.33)

where in the last step we used the Taylor expansion of log cosh(arctanh t) in the variable

t = tanh(2s).

Eqs. (A.32) and (A.33) hint at why equal initial squeezings simplify the problem of

studying averaged entanglement properties. Specifically, the contribution from the squeezing

strength and the contribution from the unitary are separated. Thus, to determine averaged

entanglement properties, we only need to deal with the matrix W = ΠUUTΠŪ ŪTΠ.
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Section A.2: Rényi-2 and von Neumann entropies — Proof of Propo-

sition 2.2.1

In this appendix, we prove Proposition 2.2.1. We derive the maximum of the Rényi-2 and

von Neumann entropies, and the former will be of use later when we derive the Rényi-2 Page

correction. Furthermore, we prove that the von Neumann entropy can be bounded by the

Rényi-2 entropy. In this way, our results on the Rényi-2 Page curve can be used to bound

the von Neumann Page curve.

We begin by proving that the maximum of the Rényi-2 entropy is

max
U∈U(n)

S2(U) = nmin(r, 1− r) log cosh(2s). (A.34)

Proof. Recall that W = F †F , where F = ΠŪU †Π. Therefore, W is a nonnegative operator,

and TrW ℓ ≥ 0. The proposition then immediately follows from Eq. (A.32) if we can show

that for every r ≤ 1/2, there exists a unitary such that W = 0. The case when r > 1/2 is

taken care of by the fact that the Rényi-2 entropy is symmetric under r 7→ 1 − r since the

global state on the n modes is pure. Therefore, we now assume that r ≤ 1/2, and we show

that there are unitaries U ∈ U(n) such that W = 0.

Since F †F is nonnegative, we need to prove that there exists a unitary such that F =

ΠŪU †Π = 0. Hence we must prove that there exists a U such that (ŪU †)ji = 0 for all

1 ≤ i, j ≤ k = rn. Equivalently, we can conjugate the expression, giving (ŪU †)ji =
∑n

a=1 UiaUja = 0. Therefore, we just need to find a set of k = rn orthonormal vectors

S = {|ψ1⟩ , . . . |ψk⟩} in Cn such that ⟨ψ̄i|ψj⟩ = 0. Let |ψi⟩ = |Ri⟩+ i |Ii⟩ for real vectors |Ri⟩

and |Ii⟩. Since S is orthonormal, we find that

δij = ⟨ψi|ψj⟩ (A.35)

= (⟨Ri| − i ⟨Ii|)(|Rj⟩+ i |Ij⟩) (A.36)
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= ⟨Ri|Rj⟩+ ⟨Ii|Ij⟩+ i (⟨Ri|Ij⟩ − ⟨Ii|Rj⟩) . (A.37)

The condition that ⟨ψ̄i|ψj⟩ = 0 implies that

0 = ⟨ψ̄i|ψj⟩ (A.38)

= (⟨Ri|+ i ⟨Ii|)(|Rj⟩+ i |Ij⟩) (A.39)

= ⟨Ri|Rj⟩ − ⟨Ii|Ij⟩+ i (⟨Ri|Ij⟩+ ⟨Ii|Rj⟩) . (A.40)

Hence, we just need to find k vectors |Ri⟩ ∈ Rn and k vectors |Ii⟩ ∈ Rn satisfying

1. ⟨Ri|Rj⟩+ ⟨Ii|Ij⟩ = δij,

2. ⟨Ri|Rj⟩ − ⟨Ii|Ij⟩ = 0,

3. ⟨Ri|Ij⟩+ ⟨Ii|Rj⟩ = 0, and

4. ⟨Ri|Ij⟩ − ⟨Ii|Rj⟩ = 0,

for all i, j ∈ {1, . . . , k}. This is trivial since k ≤ n/2, and we give one construction

here. Let R = {|R1⟩ , . . . , |Rk⟩} be an orthogonal set satisfying ⟨Ri|Rj⟩ = δij/2. Since

dim[span(R)⊥] = n − k ≥ k, we can choose another orthogonal set I = {|I1⟩ , . . . , |Ik⟩}

satisfying ⟨Ii|Ij⟩ = δij/2 such that span(I) ∩ span(R) = {0}. This immediately means that

condition 3 and 4 are satisfied, because ⟨Ri|Ij⟩ = 0 for all i and j. Furthermore, condition

1 is satisfied because ⟨Ri|Rj⟩ + ⟨Ii|Ij⟩ = δij/2 + δij/2 = δij. Finally, condition 2 is satisfied

because ⟨Ri|Rj⟩ − ⟨Ii|Ij⟩ = δij/2− δij/2 = 0.

Next, we use Eq. (A.34) to prove that the maximum of the von Neumann entropy is

max
U∈U(n)

S1(U) = nmin(r, 1− r)h1(cosh(2s)). (A.41)
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Proof. From Ref. [150], the Rényi-α entropies for α ≥ 1 are all increasing with increasing

detσ. Therefore, when S2 increases, so does Sα. It follows that the unitary that maximizes

S2 also maximizes S1. Then, when r ≤ 1/2, Eqs. (A.20) and (A.34) together imply that

S1 is maximized when σ = cosh(2s)I2k×2k and thus when νi = cosh(2s) for each i, yielding

maxU S1(U) = nrh1(cosh(2s)). The case when r > 1/2 is taken care of by the symmetry

of the von Neumann entropy when r 7→ 1 − r since we are dealing with a bipartite system

[13].

Finally, we prove the bound

S1(U) < S2(U) + nmin(r, 1− r)(1− log 2), (A.42)

which was first derived in Ref. [136, Eq. 15].

Proof. Recall that Sj =
∑k

i=1 hj(νi), where νi ≥ 1 are the symplectic eigenvalues of the co-

variance matrix σ, h2(x) = log x, and h1(x) = x+1
2

log x+1
2

− x−1
2

log x−1
2

(see Appendix A.1.1).

We will prove that h1(x) < h2(x) + 1 − log 2, which proves the claim. We do this by not-

ing that h1(x) − h2(x) is monotonically increasing, so that for any x, h1(x) − h2(x) <

limy→∞(h1(y)− h2(y)). A simple calculation shows that this limit is equal to 1− log 2.

Section A.3: Rényi-2 Page curve

In this appendix, we prove our main results on the Rényi-2 Page curve. In Appendix A.3.1,

we prove that asymptotically in n, EU∈U(n) S2(U) = nα(s, r) − λ(s, r) + o(1). We then

derive the exact formula for the linear term α(s, r). Then, in Appendix A.3.2, we simplify

α(s, 1/2) and use the result to prove a simple expression for the Rényi-2 Page correction at

r = 1/2. Finally, in Appendix A.3.3, we derive a formula for the constant term λ(s, r) up

to constant factors a(ℓ). We then derive the formula for a(ℓ), simplify it for ℓ ∈ {1, 2, 3, 4, 5},
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and conjecture the exact value of a(ℓ) for all ℓ.

Subsection A.3.1: Linear term — Proof of Theorem 2.3.1

Theorem 2.3.1 concerns the expectation value of S2(U) over U(n) when all the initial squeez-

ing values are equal. From Eq. (A.32), we see that it only remains to compute EU TrW ℓ.

Writing the matrix multiplication of W ℓ = (ΠUUTΠŪ ŪTΠ)ℓ in terms of the matrix entries

of U and Π and simplifying, we find that

TrW ℓ =
k∑

i1,...,i2ℓ=1

k∑

i′1,...,i
′
2ℓ=1

n∑

j1,...,j2ℓ=1

n∑

j′1,...,j
′
2ℓ=1

δi′2ℓ,i1δi′1,i2δi′2,i3δi′3,i4 . . . δi′2ℓ−1,i2ℓ

× δj1,j2δj′1,j′2δj3,j4δj′3,j′4 . . . δj2ℓ−1,j2ℓδj′2ℓ−1,j
′
2ℓ

× Ui1,j1 . . . Ui2ℓ,j2ℓŪi′1,j′1 . . . Ūi′2ℓ,j′2ℓ .

(A.43)

We note that this is a simple result of matrix multiplication. The restriction on the i and i′

indices to {1, . . . , k} is a result of the fact that Πa,a = 0 for all a > k. Applying Eq. (A.6),

we immediately find that

E
U∈U(n)

TrW ℓ =
k∑

i1,...,i2ℓ=1

k∑

i′1,...,i
′
2ℓ=1

n∑

j1,...,j2ℓ=1

n∑

j′1,...,j
′
2ℓ=1

∑

σ,τ∈S2ℓ

Wg(στ−1, n)

× δi′2ℓ,i1δi′1,i2δi′2,i3 . . . δi′2ℓ−1,i2ℓ

× δj1,j2δj′1,j′2 . . . δj2ℓ−1,j2ℓδj′2ℓ−1,j
′
2ℓ

× δi1,i′σ(1)
. . . δi2ℓ,i′σ(2ℓ)

× δj1,j′τ(1) . . . δj2ℓ,j′τ(2ℓ) .

(A.44)

Simplifying Eq. (A.44) at first seems impossible, but it will turn out that we do not need to.

All we need to learn from it is the following lemma.
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Lemma A.3.1. Fix a positive integer ℓ. There exist coefficients α(ℓ)
d for d ∈ {ℓ+ 1, ℓ+ 2, . . . , 2ℓ}

such that

fℓ(r) := lim
n→∞

E
U∈U(n)

1

n
TrW ℓ =

2ℓ∑

d=ℓ+1

α
(ℓ)
d r

d. (A.45)

Proof. The proof will proceed as follows. First, we will prove that TrW ℓ contains a term

proportional to n and no terms proportional to na for any a > 1. Therefore, fℓ(r) is indeed

independent of n. Next, we will prove that fℓ(r) has no terms ra for a > 2ℓ and a ≤ ℓ.

Throughout this proof, we interpret the delta functions in Eq. (A.44) as constraints on the

summations. Different permutations on the indices result in a different number of constraints

and hence terms with different powers of n and k.

Recall that W = F †F where F = ΠŪU †Π. Therefore, TrW is equal to the Frobenius

norm ∥F∥2F , which is the sum of the square absolute values of the entries of F . Thus,

by removing the projector Π from W (i.e. setting it to I), the trace cannot decrease. It

follows that the presence of Π cannot increase the trace TrW ℓ. Getting rid of the Π from

W and using the cyclic nature of the trace, we see that TrW ℓ ≤ n. Furthermore, consider

Eq. (A.44) with σ = τ defined by σ(1) = 2ℓ, σ(2) = 1, σ(3) = 2, . . . , σ(2ℓ) = 2ℓ− 1. Then,

στ−1 is the identity, Wg(στ−1, n) contributes a factor of n−2ℓ. With this σ, the sum over

the i and i′ yields a factor of k2ℓ. Finally, with this chosen τ , the sum over j will yield

δj′1,j′2 . . . δj′2ℓ−1,j
′
2ℓ
δj′1,j′2ℓδj′2,j′1 . . . δj′2ℓ,j′2ℓ−1

. Then summing over j′, we get a single factor of n.

Hence, the term with the specific permutation described above yields a term of the form

nk2ℓn−2ℓ = nr2ℓ.

We have shown that there is a term proportional to n and that there are no terms pro-

portional to n2, n3, etc. Since we are working asymptotically in n, we can therefore ignore all

terms proportional to 1
na for every nonnegative a. This proves that limn→∞ EU∈U(n)

1
n
TrW ℓ

is independent of n and only depends on r, which justifies the definition of the function fℓ(r).

The only thing left to show is that fℓ(r) has only terms rℓ+1 through r2ℓ. So we only need

to show that there are no terms ra for a > 2ℓ and a ≤ ℓ. We begin with the former.
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To look at powers of r, it is sufficient to look at the powers of k. We therefore restrict

our attention to the sum over i and i′ in Eq. (A.44). The sum over i1,
∑k

i1=1, will give either

a factor of 1 or a factor of k depending on how the index i1 is constrained by the Kronecker

delta functions, and similarly for i2 through i2ℓ. In order to get the highest power of k, we

require the fewest constraints on i and i′ (i.e. the fewest distinct Kronecker deltas). Hence,

we require σ to be the permutation satisfying

δi′2ℓ,i1δi′1,i2δi′2,i3 . . . δi′2ℓ−1,i2ℓ
= δi1,i′σ(1)

. . . δi2ℓ,i′σ(2ℓ)
. (A.46)

This permutation is σ(1) = 2ℓ, σ(2) = 1, σ(3) = 2, . . . , σ(2ℓ) = 2ℓ− 1. With this σ, we see

that a sum over i and i′ will give a factor of k2ℓ. Hence, 2ℓ is the highest power of k that

can be achieved.

Next we need to show that ℓ + 1 is the lowest power of k that can be achieved. The

sum over j and j′ can give at most a factor of nℓ. This is because the first line of delta

functions, δj1,j2δj′1,j′2 . . . δj2ℓ−1,j2ℓδj′2ℓ−1,j
′
2ℓ
, reduces the sum over 2ℓ indices j and 2ℓ indices j′

down to just a sum over ℓ indices j and ℓ indices j′. The second line of delta functions,

δj1,j′τ(1) . . . δj2ℓ,j′τ(2ℓ) , cannot be made equivalent to the first line by any choice of τ ; in fact, the

second line imposes all new constraints. Therefore, this line further reduces the sum over ℓ

indices j and ℓ indices j′ down to just a sum over ℓ indices j (or ℓ indices j′, but not both).

Hence, the highest power of n that we get from the summations over j and j′ is nℓ. Putting

this together with the fact that asymptotically Wg(π, n) is at most n−2ℓ, we find that any

term coming from Eq. (A.44) is at most n−ℓ × (dependence on k). Therefore, any powers of

k that are less than ℓ + 1 can be ignored; if the sum over i and i′ yields a term that is ka

for some a ≤ ℓ, then that term will be constant or decreasing with n. But from above, we

already have terms that are proportional to n resulting from Eq. (A.44), and so terms that

are constant or decreasing can be ignored.
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As alluded to in the proof of the lemma, the asymptotic form of EU TrW ℓ will be a

term linear in n times a function of r, plus a term constant in n times a function of r, plus

terms that decay to zero asymptotically with n. Hence, EU S2(U) = nα(s, r)−λ(s, r)+o(1).

In this section, we are interested only in the linear term α(s, r) because we are computing

EU S2(U)/n. However, in the next section, we prove Proposition 2.3.3 which provides the

form of λ(s, r).

Actually computing α
(ℓ)
d from Eq. (A.44) seems challenging. However, there is a nice

workaround that uses what we know about the Rényi-2 entropy being symmetric under

r 7→ 1− r, as the total state on the n modes is pure.

Lemma A.3.2. Let α(ℓ)
d be as in Lemma A.3.1. Then

α
(ℓ)
d = 2(−1)d−ℓ−1

(
2ℓ− 1

ℓ− 1

)(
ℓ

d− ℓ− 1

)
2ℓ− d+ 1

(d− 1)d
. (A.47)

Note that this corresponds to the sequence A062991 on OEIS [292].

Proof. From Lemma A.3.1, asymptotically EU TrW ℓ = nfl(r) for a polynomial fℓ that is a

sum over terms of degree ℓ+ 1 through 2ℓ in r. From Eq. (A.33), we know that

lim
n→∞

E
U

1

n
S2(U) =

∞∑

ℓ=1

t2ℓ

2ℓ
(r − fℓ(r)) , (A.48)

where −1 < t = tanh(2s) < 1. This whole function must be symmetric under r → 1− r at

every order in t. The reason it must be symmetric at every order is as follows. Suppose we

choose s such that t ∈ O
(
n−1/2

)
. Then EU S2(U) =

1
2
nt2(r− f1(r)) + o(1). Hence, r− f1(r)

must be symmetric since S2 is symmetric. We then choose s such that t ∈ O
(
n−1/4

)
and

consider EU
[
S2(U)− 1

2
nt2(r − f1(r))

]
, which will be equal to 1

4
nt4(r − f2(r)) + o(1). Since

S2 is symmetric and r − f1(r) is symmetric, it follows that r − f2(r) is symmetric. We then

continue inductively like this to prove that r − fℓ(r) must be symmetric for all ℓ.
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We therefore find that for all ℓ, fℓ(r) must satisfy r − fℓ(r) = 1− r − fℓ(1− r), or

fℓ(r)− fℓ(1− r) = 2r − 1. (A.49)

We then plug in the form of fℓ(r) =
∑2ℓ

d=ℓ+1 α
(ℓ)
d r

d. Eq. (A.49) must hold for every r, and

therefore we can equate the coefficients in front of each rd term to get a system of equations

that can be solved for the values of α(ℓ)
d . We then find that

2r − 1 =
2ℓ∑

d=ℓ+1

α
(ℓ)
d

(
rd − (1− r)d

)
(A.50)

=
2ℓ∑

d=ℓ+1

α
(ℓ)
d r

d −
2ℓ∑

d=ℓ+1

α
(ℓ)
d

d∑

j=0

(
d

j

)
(−r)j (A.51)

=
2ℓ∑

d=ℓ+1

α
(ℓ)
d r

d −
2ℓ∑

j=0

(−r)j
2ℓ∑

d=max(j,ℓ+1)

α
(ℓ)
d

(
d

j

)
(A.52)

=
2ℓ∑

d=ℓ+1

α
(ℓ)
d r

d −
2ℓ∑

d=0

(−r)d
2ℓ∑

j=max(d,ℓ+1)

α
(ℓ)
j

(
j

d

)
(A.53)

= −
ℓ∑

d=0

(−r)d
2ℓ∑

j=ℓ+1

α
(ℓ)
j

(
j

d

)
+

2ℓ∑

d=ℓ+1

rd

(
α
(ℓ)
d − (−1)d

2ℓ∑

j=d

α
(ℓ)
j

(
j

d

))
. (A.54)

Equating the degrees in r, we see the following conditions;

1. 1 =
∑2ℓ

j=ℓ+1 α
(ℓ)
j ,

2. 2 =
∑2ℓ

j=ℓ+1 jα
(ℓ)
j ,

3. For 2 ≤ d ≤ ℓ, 0 =
∑2ℓ

j=ℓ+1

(
j
d

)
α
(ℓ)
j ,

4. For ℓ+ 1 ≤ d ≤ 2ℓ, α(ℓ)
d = (−1)d

∑2ℓ
j=d

(
j
d

)
α
(ℓ)
j .

Note that one can derive equivalent conditions by requiring that the polynomial (x+1/2)−

fℓ(x + 1/2) is even in x. Condition 2 and condition 3 together constitute a linear system

of ℓ linearly independent equations. To verify this, one must show that detC ̸= 0 where C
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is the ℓ × ℓ matrix with entries Cij =
(
ℓ+i
j

)
. As noted by Benoit Cloitre in OEIS sequence

A000984 [292], detC =
(
2ℓ
ℓ

)
. For a proof, see Ref. [293].

Since we have ℓ linearly independent equations for ℓ variables α, if there is a solution to

the four conditions then there is a unique solution. One can then verify that a solution to

the four conditions, and therefore the solution, is given by Eq. (A.47).

When verifying the four conditions, one finds that the right hand side of all four of the

conditions can be simplified in terms of the hypergeometric function 2F1 defined as

2F1(−m, b; c; r) =
m∑

a=0

(−1)a
(
m

a

)
(c− 1)!(a+ b− 1)!

(b− 1)!(a+ c− 1)!
ra (A.55)

whenm is nonnegative [141–144]. For example, condition 4, written as (−1)d =
∑2ℓ

j=d

(
j
d

)
(α

(ℓ)
j /α

(ℓ)
d ),

reduces to (−1)d = 2F1(d − 2ℓ, d − 1; d − ℓ; 1). Define the Pochhammer symbol as (x)a :=

Γ(x+a)
Γ(x)

. When a ∈ N, 2F1(−a, b; c; 1) = (c−b)a
(c)a

[141–144]. We therefore find that

2F1(d− 2ℓ, d− 1; d− ℓ; 1) =
(1− ℓ)2ℓ−d
(d− ℓ)2ℓ−d

(A.56)

=
Γ(d− ℓ)Γ(1− d+ ℓ)

Γ(ℓ)Γ(1− ℓ)
(A.57)

=
Γ(d− ℓ)Γ(1− ℓ)(−d+ ℓ)(−d+ ℓ− 1) . . . (1− ℓ)

Γ(ℓ)Γ(1− ℓ)
(A.58)

= (−1)1+(1−ℓ)−(−d+ℓ)Γ(d− ℓ)(d− ℓ)(d− ℓ+ 1) . . . (ℓ− 1)

Γ(ℓ)

(A.59)

= (−1)d
Γ(d− ℓ)(ℓ− 1)!

Γ(ℓ)(d− ℓ− 1)!
(A.60)

= (−1)d, (A.61)

hence proving condition 4. Conditions 1, 2, and 3 are similar.
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Plugging in this result, we find that

fℓ(r) :=
1

n
E
U
TrW ℓ = 2

(
2ℓ− 1

ℓ− 1

) ℓ−1∑

i=0

(−1)iri+ℓ+1

(
ℓ

i

)
ℓ− i

(ℓ+ i)(ℓ+ i+ 1)
(A.62)

= rℓ+1Cℓ 2F1(1− ℓ, ℓ; ℓ+ 2; r), (A.63)

where 2F1 is the hypergeometric function and Cℓ := 1
ℓ+1

(
2ℓ
ℓ

)
is the ℓth Catalan number. The

simplification from the first to second line follows from the definition of the hypergeometric

function given in Eq. (A.55). Plugging this exact formula for fℓ(r) = limn→∞ EU 1
n
TrW ℓ

into Eq. (A.32), and swapping sums, we arrive precisely at Theorem 2.3.1. We have therefore

completed the proof.

To get a sense for fℓ, we list a few here.

f1(r) = r2

f2(r) = −r4 + 2r3

f3(r) = 2r6 − 6r5 + 5r4

f4(r) = −5r8 + 20r7 − 28r6 + 14r5

f5(r) = 14r10 − 70r9 + 135r8 − 120r7 + 42r6

f6(r) = −42r12 + 252r11 − 616r10 + 770r9 − 495r8 + 132r7

f7(r) = 132r14 − 924r13 + 2730r12 − 4368r11 + 4004r10 − 2002r9 + 429r8

f8(r) = −429r16 + 3432r15 − 11880r14 + 23100r13 − 27300r12 + 19656r11 − 8008r10 + 1430r9.

Recall that we required Gℓ(r) := r − fℓ(r) to be symmetric under r 7→ 1 − r. We show

some of the resulting plots in Fig. A.1. Intuitively, one can understand Gℓ(r) as being an

approximation to the function m(r) := min(r, 1− r); as ℓ increases, this approximation gets

better and better.

More specifically, we can interpret the polynomials Gℓ(r) in multiple ways. Once the form
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Figure A.1: The plots of Gℓ(r) := r−fℓ(r) for various values of ℓ. fℓ(r) is given in Eq. (A.62).
In our proof, we crucially used that Gℓ(r) is symmetric under r 7→ 1− r.

of fℓ(r) is fixed by Lemma A.3.1, we showed in Lemma A.3.2 that Gℓ is uniquely determined

by the symmetry requirement that Gℓ(r) = Gℓ(1 − r). In the proof of Lemma A.3.2, we

showed that Gℓ is uniquely determined by conditions 1, 2, and 3. Each of these conditions

has a simple interpretation. Condition 1, 1 =
∑2ℓ

j=ℓ+1 α
(ℓ)
j , is the condition that Gℓ(1) = 0.

Condition 2, 2 =
∑2ℓ

j=ℓ+1 jα
(ℓ)
j , is the condition that the derivative G′

ℓ(1) = −1. Condition

3, 0 =
∑2ℓ

j=ℓ+1

(
j
d

)
α
(ℓ)
j for each 2 ≤ d ≤ ℓ, is the condition that the dth derivative G(d)

ℓ (1) = 0.

Hence, condition 1, 2, and 3 are imposing that G(d)
ℓ (0) = m(d)(0) and G

(d)
ℓ (1) = m(d)(1) for

all 0 ≤ d ≤ ℓ. Indeed, from the derived form of fℓ, we find that Gℓ(r) is an approximation

from below to m(r), and it is an especially good approximation near the endpoints r = 0

and r = 1. We show some examples of this in Fig. A.1.

We will callGℓ(r) the ℓth order approximation tom(r). From Eq. (A.33), limn→∞ EU 1
n
S2(U) =

∑∞
ℓ=1

t2ℓ

2ℓ
Gℓ(r). Thus, t = tanh(2s) is weighting how relevant each approximation is. For

small squeezing, most of the weight is concentrated on low-order approximations. The low-

est order approximation is G1(r) = r(1−r) resulting in a parabolic shaped Page curve. When

the squeezing is very large, more and more weight is placed on high-order approximations so

that the Page curve begins to resemble the triangle G∞(r) = m(r). We see a manifestation
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of this interpretation as

lim
s→0

lim
n→∞

E
U∈U(n)

1

s2n
S2(U) = 2r(1− r), (A.64)

lim
s→∞

lim
n→∞

E
U∈U(n)

1

sn
S2(U) = 2min(r, 1− r), (A.65)

where the latter comes from the full expression in Theorem 2.3.1. Meanwhile, the maximal

Rényi-2 entropy is maxU
1
n
S2(U) = m(r) log cosh(2s) from Eq. (A.34). As stated, near the

endpoints r = 0 and r = 1, Gℓ(r) is a very good approximation to m(r). Thus, regardless of

the squeezing strength, when the subsystem size k = rn is small (or when its complement is

small), the average entanglement is very close to maximal.

Subsection A.3.2: Maximum value — Proof of Corollary 2.3.2

In Appendix A.3.1, we derived the exact formula for the Rényi-2 Page curve as an infinite

series. Here we will show that the series can be completely simplified when r = 1/2. Bailey’s

theorem says that [141–144]

2F1(a, 1− a; c; 1/2) =
Γ(c/2)Γ((1 + c)/2)

Γ((a+ c)/2)Γ((1 + c− a)/2)
. (A.66)

Plugging this into the Page curve in Theorem 2.3.1 at r = 1/2 and simplifying with the

duplication formula Γ(ℓ+ 1/2) =
√
π(2ℓ−1)!

(ℓ−1)!22ℓ−1 [294],

lim
n→∞

E
U∈U(n)

1

n
S2(U) =

1

2
log cosh(2s)− 1

4

∞∑

ℓ=1

(
tanh2(2s)/4

)ℓ 1
ℓ

(
2ℓ

ℓ

)
. (A.67)

We find that the second term is 1
4

∫ t/4
0

f(x)
x

dx, where t = tanh2(2s) and f(x) is the generating

function of the central binomial coefficients f(x) =
∑∞

ℓ=1

(
2ℓ
ℓ

)
xℓ. Via the generalized binomial

theorem, one finds the generating function evaluates to f(x) = (1−4x)−1/2−1 [292, A000984].
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Performing the integral, we find the second term to be 1
4
log
(

4−4
√
1−t

t+t
√
1−t

)
, which simplifies to

1
2
log cosh(2s) − log cosh s. Subtracting the second term from the first yields log cosh s as

desired.

Finally, using Eq. (A.34) at r = 1/2, we find the Page correction to be 1
2
log cosh(2s) −

log cosh s, which simplifies to 1
2
log(1 + tanh2 s).

Subsection A.3.3: Constant term — Proof of Proposition 2.3.3

In Appendix A.3.1, we found that when all the initial squeezers are equal to s, EU S2(U) =

nα(s, r) − λ(s, r) + o(1), and we explicitly computed α(s, r). In this section, we determine

λ(s, r) up to a set of constants and conjecture an explicit value of the constants.

In Appendix A.3.1, we found that, asymptotically in n, EU TrW ℓ = nfℓ(r) + gℓ(r) +

o(1), where fℓ and gℓ are functions of r. From Eq. (A.32), it follows that λ(s, r) =
∑∞

ℓ=1
1
2ℓ
tanh2ℓ(2s)gℓ(r). Furthermore, in Lemma A.3.1, we found that fℓ takes the form

fℓ(r) =
∑2ℓ

d=ℓ+1 α
(ℓ)
d r

d. Indeed, the proof of Lemma A.3.1 applies almost identically to gℓ(r),

except that because we are interested now in the constant term in EU TrW ℓ instead of

the term linear in n, gℓ takes the form gℓ(r) =
∑2ℓ

d=ℓ β
(ℓ)
d rd. The extra term ∝ rℓ in the

polynomial gℓ does not occur in fℓ.

The Rényi-2 entropy must be symmetric under r 7→ 1 − r at every order in s and n,

since the full state on the n modes is pure. Therefore, λ(s, r) must be symmetric under

r 7→ 1− r at every order in tanh(2s), meaning that gℓ(r) = gℓ(1− r). The following lemma

will therefore be useful here, and we will also find use of it in Appendix A.4.

Lemma A.3.3. Fix a polynomial gℓ(r) =
∑2ℓ

d=ℓ β
(ℓ)
d rd. If gℓ(r) = gℓ(1 − r), then gℓ(r) =

β
(ℓ)
2ℓ (−1)ℓ (r(1− r))ℓ.
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Proof. Simplifying gl(r)− gl(1− r) = 0 with the binomial theorem, we find

0 =
2ℓ∑

d=ℓ

β
(ℓ)
d

(
rd − (1− r)d

)
(A.68)

= −
ℓ−1∑

d=0

(−r)d
2ℓ∑

j=ℓ

β
(ℓ)
j

(
j

d

)
+

2ℓ∑

d=ℓ

rd

(
β
(ℓ)
d − (−1)d

2ℓ∑

j=d

β
(ℓ)
j

(
j

d

))
. (A.69)

Equating all degrees of r, we find

1. For 0 ≤ d ≤ ℓ− 1, 0 =
∑2ℓ

j=ℓ β
(ℓ)
j

(
j
d

)
;

2. For ℓ ≤ d ≤ 2ℓ, β(ℓ)
d = (−1)d

∑2ℓ
j=d β

(ℓ)
j

(
j
d

)
.

Condition 1 is a system of ℓ linearly independent equations. To verify this, one must show

that detD ̸= 0, where D is the (ℓ + 1) × (ℓ + 1) matrix with entries Dij =
(
i+ℓ−1
j−1

)
for

1 ≤ i ≤ ℓ + 1 and 1 ≤ j ≤ ℓ, and entries Di,ℓ+1 = δi,ℓ+1. In other words, the rightmost

column is all zeros except for the entry on the diagonal. Inserting this rightmost column is

equivalent to adding one new equation to the linear system, where this new equation simply

fixes the value of one of the variables. Since the rightmost column is all zeros except for the

(ℓ+ 1, ℓ+ 1) entry, we use Laplace’s expansion to find that detD = detD′, where D′ is the

ℓ × ℓ upper left submatrix of D. One can prove that detD′ ̸= 0 in a similar way as shown

in Ref. [293]. Alternatively, one can use Corollary 11 from Ref. [295], which shows that the

matrix with entries
(
ai
j−1

)
has zero determinant if and only if there are indices i ̸= j such

that ai = aj. For the matrix D′, ai = ℓ+ i− 1, and therefore the determinant is nonzero.

In summary, we have a system of ℓ linearly independent equations for ℓ + 1 variables.

We can therefore uniquely express the solution by fixing one of the variables. Suppose

we know the value of β(ℓ)
2ℓ . Then one can verify that conditions 1 and 2 are satisfied by

β
(ℓ)
ℓ+i = (−1)ℓ+i

(
ℓ
i

)
β
(ℓ)
2ℓ , for 0 ≤ i ≤ ℓ. With the binomial theorem, this simply becomes

gℓ(r) = β
(ℓ)
2ℓ (−1)ℓ (r(1− r))ℓ.

When verifying that the two conditions are satisfied by β(ℓ)
ℓ+i = (−1)ℓ+i

(
ℓ
i

)
β
(ℓ)
2ℓ , one finds
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that the right hand side of both conditions can be simplified in terms of the hypergeometric

function via Eq. (A.55). For example, condition 2, written as (−1)d =
∑2ℓ

j=d

(
j
d

)
(β

(ℓ)
j /β

(ℓ)
d ),

reduces to (−1)d = 2F1(d− 2ℓ, d+ 1; d− ℓ+ 1; 1). As in the proof of Lemma A.3.2, we find

that

2F1(d− 2ℓ, d+ 1; d− ℓ+ 1; 1) =
(−ℓ)2ℓ−d

(d− ℓ+ 1)2ℓ−d
(A.70)

=
Γ(d− ℓ+ 1)Γ(ℓ− d)

Γ(−ℓ)Γ(ℓ+ 1)
(A.71)

=
Γ(d− ℓ+ 1)Γ(−ℓ)(ℓ− d− 1)(ℓ− d− 2) . . . (−ℓ)

Γ(−ℓ)Γ(ℓ+ 1)
(A.72)

= (−1)1+(ℓ−d+1)−(−ℓ)Γ(d− ℓ+ 1)(d+ 1− ℓ)(d+ 2− ℓ) . . . (ℓ)

Γ(ℓ+ 1)

(A.73)

= (−1)d
Γ(d− ℓ+ 1)ℓ!

Γ(ℓ+ 1)(d− ℓ)!
(A.74)

= (−1)d, (A.75)

which proves condition 2. The proof of condition 1 is similar.

For convenience, we define a(ℓ) := β
(ℓ)
2ℓ . It follows from Lemma A.3.3 that

λ(s, r) =
∞∑

ℓ=1

(−1)ℓ

2ℓ
a(ℓ) tanh2ℓ(2s) (r(1− r))ℓ . (A.76)

Note that if a(ℓ) = (−1)ℓ4ℓ−1, then the Taylor series of log implies

λ(s, r) = −1

8
log
(
1− 4r(1− r) tanh2(2s)

)
, (A.77)

which is precisely Proposition 2.3.3. Hence, the only thing left to prove is the following

lemma.

Lemma A.3.4. For all ℓ ∈ N, a(ℓ) = (−1)ℓ4ℓ−1.
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To make progress on Lemma A.3.4, we write the formula for a(ℓ). Recall that β(ℓ)
2ℓ is the

coefficient in front of the r2ℓ term in gℓ(r). Looking at Eq. (A.44), we see that the only

way to get an r2ℓ term (i.e. a k2ℓ term) is if σ is the permutation σ(1) = 2ℓ, σ(2) = 1,

σ(3) = 2, . . . , σ(2ℓ) = 2ℓ − 1. Therefore, we are interested in the constant term (the term

asymptotically independent of n) in the following term of Eq. (A.44):

n2ℓ

n∑

j1,...,j2ℓ=1

n∑

j′1,...,j
′
2ℓ=1

∑

τ∈S2ℓ

Wg(στ−1, n)

× δj1,j2δj′1,j′2 . . . δj2ℓ−1,j2ℓδj′2ℓ−1,j
′
2ℓ

× δj1,j′τ(1) . . . δj2ℓ,j′τ(2ℓ) ,

(A.78)

which simplifies to

= n2ℓ

n∑

j1,...,j2ℓ=1

n∑

j′1,...,j
′
2ℓ=1

∑

τ∈S2ℓ

Wg(τ−1, n)

× δj1,j2δj′1,j′2 . . . δj2ℓ−1,j2ℓδj′2ℓ−1,j
′
2ℓ

× δj1,j′τ(2ℓ)δj2,j′τ(1)δj3,j′τ(2) . . . δj2ℓ,j′τ(2ℓ−1)

(A.79)

= n2ℓ

n∑

j2,j4,...,j2ℓ=1

n∑

j′1,...,j
′
2ℓ=1

∑

τ∈S2ℓ

Wg(τ, n)

× δj′1,j′2 . . . δj′2ℓ−1,j
′
2ℓ

× δj2,j′τ(2ℓ)δj2,j′τ(1)δj4,j′τ(2)δj4,j′τ(3) . . . δj2ℓ,j′τ(2ℓ−2)
δj2ℓ,j′τ(2ℓ−1)

(A.80)

= n2ℓ

n∑

j′1,...,j
′
2ℓ=1

∑

τ∈S2ℓ

Wg(τ, n)

× δj′1,j′2 . . . δj′2ℓ−1,j
′
2ℓ

× δj′
τ(2ℓ)

,j′
τ(1)
δj′

τ(2)
,j′
τ(3)

. . . δj′
τ(2ℓ−2)

,j′
τ(2ℓ−1)

.

(A.81)

Note we used that Wg(τ, n) = Wg(τ−1, n) from Eq. (A.7). Let #(τ) be the number of

cycles in the disjoint cycle decomposition of τ and let {c(τ)i | i ∈ {1, . . . ,#(τ)}} be the cycle

187



ℓ a(ℓ)

1 −C1 = −1
2 −4C2

0C1 + 4C0C2 = 4
3 −9C4

0C1 + 15C2
0C

2
1 − C3

1 + 18C3
0C2 − 6C0C1C2 − 9C2

0C3 = −16
4 −16C6

0C1 + 80C4
0C

2
1 − 40C2

0C
3
1 + 48C5

0C2 − 112C3
0C1C2

+16C0C
2
1C2 + 8C2

0C
2
2 − 48C4

0C3 + 24C2
0C1C3 + 16C3

0C4 = 64
5 −25C8

0C1 + 250C6
0C

2
1 − 380C4

0C
3
1 + 80C2

0C
4
1 − C5

1 + 100C7
0C2

−600C5
0C1C2 + 440C3

0C
2
1C2 − 20C0C

3
1C2 + 130C4

0C
2
2

−50C2
0C1C

2
2 − 150C6

0C3 + 320C4
0C1C3 − 60C2

0C
2
1C3 − 40C3

0C2C3

+100C5
0C4 − 60C3

0C1C4 − 25C4
0C5 = −256

Table A.1: A table showing the first five values of a(ℓ) from Eq. (A.88), which matches
Lemma A.3.4.

decomposition. Then, from Eq. (A.7), asymptotically,

Wg(τ, n) =
1

n2ℓ+|τ |

#(τ)∏

i=1

(−1)|c
(τ)
i |−1C|c(τ)i |−1

, (A.82)

where recall Cm is the mth Catalan number. Therefore, a(ℓ) is the constant term independent

of n in
n∑

j1,...,j2ℓ=1

∑

τ∈S2ℓ

1

n|τ |

#(τ)∏

i=1

(−1)|c
(τ)
i |−1C|c(τ)i |−1

× δj1,j2 . . . δj2ℓ−1,j2ℓ

× δjτ(2ℓ),jτ(1)δjτ(2),jτ(3) . . . δjτ(2ℓ−2),jτ(2ℓ−1)
.

(A.83)

Define ξ : S2ℓ → N such that

nξ(τ) =
n∑

j1,...,j2ℓ=1

δj1,j2δj3,j4 . . . δj2ℓ−1,j2ℓ × δjτ(2ℓ),jτ(1)δjτ(2),jτ(3) . . . δjτ(2ℓ−2),jτ(2ℓ−1)
(A.84)

=
n∑

j1,...,jℓ=1

δj⌈τ(2ℓ)/2⌉,j⌈τ(1)/2⌉δj⌈τ(2)/2⌉,j⌈τ(3)/2⌉ . . . δj⌈τ(2ℓ−2)/2⌉,j⌈τ(2ℓ−1)/2⌉ . (A.85)

Note that the definition of ξ is independent of the value of n, and so we can equivalently
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define ξ as

ξ(τ) = log2

2∑

j1,...,jℓ=1

δj⌈τ(2ℓ)/2⌉,j⌈τ(1)/2⌉δj⌈τ(2)/2⌉,j⌈τ(3)/2⌉ . . . δj⌈τ(2ℓ−2)/2⌉,j⌈τ(2ℓ−1)/2⌉ . (A.86)

To get the constant term, we need nξ(τ)

n|τ | = 1. Therefore,

a(ℓ) =
∑

τ∈S2ℓ s.t.
ξ(τ)=|τ |

#(τ)∏

i=1

(−1)|c
(τ)
i |−1C|c(τ)i |−1

. (A.87)

Finally, since the sum of the lengths of the cycles of a permutation τ ∈ S2ℓ is always 2ℓ, we

find

a(ℓ) =
∑

τ∈S2ℓ s.t.
ξ(τ)=|τ |

(−1)#(τ)

#(τ)∏

i=1

C|c(τ)i |−1
. (A.88)

From this equation, we can exactly compute a(ℓ) on a computer for small values of ℓ.

Table A.1 shows the first five of these, which all match Lemma A.3.4 saying that a(ℓ) =

(−1)ℓ4ℓ−1. Note that if we change the condition of ξ(τ) = |τ | in Eq. (A.88) to ξ(τ) = |τ |+1,

then this gives us the term that is linear in n and hence is the equation for α(ℓ)
2ℓ from

Lemma A.3.2, which is (−1)ℓ+1

2ℓ−1

(
2ℓ−1
ℓ−1

)
.

To complete the proof of Lemma A.3.4, we need to evaluate Eq. (A.88) for all ℓ ∈ N.

This is done in Ref. [149] using objects called breakpoint graphs that arise in the study of

gene orders in bioinformatics [148]. Roughly, ξ has an interpretation in terms of cycles of

breakpoint graphs.
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Section A.4: Variance of the Rényi-2 entropy — Proof of Theo-

rem 2.4.2

In this section, we shift our attention away from EU S2(U) and instead to VarU S2(U) =

EU S2(U)
2 − (EU S2(U))

2, and we will prove Theorem 2.4.2. We are again interested in the

case where all the initial squeezers are equal to s. Using Eq. (A.32), this becomes

Var
U∈U(n)

S2(U) =
∞∑

ℓ,ℓ′=1

1

(2ℓ)(2ℓ′)
tanh2ℓ+2ℓ′(2s)

(
E
U
(TrW ℓ)(TrW ℓ′)−

(
E
U
TrW ℓ

)(
E
U
TrW ℓ′

))

(A.89)

=
∞∑

d=2

tanh2d(2s)
d−1∑

ℓ=1

1

4ℓ(d− ℓ)

(
E
U
(TrW ℓ)(TrW d−ℓ)−

(
E
U
TrW ℓ

)(
E
U
TrW d−ℓ

))
.

(A.90)

As a direct consequence of Lemma A.3.1, we find that asymptotically

(
E
U
TrW ℓ

)(
E
U
TrW ℓ′

)
= n2pℓ,ℓ′(r) + nqℓ,ℓ′(r) + tℓ,ℓ′(r) + o(1) , (A.91)

where pℓ,ℓ′ is a polynomial of degrees ℓ+ ℓ′ + 2 through 2ℓ+ 2ℓ′ in r, qℓ,ℓ′ is a polynomial of

degrees ℓ + ℓ′ + 1 through 2ℓ + 2ℓ′ in r, and tℓ,ℓ′ is a polynomial of degrees ℓ + ℓ′ through

2ℓ+ 2ℓ′ in r.

Furthermore, we find an analogous result for EU(TrW ℓ)(TrW ℓ′). Let L := 2ℓ+2ℓ′. Using
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Eq. (A.6), we find that

E
U∈U(n)

(TrW ℓ)(TrW ℓ′) =
k∑

i1,...iL=1

k∑

i′1,...i
′
L=1

n∑

j1,...jL=1

n∑

j′1,...j
′
L=1

∑

σ,τ∈SL

Wg(στ−1, n)

× δi′2ℓ,i1δi′1,i2δi′2,i3 . . . δi′2ℓ−1,i2ℓ

× δi′L,i2ℓ+1
δi′2ℓ+1,i2ℓ+2

δi′2ℓ+2,i2ℓ+3
. . . δi′L−1,iL

× δj1,j2δj′1,j′2 . . . δj2ℓ−1,j2ℓδj′2ℓ−1,j
′
2ℓ

× δj2ℓ+1,j2ℓ+2
δj′2ℓ+1,j

′
2ℓ+2

. . . δjL−1,jLδj′L−1,j
′
L

× δi1,i′σ(1)
. . . δiL,i′σ(L)

× δj1,j′τ(1) . . . δjL,j′τ(L)
,

(A.92)

and the asymptotic form of Wg function is given in Eq. (A.7). In a similar proof to

Lemma A.3.1 but with Eq. (A.92) instead of Eq. (A.44), we analogously find that asymp-

totically

E
U∈U(n)

(TrW ℓ)(TrW ℓ′) = n2Pℓ,ℓ′(r) + nQℓ,ℓ′(r) + Tℓ,ℓ′(r) + o(1) , (A.93)

where Pℓ,ℓ′ is a polynomial of degrees ℓ + ℓ′ + 2 through 2ℓ + 2ℓ′ in r, Qℓ,ℓ′ is a polynomial

of degrees ℓ+ ℓ′ + 1 through 2ℓ+ 2ℓ′ in r, and Tℓ,ℓ′ is a polynomial of degrees ℓ+ ℓ′ through

2ℓ+2ℓ′ in r. For completeness, we prove this result for the Pℓ,ℓ′ term in the following lemma.

The proofs for the Qℓ,ℓ′ and Tℓ,ℓ′ terms follow from trivially tweaking the final part of the

proof.

Lemma A.4.1. Fix positive integers ℓ and ℓ′. There exist coefficients β(ℓ,ℓ′)
d for d ∈ {ℓ+ ℓ′ + 2, . . . , 2ℓ+ 2ℓ′}

such that

Pℓ,ℓ′(r) := lim
n→∞

1

n2
E
U
(TrW ℓ)(TrW ℓ′) =

2ℓ+2ℓ′∑

d=ℓ+ℓ′+2

β
(ℓ,ℓ′)
d rd. (A.94)

Proof. Much of the details of this proof are the same as in the proof of Lemma A.3.1. We will

use the asymptotic form of the Wg function, which is written in Eq. (A.7). The proof will
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proceed as follows. First, we will prove that (TrW ℓ)(TrW ℓ′) contains a term proportional to

n2 and no terms proportional to na for any a > 2. Therefore, Pℓ,ℓ′(r) is indeed independent of

n. Next, we will prove that Pℓ,ℓ′(r) has no terms ra for a > L and a ≤ ℓ+ ℓ′+1. Throughout

this proof, we interpret the delta functions in Eq. (A.92) as constraints on the summations.

Different permutations on the indices result in a different number of constraints and hence

terms with different powers of n and k.

Recall that Π can only decrease the trace. Getting rid of the Π in W and using the cyclic

nature of the trace, we see that (TrW ℓ)(TrW ℓ′) ≤ n2. Furthermore, consider Eq. (A.92)

with σ = τ defined by σ(1) = 2ℓ, σ(2) = 1, . . . , σ(2ℓ) = 2ℓ − 1 and σ(2ℓ + 1) = L,

σ(2ℓ + 2) = 2ℓ + 1, . . . , σ(L) = L − 1. Then, στ−1 is the identity, and so Wg(στ−1, n)

contributes a factor of n−L. With this σ, the sum over the i and i′ yields a factor of kL.

Finally, the sum over j yields

δj′1,j′2δj′3,j′4 . . . δj′L−1,j
′
L
δj′1,j′2ℓδj′2,j′1 . . . δj′2ℓ,j′2ℓ−1

δj′2ℓ+1,j
′
L
δj′2ℓ+2,j

′
2ℓ+1

. . . δj′L,j′L−1
. (A.95)

Then summing over j′, we get two factors of n. Hence, the term with the specific permutation

described above yields a term of the form n2kLn−L = n2rL.

We have shown that there is a term proportional to n2 and that there are no terms pro-

portional to na for a > 2. Since we are working asymptotically in n, we can therefore ignore

all terms proportional to na for every a < 2. This proves that limn→∞
1
n2 (TrW

ℓ)(TrW ℓ′) is

independent of n and only depends on r, which justifies the definition of the function Pℓ,ℓ′(r).

The only thing left to show is that Pℓ,ℓ′(r) has only terms rℓ+ℓ′+2 through r2ℓ+2ℓ′ = rL. So

we only need to show that there are no terms ra for a > L and a ≤ ℓ+ ℓ′+1. We begin with

the former.

To look at powers of r, it is sufficient to look at powers of k. We therefore restrict our

attention to the sum over i and i′ in Eq. (A.92). In order to get the highest power of k,

we require the least constraints on i and i′ (i.e. the least distinct Kronecker deltas). We
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therefore require σ to be the permutation so that

δi′2ℓ,i1δi′1,i2δi′2,i3 . . . δi′2ℓ−1,i2ℓ
δi′L,i2ℓ+1

δi′2ℓ+1,i2ℓ+2
δi′2ℓ+2,i2ℓ+3

. . . δi′L−1,iL
= δi1,i′σ(1)

. . . δiL,i′σ(L)
. (A.96)

This permutation σ is exactly the σ described above that gave the term proportional to

n2rL. Hence, L is the highest power of r that can be achieved.

Next we need to show that ℓ+ ℓ′ + 2 is the lowest power of k that can be achieved. The

sum over j and j′ can give at most a factor of nℓ+ℓ′ . This is because the first line of delta

functions, δj1,j2δj′1,j′2 . . . δjL−1,jLδj′L−1,j
′
L
, reduces the sum over the L indices j and the L indices

j′ down to just a sum over ℓ + ℓ′ indices j and ℓ + ℓ′ indices j′. The second line of delta

functions, δj1,j′τ(1) . . . δjL,j′τ(L)
, cannot be made equivalent to the first line by any choice of τ ;

in fact, the second line imposes all new constraints. Therefore, this line further reduces the

sum over the ℓ+ ℓ′ indices j and the ℓ+ ℓ′ indices j′ to just a sum over the ℓ+ ℓ′ indices j (or

the ℓ + ℓ′ indices j′, but not both). Hence the highest power of n that we can get from the

summations over the j and j′ is nℓ+ℓ′ . Putting this together with the fact that asymptotically

Wg(π, n) is at most n−L = n−2ℓ−2ℓ′ , we find that any term coming from Eq. (A.92) is at

most n−ℓ−ℓ′ × (dependence on k). Therefore, any powers of k that are less than ℓ + ℓ′ + 2

can be ignored; if the sum over i and i′ yields a term that is ka for some a ≤ ℓ+ ℓ′ +1, then

that term will scale linearly or less with n. But from above, we already have terms that are

proportional to n2, and so terms that are linear or less in n can be ignored.

Therefore, from Eq. (A.90), we find that asymptotically

Var
U∈U(n)

S2(U) =
∞∑

d=2

tanh2d(2s)
(
n2pd(r) + nqd(r) + td(r)

)
+ o(1) , (A.97)

where pd is a polynomial of degrees d+2 through 2d in r, qd is a polynomial of degrees d+1

through 2d in r, and td is a polynomial of degrees d through 2d in r. The variance must be

symmetric under r 7→ 1 − r at every order in s and n. Therefore each pd, qd, and td must
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themselves be symmetric under r 7→ 1 − r. It then immediately follows from Lemma A.3.3

that td(r) = ω(d) (r(1− r))d for some constants ω(d). In the following lemma, we show that

pd and qd must be the zero polynomial.

Lemma A.4.2. Let d be a positive integer, and f(r) =
∑2d

j=d+1 γjr
j. If f(r) = f(1 − r),

then f(r) = 0.

Proof. Expanding with the binomial theorem, we find

0 = f(r)− f(1− r) (A.98)

=
2d∑

j=d+1

γj
(
rj − (1− r)j

)
(A.99)

=
2d∑

j=d+1

γjr
j −

2d∑

j=d+1

γj

j∑

i=0

(−r)i
(
j

i

)
(A.100)

=
2d∑

j=d+1

γjr
j −

2d∑

i=0

(−r)i
2d∑

j=max(i,d+1)

γj

(
j

i

)
(A.101)

= −
d∑

j=0

(−r)j
2d∑

i=d+1

γi

(
i

j

)
+

2d∑

j=d+1

rj

(
γj − (−1)j

2d∑

i=j

γi

(
i

j

))
. (A.102)

This must be true to all orders in r, and hence we equate each degree of r to zero. This

gives us the conditions:

1. For 0 ≤ j ≤ d, 0 =
∑2d

i=d+1 γi
(
i
j

)
;

2. For d+ 1 ≤ j ≤ 2d, γj = (−1)j
∑2d

i=j γi
(
i
j

)
.

Choosing any d of the equations from the first condition gives a linear system of d linearly

independent equations. To verify this, one must show that detC ̸= 0, where C is the d× d

matrix with entries Cij =
(
d+i
j

)
. This was shown in the proof of Lemma A.3.2.

Therefore, we have d linearly independent equations for d variables. Hence, if there is

a solution, then there is one unique solution. We easily see that γj = 0 is a solution, and

therefore it is the solution. This gives f(r) = 0, completing the proof.
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Since pd and qd are zero, we have therefore found that

lim
n→∞

Var
U∈U(n)

S2(U) =
∞∑

d=2

ω(d) tanh2d(2s) (r(1− r))d , (A.103)

proving the first part of Theorem 2.4.2. Equating this equation to Eq. (A.90), we find that

ω(d) = lim
n→∞

(r(1− r))−d
d−1∑

ℓ=1

1

4ℓ(d− ℓ)

(
E
U
(TrW ℓ)(TrW d−ℓ)−

(
E
U
TrW ℓ

)(
E
U
TrW d−ℓ

))

(A.104)

= lim
n→∞

(r(1− r))−d
d−1∑

ℓ=1

1

4ℓ(d− ℓ)
Cov
U∈U(n)

(
TrW ℓ,TrW d−ℓ) , (A.105)

where Cov is the covariance, and we know that ω(d) is independent of r and n. From our

expressions for TrW ℓ in terms of the Weingarten calculus, it follows that ω(d) ∈ Q. Recall

that W has two factors of U and two factors of Ū . Hence, we can exactly compute ω(2)

by integrating over fourth moments of the Haar measure on the unitary group. To do

this, we use the Mathematica package RTNI that symbolically computes expressions over the

Haar measure [296]. This Mathematica package precomputes the symbolic expressions for

Wg(σ, n) for σ ∈ S4. From this, ω(2) is a sum over powers of TrΠ = k with coefficients

depending on n. One can then simplify this expression and take the limit n → ∞ to find

that ω(2) = 1/2. Our Mathematica code for this calculation is provided on GitHub [145].
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Appendix B: Technical details for Chapter 3

Section B.1: von Neumann Entropy

In this section of the appendix, we show derivations of our results regarding the von Neumann

entropy. We cover the derivation of the von Neumann entropy presented in Theorem 3.3.1,

show squeezing limits as s→ 0 and s→ ∞, (Theorem 3.3.2 and Theorem 3.3.3), and discuss

a potential avenue for solving the unequal squeezing case.

Subsection B.1.1: Page Curve for the von Neumann Entropy

Here, we derive the von Neumann entanglement entropy between the subsystems with k and

n − k modes, in terms of the partition size ratio r = k
n

and the squeezing strength s. We

use much of the notation from Ref. [2], and the background on bosonic Gaussian states and

operations can be found in Ref. [138].

Consider a system of n bosonic modes, where each mode 1 ≤ i ≤ n is prepared in a

single-mode squeezed state with squeezing strength si. This n-mode Gaussian state is acted

on by a passive linear optical unitary U ∈ U(n).

We divide the output modes into two groups, with one group bearing 0 ≤ k ≤ n modes.

Let σ be the 2k× 2k covariance matrix of the reduced state on these k modes. As shown in

Refs. [138, 152, 178], the von Neumann entanglement entropy S1(U) of the whole system is
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given by

S1(U) =
1

2
S
(1)
1 +

1

2
S
(2)
1 with





S
(1)
1 = log det

(
σ+iΩ

2

)

S
(2)
1 = Tr

(
coth−1(iΩσ)iΩσ

) , (B.1)

where coth−1(x) is the inverse hyperbolic cotangent function, and the symplectic form Ω

equals

Ω :=




0n×n In×n

−In×n 0n×n


 . (B.2)

We aim to derive a formula for S1 solely in terms of r, n, and s using Eq. (B.1).

Define the k × n matrix P and the n× n projector Π such that

P :=

(
Ik×k 0k×(n−k)

)
, (B.3)

Π :=




Ik×k 0k×(n−k)

0(n−k)×k 0(n−k)×(n−k)


 = Ik×k ⊕ 0(n−k)×(n−k). (B.4)

From Ref. [2], when si = sj ∀i, j ∈ {1, 2, . . . , n} , the covariance matrix σ of the reduced

state after the application of U can be expressed as

σ = cosh (2s)I+ sinh (2s)M, where M :=



P Re(ŪU †)P T P Im(ŪU †)P T

P Im(ŪU †)P T −P Re(ŪU †)P T


 , (B.5)

and Ū , UT , U † represent the conjugate, transpose, and conjugate transpose of U, respectively.

Two useful and easily checkable properties of M are that ΩM = −MΩ and Tr(ΩM j) =

Tr(M2j−1) = 0, ∀j ∈ Z+.
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Using Eq. (B.5) and the properties above, S(1)
1 from Eq. (B.1) is expressed as

S
(1)
1 = Tr log

(
σ + iΩ

2

)
(B.6)

=
∞∑

j=1

(−1)j+1

j
Tr

(
σ + iΩ

2
− I
)j

=
∞∑

j=1

(−1)j+1

j2j
Tr ((cosh(2s)− 2)I+ sinh(2s)M + iΩ)j

= Tr
∞∑

j=1

(−1)j+1

j2j

j∑

ℓ=0

(
j

ℓ

)
(sinh(2s)M + iΩ)ℓ (cosh(2s)− 2)j−ℓ

=
∞∑

j=1

(−1)j+1

j2j

(
2k(cosh(2s)− 2)j + Tr

j∑

ℓ=1

(
j

ℓ

)
(sinh(2s)M + iΩ)ℓ (cosh(2s)− 2)j−ℓ

)

= 2k log

(
cosh 2s

2

)
− Tr

∞∑

ℓ=1

(sinh(2s)M + iΩ)ℓ
∞∑

j=ℓ

(−1)j

j2j

(
j

ℓ

)
(cosh(2s)− 2)j−ℓ

= 2k log

(
cosh 2s

2

)
− Tr

∞∑

ℓ=1

(−1)ℓ

ℓ
(sinh(2s)M + iΩ)ℓ cosh−ℓ(2s)

= 2k log

(
cosh 2s

2

)
− Tr

∞∑

ℓ=1

1

2ℓ
(sinh(2s)M + iΩ)2ℓ cosh−2ℓ(2s)

= 2k log

(
cosh 2s

2

)
− Tr

∞∑

ℓ=1

1

2ℓ
cosh−2ℓ(2s)

(
sinh2(2s)M2 + I

)ℓ
. (B.7)

As discussed in Ref. [2], let W = ΠUŪ †ΠŪU †Π. Then, Tr(M2i) = 2Tr(W i) ∀i ∈ Z+. We

emphasize that the dependence on U and r is implicit in W . Importantly, though, there is

no s dependence in W . We also note that, since now everything is written in terms of traces,

we are able to replace P with Π so that all matrices are square. Incorporating this definition

into Eq. (B.7), we have

S
(1)
1 = 2k log

(
cosh 2s

2

)
− 2

∞∑

ℓ=1

1

2ℓ
cosh−2ℓ(2s)

ℓ∑

j=0

(
ℓ

j

)
sinh2j(2s) TrW j (B.8)

= 2k log

(
cosh 2s

2

)
− 2

∞∑

ℓ=1

1

2ℓ
cosh−2ℓ(2s)

(
k +

ℓ∑

j=1

(
ℓ

j

)
sinh2j(2s) TrW j

)

198



= 2k log

(
cosh 2s

2

)
+ k log

[
tanh2(2s)

]
− 2

∞∑

j=1

sinh2j(2s) TrW j

∞∑

ℓ=j

1

2ℓ cosh2ℓ(2s)

(
ℓ

j

)

= k log
[
cosh2(s) sinh2(s)

]
− 2

∞∑

j=1

sinh2j(2s) TrW j 1

2j sinh(2s)2j

= k log

[
sinh2(2s)

4

]
−

∞∑

j=1

1

j
TrW j. (B.9)

We use a similar approach to simplify S(2)
1 . Notably, we use the Taylor expansion

coth−1(x) =
∞∑

j=0

x−2j−1

2j + 1
for |x| ≥ 1. (B.10)

The |x| ≥ 1 condition is met, as the eigenvalues of iΩσ come in positive-negative pairs, each

with magnitude greater than (or equal to) 1. Thus,

S
(2)
1 = Tr(coth−1(iΩσ)iΩσ)

=
∞∑

j=0

1

2j + 1
Tr
(
(iΩσ)−2j

)

=
∞∑

j=0

(−1)j

2j + 1
Tr
(
(Ωσ)−2j

)

=
∞∑

j=0

(−1)j

2j + 1
Tr
(
(Ω(cosh (2s)I+ sinh (2s)M))−2j

)

=
∞∑

j=0

(−1)j

2j + 1
Tr
(
(cosh (2s)Ω + sinh (2s)ΩM)−2j

)

=
∞∑

j=0

(−1)j

2j + 1
Tr
((

sinh2 (2s)M2 − cosh2 (2s)I
)−j)

. (B.11)

We use the negative binomial theorem to expand Eq. (B.11). For non-negative integers j

and real numbers x and a, we have

(x+ a)−n =
∞∑

k=0

(−1)k
(
n+ k − 1

k

)
xka−n−k, (B.12)
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as discussed in Ref. [297]. This equation can be extended to matrices if x and a commute.

Using x = sinh2 (2s)M2 and a = − cosh2 (2s)I, we have

S
(2)
1 = 2k +

∞∑

j=1

(−1)j

2j + 1
Tr

(
∞∑

i=0

(−1)i
(
j + i− 1

i

)
sinh2i(2s)M2i(− cosh2(2s))−j−i

)
(B.13)

= 2k +
∞∑

j=1

(
1

2j + 1
·

∞∑

i=0

(
j + i− 1

i

)
tanh2i(2s)sech2j(2s) Tr(M2i)

)

= 2k cosh (2s) tanh−1 (sech(2s)) +
∞∑

i=1

tanh2i(2s) Tr(M2i)
∞∑

j=1

sech2j(2s)

2j + 1

(
j + i− 1

i

)

= 2k cosh (2s) tanh−1 (sech(2s))

+
2

3
sech2(2s)

∞∑

i=1

tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
Tr(W i).

(B.14)

Therefore,

E
U∈U(n)

S1(U) =
k

2
log

[
sinh2(2s)

4

]
−

∞∑

j=1

1

2j
E
U
TrW j

+ k cosh (2s) tanh−1 (sech(2s))

+
sech2(2s)

3

∞∑

i=1

tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
E
U
Tr(W i)

(B.15)

= nr

(
1

2
log

[
sinh2(2s)

4

]
+ cosh(2s) tanh−1[sech(2s)]

)

+
sech2(2s)

3

∞∑

i=1

[
tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
− 3 cosh2(2s)

2i

]
E
U
TrW i

(B.16)

=
∞∑

i=1

[
1

2i
− 1

3
sech2(2s) tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)]
(nGi(r)−Hi(r) + o(1)),

(B.17)

where the step from Eq. (B.16) to Eq. (B.17) arises from substituting E
U
TrW i = nr −

(nGi(r)−Hi(r)+o(1)) as derived in Ref. [2] and the subsequent cancellation of the constant

term. Finally, dividing by n and noting the vanishing behavior of Hi(r) and o(1) as n→ ∞,
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the von Neumann Page curve is

lim
n→∞

E
U∈U(n)

1

n
S1(U) =

∞∑

i=1

[
1

2i
− 1

3
sech2(2s) tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)]
Gi(r),

(B.18)

which is given in Theorem 3.3.1 in the main text.

Subsection B.1.2: Limit as s→ 0

In this section, we show the validity of Theorem 3.3.2. Moreover, we elucidate the odd

behavior of the von Neumann Page curve scaling with s2 log(1/s2) instead of the traditional

s2 seen in the other Rényi-α entropies with integer α ≥ 2. We also give our motivation for

investigating the s2 log(1/s2) dependence.

For small squeezing strengths, one might expect the Rényi entanglement entropy to scale

with the number of bosons in all modes. Furthermore, since the total expected number of

bosons in the state of n modes is
∑n

i=1 sinh
2 s ≈ ns2 for equal squeezing, one may guess that

all Rényi-α Page curves scale with s2.

However,

lim
s→0

lim
n→∞

E
U∈U(n)

1

s2n
S1(U) = ∞. (B.19)

One difficulty arises in evaluating the limit as s → ∞ of the first term in Eq. (B.16).

Notably,

1

2s2
log

[
sinh2(2s)

4

]
=

log s

s2
+

2

3
− 4

45
s2 +

64

2835
s4 − 32

4725
s6 +

1024

467775
s8 − . . . ,

(B.20)
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1

s2
cosh(2s) tanh−1(sech(2s)) = − log s

s2
+

1− 6 log s

3
+

53− 60 log s

90
s2 +

251− 252 log s

2835
s4 + . . . .

(B.21)

Summing Eqs. (B.20) and (B.21) yields a complicated series involving log s, which di-

verges as s→ 0. Therefore, we try evaluating lims→0 limn→∞ E
U∈U(n)

1
(s2 log 1/s2)n

S1(U) in hopes

of achieving a convergent result. Using the entanglement entropy expression derived in

Eq. (B.16),

lim
s→0

lim
n→∞

E
U∈U(n)

1

(s2 log 1/s2)n
S1(U) =

r

s2 log 1/s2
·
(
1

2
log

[
sinh2(2s)

4

]
+ cosh(2s) tanh−1[sech(2s)]

)

+
sech2(2s)

3s2 log(1/s2)

∞∑

i=1

[
tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
− 3 cosh2(2s)

2i

]

· ri+1Ci 2F1(1− i; i; i+ 2; r).

(B.22)

Note that 1
s2 log(1/s2)

· r
(

1
2
log
[
sinh2(2s)

4

]
+ cosh(2s) tanh−1[sech(2s)]

)
, the constant term in

Eq. (B.22), approaches r as s → 0. Now, we need to find the limit as s → 0 of the second

term in Eq. (B.22):

= lim
s→0

1

s2 log(1/s2)

sech2(2s)

3

×
∞∑

i=1

[
tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
− 3 cosh2(2s)

2i

]
ri+1Ci 2F1(1− i; i; i+ 2; r)

(B.23)

=
∞∑

i=1

lim
s→0

1

s2 log(1/s2)

(
1

3
sech2(2s) tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
− 1

2i

)

× ri+1Ci 2F1(1− i; i; i+ 2; r)

=
∞∑

i=1

lim
s→0

1

s2 log(1/s2)

(
1

3
· 1 · (2s)2i 2F1

(
3

2
, 1 + i,

5

2
, (1− 2s2)2

)
− 1

2i

)

× ri+1Ci 2F1(1− i; i; i+ 2; r).

(B.24)
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Note that, in the i = 1 case, letting F (s) = 1
s2 log(1/s2)

1
3
· 1 · (2s)2i, the left-hand derivative

dF
dss=0−

= −∞, while the right-hand derivative dF
dss=0+

= ∞. This behavior deviates from all

other values of i ≥ 1, where dF
ds

= 0 evaluated at s = 0. Combined with the dependence

of 2F1

(
3
2
, 1 + i, 5

2
, (1− 2s2)2

)
on i, one can explicitly calculate that Eq. (B.23) evaluates to

−r2, as the i = 1 case yields −r2 and subsequent i yield 0 in the sum. Thus,

lim
s→0

lim
n→∞

E
U∈U(n)

1

(s2 log(1/s2))n
S1(U) = r(1− r). (B.25)

It can easily be seen from Eq. (B.16) that the result is the same if we swap the limits, so

that by the Moore-Osgood theorem [298],

lim
n→∞
s→0

E
U∈U(n)

1

(s2 log(1/s2))n
S1(U) = r(1− r). (B.26)

as displayed in Theorem 3.3.2 in the main text.

Subsection B.1.3: Limit as s→ ∞

In a similar vein as Appendix B.1.2, we also compute the von Neumann Page curve for equal

squeezing as s → ∞. The Page curve scales with s in the limit s → ∞, so we compute

lims→∞ limn→∞ E
U∈U(n)

1
sn
S1(U). We once again use the expression found in Eq. (B.16) in our

evaluations.

lim
s→∞

lim
n→∞

E
U∈U(n)

1

sn
S1(U) = lim

s→∞
A1 + lim

s→∞
A2,

where A1 =
r

s

(
1

2
log

[
sinh2(2s)

4

]
+ cosh(2s) tanh−1[sech(2s)]

)
,

A2 =
1

s

∞∑

i=1

[
1

3
sech2(2s) tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
− 1

2i

]
· fi(r),

fi(r) = ri+1Ci 2F1(1− i; i; i+ 2; r).

(B.27)
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It turns out that

lim
s→∞

A1 = lim
s→∞

(
r

s

1

2
log

[
sinh2(2s)

4

])
+ lim

s→∞

(r
s
· cosh(2s) tanh−1[sech(2s)]

)
(B.28)

=
r

2
lim
s→∞

(
1

s
log

[
sinh2(2s)

4

])
+ 0

= 2min(r, 1− r). (B.29)

Since the Page curve is symmetric about r = 1
2
, Eq. (B.29) contains a min(r, 1− r) term

(as opposed to a simple r-dependence). Next, we calculate lims→∞A2:

lim
s→∞

A2 = lim
s→∞

1

s

∞∑

i=1

[
1

3
sech2(2s) tanh2i(2s) 2F1

(
3

2
, 1 + i,

5

2
, sech2(2s)

)
− 1

2i

]
· fi(r)

(B.30)

= lim
s→∞

1

s

∞∑

i=1

[
1

3
· 0 · 1 2F1

(
3

2
, 1 + i,

5

2
, 0

)
− 1

2i

]
· fi(r) (B.31)

= 0. (B.32)

Therefore,

lim
n→∞
s→∞

E
U∈U(n)

1

sn
S1(U) = 2min(r, 1− r), (B.33)

where we again used the same discussion as around Eq. (B.26)

Eq. (B.33) is verified in Fig. B.2, alongside other Rényi-α Page curves in the limit as

s→ ∞. Note that both the von Neumann and Rényi Page curves approach the same limit of

2min(r, 1− r) (see Appendix B.2.3 for the relevant derivation). This indicates that, at large

squeezing values, the von Neumann entropy behaves similarly to the larger class of Rényi

entropies.
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Section B.2: General Rényi-α Entropies

In this section, we extend our derivation in Appendix B.1 from the von Neumann entropy to

all general Rényi-α entropies, where α is a positive integer greater than 1. We find a closed

formula for the Rényi-α Page curve as a function of equal squeezing strength s and partition

ratio r in the asymptotic limit n → ∞. Similar to the von Neumann case, we calculate

squeezing limits of the Rényi-α entropies as s → 0 and s → ∞ and then discuss typicality

of entanglement based on the variance.

Subsection B.2.1: Page Curve for the Rényi-α entropy

Here, we present our full derivation for the Page curve of the Rényi-α entropy, where α is

an integer great than 1, in terms of the partition ratio r and equal squeezing strength s.

Our starting point is the general expression relating the Rényi-α entropy with the sym-

plectic eigenvalues νj of the covariance matrix σ (recall that σ is precisely the second moment

of ρ [138]):

Sα(ρ) =
1

α− 1

k∑

j=1

log[(νj + 1)α − (νj − 1)α]− αk log 2

α− 1
. (B.34)

If α is a positive integer, then this function has α − 1 singularities. We can solve for those

singularities explicitly:

(ν0 + 1)α = (ν0 − 1)α ⇒ ν0 + 1 = (ν0 − 1)ei
2πℓ
α , (B.35)

⇒ ν0 = −i cot πℓ
α
, ℓ = 1, . . . , α− 1. (B.36)

Note that we exclude the ℓ = α case as Eq. (B.35) does not have a root in that case. Thus,

the polynomial (νj + 1)α − (νj − 1)α can be rewritten in terms of a product of factors as
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follows:

(νj + 1)α − (νj − 1)α = 2ανζj

⌊α−1
2

⌋∏

m=1

(ν2j + cot2
πm

α
), (B.37)

where we define ζ := 1− (α mod 2). The Rényi entropy is in turn given by

Sα(ρ) =
1

α− 1

⌊α−1
2

⌋∑

m=1

k∑

j=1

log(ν2j + cot2
πm

α
) +

ζ
∑k

j=1 log ν
2
j

2(α− 1)
+
k logα

α− 1
− k log 2. (B.38)

To work with the log ν2j terms, note that the squares of the symplectic eigenvalues of σ are

precisely the eigenvalues of (iΩσ)2 by matrix properties. Furthermore, since the eigenvalues

of iΩσ come in plus-minus pairs but the symplectic eigenvalues only consider positive num-

bers, the factor of 1
2

in Eq. (B.38) arises. Taking (iΩσ)2 = (iΩ(I cosh(2s) +M sinh(2s)))2 =

cosh2(2s)−M2 sinh2(2s) into the above equation, we thus have

Sα(ρ) =
1

2(α− 1)

⌊α−1
2

⌋∑

m=1

Tr log(cot2
πm

α
+ cosh2(2s)−M2 sinh2(2s))

+
ζ

4(α− 1)
Tr log(cosh2(2s)−M2 sinh2(2s)) +

k log(α)

α− 1
− k log 2. (B.39)

Let us now expand all the logarithmic functions in the sum in Eq. (B.39) in orders of

M2. Noting that M2 ≤ 1, one could show that each of the following series always converge

(for any integer ℓ):

Tr log(cosh2(2s)−M2 sinh2(2s)) = 4k log cosh(2s)−
∞∑

ℓ=1

sinh2ℓ(2s)

ℓ cosh2ℓ(2s)
Tr(M2ℓ),

(B.40)
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Tr log(cot2
πm

α
+ cosh2(2s)−M2 sinh2(2s)) = 2k log(cot2

πm

α
+ cosh2(2s))

−
∞∑

ℓ=1

sinh2ℓ(2s)

ℓ(cosh2(2s) + cot2 πm
α
)ℓ
Tr(M2ℓ).

(B.41)

Note that the product in Eq. (B.37) vanishes when substituting α = 2. Therefore, one gets

from Eq. (B.38) that S2 =
∑k

j=1 log ν
2
j . Combining the expansion in Eq. (B.40), we get

that S2 = k log cosh(2s) −∑∞
ℓ=1

tanh2ℓ(2s)
2ℓ

Tr(M2ℓ). This expression for S2 is utilized in the

following steps to formally express the Rényi entropy with a positive integer α as

Sα(ρ) =k
⌊α−1

2
⌋∑

m=1

log(cot2 πm
α

+ cosh2(2s))

α− 1
+ k

ζ log cosh(2s) + logα

α− 1
− k log 2 (B.42)

− 1

α− 1

∞∑

ℓ=1




⌊α−1
2

⌋∑

m=1

sinh2ℓ(2s)

ℓ(cosh2(2s) + cot2 πm
2α

)ℓ
+ ζ

sinh2ℓ(2s)

2ℓ cosh2ℓ(2s)


 Tr(M2ℓ)

2

=k

⌊α−1
2

⌋∑

m=1

log(cot2 πm
α

+ cosh2(2s))

α− 1
+
k logα

α− 1
− k log 2 +

ζ

α− 1
S2

− 1

α− 1

∞∑

ℓ=1




⌊α−1
2

⌋∑

m=1

sinh2ℓ(2s)

ℓ(cosh2(2s) + cot2 πm
α
)ℓ


 Tr(M2ℓ)

2
(B.43)

=
ζ

α− 1
S2 +

1

α− 1

∞∑

ℓ=1

[
a∑

m=1

sinh2ℓ(2s)

ℓ(cosh2(2s) + cot2 πm
α
)ℓ

]
[
k − Tr(W ℓ)

]
, (B.44)

where a ≡ ⌊α−1
2
⌋ = α−1−ζ

2
. We have used TrM2ℓ = 2TrW ℓ in Eq. (B.44). The step from

Eq. (B.43) to Eq. (B.44) utilizes the relation presented in Eq. (B.41), where M is substituted

with the identity matrix. We can then use the expression for EU∈U(n) TrW
ℓ from Ref. [2] to

derive the Page curve.
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Subsection B.2.2: Limit as s→ 0

We now analyze the Rényi-α entropy as the squeezing strength approaches zero. This time,

due to the analyticity of the Rényi entropies for integer α ≥ 2, the Page curve scales with the

number of bosons ∼ s2 instead of the s2 log(1/s2) dependence explained in Appendix B.1.2.

Recall that Gℓ(r) is a function symmetric about r = 1
2

defined as r − rℓ+1Cℓ 2F1(1 −

ℓ; ℓ; ℓ + 2; r). Using Eq. (B.44) and substituting k − Tr(W ℓ) = nGℓ(r) to investigate the

s→ 0 limit,

lim
s→0

lim
n→∞

1

s2n
E
U
Sα(U) = lim

s→0

1

s2
1

α− 1

∞∑

ℓ=1

1

ℓ
(2s)2ℓGℓ(r)

a∑

m=1

(
1 + cot2

(πm
α

))−ℓ
+

ζ

α− 1
2r(1− r)

(B.45)

= lim
s→0

1

s2
1

α− 1
(2s)2G1(r)

a∑

m=1

(
cot2

(πm
α

)
+ 1
)−1

+
ζ

α− 1
2r(1− r)

=
4

α− 1
r(1− r)

a∑

m=1

(
cot2

(πm
α

)
+ 1
)−1

+
ζ

α− 1
2r(1− r)

=
r(1− r)

α− 1

(
4

a∑

m=1

(
cot2

(πm
α

)
+ 1
)−1

+ 2ζ

)

=
r(1− r)

α− 1

((
− csc

(π
α

)
sin

(
2πa+ π

α

)
+ 2a+ 1

)
+ 2ζ

)
. (B.46)

Next, we use that a = ⌊(α− 1)/2⌋ = (α− 1− ζ)/2. Then

lim
s→0

lim
n→∞

1

s2n
E
U
Sα(U) =

r(1− r)

α− 1

(
α + ζ − sin(πζ/α)

sin(π/α)

)
(B.47)

=
α

α− 1
· r(1− r). (B.48)

As in the other cases, this results holds as a double limit limn→∞
s→0

. Evidently, the Rényi-

α Page Curve with small squeezing approaches r(1 − r) · s2 as α → ∞. We demonstrate

Eq. (B.48) numerically in Fig. B.1.
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Figure B.1: The Rényi-α Page curves, for α ∈ {2, 3, 4, 5, 15}, divided by s2, as a function of
the squeezing strength s. These functions are displayed as the solid lines. The Rényi-α Page
curve limit as s→ 0, presented in Eq. (B.48), is shown by the dashed lines in corresponding
color. As expected, the Rényi-α Page curve approaches α

α−1
r(1 − r) in order s2, where we

take r = 0.5 and n = 400.

Subsection B.2.3: Limit as s→ ∞

Now, we investigate the squeezing limit s→ ∞.

We have

lim
s→∞

lim
n→∞

1

sn
E
U
Sα(U) = lim

s→∞

1

s

1

α− 1

∞∑

ℓ=1

1

ℓ
sinh2ℓ(2s)Gℓ(r)

a∑

m=1

(
cot2

(πm
α

)
+ cosh2(2s)

)−ℓ

+
ζ

α− 1
2 min(r, 1− r)

(B.49)

= lim
s→∞

1

s

2a

α− 1

(
∞∑

ℓ=1

tanh2ℓ(2s)

2ℓ
Gℓ(r)

)
+

ζ

α− 1
2 min(r, 1− r)

=
2a

α− 1
2 min(r, 1− r) +

ζ

α− 1
2 min(r, 1− r)

=
4a+ 2ζ

α− 1
min(r, 1− r)

= 2 min(r, 1− r). (B.50)
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Figure B.2: Plots of the von Neumann, Rényi-2, and Rényi-3 Page curves divided by s, as
a function of the squeezing strength s. These functions, which are presented more generally
in Theorem 3.3.3 and Theorem 3.4.2, are shown by the solid red, blue, and brown lines,
respectively. The von Neumann and Rényi Page curves in the limit as squeezing strength
approaches infinity, derived in Appendix B.1.3 and Appendix B.2.3, have coinciding values
of 2min(r, 1− r) displayed as the black dotted line. We take r = 0.5.

As in the other cases, this results holds as a double limit limn→∞
s→0

.

We numerically validate Eq. (B.50) and Eq. (B.33) in Fig. B.2 below. As shown, both the

von Neumann and Rényi-α entropies indeed approach 2min(r, 1− r) in order s as s→ ∞.

Subsection B.2.4: Variance and typicality of entanglement

In this section, we prove weak typicality of entanglement described in Section 3.4.4. We

consider the general expression for the Rényi-α entropy as found in Eq. (B.44):

Sα(ρ) =
ζ

α− 1
S2 +

1

α− 1

∞∑

ℓ=1

[
a∑

m=1

sinh2ℓ(2s)

ℓ(cosh2(2s) + cot2 πm
α
)ℓ

]
[
k − Tr(W ℓ)

]
(B.51)

=
1

α− 1

∞∑

ℓ=1




⌊α−1
2

⌋∑

m=1

sinh2ℓ(2s)

ℓ(cosh2(2s) + tan2 πm
2α

)ℓ
+ ζ

sinh2ℓ(2s)

2ℓ cosh2ℓ(2s)


 [k − Tr(W ℓ)

]
, (B.52)
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with the same definition a := ⌊α−1
2
⌋ = α−1−ζ

2
. More specifically, the α = 2 Rényi entropy is

given by

Sα=2(ρ) =
∞∑

ℓ=1

sinh2ℓ(2s)

2ℓ cosh2ℓ(2s)

[
k − Tr(W ℓ)

]
. (B.53)

From Ref. [2], we know that the following covariance is a non-zero constant independent of

n:

Vd ≡
d−1∑

ℓ=1

1

ℓ(d− ℓ)
(Tr(W ℓ) Tr(W d−ℓ)− Tr(W ℓ) · Tr(W d−ℓ)). (B.54)

Then the variance of Sα=2(ρ) can also be proved to be a constant. Letting the fluctuation in

the Rényi entropy be defined as δSα=2 = Sα=2(ρ)− Sα=2(ρ), we get VarSα=2(ρ) = δS2
α=2 as

δS2
α=2 =

1

4

∞∑

d=2

tanh2d(2s)
d−1∑

ℓ=1

1

ℓ(d− ℓ)
(Tr(W ℓ) Tr(W d−ℓ)− Tr(W ℓ) · Tr(W d−ℓ)) (B.55)

=
1

4

∞∑

d=2

tanh2d(2s)Vd. (B.56)

On the other hand, we can also expand the Rényi entropy as

Sα(ρ) =
1

α− 1

⌊α−1
2

⌋∑

m=1

Cm(α) +
ζ

α− 1
S2(ρ) (B.57)

=
1

α− 1




⌊α−1
2

⌋∑

m=1

∞∑

ℓ=1

(
sinh2(2s)

cosh2(2s) + cot2(πm
2α

)

)ℓ [
k − Tr(W ℓ)

]

ℓ
+
ζ

2

∞∑

ℓ=1

tanh2ℓ(2s)

[
k − Tr(W ℓ)

]

ℓ


 ,

(B.58)

where

Cm(α) =
∞∑

ℓ=1

(
sinh2(2s)

cosh2(2s) + cot2(πm
2α

)

)ℓ [
k − Tr(W ℓ)

]

ℓ
, m = 1, 2, . . . ,

⌊
α− 1

2

⌋
. (B.59)
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Note that all quantities Cm(α) are well-defined and converge for all integers m, α, and s,

and, by definition, C0(α) = Sα=2(ρ). Further, for each Cm(α), if we introduce its fluctuation

δCm(α) = Cm(α)− Cm(α) , then

δC2
m(α) =

1

4

∞∑

d=2

(
sinh2(2s)

cosh2(2s) + cot2(πm
2α

)

)d d−1∑

ℓ=1

1

ℓ(d− ℓ)
(Tr(W ℓ) Tr(W d−ℓ)− Tr(W ℓ) · Tr(W d−ℓ))

(B.60)

=
1

4

∞∑

d=2

(
sinh2(2s)

cosh2(2s) + cot2(πm
2α

)

)d

Vd (B.61)

≤ 1

4

∞∑

d=2

tanh2d(2s)Vd,

meaning that each Cm has smaller variance than that of C0. Furthermore, by the Cauchy-

Schwarz inequality, we have that

δCm(α)δCm′(α) ≤
√
δCm(α)δCm(α) · δCm′(α)δCm′(α) ∀m,m′ ∈ 0, 1, . . . ,

⌊
α− 1

2

⌋
, (B.62)

so that covariances of the form δCm(α)δCm′(α) ∀m,m′ must also be bounded by a constant

as n increases. Finally, since we have found the variance of Cm(α) and S2(ρ) to be constant

in n, we can prove the concentration of Rényi entropy with integer α ≥ 2:

Sα(ρ) =
1

α− 1

⌊α−1
2

⌋∑

m=1

Cm(α) +
ζ

α− 1
S2(ρ) ⇒ δS2

α = const. (B.63)
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Appendix C: Technical details for Chapter 4

Section C.1: Pointers to Appendix C

In Appendices C.2 to C.6, we provide proofs of our main results and summarize relevant

background material on continuous-variable (CV) information theory. Appendix C.2 covers

relevant definitions from measure theory and properties of projectors onto the symmetric

subspace of a separable Hilbert space. Appendices C.3.1 and C.3.2 review finite-dimensional

simplex and torus designs. Appendices C.3.3 to C.3.5 review complex-projective designs and

their relationship to simplex and torus designs. Using simplex and torus designs, we develop

a design formalism for constrained complex-projective integration in Appendix C.3.6. To

the best of our knowledge, the formalism developed in Appendix C.3.6 is novel. Similarly,

to the best of our knowledge, Definition 4.3.1, Theorem C.3.9, and Proposition C.3.11 from

Appendix C.3.2 are new, though we prove in Appendix C.6 that Definition 4.3.1 is equivalent

to a previous definition given in Ref. [189]. A relationship between simplex, torus, and

complex-projective designs was described Ref. [189]. We further extend on this relationship

in Appendices C.3.3 to C.3.5.

Readers who are familiar with finite-dimensional complex-projective designs may wish

to begin directly from Appendix C.4. Appendices C.4 and C.5 discuss the main results of

this paper. In Appendices C.4.1 and C.4.2, we prove that CV state and unitary t-designs

do not exist for t > 1. In Appendices C.4.3 and C.4.4, we define and construct rigged and

regularized rigged designs, which are generalizations of CV state designs. In Appendix C.4.5,

we discuss an alternative characterization of CV, rigged, and reguarized rigged designs based
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on integration over infinite-dimensional Gaussian measures. In Appendix C.4.7, using regu-

larized rigged designs, we propose a new definition of an approximate CV unitary t-design.

In Appendix C.5.1, we develop the formalism for CV shadows based on rigged designs. We

then define the average fidelity of a CV channel based on regularized rigged designs in Ap-

pendix C.5.2. Finally, in Appendix C.6, we establish a relationship between torus 2-designs

and complete sets of mutually unbiased bases that, to the best of our knowledge, had not

been previously established.

Section C.2: Preliminaries

In this section, we summarize some definitions and prior results relevant for the rest of the

appendix. We point readers to [138, 237] and [299] for background on continuous-variable

information theory and measure theory, respectively.

Throughout this manuscript, N and N0 denote the sets of positive and non-negative

integers, respectively. A t-fold Cartesian product N0 × · · · × N0 will be denoted by Nt
0. Zd

will be the integers modulo d, Zd = {0, . . . , d− 1}.

States: We will consider continuous-variable states (normalized vectors) in the separable

infinite dimensional Hilbert space H = L2(R). Separable Hilbert spaces, by definition, have

a Schauder or Hilbert Space basis ; any vector in a separable Hilbert space can be written

as
∑∞

n=0 αn |vn⟩ for some Schauder basis {vn} which is always guaranteed to exist [300,

ch. 17.1]. For concreteness, when discussing an explicit basis, we will use the standard Fock

basis on L2(R), denoted by {|n⟩ | n ∈ N0}. In the position representation, a Fock state |n⟩

is ψn(x) = ⟨x|n⟩ = π−1/4
√
n!2n

e−x
2/2Hn(x), where Hn is the nth Hermite polynomial. We will also

consider d dimensional qudit states, where the Hilbert space is Cd. We will fix an orthonormal

basis of Cd and denote it as {|0⟩ , . . . , |d− 1⟩}. Qudit states belong to complex-projective

space CPd−1, which is described more in Appendix C.2.1.
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m-torus and m-simplex: The m-torus is denoted by Tm ∼= [0, 2π)m = (R/2πZ)m. The

unit-normalized Lebesgue measure on Tm is given by dϕ := 1
(2π)m

dϕ1 . . . dϕm. Moreover, the

m-simplex is defined as

∆m =

{
(p0, . . . , pm) ∈ [0, 1]m+1|

m∑

i=0

pi = 1

}
. (C.1)

Any integration over ∆m can be defined using the unit-normalized Lebesgue measure on

∆m as follows:

∫

∆m

f(p) dp = m!

∫

[0,1]m+1

f(p0, . . . , pm)δ(1− p0 − · · · − pm) dp0 . . . dpm, (C.2)

where δ is the Dirac delta function and f(p) is any function over p.

Subsection C.2.1: Measure theory

In this section, we summarize definitions and key theorems from measure theory. We point

readers to [299] for more details. For a concise introduction to basic concepts in measure

theory, we recommend video lectures in [301], which serves as much of the inspiration for

our summary below.

For a finite set X, the most natural way to assign a measure (i.e. “size” or “volume”) to

subsets of X is by cardinality. However, for many applications, this method breaks down for

infinitely large sets. Intuitively speaking, measure theory is a way to generalize the notion

of determining the size of a subset to infinitely large sets. To begin, fix a possibly infinite

set X. We will denote the power set of X by P(X).

To assign generalized “volumes” to subsets of X, we are looking for a map µ : Σ → [0,∞],

where Σ ⊆ P(X) is some collection of subsets of X. For a subset A ⊆ X, let A ∈ Σ. We

assign the volume, or measure, of A in X to be µ(A). Notice that the codomain of µ is the

positive extended real line [0,∞], which we define to be [0,∞)∪{∞}. This notation signifies
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[0,∞) as the standard nonnegative part of R, and {∞} as the set containing the symbol

∞. In other words, we include ∞ in the codomain of the measure µ. For all r ∈ [0,∞], the

symbol ∞ is defined by the following three rules:

r +∞ := ∞ , r · ∞ :=





0 if r = 0

∞ otherwise ,
∞−∞ undefined . (C.3)

The domain Σ of µ is the collection of all measurable subsets of X, where a measure is

assigned to each element of Σ by µ. In particular, the collection of measurable sets should

satisfy:

1. ∅, X ∈ Σ, i.e., a volume can be assigned to the empty set and the whole set X.

2. If A ∈ Σ, then the complement of A, Ac = X \ A, should also be in Σ, i.e., if A is

measurable, the complement of A should also be measurable.

3. If a countable collection of sets Ai are in Σ, then their union
⋃
iAi should also be in

Σ.

A set Σ ⊆ P(X) satisfying these aforementioned properties is called a σ-algebra.

Given a set X and a σ-algebra Σ on X, one can then formally define a measure µ : Σ →

[0,∞]. µ should generalize the properties of volume, and therefore must satisfy the following

two conditions:

1. µ(∅) = 0, i.e., the empty set has zero volume.

2. For any countable collection of pairwise disjoint sets Aj ∈ Σ, µ(
⋃
j Aj) =

∑
j µ(Aj),

i.e., the volume of a region is the sum of the volumes of its constituents.

The triplet (X,Σ, µ) is called a measure space. A measure µ on X is called σ-finite if X is

the union of at most countably many subsets of finite measure. In other words, if their exist
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a countable collection A1, A2, · · · ∈ Σ such that
⋃
j Aj = X and each Aj satisfies µ(Aj) <∞,

then µ is σ-finite. For example, consider X = R, and Aj = (j−1.1, j+0.1)∪ (−j−0.1,−j+

1.1). The length of each Aj is 2.4 which is finite, and the countable union ∪jAj = R. Hence,

R with the measure µ((a, b)) = b− a is σ-finite.

One can show that for many cases of interest, not all subsets can be measurable (i.e. Σ ̸=

P(X)) if the measure is desired to satisfy certain properties. For example, in the case of

X = R, we desire the measure to have the properties µ(r + A) = µ(A) for all r ∈ R

and A ⊆ X, and µ([a, b]) = b − a. One can prove that such a µ : P(X) → [0,∞] cannot

exist. Hence, in general, one must restrict the σ-algebra Σ to not be the entire power set.

The most important σ-algebra on R is the Borel σ-algebra, which is the smallest σ-algebra

that contains all open sets in R equipped with the standard topology. The most important

measure on R is the Lebesgue measure, which satisfies the two properties above. Given

the product of two σ-finite measure spaces, one can define a unique product measure space.

Using this construction, one can construct the Lebesgue measure on R2, and this can be

reinterpreted as a Lebesgue measure on C.

A crucial feature of measure spaces is the concept of µ-almost-everywhere, often abbre-

viated µ-a.e., or just a.e. if the measure is clear. A property is said to hold µ-a.e. if it is

true everywhere except on a subset that is contained inside a subset of measure zero. For

example, the rationals Q are contained within a measurable subset of measure zero in the

reals R with respect to the Lebesgue measure. In fact, Q is itself measurable. Therefore,

the property that “r ∈ R is irrational” holds a.e. with respect to the Lebesgue measure. One

important property that will show up often is f ≤ g a.e. for two measurable functions f, g.

This means that the set {x ∈ X | g(x) > f(x)} is contained within a measurable set with

measure zero.

Between two measure spaces (X1,Σ1, µ1) and (X2,Σ2, µ2), a map f : X1 → X2 is called

measurable if the preimage of measurable sets is measurable, meaning that f−1(A2) ∈ Σ1
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for all A2 ∈ Σ2. For X2 = R with the standard Lebesgue measure, if a map f : X → R is

measurable then for every r ∈ R the preimage f−1({r}) = {x ∈ X1 | f(x) = r} is measurable

[299, p. 359-360]. Intuitively, in order to integrate over a function, we must be able to

determine the measure of the domain for which that function takes a certain value. For

example, in the case of a bump function f : R → R where f(r) = c whenever r ∈ A and

zero otherwise, the integral of f is defined as cµ1(A) = cµ1(f
−1({c})). Therefore, we must

require that f−1({c}) be measurable.

We will now briefly describe the intuition for Lebesgue integration. For a measurable set

A ∈ Σ, the indicator function 1lA(x) is defined to be 1 if x ∈ A and 0 otherwise. A simple

function is any function of the form fsim =
∑m

i=1 αi1lAi
for each αi ∈ R and Ai ∈ Σ. The

Lebesgue integral of fsim is defined as
∫
X
fsim dµ :=

∑m
i=1 αiµ(Ai). Let S denote the set of

all simple functions. For a non-simple, nonnegative function f , the Lebesgue integral of f is

defined as a supremum over all simple functions

∫

X

f dµ := sup
fsim∈S

fsim≤f a.e.

∫

X

fsim dµ. (C.4)

Finally, for a general measurable function f , the Lebesgue integral of f is defined in terms

of the integral of nonnegative functions by
∫
X
f dµ =

∫
X
max(0, f) dµ −

∫
X
max(0,−f) dµ,

and is hence defined only if both max(0, f) and max(0,−f) are integrable since ∞−∞ is

undefined.

A measurable function f is said to be integrable if
∫
X
|f | dµ is finite. One basic fact about

Lebesgue integration is that if f ≤ g almost everywhere, then
∫
X
f dµ ≤

∫
X
g dµ. Also, the

integral is linear, so that
∫
X
(f + g) dµ =

∫
X
f dµ +

∫
X
g dµ. Oftentimes, we will include an

integration parameter for clarity. We define the notation

∫

X

f(x) dµ(x) :=

∫

X

f dµ . (C.5)
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The space Lt(X,Σ, µ) is the set measurable functions (identified if they agree almost

everywhere) f : X → R for which
∫
X
|f |t dµ < ∞. Define the t-norm to be ∥f∥t :=

(∫
X
|f |t dµ

)1/t
. With respect to the t-norm, Lt(X,Σ, µ) is a Banach space. L2(X,Σ, µ)

is a Hilbert space with respect to the inner product ⟨f, g⟩ =
∫
X
fg dµ in the real case, and

similarly in the complex case but with g → ḡ. A bounded sequence in Lt(X,Σ, µ) is a

sequence of measurable maps (fi)i∈N for which ∥fi∥t < M for some finite number M ∈ R.

When the σ-algebra and measure are clear from context, we denote Lt(X,Σ, µ) as Lt(X). For

example, when L2(R) is written, the σ-algebra and measure are assumed to be the standard

Borel σ-algebra and Lebesgue measure on R.

Theorems and lemmas

We now state and discuss various theorems that are used in our proofs. First, we review

the Lebesgue Dominated Convergence Theorem, which provides a condition under which a

limit can be brought inside of an integral.

Theorem C.2.1 (Lebesgue Dominated Convergence Theorem [299, Chapter 18.3]). Let

(X,Σ, µ) be a measure space and (fn)n∈N a sequence of measurable functions on X for which

fn → f pointwise almost everywhere on X and the function f is measurable. Assume there

is a nonnegative function g that is integrable over X and dominates the sequence (fn)n∈N on

X in the sense that |fn| ≤ g almost everywhere on X for all n. Then f is integrable over X

and limn→∞
∫
X
fn dµ =

∫
X
f dµ.

As a simple example of the Lebesgue Dominated Convergence Theorem, consider the

sequence of functions fn(x) = e−nx
2 on R. (fn)n∈N converges pointwise to the zero function,

because for every fixed x, limn→∞ fn(x) = 0. Every fn is bounded above by g(x) = e−x
2 for

all x, and the integral of g over R is finite. Hence, limn→∞
∫
R fn dµ =

∫
R limn→∞ fn dµ = 0.

If we instead just compute the integral, we find that
∫
R fn dµ =

√
π/n, which indeed goes

to zero as n→ ∞.
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Next, we state the Riesz Weak Compactness Theorem, which forms the backbone of our

proof that continuous-variable state t-designs do not exist for t ≥ 2.

Theorem C.2.2 (Riesz Weak Compactness Theorem [299, Chapter 19.5]). Let (X,Σ, µ) be

a σ-finite measure space. Let 1 < t < ∞ and t′ such that 1/t + 1/t′ = 1. If (pi)
∞
i=0 is a

bounded sequence in Lt(X) = Lt(X,Σ, µ), then there exist a subsequence (pik)
∞
k=0 of (pi)∞i=0

and a function q ∈ Lt(X) for which

∀h ∈ Lt
′
(X) : lim

k→∞

∫

X

pikh dµ =

∫

X

qh dµ. (C.6)

Indeed, this theorem will be the main ingredient in our proof of the non-existence of

continuous-variable t-designs. Notice that this theorem does not hold for t = 1, but rather

t > 1. This will ultimately be the reason why our proof of non-existence of continuous-

variable state t-designs only holds for t ≥ 2. This is a nice sanity check, since Example C.4.4

shows explicit examples of continuous-variable state 1-designs. The proof of the Riesz Weak

Compactness Theorem uses that Lt(X) is a reflexive Banach space for all 1 < t < ∞. For

each such t, Lt′(X) is naturally isomorphic to the dual space of Lt(X). However, L1(X) is

not the dual of L∞(X). Since the Riesz Weak Compactness Theorem is so important for

this work, we present a simple example to help understand the theorem.

Example C.2.3. Suppose (fn)n∈N is a sequence of functions fn : [0, 1] → R defined by fn =

√
n1l[0,1/n] ∈ L2([0, 1]), where the indicator function 1l[a,b](x) on an interval [a, b] is 1 for any x

in the interval, and 0 elsewhere. The norm of fn is ∥fn∥22 =
∫
[0,1]

|fn|2 dµ = nµ([0, 1/n]) = 1.

Hence, (fn)n∈N is a bounded sequence in L2([0, 1]). Therefore, there is a subsequence (fnk
)k∈N

and a function q ∈ L2([0, 1]) for which

∀h ∈ L2([0, 1]) : lim
k→∞

∫

[0,1]

fnk
h dµ =

∫

[0,1]

qh dµ. (C.7)

Consider the constant function h = 1 ∈ L2([0, 1]). We can explicitly compute the left-
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hand side to be limk→∞
∫
[0,1]

√
nk1l[0,1/nk] = limk→∞

√
nk/nk = 0. Similarly, one can consider

functions ha,b = 1l[a,b] for any a ≤ b ∈ [0, 1] and compute the left-hand side to be zero for all

choice of a and b. Therefore, it must be that
∫
[0,1]

q1l[a,b] dµ = 0 for all a and b, meaning that

q must be zero almost everywhere.

One says that the subsequence (fnk
) converges weakly to 0 in L2([0, 1]). This is to be

contrasted with strong convergence. If (fnk
) were to converge strongly to 0 in L2([0, 1]), then

limk→∞
∫
[0,1]

|fnk
− 0|2 dµ = 0, which is clearly not the case. It is not hard to see that the

full sequence (fn) also converges weakly to 0.

Consider instead the sequence (fn)n∈N defined by fn = (−1)n. The sequence is bounded

in L2([0, 1]). Therefore, there is a subsequence (fnk
)k∈N that converges weakly to a function

q ∈ L2([0, 1]). This example shows why the Riesz Weak Compactness Theorem only proves

that a subsequence weakly converges to q, as opposed to the whole sequence. In this case,

one can take the subsequence of even n so that fn = 1 or odd n so that fn = −1. These

subsequences then converge weakly (and strongly) to 1 and −1 respectively, but the full

sequence (fn)n∈N does not converge weakly to anything in L2([0, 1]). ⋄

Notice that the Riesz Weak Compactness Theorem requires a σ-finite measure space.

Thus, in order to use the theorem, we will need to be able to ensure that our measure space

is σ-finite. The following lemma will allow us to do this.

Lemma C.2.4 ([299, Ch. 18.2, Prop. 9]). Let (X,Σ, µ) be a measure space and f : X →

[0,∞] a nonnegative integrable function on X. Then f is finite almost everywhere and the

set {x ∈ X | f(x) > 0} is σ-finite.

Haar measure

Suppose (G, ·) is a compact Hausdorff topological group. Let Σ be the Borel σ-algebra

on G; that is, the smallest σ-algebra that contains all open sets of G. A measure µ is called

left-invariant if µ(A) = µ(gA) for all g ∈ G and A ∈ Σ. The Haar measure on G is the

221



unique left-invariant measure satisfying µ(G) = 1. The finite dimensional unitary group

G = U(d) is compact, as therefore can be equipped with the measure µHaar satisfying

∫

U(d)

dµHaar(U) = 1,

∫

U(d)

f(U) dµHaar(U) =

∫

U(d)

f(V U) dµHaar(U) =

∫

U(d)

f(UV ) dµHaar(U)

(C.8)

for any V ∈ U(d).

The Haar measure on U(d) induces a unitarily invariant measure on complex-projective

space CPd−1. The construction is summarized as follows [72, 239, 302]. The unitary group is

defined on Cd with respect to an inner product. The unit sphere S2d−1 ⊂ Cd can be viewed as

an embedding into Cd, and consists of all unit normalized vectors in Cd. The inner product

on Cd remains defined on S2d−1. The set of all quantum states in Cd is CPd−1 := S2d−1/U(1).

Modding out by U(1) represents the irrelevance of a global phase factor. In particular, S2d−1

can be viewed as a fiber-bundle, with CPd−1 the base space and U(1) the fiber on top of each

point in CPd−1. The bundle projection π : S2d−1 → CPd−1 induces a map between the tangent

spaces π∗ : TpS2d−1 → Tπ(p)CPd−1 (the pushforward map). With some care, π∗ can be used

to construct a Hermitian metric on TCPd−1 via the inner product on S2d−1. The real part

of such a metric defines a Riemannian metric g, which can then be used to define a volume

form, called the Fubini-Study volume form, on CPd−1 in the usual way. By construction, the

Fubini-Study volume form is unitarily invariant with respect to the definition of unitary via

the inner product on S2d−1. In particular, π is a Riemannian submersion and the resulting

metric is the unique unitarily invariant metric up to scaling. In this way, we have defined

a unitarily invariant measure on CPd−1. Integrals with respect to this measure are denoted
∫
CPd−1 f(ψ) dψ. By unitary invariance,

∫
CPd−1 f(Uψ) dψ =

∫
CPd−1 f(ψ) dψ for all U ∈ U(d).

A (nonfinite) Haar measure can also be defined on non-compact groups provided that

they are locally compact. We will not discuss this fact much here, other than to say that

the unitary group on L2(R), U(L2(R)), does not have a Haar measure since it is not locally

compact [242, sec. 5]. Hence, there is no natural way to integrate over all unitaries acting
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on the space of continuous-variable quantum states.

Subsection C.2.2: Projector onto symmetric subspace

In this section, we summarize the analytical form of projectors onto the symmetric subspace

of a separable Hilbert space H, either finite- or infinite dimensional. Let St denote a group of

permutations of t elements. For any σ ∈ St, let Wσ : H⊗t → H⊗t denote a unitary operator

that transforms the Fock basis as follows:

Wσ |n1⟩ ⊗ · · · ⊗ |nt⟩ = |nσ−1(1)⟩ ⊗ · · · ⊗ |nσ−1(t)⟩ . (C.9)

Let Πt : H⊗t → H⊗t denote the projector onto the symmetric subspace of H⊗t, i.e., the

subspace isomorphic to the quotient space H⊗t/{v −Wσv | v ∈ H⊗t, σ ∈ St}. Using Wσ, Πt

can be defined as follows.

Claim C.2.5. For each t ∈ N, let Πt denote a projector onto the symmetric subspace of

H⊗t. Then

Πt =
1

|St|
∑

σ∈St

Wσ . (C.10)

For completeness, we outline an algebraic proof of Πt. It can also be proven using group-

theoretic tools, as is shown in e.g. [45, sec. 2], and using linear algebra, as shown in [240,

prop. 1]. For a complete discussion on the symmetric projector, we refer to Harrow’s “The

Church of the Symmetric Subspace” [240].

Proof. We denote the set of permutations of a vector v ∈ H⊗t as P (v) := {Wσv | σ ∈ St},

where Wσ is given by Eq. (C.9). Let B = {|i⟩ | i ∈ {1, . . . , dimH}} be an orthonormal basis

of H, and B⊗t the corresponding orthonormal basis of H⊗t.

As an example, suppose t = 4 and v = |1⟩⊗|2⟩⊗|1⟩⊗|1⟩ ∈ B⊗t. We will use the notation

v! to mean v! = 3! ·1!, since |1⟩ occurs three times and |2⟩ one time. Similarly, suppose t = 5
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and v = |5⟩⊗3 ⊗ |1⟩⊗2. Then v! = 3! · 2!. One can then verify that

B′ =

{
1√
v! |St|

∑

σ∈St

Wσv | v ∈ B⊗t

}
, (C.11)

is an orthonormal basis of the symmetric subspace of H⊗t. For any v ∈ B⊗t and u ∈ B′, the

following holds:

⟨v|u⟩ =
√

v!

|St|
δu∈span(P (v)) =





√
v!
|St| if u ∈ span(P (v))

0 otherwise.
(C.12)

Using one dimensional subspaces spanned by the basis vectors in B′, the projector onto

the symmetric subspace of H⊗t can be represented as

Πt =
∑

u∈B′

|u⟩⟨u| . (C.13)

Next, we determine the matrix elements of Πt in the basis B. Let v, w ∈ B. Then

⟨v|Πt |w⟩ =
∑

u∈B′

⟨v|u⟩⟨u|w⟩ (C.14a)

=

√
v!w!

|St|
∑

u∈B′

δu∈span(P (v))δu∈span(P (w)) (C.14b)

=
v!

|St|
δv∈P (w). (C.14c)

Finally, consider the matrix elements of 1
|St|
∑

σ∈St
Wσ:

⟨v|
(

1

|St|
∑

σ∈St

Wσ

)
|w⟩ = 1

|St|
∑

σ∈St

⟨v|Wσ |w⟩ (C.15a)

=
v!

|St|
δv∈P (w), (C.15b)
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which proves the claim.

We now define some more notation for the matrix elements of the symmetric projector.

Definition C.2.6. For any tuples a, b ∈ Nt
0, define

Πt(a; b) ≡ Πt(a1, . . . , at; b1, . . . , bt) (C.16a)

:=

(
t⊗

i=1

⟨ai|
)
Πt

(
t⊗

i=1

|bi⟩
)
, (C.16b)

and define

Λt(a) ≡ Λt(a1, . . . , at) := Πt(a; a). (C.17)

For this appendix, we will need some properties of Λ. Clearly, Λt(a) > 0 for all tuples

a ∈ Nt
0. Similarly, Λt(a) = Λt(σ(a)) for any σ ∈ St. Additionally, Λt(a1, . . . , at) = Λt(a1 +

1, . . . , at + 1). Finally, for a tuple b ∈ Nt−1
0 and a number i ∈ N0, denote the direct sum as

the tuple b⊕ (i) := (b1, . . . , bt−1, i). For any fixed b ∈ Nt−1
0 , there exists an N ∈ N such that

for all m,m′ > N : Λt(b⊕ (m)) = Λt(b⊕ (m′)). This means that, for example

lim
m→∞

Λt(0, . . . , 0,m) > 0. (C.18)

To get a handle on these definitions and properties, consider the example for t = 2.

Example C.2.7. In the case of t = 2,

Π2 =
1

2

(
W(1)(2) +W(12)

)
=

1

2
(I+ S) , (C.19)

where S is the SWAP operator. We used cyclic notation for permutations, so that (1)(2) is

the identity permutation and (12) is the other permutation in S2. One can also find Π2 by
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summing over projectors onto an orthonormal set of symmetric states, as

Π2 = |0⟩ |0⟩⟨0| ⟨0|

+

( |0⟩ |1⟩+ |1⟩ |0⟩√
2

)(⟨0| ⟨1|+ ⟨1| ⟨0|√
2

)

+ |1⟩ |1⟩⟨1| ⟨1|

+

( |0⟩ |2⟩+ |2⟩ |0⟩√
2

)(⟨0| ⟨2|+ ⟨2| ⟨0|√
2

)
+ . . . .

(C.20)

Therefore,

Π2(a1, a2; b1, b2) =
1

2
(δa1b1δa2b2 + δa1b2δa2b1) , (C.21)

and Λ2(a1, a2) =
1
2
(1 + δa1a2). ⋄

Section C.3: Finite dimensional designs

Subsection C.3.1: Simplex designs

A simplex t-design, more commonly referred to as a (positive, interior) simplex cubature rule

in the literature [185, 187–190, 303], is a set of points on the simplex and a weight function

that exactly integrates polynomials of degree t or less.

Definition C.3.1 (Simplex design). Let P ⊂ ∆m be a finite set, and u : P → R>0 be a

weight function on P . Let dp denote the standard unit normalized Lebesgue measure on

the simplex. The pair (P, u) is called an m dimensional simplex t-design if, for all tuples

a = (a1, . . . , at) ∈ {0, 1, . . . ,m}t,

∑

q∈P

w(q)
t∏

i=1

qai =

∫

∆m

t∏

i=1

pai dp. (C.22)

The pair (P, u) defines a probability ensemble, and we will therefore define Eq∈P g(q) :=
∑

q∈P w(q)g(q) for any function g.
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Since the coordinates of a point on the simplex sum to 1, by summing over one of the ai

on both sides, we find that a simplex t-design is automatically a simplex (t− 1)-design. The

measure dp is proportional to δ(1 − p0 − · · · − pn) dp0 . . . dpm. For β ∈ Nm+1
0 and p ∈ ∆m,

define pβ :=
∏m

i=0 p
βi
i . For example, if m = 2 and β = (0, 2, 1), then pβ = p21p2. Then one

can compute the moments from the Dirichlet distribution [185]

∫

∆m

pβ dp =
m!

(m+ β0 + · · ·+ βm)!

m∏

i=0

βi!. (C.23)

We will list various simplex t-designs. We will use the notation

f (i) = (0, . . . , 0︸ ︷︷ ︸
i

, 1, 0, . . . , 0︸ ︷︷ ︸
m−i

), (C.24)

so that f (i)
j = δij. In this way, a point p ∈ ∆m is written as p =

∑m
i=0 pif

(i). Denote the

centroid of the simplex by c = 1
m+1

∑m
i=0 f

(i).

Theorem C.3.2 (Extremal points of the unit m-simplex form a one-design). Let P be the

set P =
{
f (i) | i ∈ {0, . . . ,m}

}
, and u the constant map w(f (i)) = 1/(m+1). The pair (P, u)

is a simplex one-design.

Proof. We must prove that 1
m+1

∑m
i=0 g(f

(i)) = n!
∫
∆m g(p) dp for any linear polynomial

g(p) = pj. The left-hand side is then 1
m+1

∑m
i=0 δij = 1/(m + 1), and the right-hand side is

1
m+1

by Eq. (C.23).

Theorem C.3.3 (Centroid of the unit m-simplex forms a one-design). Let P be the set

P = {c} and u the map u(c) = 1. Then the pair (P, u) is a simplex one-design.

Proof. Clearly g(c) = 1/(m+ 1) for any linear polynomial g(p) = pj.

Theorem C.3.4 (Extremal points plus the centroid of the unit m-simplex form a two-de-

sign). Let P be the set P = {c}∪
{
f (i) | i ∈ {0, . . . ,m}

}
, and u the map defined by u(c) = m+1

m+2

and u(f (i)) = 1
(m+1)(m+2)

. Then the pair (P, u) is a simplex two-design.
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Proof. It suffices to prove that

m+ 1

m+ 2
g(c) +

1

(m+ 1)(m+ 2)

m∑

i=0

g(f (i)) = m!

∫

∆m

g(p) dp (C.25)

for any quadratic polynomial g(p) = pjpk. By Eq. (C.23), the right-hand side equals
1+δjk

(m+1)(m+2)
. The left-hand side is

m+ 1

m+ 2
g(c) +

1

(m+ 1)(m+ 2)

m∑

i=0

g(f (i)) =
1

(m+ 1)(m+ 2)
+

1

(m+ 1)(m+ 2)

m∑

i=0

δijδik

(C.26a)

=
1 + δjk

(m+ 1)(m+ 2)
, (C.26b)

as desired.

Theorem C.3.5 (Simplex two-design [187, thm. 2], [188, cor. 4.1]). Let r = 1/
√
m+ 2. Let

v(i) = rf (i) + (1− r)c. Let P be the set P =
{
v(i) | i ∈ {0, . . . ,m}

}
, and u the constant map

u(v(i)) = 1/(m+ 1). Then the pair (P, u) is a simplex two-design.

The simplex 2-design in Theorem C.3.5 utilizes m+ 1 points in ∆m, which is in fact the

best that can be done [303, tab. 1].

Subsection C.3.2: Torus designs

We define torus designs analogously to simplex designs. We let T = [0, 2π).

Definition C.3.6. Let S ⊂ Tm be a finite set, and v : S → R>0 be a weight function on S.

Let dϕ denote the standard unit normalized Lebesgue measure on the torus. The pair (S, v)

is called an m dimensional torus t-design if, for all tuples a = (a1, . . . , at) ∈ {1, 2, . . . ,m}t
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and b = (b1, . . . , bt) ∈ {1, 2, . . . ,m}t,

∑

θ∈S

v(θ)
t∏

i=1

ei(θai−θbi ) =

∫

Tm

t∏

i=1

ei(ϕai−ϕbi ) dϕ. (C.27)

The pair (S, v) defines a probability ensemble, and we will therefore define Eθ∈S g(eiθ1 , . . . , eiθm) :=
∑

θ∈S v(θ)g(e
iθ1 , . . . , eiθm) for any function g.

It follows from the definition that a torus t-design is always a torus (t − 1)-design. For

example, suppose t = 2, and let a = (1, j) and b = (1, k) for any j and k. Then it is clear

that the 2-design (S, v) also satisfies the 1-design condition. By definition, a torus t-design

must match integration on polynomials g(s) = g(s1, . . . , sm) that are degree t in s and degree

t in degree s̄. One could generalize the definition to match integration on polynomials that

are degree t in s and degree t′ in s̄. We call the corresponding sets (t, t′) torus designs. In

this way, a torus t-design is a shorthand notation for a (t, t)-design.

The definition of a torus t-design closely resembles the definition of a trigonometric

cubature rule [303], however they are not equivalent. To the best of our knowledge, the

notion of general torus cubature was first proposed in Ref. [189], where it was formulated

as a generalization of trigonometric cubature rules in terms of algebraic tori. Our definition

of a Tm t-design corresponds to the definition in Ref. [189] of an order t cubature rule on

the maximal torus T (PSU(m + 1)) ∼= Tm with an algebraic structure given by a faithful

orbit of its linear action by conjugation on the vector space of (m + 1) × (m + 1) complex

matrices. Here, PSU(m + 1) is the projective special unitary group, which is the special

unitary group SU(m + 1) modulo its center. In Appendix C.6, we show the equivalence

of the two definitions, as well as comment on the relationship to standard trigonometric

cubature and to complete sets of mutually unbiased bases.

We now construct various torus designs.
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Theorem C.3.7 (1-design on the m-torus). Let S be the set

S = {(0, 2πq/m, 2π2q/m, . . . , 2π(n− 1)q/m) | q ∈ Zm} , (C.28)

and v the constant map v(ϕ) = 1/m. Then the pair (S, v) is an m-torus 1-design.

Proof. It is sufficient to check for g(s) = sas̄b.

1

m

∑

q∈Zm

e2πiaq/me−2πibq/m =
1

m

∑

q∈Zm

e2πiq(a−b)/m = δab. (C.29)

Meanwhile, ∫

Tm

eiϕae−iϕb dϕ =
1

(2π)2

∫

T 2

ei(ϕa−ϕb) dϕa dϕb = δab. (C.30)

Theorem C.3.8 (t-design on the m-torus (concatenation of t-designs on each factor of S1)).

Let S be the set

S =
{
(2πd1/(t+ 1), 2πd2/(t+ 1), . . . , 2πdm/(t+ 1)) | d ∈ Zmt+1

}
, (C.31)

and v the constant map v(ϕ) = (t+ 1)−m. Then the pair (S, v) is an m-torus t-design.

Proof. It is sufficient to check for g(s) = sa1 . . . sat s̄b1 . . . sbt .

1

(t+ 1)m

∑

d∈Zm
t+1

exp

[
2πi

t+ 1
(da1 + · · ·+ dat)

]
exp

[
− 2πi

t+ 1
(db1 + · · ·+ dbt)

]
=





1 if a is a permutation of b

0 otherwise.
(C.32)

Meanwhile,

∫

Tm

ei(ϕa1+···+ϕat )e−i(ϕb1+···+ϕbt ) dϕ =





1 if a is a permutation of b

0 otherwise.
. (C.33)
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Theorem C.3.9 (Efficient 2-design on the m-torus). Define p to be the smallest prime

number strictly larger than max(2,m) (by the prime number theorem, p ∈ O(m+ logm)).

Let S be the set

S =
{(

0, 2π(q1 + q2)/p, 2π(2q1 + 4q2)/p, . . . , 2π((m− 1)q1 + (m− 1)2q2)/p
)
| q1 ∈ Zp, q2 ∈ Zp

}

(C.34)

and v the constant map v(ϕ) = 1/p2. Then the pair (S, v) is an m-torus 2-design.

Proof. It suffices to prove that

∫

Tm

ei(ϕi+ϕj−ϕk−ϕl) dϕ =
1

p2

∑

θ∈S

ei(θi+θj−θk−θl). (C.35)

The right-hand side is

1

p2

∑

θ∈S

ei(θi+θj−θk−θl) =
1

p2

∑

q1,q1∈Zp

e
2πi
p
q1(i+j−k−l)e

2πi
p
q2(i2+j2−k2−l2) (C.36a)

= δi+j,k+lδi2+j2,k2+l2 (C.36b)

=





1 if i = l ∧ j = k or i = k ∧ j = l

0 otherwise,
(C.36c)

where we used Lemma C.3.10 in the last line. The left-hand side is

∫

Tm

ei(ϕi+ϕj−ϕk−ϕl) dϕ =
1

(2π)m

∫

[0,2π]m
ei(ϕi+ϕj−ϕk−ϕl) dϕ1 . . . dϕm (C.37a)

=





1 if i = l ∧ j = k or i = k ∧ j = l

0 otherwise,
(C.37b)

which is equal to the right-hand side.

The torus 2-design in Theorem C.3.9 utilizes what Ref. [304] calls the “ax2+bx construc-
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tion” that is utilized in constructions of complete sets of mutually unbiased bases. From

Ref. [41], it is known that such sets form complex-projective 2-designs. Hence, we can now

understand the “ax2 + bx construction” as a torus 2-design. The “ax2 + bx” construction

utilizes the following Diophantine system.

Lemma C.3.10. Let Fp be the finite field with p elements for an odd prime p. Let F be

either Fp or Z, and let addition, multiplication, and equality be with respect to F (e.g. for

F = Fp, a = b is the same as a ≡ b (mod p)). The Diophantine system of equations

a+ b = c+ d, a2 + b2 = c2 + d2 (C.38)

is solved only by solutions of the form

(a = c) ∧ (b = d), or (a = d) ∧ (b = c). (C.39)

Proof. Plugging the first equation into the second equation, we find that (c+ d− a)2 + b2 =

c2 + d2. Simplifying yields ab = cd. If b = 0, then either c or d must equal zero, so that the

solution is of the desired form. If b ̸= 0, then

ab+ b2 = bc+ bd (C.40a)

cd+ b2 = bc+ bd (C.40b)

(d− b)(c− b) = 0. (C.40c)

Therefore, either b = c or b = d. Along with a+ b = c+ d, this proves the claim.

Theorem C.3.9 can be generalized to the case where we allow p to be any positive integer

power of a prime, because Lemma C.3.10 can be generalized to the case of any Galois (finite)

field.
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An m-torus 1-design trivially requires at least m elements. To conclude this subsection,

we show that an m-torus 2-design requires at least m(m− 1) + 1 elements.

Proposition C.3.11. Let (S, v) be a Tm 2-design. Then |S| > m(m− 1).

Proof. The torus 2-design condition can be expressed as follows. Let

Γ = {(0, . . . , 0), (1,−1, 0, . . . , 0), (1, 0,−1, 0, . . . , 0), . . . , (−1, 1, 0, . . . , 0), . . . , (0, . . . , 0,−1, 1)} ,

(C.41)

so that |Γ| = m(m − 1) + 1. Let each ϕ ∈ S label a basis element of V := C|S| so that

{|ϕ⟩ | ϕ ∈ S} is an orthonormal basis of V . Then for k ∈ Γ, define |k⟩ =∑ϕ∈S

√
v(ϕ)eik·ϕ |ϕ⟩.

The 2-design condition is summed up by ⟨k|k′⟩ = δkk′ . Hence, {|k⟩ | k ∈ Γ} must be orthonor-

mal in V , meaning that |Γ| ≤ dimV = |S|.

Subsection C.3.3: Complex-projective Haar integral

For integration over the set of d dimensional qudit states CPd−1, one finds [43, 45]

∫

CPd−1

(|ψ⟩⟨ψ|)⊗t dψ =
Π

(d)
t

TrΠ
(d)
t

, (C.42)

where dψ denotes the unitarily invariant Fubini-Study volume form on the complex-projective

space CPd−1, and Π
(d)
t : (Cd)⊗t → (Cd)⊗t is the projector onto the symmetric subspace of

(Cd)⊗t defined in Definition C.2.6 [72, sec. 4.5, 4.7, 7.6] [239, ex. 8.8]. We will begin by

showing this equality.

Each |ψ⟩ lives in the finite dimensional Hilbert space H = Cd. For any integer t, the

tensor product H⊗t splits up into a direct sum of the symmetric and antisymmetric subspaces

of H⊗t, so that H⊗t ∼= Hsym
t ⊕Hasym

t . Consider the representation of the group of unitaries

acting on H, ρ : U(H) → U(H⊗t), defined by U 7→ U⊗t. The subspaces Hsym
t and Hasym

t are

invariant under ρ. One can see this by noting that for any unitary U , ρ(U)H(a)sym
t = H(a)sym

t
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since U⊗t acts symmetrically on the tensor product factors. Therefore, the representation ρ

can be decomposed into a direct sum of irreducible representations on Hsym
t and Hasym

t .

We can now invoke Schur’s lemma, which states that if a nonzero operator M on an irrep

space commutes with every element of that irrep, then M is proportional to the identity on

that irrep space. In our case, M =
∫
CPd−1 (|ψ⟩⟨ψ|) dψ. The irrep space of interest is Hsym

t .

The elements of the irrep are unitaries U⊗t. Due to the unitary invariance of the Fubini-

Study metric, one finds that M commutes with all unitaries of the form U⊗t. Therefore,

by Schur’s lemma, M must be proportional to the identity on Hsym
t , which is precisely Π

(d)
t .

Finally, the Fubini-Study volume measure is normalized such that the volume of CPd−1 is

unity. Hence, TrM = 1, meaning that the proportionality constant must be 1/TrΠ
(d)
t .

Next, we discuss integration over CPm with respect to the Fubini-Study volume form

where m = d− 1, and show that it can be expressed as integration over a flat simplex and a

flat torus. For a formal treatment of this fact, see [72, sec. 4.5, 4.7, 7.6] [239, ex. 8.8]. One

first constructs the Fubini-Study volume form (see Appendix C.2.1). Then, one constructs

a coordinate transformation mapping the simplex cross the torus to a coordinate patch of

CPm. Pulling back the volume form along this coordinate transformation yields the volume

form on the simplex cross the torus.

Here, we will instead give an informal treatment. Define p0 = 1 −∑m
i=1 pi and ϕ0 = 0.

Then the pi and ϕi parameterize a quantum state √p0 |0⟩+
∑m

i=1

√
pie

iϕi |i⟩. To define a valid

state, the p are elements of the probability simplex ∆m = {p = (p0, . . . , pm) ∈ [0, 1]m+1 |∑m
i=0 pi = 1}

and the ϕ are elements of the torus Tm = [0, 2π)m. We’ll denote the Lebesgue measure on

∆m by dp =
∏

i dpi, and on Tm by dϕ =
∏m

i=1 dϕi. One can easily perform the integration

over the simplex and torus to find that m!
(2π)m

dp dϕ is a normalized volume measure such

that vol(∆m × Tm) = 1. Consider a quantum state in Cm+1 parameterized by αi ∈ C as

|ψ⟩ =
∑m

n=0 αn |n⟩, the natural measure is d2α0 . . . d
2αm. Applying the polar coordinate

transformation αn =
√
pne

iϕn and keeping track of Jacobian factors, the measure becomes
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proportional to dp dϕ.

In conclusion, we have determined that

∫

CPm

(|ψ⟩⟨ψ|)⊗t dψ =
m!

(2π)m

∫

∆m×Tm

(|p, ϕ⟩⟨p, ϕ|)⊗t dp dϕ, (C.43)

where

|p, ϕ⟩ = √
p0 |0⟩+

m∑

j=1

√
pje

iϕj |j⟩ . (C.44)

Subsection C.3.4: Complex-projective designs from simplex and torus designs

For finite d, an ensemble E over CPd−1 is a complex-projective t-design if

E
|ψ⟩∈E

[
(|ψ⟩⟨ψ|)⊗t

]
=

∫

CPd−1

(|ψ⟩⟨ψ|)⊗t dψ. (C.45)

Again let m = d− 1. The characterization of the integral over CPm given in Eq. (C.43) mo-

tivates the construction of complex-projective designs via constructions of simplex and torus

designs. Such a construction was also noted in [189, thm. 4.1]. In particular, Eq. (C.43) con-

sists of a product of integrals of the formm!
∫
∆m

√∏2t
i=1 pji dp and 1

(2π)m

∫
Tm exp

[
i
∑t

i=1(ϕji − ϕjt+i
)
]
dϕ.

The latter integral can be evaluated by a t-design on the torus, and is equal to 1 whenever
∑t

i=1(ϕji − ϕjt+i
) = 0 regardless of ϕ, and zero otherwise. In other words, it is only nonzero

when the ji’s are paired. But when the ji’s are paired, the term
√∑2t

i=1 pji becomes a mono-

mial of degree t in p. Hence, the resulting integral can be evaluated with a simplex t-design.

We summarize with the following theorem.

Theorem C.3.12. Let P be a t-design on the m-simplex ∆m, meaning that P is an ensemble

over ∆m such that

E
q∈P

[g(q)] =

∫

∆m

g(p) dp (C.46)

for any polynomial g(p) = g(p0, . . . , pm) of degree less than or equal to t. Similarly, let S be
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a t-design on the m-torus Tm, meaning that S is an ensemble over Tm such that

E
θ∈S

[
g(eiθ1 , . . . , eiθm)

]
=

∫

Tm

g(eiϕ1 , . . . , eiϕm) dϕ (C.47)

for any polynomial g(s) = g(s1, . . . , sm) of degree t in s and degree t in s̄. Then D = P × S

is a t-design on CPm, meaning that

E
(p,ϕ)∈D

[
(|p, ϕ⟩⟨p, ϕ|)⊗t

]
=

∫

CPm

(|ψ⟩⟨ψ|)⊗t dψ, (C.48)

with |p, ϕ⟩ :=∑m
j=0

√
pje

iϕj |j⟩.

We can state this in terms of weight functions as follows. Let (P, u) be a ∆d−1 t-design,

and (S, v) be a T d t-design. Define D := {|p, ϕ⟩ | p ∈ P, ϕ ∈ S}, and

w(|p, ϕ⟩) := u(p)
∑

ϕ′∈S st
|p,ϕ⟩=|p,ϕ′⟩

v(ϕ′). (C.49)

Then (D,w) is a CPd−1 t-design. Morally, w(|p, ϕ⟩) is essentially u(p)v(ϕ). However, the

map (p, ϕ) 7→ |p, ϕ⟩ is not bijective; specifically, if p is on the boundary ∂∆d−1, then for any ϕ

there are many ϕ′ satisfying |p, ϕ⟩ = |p, ϕ′⟩. Therefore, the definition of w must be modified

accordingly, as is done in Eq. (C.49).

We will now construct explicit complex-projective designs by concatenating simplex and

torus designs given in Appendices C.3.1 and C.3.2. For this subsection, we will use the

following notation for complex-projective t-designs. Fix a set D ⊂ CPm of points in CPm,

and let w : D → R>0 be a weight function. The pair (D,w) is a complex-projective t-design

if
∑

|ξ⟩∈D

w(|ξ⟩) (|ξ⟩⟨ξ|)⊗t =
∫

CPm

(|ψ⟩⟨ψ|)⊗t dψ. (C.50)

Construction 1: Combining the simplex 2-design from Theorem C.3.4 and the torus

236



2-design from Theorem C.3.9, we find that for any m ∈ N0, the pair (D,w) is a complex-

projective 2-design, where p is the smallest prime number strictly larger than max(2,m), D

is the set

D = {|i⟩ | i ∈ {0, . . . ,m}} ∪ {|q1, q2⟩ | q1, q2 ∈ Zp} , (C.51)

and w : D → R>0 is the map defined by w(|i⟩) = 1
(m+1)(m+2)

and w(|q1, q2⟩) = m+1
(m+2)p2

. By

the prime number theorem, p ∈ O(m+ logm). Here |q1, q2⟩ := 1√
m+1

∑m
j=0 e

2πi(q1j+q2j2)/p |j⟩.

When m + 1 is prime, this reduces to the well-known complete set of mutually unbiased

bases given in [39] (indeed this can be generalized to whenever d = m+1 is a prime power).

For prime d, this complex-projective design is uniformly weighted. However, for non-prime

d, the weights are not uniform.

Construction 2: We can construct a uniformly weighted complex-projective 2-design

for all m that uses p2(m+1) points by combining the simplex 2-design from Theorem C.3.5

and the torus 2-design from Theorem C.3.9. Define r = 1/
√
m+ 2 and the state

|ℓ, q1, q2⟩ :=
√

1 + rm

m+ 1
e2πi(q1ℓ+q2ℓ

2)/p |ℓ⟩+
√

1− r

m+ 1

∑

j ̸=ℓ

e2πi(q1j+q2j
2)/p |j⟩ , (C.52)

the set

D = {|ℓ, q1, q2⟩ | ℓ ∈ {0, . . . ,m} , q1, q2 ∈ Zp} , (C.53)

and the constant map w(|ℓ, q1, q2⟩) = (n + 1)−1p−2. Then the pair (D,w) is a complex-

projective 2-design.

One can also construct a complex-projective ≥ 3-design for all n by combining the simplex

designs given in [189, 190] with the torus design given in Theorem C.3.8.

We note that if one relaxes the requirement that the weights be nonnegative, then one

can construct signed complex-projective designs by using signed simplex and torus designs.

For example, simple and explicit simplex signed t-designs are given for all odd t in [305,
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thm. 4]. We leave this for future work.

Subsection C.3.5: Simplex designs from complex-projective designs

In this subsection, we will discuss the opposite direction to Theorem C.3.12; namely, that

complex-projective t-designs give rise to simplex t-designs via the projection π : CPm → ∆m

defined by |ψ⟩ 7→ (|⟨0|ψ⟩|2 , . . . , |⟨m|ψ⟩|2). Such a construction was also pointed out in [189,

306]. This will be the first step in our proof of the nonnexistence of continuous-variable

(t ≥ 2)-designs. We will show that a continuous-variable design gives rise to an infinite

dimensional analogue of a simplex design via a lemma analogous to Lemma C.3.13, and then

show that such infinite dimensional simplex designs do not exist for t ≥ 2. Hence, it is useful

to discuss the finite dimensional case first.

Lemma C.3.13. Let D be a t-design on CPm. Then π(D) is a t-design on ∆m.

Proof. Since D is a design on CPm, which satisfies by definition

E
|ξ⟩∈D

[
(|ξ⟩⟨ξ|)⊗t

]
=

∫

CPm

(|ψ⟩⟨ψ|)⊗t dψ (C.54a)

=

∫

∆m×Tm

(|p, ϕ⟩⟨p, ϕ|)⊗t dp dϕ, (C.54b)

where the last line comes from Eq. (C.43). Sandwiching this equation by ⟨a1| . . . ⟨at| and

|a1⟩ . . . |at⟩, we find

E
|ξ⟩∈D

[
|⟨a1|ξ⟩|2 . . . |⟨at|ξ⟩|2

]
=

∫

∆m×Tm

pa1 . . . pat dp dϕ, (C.55)

and hence

E
q∈π(D)

[qa1 . . . qat ] =

∫

∆n

pa1 . . . pat dp. (C.56)

Therefore, the ensemble π(D) matches the integral over ∆n for degree t monomials, and thus

by linearity matches for all polynomials of degree t or less.
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In terms of weight functions, we can write this as follows. Let π−1 denote the preimage

of π. If (D,w) is a CPm t-design, then (π(D), u) is a ∆m t-design, where

u : π(D) → R>0

p 7→
∑

ψ∈π−1(p)

w(ψ).
(C.57)

Lemma C.3.13 tells us that

∫

∆n

pa1 . . . pat dp =
1

TrΠ
(d)
t

⟨a1| . . . ⟨at|Π(d)
t |a1⟩ . . . |at⟩

=
1

TrΠ
(d)
t

Λ
(d)
t (a1, . . . , at),

(C.58)

where recall that Λ(d)
t and Π

(d)
t are defined in Definition C.2.6. One can then define an infinite

dimensional simplex design analogously to how we define continuous-variable designs in

Definition C.4.2. In particular, to get something well-defined in the infinite limit, we remove

the TrΠt normalization, and we replace the E by an integral over an arbitrary measure space.

Definition C.3.14 (Infinite dimensional simplex t-design). Let (X,Σ, µ) be a measure space,

and fix an integer t ∈ N. Let p = (pi)i∈N0 be a sequence of measurable maps pi : X → [0, 1].

If
∑

i∈N0

pi(x) = 1 µ-a.e. in X, (C.59)

and

∀a ∈ Nt
0 :

∫

X

t∏

j=1

paj(x) dµ(x) = Λt(a), (C.60)

then [(X,Σ, µ), p] is an infinite dimensional simplex t-design.

In this definition, Λt is defined in terms of Πt : H⊗t → H⊗t given in Definition C.2.6, and

H is a infinite dimensional separable Hilbert space, e.g. L2(R). In the next subsection, we

will show in Lemma C.4.6 that without loss of generality, the measure space for an infinite
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dimensional simplex-design design can be taken to be σ-finite. Then in Lemma C.4.7, we

will show that no infinite simplex t-designs exist for any t ≥ 2.

Example C.3.15 (Infinite dimensional simplex 1-design). When t = 1, we have that Λ1(a) =

1 for any a ∈ N0. We have many infinite dimensional simplex 1-designs. For example, let

X = N0, Σ = P(X), and µ be the standard counting measure µ(A) = |A|. Finally, for

x ∈ X, let pa(x) = δax. Then

∫

X

pa(x) dµ(x) =
∑

x∈N0

δax = 1 = Λ1(a), (C.61)

as desired. ⋄

Subsection C.3.6: Constrained complex-projective integration

We now briefly describe one consequence of the formalism developed so far. This subsection

is essentially unrelated to the rest of the paper, but interesting nonetheless. We will sketch

the consequence with an example using the number operator, though we note that it can be

generalized.

Define the number operator n̂ by n̂ |n⟩ = n |n⟩. Consider the constraint on |ψ⟩ ∈ CPd−1

that ⟨ψ| n̂ |ψ⟩ = N for some constant N . Since the constraint is diagonal in the chosen

basis, it only acts on the simplex part of CPd−1. In particular, while integration over CPd−1

involves integration over the simplex ∆d−1, integration over CPd−1 with the constraint that

⟨ψ| n̂ |ψ⟩ = N involves integration over the simplex ∆̃d−2, where

∆̃d−2 :=

{
p ∈ ∆d−1 |

d−1∑

n=0

npn = N
}
. (C.62)

Recall from the Krein–Milman theorem that any compact convex subset of Euclidean space

is the convex hull of its extremal points. The simplex ∆d−1 is the convex hull of its d extremal

points (1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1). The simplex ∆̃d−2 is also the convex hull
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of its d−1 extremal points, but its extremal points are more complicated and depend on N .

In particular, we let b(i) denote the ith extremal point of ∆̃d−2, so that b(i) = (b
(i)
0 , . . . , b

(i)
d−1).

Then it is easy to check that the extremal points are

b
(i)
j =





(
1− N

i+1

)
δj0 +

N
i+1
δj,i+1 if i+ 1 ≥ N

(
1− N−i−1

d−i−2

)
δj,i+1 +

N−i−1
d−i−2

δj,d−1 if i+ 1 ≤ N ,

(C.63)

where i ∈ {0, . . . , d− 2} and j ∈ {0, . . . , d− 1}.

It then follows, analogously to Theorem C.3.12, that a t-design on the constrained CPd−1

space can be constructed from t-designs on ∆̃d−2 and T d. Furthermore, the simplex ∆̃d−2

can be parameterized via baryocentric coordinates in terms of the standard simplex ∆d−2.

In particular, a point in ∆d−2 defines a particular convex combination of the extremal

points of ∆̃d−2, which gives a point in ∆̃d−2. Therefore, one can compute the integral
∫
CPd−1 (|ψ⟩⟨ψ|)⊗t δ(N − ⟨ψ| n̂ |ψ⟩) dψ up to proportionality by using simplex and torus de-

signs. We note that such a construction does not work if the δ(N − ⟨ψ| n̂ |ψ⟩) constraint is

replaced with Θ(N −⟨ψ| n̂ |ψ⟩), where Θ is the Heaviside step function. This is for a slightly

subtle reason. The δ constraint results in a measure on ∆̃d−2 that is, up to proportionality,

the standard Lebesgue measure. On the other hand, the Θ constraint results in a more

complicated measure, and indeed this measure mixes the contributions of the torus and the

simplex in the integral. As such, the resulting integral is no longer over a simple product of

a simplex and torus, but rather over a more complicated combination of the two.

The δ constraint that fixed ⟨ψ| n̂ |ψ⟩ = N is interesting nonetheless. By using any of the

simplex 1- and 2-designs from Appendix C.3.1 and any of the torus 1- and 2-designs from

Appendix C.3.2, we can compute the following integrals, up to proportionality, in terms of
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the extremal points b(i):

∫

CPd−1

|ψ⟩⟨ψ| δ(N − ⟨ψ| n̂ |ψ⟩) dψ ∝ 1

d− 1

d−1∑

k=0

|k⟩⟨k|
d−2∑

j=0

b
(j)
k , (C.64)

∫

CPd−1

(|ψ⟩⟨ψ|)⊗2δ(N − ⟨ψ| n̂ |ψ⟩) dψ ∝ 1

d(d− 1)

d−2∑

i,j=1

(1 + δij)

[

d−1∑

k1,k2=1

b
(i)
k1
b
(j)
k2

(|k1⟩ |k2⟩⟨k1| ⟨k2|+ |k1⟩ |k2⟩⟨k2| ⟨k1|) +
d−1∑

k=1

b
(i)
k b

(j)
k |k⟩ |k⟩⟨k| ⟨k|

]
.

(C.65)

If we, for example, fix N = 1, then the result is

∫

CPd−1

|ψ⟩⟨ψ| δ(1− ⟨ψ| n̂ |ψ⟩) dψ ∝
(
1− Hd−1

d− 1

)
|0⟩⟨0|+ 1

d− 1

d−1∑

k=1

1

k
|k⟩⟨k| , (C.66)

where Hd−1 =
∑d−1

k=1 1/k is the (d− 1)th harmonic number.

Section C.4: Continuous-variable designs

In extending the definition of complex-projective designs to the infinite dimensional case of

continuous-variables, one encounters the issue that TrΠt is not finite. Hence, in accordance

with the definition of continuous-variable designs given in [79], we remove the trace in the

denominator of Πt/TrΠt and replace the equality with a proportionality. By a simple

rescaling of the ensemble, the proportionality constant can be made arbitrary. Thus, we can

in fact keep the equality. We are therefore tempted to define a continuous-variable t-design

as an ensemble E satisfying

“ E
E

[
(|ψ⟩⟨ψ|)⊗t

]
= Πt. ” (C.67)

However, since TrΠt is infinite, it follows that the ensemble E must not be compact, making

EE ill-defined. We therefore replace the expectation value with an integral over an arbitrary
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measure space (X,Σ, µ). Here X is a set, Σ a σ-algebra on X, and µ : Σ → R≥0 ∪ {∞} is a

measure on X. Finally, we arrive at the precise definition of a continuous-variable t-design

on L2(R).

Definition C.4.1 (Continuous-variable state t-design). Let X ⊂ L2(R), (X,Σ, µ) be a

measure space, and fix a positive integer t ∈ N. Let Πt : L
2(R)⊗t → L2(R)⊗t be as in

Definition C.2.6. If ∫

X

(|ψ⟩⟨ψ|)⊗t dµ(ψ) = Πt, (C.68)

where we use the weak (Pettis) integral, then (X,Σ, µ) is a continuous-variable state t-design.

Hence, we require a design to satisfy

∫

X

(
t∏

i=1

⟨ai|ψ⟩⟨ψ|bi⟩
)
dµ(ψ) = Πt(a1, . . . , at; b1, . . . , bt) (C.69)

for all tuples a, b ∈ Nt
0.

The motivation for this definition of continuous-variable state designs is summarized in

Fig. 4.1. An alternative characterization of continuous-variable state designs is given in

Appendix C.4.5. If one is familiar with weighted complex-projective designs, as defined

in e.g. Ref. [43], then one can imagine that the measure µ is a Lebesgue-Stieltjes measure

coming from a weight function. For the purposes of designs, the weak (Pettis) integral is more

natural than the strong (Bochner) integral because we are generally interested in averaged

functions of ψ. Ultimately, we will prove that continuous-variable t-designs do not exist for

t ≥ 2, which immediately implies the result for the case of the strong integral as well.

By parameterizing states in L2(R) with polar coordinates, one can arrive at an equivalent

definition of continuous-variable t-designs.

Definition C.4.2 (Continuous-variable state t-design). Let X be an arbitrary set, (X,Σ, µ)

be a measure space, and fix an integer t ∈ N. Let p = (pi)i∈N0 and ϕ = (ϕi)i∈N0 be sequences
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of measurable maps pi : X → [0, 1] and ϕi : X → R satisfying
∑

i∈N0
pi(x) = 1 for almost all

x ∈ X. Define the state |p(x), ϕ(x)⟩ ∈ L2(R) by

|p(x), ϕ(x)⟩ :=
∑

n∈N0

√
pn(x)e

iϕn(x) |n⟩ . (C.70)

Let Πt : L
2(R)⊗t → L2(R)⊗t be as in Definition C.2.6. If

∫

X

(|p(x), ϕ(x)⟩⟨p(x), ϕ(x)|)⊗t dµ(x) = Πt, (C.71)

where we use the weak (Pettis) integral, then [(X,Σ, µ), p, ϕ] is a continuous-variable state

t-design. Hence, we require a design to satisfy

∫

X

(
t∏

i=1

⟨ai|p(x), ϕ(x)⟩⟨p(x), ϕ(x)|bi⟩
)
dµ(x) = Πt(a1, . . . , at; b1, . . . , bt) (C.72)

for all tuples a, b ∈ Nt
0.

Definition C.4.2 will be a more operationally useful definition for our purposes, but we

emphasize that Definitions C.4.1 and C.4.2 are equivalent definitions, where the latter is

simply a different parameterization of the former.

Proposition C.4.3. Definitions C.4.1 and C.4.2 are equivalent definitions.

Proof. For any |ψ⟩ coming from the first definition, we get the sequences p and ϕ for the

second definition as pn = |⟨n|ψ⟩|2 and ϕn = arg⟨n|ψ⟩. One can then normalize each pi by

pi(x) → pi(x)/
∑

i pi(x), and then absorb a factor of (
∑

i pi(x))
t into the measure.

Conversely for any measure space and sequences p and ϕ coming from the second defini-

tion, we get the measure space (X ⊂ L2(R),Σ, µ) for the first definition since the parame-

terization defines states in L2(R).

We include Definition C.4.1 since it closer matches the standard definition of a weighted
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complex-projective design. In light of Proposition C.4.3, henceforth we will use Defini-

tion C.4.2. To become better acquainted with this definition, consider the following example

of a continuous-variable state 1-design.

Example C.4.4 (Continuous-variable state 1-designs). Consider the measure space where

X = N0, Σ is the power-set P(X), and µ is the standard counting measure on N0. Let

pn : x 7→ δnx, and ϕn : x 7→ 0. Then

∫

X

|p(x), ϕ(x)⟩⟨p(x), ϕ(x)| dµ(x) =
∑

x∈N0

|n = x⟩⟨n = x| = Π1, (C.73)

where note that Π1 = I. Hence, this is an example of a continuous-variable state 1-design.

Similarly, consider R>0 with the standard Borel σ-algebra and Lebesgue measure. Con-

sider also [0, 2π) with the normalized Lebesgue measure. Let (X,Σ, µ) be the unique product

measure space for X = R>0 × [0, 2π). For an element x ∈ X, notate x = (r, θ), for r ∈ R>0

and θ ∈ [0, 2π). Let pn : (r, θ) 7→ e−rrn/n! and ϕn : (r, θ) 7→ θn. Then

∫

X

|p(x), ϕ(x)⟩⟨p(x), ϕ(x)| dµ(x)

=
1

2π

∑

n,m∈N0

|n⟩⟨m|
∫ ∞

0

dr

∫ 2π

0

dθ eiθ(n−m)e−r
rn/2+m/2√
n!m!

(C.74a)

=
∑

n∈N0

|n⟩⟨n|
∫ ∞

0

dr e−r
rn

n!
(C.74b)

=
∑

n∈N0

|n⟩⟨n| = Π1, (C.74c)

giving another example of a 1-design. This 1-design is more commonly written as

∫
|α⟩⟨α| d

2α

π
= I, (C.75)

where d2α = dReα dImα and |α⟩ is a coherent state. Namely, coherent states form an

overcomplete frame. ⋄
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We emphasize that this definition completely sidesteps the issue that one cannot define

a finite Haar measure on U(L2(R)) since it is not a compact group, and indeed not even a

locally compact group [242, sec. 5]. See Fig. 4.1 for a visualization. The issue is sidestepped

by never considering the integral over all states in L2(R). Instead, we note that the integral

over all states for a finite dimensional Hilbert space gives a finite dimensional Πt, and we ex-

tend the definition of a design to the infinite dimensional case by extending Πt to the infinite

dimensional space L2(R). This is exactly the approach that was taken in [79, 153]. Alterna-

tively, in Appendix C.4.5, we do explicitly consider integration over the infinite dimensional

space C∞ ⊃ L2(R).

Subsection C.4.1: Non-existence of continuous-variable state designs

It has been shown that no set of Gaussian states can form a continuous-variable 2-design

[79]. We extend this result to show that there do not exist continuous-variable t-designs for

any t > 1. We emphasize that our proof in fact works for any separable Hilbert space H,

not just L2(R), since it only assumes the existence of a countable orthonormal basis.

Theorem C.4.5. No continuous-variable state or unitary t-designs exist for any integer

t ≥ 2.

Theorem C.4.5 is an immediate consequence of Lemma C.4.6 and Lemma C.4.7 below.

Fig. C.1 provides an overview of the proof. We recommend reading this section first keeping

in mind the specific example of t = 2, where the explicit form of Π2 and Λ2 are given in

Example C.2.7. After understanding this case, the extension to arbitrary t ≥ 2 is straight-

forward.

To begin, we will show that existence of continuous-variable state t-designs implies exis-

tence of simplex t-designs.

Lemma C.4.6. If a continuous-variable t-design exists, then there exists a σ-finite measure
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Infinite dimensional simplex
designs, Definition C.14

Lebesgue Dominated Conver-
gence Theorem, Theorem B.1

Riesz Weak Compactness
Theorem, Theorem B.2

Infinite dimensional sim-
plex (𝑡 ≥ 2)-designs do
not exist, Lemma D.7

Continuous-variable de-
signs, Definition D.2

Lemma D.6

Figure C.1: An outline of the proof of the non-existence of continuous-variable t-designs for
t ≥ 2.

space (X,Σ, µ) and a sequence p = (pi)
∞
i=0 of measurable maps pi : X → [0, 1] satisfying

∞∑

i=0

pi(x) = 1 µ-a.e. in X, (C.76)

and

∀a ∈ Nt
0 :

∫

X

t∏

i=1

pai(x) dµ(x) = Λt(a). (C.77)

Proof. Suppose a continuous-variable state t-design exists. Then Eq. (C.72) holds for all

tuples a, b ∈ Nt
0, and p satisfies Eq. (C.76) by Definition C.4.2. Indeed, Eq. (C.76) is

simply the requirement that the quantum states be normalized. Plugging in a = b and

Λt(a) = Πt(a; a) by definition, we get

Λt(a) =

∫

X

(
t∏

i=1

⟨ai|p(x), ϕ(x)⟩⟨p(x), ϕ(x)|ai⟩
)
dµ(x) (C.78a)

=

∫

X

t∏

i=1

|⟨ai|p(x), ϕ(x)⟩|2 dµ(x) (C.78b)

=

∫

X

t∏

i=1

pai(x) dµ(x). (C.78c)

Therefore, the measure space and sequence p satisfy Eq. (C.76) and Eq. (C.77). The only
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remaining thing to show is that X can be σ-finite.

Consider the function f = pti whose codomain is clearly [0, 1]. By Eq. (C.77), 0 <
∫
X
f dµ <∞. Hence, by Lemma C.2.4, the preimage f−1((0, 1]) = p−1

i ((0, 1]) is a σ-finite set.

Since a countable union of σ-finite sets is σ-finite, it must be that Y :=
⋃∞
i=0 p

−1
i ((0, 1]) is σ-

finite (also recall that any σ-finite set is measurable). The set X\Y is equal to
⋂∞
i=0 p

−1
i ({0}).

Eq. (C.76) is required to hold almost everywhere in X. This means that the set of points for

which it does not hold is contained within a measure zero subset of X. Clearly, Eq. (C.76)

does not hold when x ∈ X \ Y . Therefore, X \ Y is contained within a measure zero subset

of X. Thus, if Eq. (C.77) holds on X, then it also holds on Y , and of course the same is

true for Eq. (C.76).

Hence we have determined if Eqs. (C.76) and (C.77) are satisfied by the measure space

(X,Σ, µ), then they are also satisfied by the measure space (Y,Σ|Y , µ|Y ), where |Y denotes

the restriction to the subset Y ⊆ X. To see that (Y,Σ|Y , µ|Y ) is a valid measure space, recall

that we have already shown that Y ∈ Σ. Then one can straightforwardly check that Σ|Y is

a σ-algebra of Y and µ|Y is a valid measure with respect to Σ|Y , so that the restriction of

(X,Σ, µ) to Y is a measure space (see e.g. [299, Ch. 17.1, exercise 6]). We have also shown

that (Y,Σ|Y , µ|Y ) is σ-finite. In summary, we have shown that if a continuous-variable t-

design exists, then there exists a measure space satisfying Eqs. (C.76) and (C.77). We then

showed that the existence of this measure space implies the existence of a σ-finite measure

space satisfying Eqs. (C.76) and (C.77), hence completing the proof.

As we commented in Lemma C.3.13, a complex-projective design gives rise to a simplex

design. At a high level, Lemma C.4.6 is extending this fact to the continuous-variable regime.

Similar to how we extended the definition of a complex-projective design to infinite dimen-

sions, the analogous extension of a simplex design to infinite dimensions is the conditions in

Eqs. (C.76) and (C.77), as in Definition C.3.14. The extra bit about X being σ-finite is just

a technical point needed so that Theorem C.2.2 can be used in the next lemma.
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Given Lemma C.4.6, we immediately see that if no σ-finite measure space and sequence

p can satisfy Eqs. (C.76) and (C.77), then no continuous-variable t-designs can exist. This

is what we show in the following lemma.

Lemma C.4.7. No (X,Σ, µ) and (pi)
∞
i=0 exist satisfying the conditions of Lemma C.4.6 for

any t ∈ N≥2.

Proof. Assume by way of contradiction that such (X,Σ, µ) and (pi) exist. Because of

Eq. (C.76), it must be that for almost all x ∈ X, limi→∞ pi(x) = 0. Since the sequence

(pi) converges, it must be the case that every subsequence (pik)
∞
k=0 of (pi) also converges

to the same point; limk→∞ pik(x) = 0 for almost all x. For any tuple j ∈ Nt
0, define

g(x) =
∏t

l=1 pjl(x), which is in L1(X) = L1(X,Σ, µ) (i.e.
∫
X
g dµ < ∞) by Eq. (C.77).

Consider the sequence (fik)
∞
k=0 where fik(x) = pik(x)g(x) for any j ∈ Nt

0. Then fik converges

pointwise to the zero function f(x) = 0 almost everywhere as k → ∞, and f is obviously

measurable. Since the codomain of pik is [0, 1], it follows that fik ≤ g for all ik. Therefore,

(fik) is a sequence in L1(X) and is dominated by a nonnegative integrable g. Hence, we can

apply the Dominated Convergence Theorem C.2.1 to swap the limit and the integral and

find that limk→∞ ∥fik − f∥1 = 0, giving

∀j ∈ Nt
0 : lim

k→∞

∫

X

pik(x)
t∏

l=1

pjl(x) dµ(x) = 0. (C.79)

Next we consider the sequence (pi)
∞
i=0, which is a bounded sequence in Lt(X) since

∫
X
pti dµ <∞ by Eq. (C.77). Therefore, we can apply the Riesz Weak Compactness Theorem

from Theorem C.2.2 to find a subseqence (pik)
∞
k=0 and a function q for which for all h ∈

Lt
′
(X),

lim
k→∞

∫

X

pik(x)h(x) dµ(x) =

∫

X

q(x)h(x) dµ(x), (C.80)

where t′ = t/(t− 1). Now we must prove that q is zero almost everywhere.

First we show that q must be nonnegative almost everywhere. Heuristically, this is
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because q is being substituted for a limit of probabilities, which themselves are always non-

negative. More technically, let 1lA be the indicator function, so that 1lA(x) is 1 if x ∈ A,

and zero otherwise. Since X is σ-finite, there exists a sequence (Aj) where Aj is measurable

Aj ∈ Σ, µ(Aj) < ∞, and X =
⋃∞
j=0Aj. Since Aj has finite measure, 1lAj

∈ Lt
′
(X). Plug-

ging h = 1lAj
into Eq. (C.80), we find that

∫
X
q(x)1lAj

(x) dµ(x) ≥ 0 for all j. Therefore,
∫
A
q dµ ≥ 0 for every A ∈ Σ of finite measure, and we can build up X from such A’s. This

tells us that q ≥ 0 almost everywhere.

Next we show that q must be the zero function almost everywhere. For some j ∈ Nt
0, we

plug h(x) =
∏t

l=1 pjl(x) ∈ Lt
′
(X) into Eq. (C.80). Using Eq. (C.79) for the left hand side of

Eq. (C.80), this tells us that

∀j ∈ Nt
0 :

∫

X

q(x)
t∏

l=1

pjl(x) dµ(x) = 0. (C.81)

Along with the fact that q must be nonnegative almost everywhere, this implies that q(x)

must be zero almost everywhere whenever pj(x) ̸= 0 for any j. As such, q must be zero

almost everywhere on the set
⋃∞
j=0 p

−1
j ((0, 1]). But we showed in the proof of Lemma C.4.6

that X \⋃∞
j=0 p

−1
j ((0, 1]) is contained within a measure zero subset of X.

We have shown that q is the zero function almost everywhere on X. Hence, Eq. (C.80)

becomes

∀h ∈ Lt
′
(X) : lim

k→∞

∫

X

pik(x)h(x) dµ(x) = 0. (C.82)

Plugging h = pt−1
0 (which is in Lt′(X) by Eq. (C.77)) into Eq. (C.82), we arrive at limk→∞

∫
X
pt−1
0 pik dµ =

0. But Eq. (C.77) tells us that limk→∞
∫
X
pt−1
0 pik dµ = limk→∞ Λt(0, . . . , 0, ik), which, from

the definition of Λt in terms of Πt, is strictly positive as shown in Eq. (C.18). We’ve reached

a contradiction, hence completing the proof.

The non-existence of state designs statement of Theorem C.4.5 follows as an immediate

corollary of Lemmas C.4.6 and C.4.7. The non-existence of unitary designs follows straight-
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forwardly from the non-existence of state designs, as we explain in the next subsection.

Furthermore, Theorem C.4.5 still holds even in the case when one allows (X,Σ, µ) to be a

signed measure space by a simple appeal to the Hahn Decomposition Theorem [307]. Indeed,

using this theorem, one simply splits the signed measure space into two nonnegative measure

spaces and then proceeds with the proof of Theorem C.4.5.

Subsection C.4.2: Non-existence of continuous-variable unitary designs

Theorem C.4.5 extends the results from [79], where it is shown that the set of Gaussian

states does not form a state 2-design, and the results from [153], where it is shown that the

set of Gaussian unitaries does not form a unitary 2-design. The non-existence of continuous-

variable state t-designs for t > 1 immediately implies the non-existence of continuous-variable

unitary t-designs for t > 1, since any unitary design gives rise to a state design by twirling

a fiducial state. To be clear, we consider the definition of a continuous-variable unitary

2-design given in [153]. Namely, a unitary 2-design is any ensemble E of unitaries satisfying

E
E

[
(U ⊗ U)A(U ⊗ U)†

]
∝ 1

2
(ITr[A] + S Tr[SA]) (C.83)

for any operator trace-class operator A, where S is the SWAP operator that swaps the

elements of the tensor product space. Since this should hold for any A, we can substitute

A = (|ϕ⟩⟨ϕ|)⊗2 for any fiducial state |ϕ⟩ (e.g. the zero Fock state |0⟩). We can then define a

new ensemble over states E ′ = {U |ϕ⟩ | U ∈ E}. The result is

E
E ′

[
(|ψ⟩⟨ψ|)⊗2] ∝ 1

2
(I+ S) = Π2, (C.84)

which precisely matches the definition of a continuous-variable state 2-design given in [79],

and the definition we use in Definition C.4.2. Hence, by contraposition, if a state design does

not exist, then a unitary design necessarily does not exist.
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This result holds generally for the definition of continuous-variable unitary t-designs given

in [153, footnote 89]. Specifically, a unitary t-design is an ensemble E satisfying

E
E

[
U⊗tAU † ⊗t] ∝ 1

|St|
∑

σ∈St

Wσ Tr(W
−1
σ A) (C.85)

for any trace-class operator A. Substituting A = (|ϕ⟩⟨ϕ|)⊗t for some fiducial state |ϕ⟩. Then

define a new ensemble over states E ′ = {U |ϕ⟩ | U ∈ E}. The result is then

E
E ′

[
(|ψ⟩⟨ψ|)⊗t

]
∝ 1

|St|
∑

σ∈St

Wσ = Πt, (C.86)

meaning that E ′ is a continuous-variable state t-design according to Definition C.4.2. By the

nonnexistence of continuous-variable (t ≥ 2)-designs then, such a unitary design does not

exist for t ≥ 2.

Subsection C.4.3: Rigged continuous-variable state designs

The result of Theorem C.4.5 is that no continuous-variable (t ≥ 2)-designs exist. The main

hindrance to the construction of continuous-variable state (t ≥ 2)-designs is the requirement

that the states be normalized. In particular, the proof did not rely on exactly what the states

were normalized to, only that limi→∞ pi = 0. Hence, the requirement that the states belong

to L2(R) inhibits the existence of continuous-variable designs. This motivates the approach

taken in this section, where we construct rigged continuous-variable state designs by relaxing

the normalization condition, thus allowing unphysical states such as the infinite superposi-

tion state
∑

n∈N0
|n⟩. Specifically, the we will use elements of the standard rigged Hilbert

space on top of L2(R) to reconstruct Πt. These elements are called tempered distributions

(see below); some familiar tempered distributions are the position eigenstates |x⟩ and the

momentum eigenstates |p⟩. In the next section, we will reintroduce normalization via a soft

energy cutoff, hence making the rigged continuous-variable designs a type of approximate
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continuous-variable design.

When we remove the normalization condition on the states, many of the finite dimensional

complex-projective designs still do not naturally extend to the continuous-variable regime.

For example, consider the complex-projective design given in Eq. (C.53). We begin by

making the states |m, q1, q2⟩ non-normalizable by multiplying through by
√
n+ 1, and then

take the n → ∞ limit. In this limit, r = 1/
√
n+ 2 → 0, and hence

√
n+ 1 |m, q1, q2⟩ =

√
n+ 1 |m′, q1, q2⟩ for all m and m′. One can straightforwardly check that these states do not

reconstruct Π2. In particular, these states only form a 1-design as the underlying simplex

design is only a 1-design.

However, some finite dimensional complex-projective designs do extend to the continuous-

variable regime when normalization is removed. For example, consider the following CPd−1 2-

design, when d is prime, given in Eq. (C.51), which also happens to be a maximal set of mutu-

ally unbiased bases [39, 41]. Define the state |q1⟩q2 ≡ q2
|q1⟩ := 1√

d

∑d−1
n=0 exp

[
2πi
d
(q1n+ q2n

2)
]
|n⟩.

One can straightforwardly show that for each q2,
{
|q1⟩q2 | q1 ∈ {0, . . . , d− 1}

}
is an orthonor-

mal basis, and that

Π2 =
1

2

d−1∑

n=0

(|n⟩⟨n|)⊗2 +
1

2

d−1∑

q1,q2=0

(
q2
|q1⟩⟨q1|q2

)⊗2

. (C.87)

The phases involved in this design utilize the so-called “ax2 + bx construction” described in

[304]. In the language of our paper, the “ax2 + bx construction” is alluding to a particular

torus 2-design construction, namely given in Theorem C.3.9.

This design cannot be extended to a continuous-variable design because the states |q1⟩q2
are unphysical when d is infinite. If we relax the normalization condition, however, we can

reconstruct the infinite dimensional symmetric projector with an analogous design.
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Theorem C.4.8. Define the non-normalizable state

|θ⟩φ ≡ φ|θ⟩ :=
1√
2π

∑

n∈N0

exp
[
i
(
θn+ φn2

)]
|n⟩ . (C.88)

Then

Π2 =
1

2

∑

n∈N0

(|n⟩⟨n|)⊗2 +
1

2

∫ π

−π
dφ

∫ π

−π
dθ
(
φ|θ⟩⟨θ|φ

)⊗2

. (C.89)

Proof.

∫ π

−π
dφ

∫ π

−π
dθ⟨a|θ⟩φ⟨b|θ⟩φ φ⟨θ|c⟩ φ⟨θ|d⟩ (C.90a)

=
1

(2π)2

∫ π

−π
dφ

∫ π

−π
dθeiθ(a+b−c−d)eiφ(a

2+b2−c2−d2) (C.90b)

=





1 if a+ b = c+ d and a2 + b2 = c2 + d2

0 otherwise
(C.90c)

=





1 if a = c ̸= b = d or a = d ̸= b = c or a = b = c = d

0 otherwise
from Lemma C.3.10

(C.90d)

= δacδbd + δadδbc − δabδacδad (C.90e)

= 2Π2(a, b; c, d)− δabδacδad (C.90f)

= 2Π2(a, b; c, d)−
∑

n∈N0

⟨a|n⟩⟨b|n⟩⟨n|c⟩⟨n|d⟩. (C.90g)

Strictly speaking, Eq. (C.89) should say Π2

∣∣
S(R), since the ⟨θ|φ are only defined on

Schwartz space S(R) ⊂ L2(R). However, its action can be uniquely extended to all of

L2(R). This will be formalized later on in this section.

We can find analogous results using cos and sin states from [199]. We note that looking
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at the |θ⟩φ non-normalizable states was motivated by lifting the finite dimensional complex-

projective design to the continuous-variable case. These states are Kerred phase states,

which form a continuous projection-valued measure (PVM) [199]. From these states, we are

then motivated to define the |cos θ⟩φ and |sin θ⟩φ states, which are defined in [199], since

they are similar to the Kerred phase states, but nicer in many ways. In particular, for each

φ, they form an generalized orthogonal basis.

Theorem C.4.9. Define the non-normalizable state

|cos θ⟩φ ≡ φ|cos θ⟩ :=
√

2

π

∑

n∈N0

eiφn
2

sin((n+ 1)θ) |n⟩ . (C.91)

Then

Π2 =
1

4

∑

n∈N0

(|n⟩⟨n|)⊗2 +
1

4

∫ π

−π
dφ

∫ π

0

dθ
(
φ|cos θ⟩⟨cos θ|φ

)⊗2

(C.92)

Proof.

∫ π

−π
dφ

∫ π

0

dθ⟨a| cos θ⟩φ⟨b| cos θ⟩φ φ⟨cos θ|c⟩ φ⟨cos θ|d⟩ (C.93a)

=
4

π2

∫ π

−π
dφ

∫ π

0

dθ eiφ(a
2+b2−c2−d2) sin((a+ 1)θ) sin((b+ 1)θ) sin((c+ 1)θ) sin((d+ 1)θ)

(C.93b)

=
8

π
δa2+b2,c2+d2

∫ π

0

dθ sin((a+ 1)θ) sin((b+ 1)θ) sin((c+ 1)θ) sin((d+ 1)θ)

(C.93c)

=
1

π
δa2+b2,c2+d2

∫ π

0

dθ
[
cos(θ(a+ b+ c+ d+ 4))− cos(θ(−a+ b+ c+ d+ 2))

− cos(θ(a− b+ c+ d+ 2))− cos(θ(a+ b− c+ d+ 2)) + cos(θ(a− b− c+ d))

− cos(θ(a+ b+ c− d+ 2)) + cos(θ(a− b+ c− d)) + cos(θ(a+ b− c− d))
]

(C.93d)
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= δa2+b2,c2+d2
[
sinc(a+ b+ c+ d+ 4)− sinc(−a+ b+ c+ d+ 2)− sinc(a− b+ c+ d+ 2)

− sinc(a+ b− c+ d+ 2) + sinc(a− b− c+ d)− sinc(a+ b+ c− d+ 2)

+ sinc(a− b+ c− d) + sinc(a+ b− c− d)
]

(C.93e)

= δa2+b2,c2+d2
[
− δa,b+c+d+2 − δb,a+c+d+2

− δc,a+b+d+2 − δd,a+b+c+2 + δa+d,b+c + δa+c,b+d + δa+b,c+d
]
,

(C.93f)

where we used that
∫ π
0
cos(xθ) dθ = π sincx, and sincx = sin(πx)

πx
when x ̸= 0, and 1 when

x = 0. One can easily verify that there are no integer solutions to the Diophantine system

a2 + b2 = c2 + d2 and a = b+ c+ d+ 2. Thus,

∫ π

−π
dφ

∫ π

0

dθ⟨a| cos θ⟩φ⟨b| cos θ⟩φ φ⟨cos θ|c⟩ φ⟨cos θ|d⟩ = δa2+b2,c2+d2 (δa+d,b+c + δa+c,b+d + δa+b,c+d) .

(C.94)

We now focus on the three terms individually. The third term is solved in Lemma C.3.10 a

δa2+b2,c2+d2δa+b,c+d = δacδbd + δadδbc − δabδacδad. The first term is only nonzero when a, b, c, d

solve

a2 + b2 = c2 + d2, and a+ d = b+ c. (C.95)

Plugging a = b+c−d in, we find (b+c−d)2+ b2 = c2+d2, or equivalently (b+c)(b−d) = 0.

Therefore, the first term is only nonzero when b = d and a = c. A similar analysis holds for

the second term, where we find that it only nonzero when b = c and a = d. Hence, we find

that

∫ π

−π
dφ

∫ π

0

dθ⟨a| cos θ⟩φ⟨b| cos θ⟩φ φ⟨cos θ|c⟩ φ⟨cos θ|d⟩ (C.96a)

= δacδbd + δadδbc + (δacδbd + δadδbc − δabδacδad) (C.96b)

= 2(δacδbd + δadδbc)− δabδacδad (C.96c)
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= 4Π2(a, b; c, d)−
∑

n∈N0

⟨a|n⟩⟨b|n⟩⟨n|c⟩⟨n|d⟩, (C.96d)

proving the result.

Theorem C.4.10. Define the non-normalizable state

|sin θ⟩φ ≡ φ|sin θ⟩ :=
1√
2π

∑

n∈N0

eiφn
2 (

ei(n+1)θ − e−i(n+1)(θ−π)) |n⟩ . (C.97)

Then

Π2 =
1

4

∑

n∈N0

(|n⟩⟨n|)⊗2 +
1

4

∫ π

−π
dφ

∫ π/2

−π/2
dθ
(
φ|sin θ⟩⟨sin θ|φ

)⊗2

(C.98)

Proof.

∫ π

−π
dφ

∫ π/2

−π/2
dθ⟨a| sin θ⟩φ⟨b| sin θ⟩φ φ⟨sin θ|c⟩ φ⟨sin θ|d⟩ (C.99a)

=
1

(2π)2

∫ π

−π
dφ

∫ π/2

−π/2
dθ eiφ(a

2+b2−c2−d2) (ei(a+1)θ − e−i(a+1)(θ−π)) (ei(b+1)θ − e−i(b+1)(θ−π))

×
(
e−i(c+1)θ − ei(c+1)(θ−π)) (e−i(d+1)θ − ei(d+1)(θ−π))

(C.99b)

=
1

2
δa2+b2,c2+d2

[ (
(−1)a+b−c−d + 1

)
sinc ((a+ b− c− d)/2)

+ (−1)b−c
(
(−1)a−b+c−d + 1

)
sinc ((a− b+ c− d)/2)

+ (−1)a−c
(
(−1)a−b−c+d + 1

)
sinc ((a− b− c+ d)/2)

+ terms that are always zero when a2 + b2 = c2 + d2
]

(C.99c)

= δa2+b2,c2+d2
(
δa+b,c+d + (−1)b−cδa+c,b+d + (−1)a−cδa+d,b+c

)
. (C.99d)

From here we continue exactly as in Theorem C.4.9, and find that

∫ π

−π
dφ

∫ π/2

−π/2
dθ⟨a| sin θ⟩φ⟨b| sin θ⟩φ φ⟨sin θ|c⟩ φ⟨sin θ|d⟩ = 4Π2(a, b; c, d)−

∑

n∈N0

⟨a|n⟩⟨b|n⟩⟨n|c⟩⟨n|d⟩

(C.100)

257



completing the proof.

We now state some facts about the non-normalizable states used above, the proof of

which can be found in [199, sec. 6]. Our definition of these states differs from the definition

in [199] in that we have added an additional phase factor eiφn̂
2 , but this does not affect any

of the following facts. For the following, we will use δ to denote the Dirac delta function on

the interval [−π, π], namely δ(θ) ≡ δ[−π,π](θ) =
1
2π

∑
j∈Z e

iθj.

φ⟨cos θ| cos θ′⟩φ = δ(θ − θ′) (C.101a)

φ⟨sin θ| sin θ′⟩φ = δ(θ − θ′) (C.101b)
∫ π

0
φ|cos θ⟩⟨cos θ|φ dθ = I (C.101c)

∫ π

0
φ|sin θ⟩⟨sin θ|φ dθ = I (C.101d)

∫ π

0
φ|θ⟩⟨θ|φ dθ = I. (C.101e)

From these, we see that the cos and sin states form a generalized orthogonal basis for each

φ, and the cos, sin, and θ states form a continuous PVM for each φ. More generally, one

can consider γ-rotated sine/cosine states

|θ⟩φ,γ :=
1√
8

∞∑

n=0

eiφn
2 (

ei(n+1)θ − e−i(n+1)(θ−γ)) |n⟩ , (C.102)

where |θ⟩φ,0 = |cos θ⟩φ and |θ⟩φ,π = |sin θ⟩φ. Similar to above, for any fixed γ, summing over

Fock states and integrating the |θ⟩φ,γ states over θ and φ yields a rigged 2-design.

Next, we restrict our attention to the |cos θ⟩φ, since a similar analysis holds for |sin θ⟩φ
and |θ⟩φ. Let â and â† be the standard annihilation and creation operators so that n̂ = â†â.

The elements of {|cos θ⟩φ | θ ∈ (0, π)} are generalized eigenvectors – or more precisely

tempered distributions – of the operator ĉos(θ)φ := 1
2
â†(n̂ + 1)−1/2eiφ(2n̂+1) + h.c., where

h.c. denotes the Hermitian conjugate of the first term. This can be concisely expressed in
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terms of the Susskind-Glogower phase operator [198, 202] êiθ :=
∑

n∈N0
|n+ 1⟩⟨n|, yielding

ĉos(θ)φ = 1
2
êiθeiφ(2n̂+1) + h.c..

The standard position state ⟨x| is to be understood as a distribution in that it is a

continuous linear functional on a subset of L2(R) that will be described below. It is defined

via the relation ⟨x|ψ⟩ := ψ(x) =
∫
R ψ(x

′)δ(x′ − x) dx′. Similarly, the momentum states ⟨p|

is understood as a distribution defined by ⟨p|ψ⟩ := 1√
2π

∫
R e

−ipxψ(x) dx.

The φ⟨cos θ| can be understood analogously; namely, φ⟨cos θ| is defined by

φ⟨cos θ|ψ⟩ :=
√

2

π

∑

n∈N0

sin((n+ 1)θ)e−iφn2⟨n|ψ⟩, (C.103)

where ⟨n|ψ⟩ is the standard inner product
∫
R ψ̄n(x)ψ(x) dx with ψn(x) = ⟨x|n⟩ the Fock

state wavefunctions.

We now formalize this intuitive understanding of the ⟨cos θ|φ states as distributions.

References for this discussion are [244] for a formal treatment, and [80, 245] for a broad

overview. We have found that the combination of Fock states with |cos θ⟩φ, |sin θ⟩φ, or |θ⟩φ
distributions is enough to reconstruct Π2. We call such designs rigged designs, since the

latter states live in the rigged Hilbert space on top of L2(R).

The standard rigged Hilbert space of the harmonic oscillator is the Gelfand triple S(R) ⊂

L2(R) ⊂ S(R)′. S(R) is called Schwartz space, and as a topological vector space it has

a continuous dual space. S(R)′ is called the space of tempered distributions, and is the

continuous dual space of S(R). For physical quantum states, we often desire that they have

finite position, momentum, and energy moments. The first part of the Gelfand triple is the

set of all such states, which for the harmonic oscillator is hence

S(R) =
⋂

α,β∈N0

D(x̂αp̂β), (C.104)

where D(M) denotes the maximal domain of the operator M . Since the domains of x̂ and p̂
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are dense in L2(R), it follows that S(R) is dense in L2(R).

S(R) is a Fréchet space, meaning that it is a topological vector space with a topology

induced by a countable family of seminorms ∥·∥α,β defined by

∥f∥α,β := sup
x∈R

∣∣∣∣xα
dβf

dxβ

∣∣∣∣ . (C.105)

An equivalent condition for a function f to belong to S(R) is that ∥f∥α,β < ∞ for all

α, β ∈ N0. The topology induced by the seminorms is equivalent to the topology induced by

the metric [244, pg. 29]

d(f, g) =
∑

α,β∈N0

2−α−β
∥f − g∥α,β

1 + ∥f − g∥α,β
. (C.106)

Equipped with the metric, we can check continuity of a map T : S(R) → C in the usual way.

T is continuous if for all sequences (fn)n∈N, fn
n→∞−−−→ f implies T (fn)

n→∞−−−→ T (f). Strictly

speaking, this is the definition of sequentially continuous, but continuity and sequential

continuity are equivalent on metric spaces. Here fn
n→∞−−−→ f means that ∀ϵ > 0,∃N ∈ N

such that ∀n ≥ N : d(fn, f) < ϵ, and T (fn)
n→∞−−−→ T (f) means similarly but with the metric

on C.

We are now interested in characterizing the continuous dual of S(R), denoted by S(R)′,

which is a subset of the algebraic dual. Hence, we restrict our attention to linear maps

T : S(R) → C. When T is linear, T (f)− T (g) = T (f − g). We also notice that d(f, g) = 0

if and only if ∥f − g∥α,β = 0 for all α, β. Therefore, the condition that T be a tempered

distribution, meaning that T ∈ S(R)′, is that it is linear and satisfies

(
∀α, β ∈ N0 : lim

m→∞
∥fm∥α,β = 0

)
=⇒

(
lim
m→∞

|T (fm)| = 0
)

(C.107)

for any sequence of functions (fm)m∈N ⊂ S(R).
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As described above, a rigged Hilbert space is a triplet S(R) ⊂ L2(R) ⊂ S(R)′. S(R)′ is

the “bra space” of tempered distributions. One can analogously construct the “ket space” of

anti linear continuous functionals on S(R). This space is often denoted as S(R)×.

We will now revisit the ⟨cos θ|φ, ⟨sin θ|φ, and ⟨θ|φ states and show that they each belong to

S(R)′, while their ket counterparts belong to S(R)×. As before, we will restrict our attention

to the ⟨cos θ|φ states, as the others are analogous. By construction, ⟨cos θ|φ is clearly linear.

We now show that it is continuous. We use Eq. (C.107), and compute

lim
m→∞

∣∣∣φ⟨cos θ|fm⟩
∣∣∣ = lim

m→∞

∣∣∣∣∣

√
2

π

∑

n∈N0

e−iφn2

sin((n+ 1)θ)⟨n|fm⟩
∣∣∣∣∣ (C.108a)

≤ lim
m→∞

∑

n∈N0

|⟨n|fm⟩| (C.108b)

= lim
m→∞

∑

n∈N0

1√
n!

|⟨0| ân |fm⟩| (C.108c)

= lim
m→∞

∑

n∈N0

1√
n!

∣∣∣∣
∫

R
ψ0(x)

(
x+

d

dx

)n
fm(x) dx

∣∣∣∣ (C.108d)

≤ lim
m→∞

∑

n∈N0

1√
n!

(∫

R
|ψ0(x)| dx

)(
sup
x

∣∣∣∣
(
x+

d

dx

)n
fm(x)

∣∣∣∣
)

(C.108e)

∝ lim
m→∞

sup
x

∣∣∣∣
(
x+

d

dx

)n
fm(x)

∣∣∣∣ (C.108f)

= 0. (C.108g)

The last line comes by assumption from Eq. (C.107). The second to last line comes from

the facts that
∑

n 1/
√
n! < ∞ and that

∫
R |ψ0(x)| dx < ∞, where ψ0(x) is the position

representation of the lowest Fock state as described in Appendix C.2. Hence, ⟨cos θ|φ is a

tempered distribution.

From Theorem C.4.5, we know that CV 2-designs do not exist. However, Theorems C.4.8

to C.4.10 show that rigged CV 2-designs do indeed exist, where we define a rigged CV design

analogously to a standard CV design with the additional feature that tempered distributions
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are allowed.

Subsection C.4.4: Regularized rigged state designs – making rigged state de-

signs physical

Suppose we have a construction of Πt in terms of unphysical states, so that Πt =
∫
X
(|χ⟩⟨χ|)⊗t dµ,

whereX is some measure space with measure µ. We use χ to denote possibly non-normalizable

states, and ψ to denote properly normalized states. Define a Hermitian operator R which

we’ll call the regularizer. For example, R could be e−βn̂, where n̂ is the number operator

diagonal in the Fock basis n̂ |i⟩ = i |i⟩. Then,

Π
(R)
t := R⊗tΠtR

⊗t (C.109a)

=

∫

X

(R |χ⟩⟨χ|R)⊗t dµ. (C.109b)

As long as the amplitudes of each |χ⟩ do not grow too fast (indeed their growth is constrained

by the condition that |χ⟩ be a tempered distribution; see below), the states R |χ⟩ will be

normalizable. Define the normalized state corresponding to the tempered distribution χ as

|ψ⟩ := R |χ⟩ / ∥R |χ⟩∥. Then

Π
(R)
t =

∫

X

(|ψ⟩⟨ψ|)⊗t ∥R |χ⟩∥2t dµ. (C.110)

One can then define a new measure ν which is µ weighted by the positive factor ∥R |χ⟩∥2t /TrΠ(R)
t

(one can imagine using a Lebesgue-Stieltjes measure construction), thus giving

Π
(R)
t

TrΠ
(R)
t

=

∫

X

(|ψ⟩⟨ψ|)⊗t dν. (C.111)

The first thing to note is that by taking the trace of both sides one finds that ν(X) = 1.

Hence the measure space defined by X and ν is a proper probability space. Next, suppose
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that R = e−βn̂. The parameter β is an inverse energy. 1/β fixes an energy scale of the

states involved in the design. As 1/β → ∞, the energy of the states becomes infinite, and

Π
(R)
t looks more and more like Πt = Π

(I)
t . When β is exactly zero, the equation becomes

uninteresting since Πt/TrΠt is just the zero operator.

Nevertheless, β is a parameter that one can tune that enforces a soft energy cutoff. The

smaller one tunes β, the more the ensemble resembles a continuous-variable state t-design.

The soft energy cutoff e−βn̂ was chosen to ensure physicality of the resulting states. In

particular, e−βn̂ will always take a tempered distribution to a state in L2(R), whereas, for

example, a soft-cutoff of the form (n̂ + 1)−b for some b > 0 will not always achieve this.

We therefore use e−βn̂ to make any rigged design into an approximate design composed of

physical states. This is formalized in the following proposition.

Proposition C.4.11. If |χ⟩ is a tempered distribution, then e−βn̂ |χ⟩ is a state in L2(R) for

any β > 0.

Proof sketch. From [308, Thm. 3], any tempered distribution can be expressed as |χ⟩ =
∑

n∈N0
an |n⟩. We first calculate the norm of e−βn̂ |χ⟩;

⟨χ| e−2βn̂ |χ⟩ =
∑

n∈N0

|an|2 e−2βn. (C.112)

We therefore find that e−βn̂ |χ⟩ ∈ L2(R) as long as |an| grows with n asymptotically slower

than exponential. Hence, to prove the proposition, we need to show that if an grows ex-

ponentially or faster in n, then |χ⟩ is not a tempered distribution. This is proven in [308,

Thm. 3]. For completeness, we show it here as well. We will use Eq. (C.107) to show this.

Fix some sequence (fm)m∈N of states fm ∈ S(R) satisfying

∀α, β ∈ N0 : lim
m→∞

∥fm∥α,β = 0. (C.113)
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Specifically, let |fm⟩ = e−m
∑

n∈N0
e−εn |n⟩ for some arbitrarily small ε > 0. Then, assuming

the best case where an grows exponentially as an = eiθneγn for some γ > 0,

lim
m→∞

|⟨χ|fm⟩| = lim
m→∞

∣∣∣∣∣
∑

n∈N0

āne
−m−εn

∣∣∣∣∣ (C.114a)

= lim
m→∞

e−m

∣∣∣∣∣
∑

n∈N0

e−iθnen(γ−ε)

∣∣∣∣∣ . (C.114b)

Since ε can be arbitrarily small, we can always choose it so that γ− ε > 0, and therefore the

sum diverges no matter the choices of the phases θn. Hence,

lim
m→∞

|⟨χ|fm⟩| ≠ 0, (C.115)

proving, by Eq. (C.107), that |ψ⟩ is not a tempered distribution.

This proposition justifies our choice e−βn̂ as the soft energy cutoff, since a cutoff such as

(1 + n̂)−b does not satisfy the proposition for any b. However, there do exist rigged designs

for which (1 + n̂)−b is sufficient. For example, the |θ⟩φ, |cos θ⟩φ, and |sin θ⟩φ are all tem-

pered distributions that generate rigged 2-designs, and (1+ n̂)−2 |θ⟩φ , (1+ n̂)−2 |cos θ⟩φ , (1+

n̂)−2 |sin θ⟩φ ∈ L2(R). Hence, one may suggest that for these rigged designs, one should use

(1+ n̂)−b as a soft energy cutoff in place of e−βn̂. However, one desirable property of physical

quantum states is that all position, momentum, and energy moments are finite. In other

words, one may desire that the states belong to S(R) ⊂ L2(R). One can straightforwardly

show that, for example, (1 + n̂)−b |θ⟩φ /∈ S(R) for any b, whereas e−βn̂ |θ⟩φ ∈ S(R). This is

another justification for the use of e−βn̂.

Example C.4.12. Consider, for example, the rigged design given Theorem C.4.8. Sand-

wiching the design with R results in the normalized states
√
1− e−2β

∑
n∈N0

e−βn+iθn+iφn2 |n⟩.

Each of these states has energy coth(β)/2−1/2. The design also still consists of the original
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Fock states |n⟩, but the weight in front of each Fock state decays exponentially with n as

∼ e−βn. Thus, despite the fact that the design uses arbitrarily high energy states (i.e. |n⟩ for

all natural numbers n), the weight factor in front of these high energy states is exponentially

small in the energy. Therefore, the design effectively uses states finitely upper bounded in

energy, where the bound is tuned by β. We refer to [246, sec. 5] for a review of these states,

which are related to so-called phase coherent states. ⋄

We consider now an R-regularized rigged t-design G, which satisfies

E
ψ∈G

(|ψ⟩⟨ψ|)⊗t = Π
(R)
t

TrΠ
(R)
t

. (C.116)

By tracing out e.g. the last factor, we find Eψ∈G(|ψ⟩⟨ψ|)⊗(t−1) ∝ TrtΠ
(R)
t . Recall from

Appendix C.2.2 that Πt =
1
t!

∑
σ∈St

Wσ. Consider a permutation σ ∈ St that leaves the last

factor fixed. Let π ∈ St−1 be the permutation with the same cyclic decomposition as σ. For

example, when t = 3 and σ = (12)(3) is the permutation swapping 1 and 2 and leaving 3 fixed,

then we set π = (12). We see that for such a σ, Trt(R⊗tWσR
⊗t) = (TrR2)R⊗(t−1)WπR

⊗(t−1).

Hence, the sum over all such permutations results in (TrR2)
∑

π∈St−1
R⊗(t−1)WπR

⊗(t−1) =

(TrR2)Π
(R)
t−1. For all other permutations τ that do not leave the tth factor fixed, TrtWτ does

not pick up a factor of (TrR2). We have hence found that Eψ∈G(|ψ⟩⟨ψ|)⊗(t−1) ∼ (TrR2)Π
(R)
t−1+

(terms without (TrR2)). Assuming that the regularizer R is close to the identity so that

(TrR2) is large and applying the above arguments to both the numerator and denominator

of Eq. (C.116), we have thus found that an R-regularized rigged t-design G satisfies

E
ψ∈G

(|ψ⟩⟨ψ|)⊗(t−1) =
Π

(R)
t−1

TrΠ
(R)
t−1

(
1 +O

(
1/TrR2

))
. (C.117)

It is in this sense that an R-regularized rigged t-design is almost an R-regularized rigged

(t− 1)-design up to factors of 1/TrR2.

In the special case when R = Pd =
∑d−1

n=0 |n⟩⟨n|, a Pd-regularized rigged t-design G is
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simply a CPd−1 t-design, and hence it is also exactly a (t − 1)-design. However, when R is

an invertible operator, the result is only a (t− 1)-design up to terms of order 1/TrR2.

Frame potential

In this section, we will generalize the well-known frame potential from finite-dimensional state

designs [41] to regularized rigged designs. Specifically, for a positive definite regularizer R,

we define the frame potential of an ensemble G (i.e. a probability space over unit vectors in

L2(R)) to be

V
(R)
t (G) := E

ψ,ϕ∈G

∣∣⟨ψ|R−1 |ϕ⟩
∣∣2t . (C.118)

We prove the following proposition regarding R-regularized rigged t-designs and the frame

potential.

Proposition C.4.13. Let R be positive definite. For any ensemble G,

V
(R)
t (G) ≥ 1

TrΠ
(R)
t

, (C.119)

with equality if and only if G is an R-regularized rigged t-design.

Proof. This proof is a modification of that of Ref. [41, Eq. (3)]. Let E := Eψ∈G(|ψ⟩⟨ψ|)⊗t and

ξ := (R−1)⊗tE − Π
(
√
R)

t /TrΠ
(R)
t . By recalling the definitions of regularized-rigged designs

and of the symmetric projector (C.10), we see that G is an R-regularized rigged t-design if

and only if ξ = 0, or equivalently, Tr ξ2 = 0. We find that

0 ≤ Tr ξ2 (C.120a)

= Tr
[
(R−1)⊗tE(R−1)⊗tE

]
+

Tr
[
(Π

√
R

t )2
]

(
TrΠ

(R)
t

)2 − 2

TrΠ
(R)
t

Tr
[
EΠ

(
√
R)

t (R−1)⊗t
]

(C.120b)

= V
(R)
t (G) + TrΠ

(R)
t

(TrΠ
(R)
t )2

− 2

TrΠ
(R)
t

Tr[EΠt] (C.120c)
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= V
(R)
t (G) + 1

TrΠ
(R)
t

− 2

TrΠ
(R)
t

(C.120d)

= V
(R)
t (G)− 1

TrΠ
(R)
t

, (C.120e)

with equality if and only if G is an R-regularized rigged t-design. In the second to last line,

we used that EΠt = E and that TrE = 1.

If R is instead only positive semi -definite and not invertible, then we can modify the

definition of the frame potential to utilize the Moore-Penrose inverse R+ in place of the

inverse R−1. The proposition then still holds as is, with the addition of the assumption that

RR+G = G, where recall RR+ is a projector onto the support of R.

Notice the presence of the R−1 in the definition of the frame potential. We will also

see such a presence in Appendix C.5.2 when generalizing fidelity quantities to infinite-

dimensional spaces.

Subsection C.4.5: Alternative characterization of continuous-variable, rigged,

and regularized rigged designs

To generate a random state |ψ⟩ ∈ CPd−1, one can equivalently choose d amplitudes {αi ∈ C | i ∈ 0, . . . , d− 1},

where each αi is drawn independently from the unit variance normal distribution N (0, 1).

The state
∑

i αi|i⟩
∥∑i αi|i⟩∥ is then a random state drawn from CPd−1.

Motivated by this and by Ref. [309, Sec. 4.1], we consider integration on the Frechét

space C∞ =
∏

i∈N0
C with the product topology. Define δj : C∞ → C to be the projections

δj(x) = xj. Let Σ be the smallest σ-algebra on C∞ such that δj is measurable for every

j. Note that this corresponds to the Borel σ-algebra; that is, the product topology and the

σ-algebra are both generated by sets of the form A =
∏

i∈N0
Ai, where each Ai is an open

subset of C and only finitely many Ai are proper.

Let N (0, λi) be the Gaussian measure on C with mean 0 and variance λi. Define the
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measure µ : Σ → [0,∞] by µ :=
⊗

j∈N0
N (0, λj), where each λj ∈ (0,∞). The construction

for such a measure is as follows. For A =
∏

i∈N0
Ai where all but finitely many Ai satisfy

Ai = C, define µ(A) =
∏

i∈N0
N (0, λi)(Ai). For every i for which Ai = C, N (0, λi)(Ai) = 1.

Hence, µ is well-defined on such sets A since the product is finite. From its definition on

such sets A, µ can be uniquely extended to all of Σ [276, Thm. 10.6.1].

Let {|n⟩ | n ∈ N0} be a basis for L2(R). For z ∈ C∞, let |z⟩ :=
∑

n∈N0
zn |n⟩. Any

tempered distribution can be expressed as |z⟩ for some z ∈ C∞ satisfying certain conditions

[308, Thm. 3]. We therefore define the following subsets of C∞:

S := {z ∈ C∞ | |z⟩ ∈ S(R)} (C.121a)

ℓ2C(N0) :=
{
z ∈ C∞ | |z⟩ ∈ L2(R)

}
(C.121b)

S ′ := {z ∈ C∞ | |z⟩ ∈ S(R)′} . (C.121c)

Lemma C.4.14. Suppose that λi = 1 for all i ∈ N0. Then µ(S ′) = 1 and therefore µ(C∞ \

S ′) = 0.

Proof. Note that

∫

C∞

∥∥∥∥
1

n̂+ 1
|z⟩
∥∥∥∥
2

dµ(z) =
∑

n∈N0

1

(n+ 1)2

∫

C∞
|zn|2 dµ(z) =

∑

n∈N0

1

(n+ 1)2
<∞. (C.122)

Therefore,
∥∥ 1
n̂+1

|z⟩
∥∥2 < ∞ for almost all z. For any z ∈ C∞, if

∥∥ 1
n̂+1

|z⟩
∥∥ < ∞, then

|z⟩ ∈ S(R)′ [308, Thm. 3]. Hence |z⟩ ∈ S(R)′ µ-a.e.

Through an analogous calculation with the integrand being ∥|z⟩∥2, one finds that if
∑

i∈N0
λi < ∞, then µ(ℓ2C(N0)) = 1 [309, Rem 4.1.2]. Define R to be the diagonal matrix

with diagonal entries λi. If R is the identity, then µ(S ′) = 1, while if R is trace-class, then

µ(ℓ2C(N0)) = 1.

It follows that if R is the identity, integrals over the measure space (C∞,Σ, µ) are equal
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to integrals over the restricted measure space (S ′,Σ|S′ , µ|S′). Similarly, if R is trace-class,

integrals over the measure space (C∞,Σ, µ) are equal to integrals over the restricted measure

space (ℓ2C(N0),Σ|S′ , µ|S′).

Next, we show that when R is the identity, (S ′,Σ|S′ , µ|S′) is a rigged t-design for any t ∈ N,

and when R is trace-class, (ℓ2C(N0),Σ|ℓ2C(N0), µ|ℓ2C(N0)) is an R-regularized rigged t-design for

any t ∈ N. 1

Given the construction of our measure space over C∞, integrals over polynomials in z

reduce to simple finite-dimensional Gaussian integration. For the purposes of designs, we

are only interested in such polynomials. Consider

∫

C∞

t∏

i=1

⟨ai|z⟩⟨z|bi⟩ dµ(z) =
∫

C∞

t∏

i=1

zai z̄bi dµ(z). (C.123)

for a, b ∈ Nt
0. Since the integrand depends only on at most 2t elements of z, we can use

Fubini’s theorem so that the integral reduces to an integral over C2t with the measure
⊗N (0, λi). Then, one can easily check by induction (or just by using standard properties

of Gaussian integrals) that the integral equals Π
(
√
R)

t (a; b), and therefore

∫

S′

t∏

i=1

|z⟩⟨z| dµ(z) = Π
(
√
R)

t (C.124)

in the weak sense. When R is the identity, (S ′,Σ|S′ , µ|S′) is a rigged t-design (for all t ∈ N0),

and when R is trace-class, (ℓ2C(N0),Σ|ℓ2C(N0), µ|ℓ2C(N0)) is a
√
R-regularized rigged t-design (for

all t ∈ N0).
1More accurately, the image of (S′,Σ|S′ , µ|S′) under the map z 7→ |z⟩ – which is a measure space over

S(R)′ – is a rigged t-design, and the image of (ℓ2C(N0),Σ|ℓ2C(N0), µ|ℓ2C(N0)) – which is a measure space over
L2(R) – is a regularized rigged t-design.
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Subsection C.4.6: Displaced Fock states as negative-weight approximate de-

signs

The projection onto the two-body symmetric subspace is (see Appendix C.2.2)

Π2 =
1

2

(
I+ ei

π
2 (a†−b†)(a−b)

)
, (C.125)

where the second operator in the parentheses is the SWAP operator, and a (b) represents

the lowering operator for the first (second) mode. To simplify calculations, we apply the

beam-splitter operation

U = exp
[π
4

(
a†b− ab†

)]
, acting as U †



a

b


U =

1√
2



a+ b

b− a


 , (C.126)

which is equivalent to partitioning the two-mode Hilbert space into a tensor product of a

center-of-mass L2(R) factor whose corresponding coordinate is symmetric under SWAP and

an anti-symmetric factor whose coordinate is anti-symmetric [79, Sec. III]. In the Fock-space

picture, this results in

UΠ2U
† = I⊗ 1 + eiπb

†b

2
=
∑

n∈N0

|n⟩⟨n| ⊗
∑

p∈N0

|2p⟩⟨2p| , (C.127)

which now projects onto the entire symmetric factor and the even Fock-state subspace of

the anti-symmetric factor.

We now determine what happens if one sums up two copies of all displaced versions of

a particular Fock state |ℓ⟩. Using the fact that SWAP acts on displacements as UD⊗2
α U † =

Dα ⊗ I and the fact that displacements form a unitary 1-design, we have

U

(∫
d2α

π
D⊗2
α |ℓℓ⟩⟨ℓℓ|D⊗2

−α

)
U † =

∫
d2α

π
(Dα ⊗ I)U |ℓℓ⟩⟨ℓℓ|U † (D†

α ⊗ I
)

(C.128a)
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= Tr1
(
U |ℓℓ⟩⟨ℓℓ|U †) , (C.128b)

where Tr1 is the partial trace over the first factor.

We next write out U as a direct sum of irreducible representations of SU(2), with each

representation acting on a sector of fixed total occupation number. Irreducible representa-

tions of SU(2) are known exactly in terms of the Wigner-D matrices [310], and the matrix

elements we will need are

c(ℓ)n = |⟨2ℓ− n, n|U |ℓ, ℓ⟩|2 =
∣∣∣Dℓ

2n−ℓ,0

(
0,−π

2
, 0
)∣∣∣

2

=
(2ℓ− 2n)! (2n)!

4ℓ [n! (ℓ− n)!]2
. (C.129)

Plugging this in yields

U

(∫
d2α

π
D⊗2
α |ℓℓ⟩⟨ℓℓ|D⊗2

−α

)
U † = I⊗

ℓ∑

n=0

c(ℓ)n |2n⟩⟨2n| . (C.130)

When ℓ = 0, we have c(0)0 = 1, corroborating the result from [79, Sec. III]. For general ℓ, this

result yields nonzero coefficients c(ℓ)n for all Fock states ≤ 2ℓ in the anti-symmetric factor.

We now linearly combine instances of Eq. (C.130) with ℓ from zero to some ℓmax and

compensate the c(ℓ)n using weights bℓ in front of each Fock state. This yields

U

(
ℓmax∑

ℓ=0

bℓ

∫
d2α

π
Dα|ℓℓ⟩⟨ℓℓ|D†

α

)
U † = I⊗

ℓmax∑

n=0

|2n⟩⟨2n| , (C.131a)

bℓ =
1−∑ℓmax

p=ℓ+1 bpc
(L)
ℓ

c
(ℓ)
ℓ

, (C.131b)

which yields Π2 up to the Fock state 2ℓ in the anti-symmetric factor. However, some of

the bℓ’s are negative, meaning that the right-hand side of Eq. (C.131a) cannot be treated

as an expectation value of operators sampled according to a probability distribution. The

ensemble can be formulated in terms of a measure space with a signed measure, and there
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may be schemes to sample from such an ensemble [311]. Thus, displaced Fock states form a

hard-energy regularized 2-design with a signed measure.

One may be tempted to take ℓmax to infinity. In this case, the coefficient bℓmax → ∞,

showing that this regularized design does not yield a CV design and corroborating the no-go

Theorem C.4.5 (recall we extended Theorem C.4.5 to the case of signed measure spaces at

the end of Appendix C.4.1).

Subsection C.4.7: Approximate continuous-variable unitary designs

In finite dimensions, a unitary design reconstructs the superoperator

Pt =
1

|St|
∑

σ∈St

∥Wσ⟩⟨Wσ∥. (C.132)

In this way, when acting on a fiducial state ρ = |ϕ⟩⟨ϕ|, one finds

Pt∥ρ⊗t⟩ =
1

|St|
∑

σ∈St

∥Wσ⟩⟨Wσ∥ρ⊗t⟩ (C.133a)

=
1

|St|
∑

σ∈St

∥Wσ⟩Tr
[
W−1
σ ρ⊗t

]
(C.133b)

=
1

|St|
∑

σ∈St

∥Wσ⟩ (C.133c)

= Πt. (C.133d)

From above, we have states in L2(R) that construct the normalized symmetric projector

Π
(R)
t = R⊗tΠtR

⊗t. In a similar way, let’s normalize the superoperator Pt. Define

P(R)
t :=

1

|St|
∑

σ∈St

∥R⊗tWσ⟩⟨R⊗tWσ∥. (C.134)
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Then, when acting on a fiducial state ρ = |ϕ⟩⟨ϕ|, one finds

P(R)
t ∥ρ⊗t⟩ = 1

|St|
∑

σ∈St

∥R⊗tWσ⟩⟨RWσ∥ρ⊗t⟩ (C.135a)

=
1

|St|
∑

σ∈St

∥R⊗tWσ⟩Tr[R⊗tW−1
σ ρ⊗t] (C.135b)

= Tr[(Rρ)⊗t]Π
(R)
t (C.135c)

∝ Π
(R)
t . (C.135d)

With this, we now define an approximate continuous-variable unitary t-design to be a

collection of unitaries Ui : L2(R) → L2(R) that satisfy

∑

i

(∥Ui⟩⟨Ui∥)⊗t = P(R)
t . (C.136)

As with rigged state designs, the parameterization i of the unitaries, represented here heuris-

tically as a sum, may constitute a measure space. We leave determination of existence of

such designs to future work.

Section C.5: Applications of rigged and regularized rigged designs

Subsection C.5.1: Continuous-variable shadows

In this subsection, we use rigged designs to construct infinite-dimensional classical shadows

of a quantum state ρ. With these shadows, one can for example efficiently compute the

expectation value of many observables. Ref. [52] phrased shadow tomography from Ref. [50]

in terms of informationally-complete POVMs. We will generalize their discussion to infinite

dimensions.
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Specifically, suppose that the measure space (X,Σ, µ) is a rigged 3-design. In other words,

∫

X

(|χ⟩⟨χ|)⊗t dµ(χ) = αtΠt (C.137)

for each t ∈ {1, 2, 3}, where α1, α2, α3 ∈ (0,∞) are some numbers. We assume without loss

of generality that α1 = 1 (if not, just rescale the measure). Recall that we will use |χ⟩ to

denote tempered distributions and |ψ⟩ to denote physical quantum states.

Let ν : Σ → P (H), where P (H) denotes the set of nonnegative operators on an underlying

separable, infinite dimensional Hilbert space H, and define

ν(A) :=

∫

A

|χ⟩⟨χ| dµ(χ) . (C.138)

This map is a positive operator-valued measure (POVM) because it satisfies the axioms

1. ν(X) = I,

2. ν(∅) = 0, and

3. ν(
⋃
iAi) =

∑
i ν(Ai) for countable collections of disjoint Ai ∈ Σ.

The first axiom is satisfied since X is a rigged 1-design with α1 = 1. The second axiom is

trivially satisfied. The third axiom follows from the σ-additivity of the measure µ.

We can therefore measure a state ρ with respect to the POVM ν. As usual, associated

to the POVM is a standard probability measure µ′ defined by µ′(A) = Tr[ρν(A)]. When

measuring the state ρ with the POVM ν, we sample outcomes labeled by χ ∈ X from

the probability measure µ′. Indeed, we have the freedom to label the outcomes however we

choose. In particular, suppose that to each tempered distribution (i.e. non-normalizable, and

therefore unphysical, quantum state) |χ⟩ ∈ X, we associate a physical state |ψχ⟩ ∈ H of unit

norm. Then the measurement channel representing the POVM ν is ρ 7→
∫
X
|ψχ⟩⟨ψχ| dµ′(χ).
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In the realm of shadow tomography, however, we have even more freedom than this.

Once we measure from the POVM, we store a shadow on a classical computer and never

need to physically prepare the shadow. Therefore, we do not need to associate physical states

|ψχ⟩ to the measurement outcomes of the POVM; we are free to associate the unphysical

tempered distributions |χ⟩ to the measurement outcome corresponding to χ. The resulting

map representing the measurement process is then

M(ρ) =

∫

X

|χ⟩⟨χ| dµ′(χ). (C.139)

Since µ′ is a probability measure, we will define the notation Eχ∈X′(·) :=
∫
X
(·) dµ′(χ). Hence,

M(ρ) = E
χ∈X′

|χ⟩⟨χ| . (C.140)

M is not a physical quantum channel; indeed, TrM(ρ) is not finite. However, M represents

the process of measuring ρ with respect to the physical POVM ν and storing the result

classically. This part of the formalism, namely associating the infinite-trace operator |χ⟩⟨χ|

to the measurement outcome χ, is the only part that differs from the finite dimensional case.

In the finite dimensional case, the designs contain only physical states |ψ⟩, and a physical

density matrix |ψ⟩⟨ψ| is associated to the measurement outcome ψ. Ultimately, since this

part of the procedure is being done classically, this difference is inconsequential, and we

continue exactly as we would in the finite dimensional case.

Using the fact that X is a rigged 2-design, we can evaluate

M(ρ) =

∫

X

|χ⟩⟨χ| dµ′(χ) (C.141a)

=

∫

X

|χ⟩⟨χ|Tr[ρ |χ⟩⟨χ|] dµ(χ) (C.141b)

= Tr1

[
(ρ⊗ I)

∫

X

(|χ⟩⟨χ|)⊗2 dµ(χ)

]
(C.141c)
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= α2Tr1[(ρ⊗ I)Π2] (C.141d)

=
α2

2
Tr1[(ρ⊗ I)(I⊗ I+ S)] (C.141e)

=
α2

2
(I+ ρ), (C.141f)

where S is the SWAP operator. Hence, ρ = Eχ∈X′

[
2
α2

|χ⟩⟨χ| − I
]
, and therefore for any

observable O,

⟨O⟩ := Tr(ρO) = E
χ∈X′

Tr

[(
2

α2

|χ⟩⟨χ| − I
)
O
]
. (C.142)

Suppose that we make N measurements. The output of the ith measurement is a label χi.

We store the classical shadow ρ̂i :=
2
α2

|χi⟩⟨χi| − I on a classical computer. Therefore, after

N measurements, we have a classical collection {ρ̂1, . . . , ρ̂N}. Given sufficient information

about our design and the observable, one can classically compute Tr(ρ̂iO). Define

ô :=
1

N

N∑

i=1

Tr(ρ̂iO). (C.143)

By construction, E[ô] = ⟨O⟩, where the expectation is taken over possible measurement

outcomes. By Chebychev’s inequality, Pr[|ô− E[ô]| ≥ ϵ] ≤ Var(ô)/ϵ2, where

Var(ô) =
N∑

i=1

Var

(
1

N
Tr[ρ̂iO]

)
(C.144a)

=
1

N2

N∑

i=1

Var(Tr[ρ̂iO]) (C.144b)

=
1

N2

N∑

i=1

Var
χ∈X′

(
Tr

[
2

α2

|χ⟩⟨χ| O
]
− TrO

)
(C.144c)

=
1

N
Var
χ∈X′

(
Tr

[
2

α2

|χ⟩⟨χ| O
]
− TrO

)
(C.144d)

=
1

N
E

χ∈X′

(
Tr

[
2

α2

|χ⟩⟨χ| O
]
− TrO

)2

− 1

N
⟨O⟩2 (C.144e)
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=
1

N
E

χ∈X′

(
Tr

[
2

α2

|χ⟩⟨χ| O
]2

+ (TrO)2 − 2Tr

[
2

α2

|χ⟩⟨χ| O
]
(TrO)

)
− 1

N
⟨O⟩2

(C.144f)

=
4

Nα2
2

∫

X

Tr[|χ⟩⟨χ| O]2Tr(ρ |χ⟩⟨χ|) dµ(χ)

+
1

N
(TrO)2

∫

X

Tr(ρ |χ⟩⟨χ|) dµ(χ)

− 4

Nα2

(TrO)

∫

X

Tr[|χ⟩⟨χ| O] Tr(ρ |χ⟩⟨χ|) dµ(χ)

− 1

N
⟨O⟩2 .

(C.144g)

Using that X is a rigged 1-, 2-, and 3-design, we find

Var(ô) =
4α3

Nα2
2

Tr[(ρ⊗O ⊗O)Π3] +
1

N
(TrO)2 − 4

Nα2

(TrO) Tr[(ρ⊗O)Π2]−
1

N
⟨O⟩2

(C.145a)

=
2α3

3Nα2
2

[
(TrO)2 + 2(TrO) ⟨O⟩+ TrO2 + 2

〈
O2
〉]

(C.145b)

+
1

N
(TrO)2 − 2

Nα2

(TrO)(TrO + ⟨O⟩)− 1

N
⟨O⟩2

∈ O
(
(Tr |O|)2

N

)
. (C.145c)

It then follows that

Pr[|ô− E[ô]| ≥ ϵ] ∈ O
(
(Tr |O|)2
Nϵ2

)
. (C.146)

Consider computing the expectation value of M observables O1, . . . ,OM using the same N

shadows ρ̂i as above, and let ôi be the same as ô from above but corresponding to Oi. Then,

applying the union bound, we find

Pr
[
max
i

|ôi − E[ôi]| ≥ ϵ
]
∈ O

(
M maxi(Tr |Oi|)2

Nϵ2

)
. (C.147)

Hence, to achieve a failure probability of at most δ, we need N ∈ O
(
M maxi(Tr|Oi|)2

δϵ2

)
.
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Using median-of-means

We can do much better than this by using the median-of-means estimator as described in

[50, Thm. 1] where we compute the median of K sample means and each mean is taken with

N samples. Indeed, their theorem applies immediately, and we instead find that

N ∈ O
(
1

ϵ2
max
i

(Tr |Oi|)2
)

and K ∈ O(log(M/δ)) (C.148)

suffices to estimate each ⟨Oi⟩ to maximum additive error ϵ with success probability at least

1−δ. Thus, the total number of samples from ρ needed to accurately predict ⟨O1⟩ , . . . , ⟨OM⟩

scales as logM .

Unfortunately, we have not yet found a useful rigged 3-design (a rigged 3-design is de-

scribed in Appendix C.4.5, but it involves infinite-dimensional integration). The 3-design

condition was used to compute the variance Var(ô).

One may wonder how well a rigged 2-design works for shadow tomography. Since the

variance calculation requires three copies of |χ⟩⟨χ|, the variance depends on the specific

rigged 2-design that is used. Here we will compute the variance with respect to the rigged

2-design that uses the Kerred phase states; namely,

1

2π + 1

∑

n∈N0

(|n⟩⟨n|)⊗t + 2π

2π + 1

∫

[0,2π]2
(φ|θ⟩⟨θ|φ)⊗t

dθ dφ

2π
= αtΠt (C.149)

for t ∈ {1, 2}, where α1 = 1 and α2 = 1/(π + 1/2). The only term in the variance that is

different is

∫

X

Tr[|χ⟩⟨χ| O]2Tr(ρ |χ⟩⟨χ|) dµ(χ)

=
1

2π + 1

∑

n∈N0

(⟨n| O |n⟩)2 ⟨n| ρ |n⟩+ 1

2π + 1

∫

[0,2π]2
(φ⟨θ|O |θ⟩φ)2 φ⟨θ|ρ |θ⟩φ dθ dφ

(C.150a)
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=
1

2π + 1

∑

n∈N0

O2
n,nρn,n +

1

(2π + 1)(2π)3

∑

n1,n2,n3∈N0

∑

m1,m2,m3∈N0

On1,m1On2,m2ρn3,m3

×
∫

[0,2π]2
eiθ(n1+n2+n3−m1−m2−m3)eiφ(n

2
1+n

2
2+n

2
3−m2

1−m2
2−m2

3) dθ dφ

(C.150b)

=
1

2π + 1

∑

n∈N0

O2
n,nρn,n +

1

(2π + 1)2π

∑

n1,n2,n3∈N0

∑

m1,m2,m3∈N0

On1,m1On2,m2ρn3,m3

× δn1+n2+n3,m1+m2+m3δn2
1+n

2
2+n

2
3,m

2
1+m

2
2+m

2
3
.

(C.150c)

Unfortunately, there is no obvious closed form simplification. We can however investigate

specific cases. For example, consider the case when O is diagonal in the Fock basis {|n⟩}.

Then this term simply becomes 1
2
⟨O2⟩ + 1

4π
(TrO)2. Hence, if we have a collection of M

observables O1, . . . ,OM that are each diagonal in the Fock state basis, then one needs only

∼ log(M)maxi(Tr |Oi|)2 measurements of ρ from the POVM defined by the rigged 2-design

to estimate ⟨O1⟩ , . . . , ⟨OM⟩.

Perhaps a more interesting case is when O = |a⟩⟨b|+ |b⟩⟨a| for positive integers a and b.

Assume that b > a and define ∆ := b− a > 0. In this case, the term above becomes

=
1

(2π + 1)2π

∑

n1,n2,m1,m2∈{a,b}

∑

n3,m3∈N0

On1,m1On2,m2ρn3,m3

× δn1+n2+n3,m1+m2+m3δn2
1+n

2
2+n

2
3,m

2
1+m

2
2+m

2
3

(C.151a)

=
1

(2π + 1)2π

∑

n3,m3∈N0

[
O2
a,bρn3,m3δ2a+n3,2b+m3δ2a2+n2

3,2b
2+m2

3

+O2
b,aρn3,m3δ2b+n3,2a+m3δ2b2+n2

3,2a
2+m2

3

+ 2Oa,bOb,aρn3,m3δn3,m3

]

(C.151b)
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=
1

(2π + 1)2π

[ ∑

n3∈N0

ρn3,2(a−b)+n3δ2a2+n2
3,2b

2+(2a+n3−2b)2

+
∑

n3∈N0

ρn3,2(b−a)+n3δ2b2+n2
3,2a

2+(2b+n3−2a)2

+ 2Tr ρ
]

(C.151c)

=
1

π(2π + 1)
+

1

(2π + 1)2π

[ ∑

n3≥2∆

ρn3,n3−2∆δ2a2+n2
3,2b

2+(n3−2∆)2

+
∑

n3∈N0

ρn3,n3+2∆δ2b2+n2
3,2a

2+(n3+2∆)2
] (C.151d)

=
1

π(2π + 1)
+

1

(2π + 1)2π
δ3b≥aδ3a≥b

[
ρ(3b−a)/2,(3a−b)/2 + ρ(3a−b)/2,(3b−a)/2

]
(C.151e)

=
1

π(2π + 1)

(
1 + δ3b≥aδ3a≥bRe(ρ(3b−a)/2,(3a−b)/2)

)
(C.151f)

≤ 2

π(2π + 1)
. (C.151g)

Hence, if we have a collection of M observables of the form Oi = |ai⟩⟨bi| + |bi⟩⟨ai|, then we

can accurately determine each ⟨Oi⟩ with only ∼ logM measurements of ρ using the rigged

2-design.

Using Hoeffding’s inequality

Again motivated by Ref. [52], we consider using Hoeffding’s inequality and only using the 2-

design property. Hence, this section applies to rigged 2-designs, of which we have constructed

several. Specifically, suppose that we again consider estimating ⟨Oj⟩ with N shadows by

ôj =
1
N

∑N
i=1Tr(ρ̂iOj). If −∞ < c < Tr(ρ̂iOj) < d < ∞ almost surely for each shadow ρ̂i,

then Hoeffding’s inequality immediately implies that

Pr[|ôj − E[ôj]| ≥ ϵ] ≤ 2 exp

[
− 2Nϵ2

(d− c)2

]
. (C.152)
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Then, applying the union bound,

Pr

[
max
j

|ôj − E[ôj]| ≥ ϵ

]
≤ 2M exp

[
− 2Nϵ2

(d− c)2

]
. (C.153)

Therefore, to achieve a failure probability of at most δ, we need

N ≥ log

(
2M

δ

)
(d− c)2

2ϵ2
(C.154)

to compute the M observables to additive accuracy ϵ.

For instance, we consider the example from above where the observables are Oj =

|aj⟩⟨bj| + |bj⟩⟨aj| and we perform the shadows procedure with the rigged 2-design given

in Eq. (C.149). One easily finds that −2/π(π+1/2) ≤ Tr(ρ̂iOj) ≤ 2/π(π+1/2). Hence, we

can determine the expectation value of the M observables with error ϵ and failure probability

at most δ with only N ≥ log
(
2M
δ

)
8

π2(π+1/2)2ϵ2
measurements.

Worked example

We now work through a simple, explicit example of using shadow tomography with the rigged

2-design in Eq. (C.149) to determine the expectation value of M observables with logM

measurements. We let each observable be Oj = |aj⟩⟨bj| + |bj⟩⟨aj| + |cj⟩⟨cj| for arbitrary

nonnegative integers aj, bj, cj. Suppose that we have access to a blackbox quantum device

that prepares ρ, but we know nothing else about it.

Generate shadows. The first step is to describe a procedure to generate a classical

shadow. Recall that single-qubit “local Clifford” shadows [50] consist of choosing randomly

between measuring in three different POVMs — the three Bloch-sphere axes — each yielding

a binary outcome. In our case, for a single mode, we choose between measuring in either

the discrete Fock-space POVM or a continuum of phase-state POVMs which differ by how

much they have evolved under the Kerr Hamiltonian (quantified by φ). Each POVM has an
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infinite number of outcomes: the Fock-state POVM admits a countable infinity of outcomes

indexed by Fock-state occupation number n, while the phase-state POVMs have a compact

continuous set of outcomes indexed by phase-state index θ.

From Eq. (C.149), we generate a shadow as follows. First we draw a random number x

between 0 and 1. If x ≤ 1/(2π+1), then we measure ρ in the Fock state basis {|n⟩ | n ∈ N0}.

The result will be an integer n ∈ N0 and the classical shadow is then a classical label

representing the operator ρ̂(n) := (2π + 1) |n⟩⟨n| − I. If, on the other hand, x > 1/(2π + 1),

then we draw a random number φ between 0 and 2π and measure ρ with the continuous

POVM defined by the operators {φ|θ⟩ ⟨θ|φ | θ ∈ [0, 2π)} and the measure dθ. The output of

such a measurement is an angle θ ∈ [0, 2π) and the classical shadow is then a classical label

representing the operator ρ̂(θ,φ) := (2π + 1) φ|θ⟩ ⟨θ|φ − I.

Classically compute expectation values w.r.t. shadows. For the shadow ρ̂(n), we

easily see that

Tr[ρ̂(n)Oj] = Tr[((2π + 1) |n⟩⟨n| − I)Oj] = (2π + 1)δn,cj − 1. (C.155)

For the shadow ρ̂(θ,φ), we compute

Tr[ρ̂(θ,φ)Oj] = Tr
[
((2π + 1) φ|θ⟩⟨θ|φ − I)Oj

]
(C.156a)

=
2π + 1

2π

∑

n,m∈N0

eiθ(n−m)+iφ(n2−m2) ⟨m| Oj |n⟩ − 1 (C.156b)

=
2π + 1

2π

(
eiθ(aj−bj)+iφ(a2j−b2j ) + eiθ(bj−aj)+iφ(b2j−a2j ) + 1

)
− 1 (C.156c)

= (2 + 1/π) cos(θ(aj − bj) + φ(a2j − b2j)) +
1

2π
. (C.156d)

Choose the number of shadows to generate. We see that for every possible shadow

ρ̂ and every observable Oj, −2− 1/π + 1/2π ≤ Tr[ρ̂Oj] ≤ 2π. Therefore, from Eq. (C.154),
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we set

N =

⌈
log

(
2M

δ

)
(2π + 2 + 1/π − 1/2π)2

2ϵ2

⌉
≈ 36

ϵ2
log

(
2M

δ

)
. (C.157)

Estimate expectation values w.r.t. state. With all this in place, we can now classi-

cally compute each ⟨Oj⟩ to a maximum additive error of ϵ with success probability at least

1− δ. First, generate N shadows with the procedure described above. Then, with those N

shadows, classically compute the mean expectation value of each observable Oj over the N

shadows using the expressions derived above for Tr[ρ̂(n)Oj] and Tr[ρ̂(θ,φ)Oj]. With probabil-

ity at least 1− δ, all of these M means will be within ϵ of the true expectation values with

respect to ρ.

Subsection C.5.2: Fidelity calculations

In this subsection, we derive the calculations shown in Section 4.6.3. Throughout this sub-

section, we let E denote an R-regularized rigged 2-design, meaning that E is an ensemble

over unit-normalized quantum states satisfying Eψ∈E (|ψ⟩⟨ψ|)⊗2 =
Π

(R)
2

TrΠ
(R)
2

. We assume that

R is positive semi-definite. Recall then that Π(R)
2 = (R⊗R)Π2(R⊗R), and Π2 =

1
2
(I+ S).

Therefore, 2TrΠ
(R)
2 = (TrR2)2 + TrR4. From this characterization, one easily computes

that

E
ψ∈E

⟨ψ|A |ψ⟩ |ψ⟩⟨ψ| = Tr1

[
(A⊗ I) E

ψ∈E
|ψ⟩⟨ψ| ⊗ |ψ⟩⟨ψ|

]
(C.158a)

=
1

2TrΠ
(R)
2

Tr1
[
(A⊗ I)

(
R2 ⊗R2 + (R2 ⊗R2)S

)]
(C.158b)

=
1

2TrΠ
(R)
2

[
R2Tr(RAR) +R2AR2

]
(C.158c)

=
R2Tr(RAR) +R2AR2

(TrR2)2 + TrR4
. (C.158d)
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Furthermore,

E
ψ∈E

⟨ψ|A |ψ⟩⟨ψ|B |ψ⟩ = Tr

[
B E

ψ∈E
⟨ψ|A |ψ⟩ |ψ⟩⟨ψ|

]
(C.159a)

= Tr
BR2Tr(RAR) +BR2AR2

(TrR2)2 + TrR4
(C.159b)

=
Tr(RBR) Tr(RAR) + Tr(RBR2AR)

(TrR2)2 + TrR4
. (C.159c)

We now study definitions of fidelity. We now assume that R is diagonal in the n̂ basis.

We define a continuous-variable version of a maximally-entangled state as [138]

|ϕR⟩ :=
1√
TrR

(R1/4 ⊗R1/4)
∞∑

n=0

|n⟩ ⊗ |n⟩ . (C.160)

When R = e−βn̂, |ϕR⟩ is a two-mode squeezed vacuum state; when R = Pd, |ϕR⟩ is a finite

dimensional maximally entangled state. Define its reduced state on one mode by

ρR := Tr2 |ϕR⟩⟨ϕR| = R/TrR. (C.161)

Let D be a quantum channel with Kraus operators K so that D(ρ) =
∑

K KρK
†. In

analogy with the finite dimensional case, define the entanglement fidelity as

F (R)
e (D) := ⟨ϕR| (I ⊗ D)(ϕR) |ϕR⟩ (C.162a)

=
1

(TrR)2

∑

K

∑

n,m,j,k

(⟨n| ⊗ ⟨n|R1/2)(I⊗K)(|m⟩ ⊗R1/2 |m⟩)

× (⟨j| ⊗ ⟨j|R1/2)(I⊗K†)(|k⟩ ⊗R1/2 |k⟩)
(C.162b)

=
1

(TrR)2

∑

K

∑

n,j

⟨n|R1/2KR1/2 |n⟩⟨j|R1/2K†R1/2 |j⟩ (C.162c)

=
∑

K

|Tr(ρRK)|2 . (C.162d)
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Furthermore, in analogy with the finite dimensional case, we define two “average fidelity”

quantities,

F
(R)

1 (D) :=
TrR4 + (TrR2)2

TrR2 + (TrR)2
E
ψ∈E

⟨ψ|R+D(ψ)R+ |ψ⟩ , (C.163a)

F
(R)

2 (D) := E
ψ∈E

⟨ψ| D(ψ) |ψ⟩ . (C.163b)

We again emphasize that these definitions are independent of which R-regularized rigged

2-design E is used since they involve only two copies of |ψ⟩ and two copies of ⟨ψ|. Notice

that when R = Pd, since the Moore-Penrose inverse R+ of a projector is itself, we find that

F
(Pd)

1 = F
(Pd)

2 .

By Eq. (C.159c), we immediately find that

F
(R)

1 (D) =
TrR4 + (TrR2)2

TrR2 + (TrR)2

∑

K

E
ψ∈E

⟨ψ|R+K |ψ⟩⟨ψ|K†R+ |ψ⟩ (C.164a)

=
TrR4 + (TrR2)2

TrR2 + (TrR)2

∑

K

Tr(RK†R+R) Tr(RR+KR) + Tr(RK†R+R2R+KR)

(TrR2)2 + TrR4

(C.164b)

=

∑
K

dR
(TrR)2

Tr(RK†R+R) Tr(RR+KR) + Tr(R+R2R+D(ρR2))

dR + 1
, (C.164c)

where we define an effective dimension dR := (TrR)2/TrR2. Since we are assuming R

to be diagonal, RR+ = R+R. Furthermore, by definition of the Moore-Penrose inverse,

RR+R = R and R+RR+ = R+. Therefore,

F
(R)

1 (D) =
dR
∑

K |Tr(ρRK)|2 + Tr(RR+D(ρR2))

dR + 1
(C.165a)

=
dRF

(R)
e (D) + Tr(RR+D(ρR2))

dR + 1
. (C.165b)
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We perform a similar calculation for F (R)

2 ,

F
(
√
R)

2 (D) =
∑

K

E
ψ∈E

⟨ψ|K |ψ⟩⟨ψ|K† |ψ⟩ (C.166a)

=
∑

K

Tr(R1/2K†R1/2) Tr(R1/2KR1/2) + Tr(R1/2K†RKR1/2)

(TrR)2 + TrR2
(C.166b)

=

∑
K |Tr(RK)|2 +∑K Tr(KRK†R)

(TrR)2 + TrR2
(C.166c)

=
dR
∑

K |Tr(ρRK)|2 + dR
∑

K Tr(KρRK
†ρR)

dR + 1
(C.166d)

=
dRF

(R)
e (D) + dR Tr(D(ρR)ρR)

dR + 1
. (C.166e)

When R = Pd is the projector and D is trace-preserving on the restricted d-dimensional

subspace, both relations reduce to the finite dimensional relation. When R is invertible, such

as the case when R = e−βn̂, we find

F
(R)

1 (D) =
dRF

(R)
e (D) + 1

dR + 1
. (C.167)

Loss channel

We now compute the various average fidelity quantities for the pure-loss channel Lκ defined

in Section 4.6.3 and shown in Fig. 4.2. From [249, eq. 4.6], the Kraus operators for Lκ are

Ki =
∞∑

m=0

√(
m+ i

i

)
(1− κ2)i/2κm |m⟩⟨m+ i| (C.168)

for i ∈ N0.

We begin with F
(n̄)

coh(Lκ). Let |α⟩ be the coherent state specified by α ∈ C. Then, as

calculated in [232],

F
(n̄)

coh =
1

πn̄

∫

C
e−|α|2/n̄ ⟨α| Lκ(|α⟩⟨α|) |α⟩ d2α (C.169a)
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=
1

1 + n̄(1− κ)2
. (C.169b)

Next, we consider the entanglement fidelity F (R)
e (Lκ). Let |ϕR⟩ = 1√

TrR
(R1/4⊗R1/4)

∑∞
n=0 |n⟩⊗

|n⟩ and assume that R is diagonal in the |n⟩ basis. Then from Eq. (C.162d),

F (R)
e (Lκ) = 1

(TrR)2

∞∑

i=0

|Tr(RKi)|2 . (C.170)

When R = Rβ = e−βn̂, one easily finds this to be (eβ−1)2

(eβ−κ)2 . Recall that in Section 4.6.3 we

required that dRβ
:= (TrRβ)

2/TrR2
β = 1+2n̄. Solving for β, we find that eβ = 1+1/n̄, and

therefore

F
(Rβ)
e (Lκ) = (1 + n̄(1− κ))−2 . (C.171)

On the other hand, when R = Pd =
∑d−1

n=0 |n⟩⟨n|, we find

F (Pd)
e (Lκ) =

(
1− κd

)2

(1− κ)2d2
. (C.172)

From Eq. (C.167), F (Rβ)

1 (Lκ) is the same as F (Rβ)
e (Lκ) up to an offset. However, F (Rβ)

2 (Lκ)

is not as simple. Indeed, from Eq. (C.166e), we must compute

Tr[Lκ(ρRβ
)ρRβ

] =
1

(TrRβ)2

∑

i

Tr(KiRβK
†
iRβ) (C.173a)

= (1 = e−β)2
∑

i

∑

a,b

e−β(a+b) ⟨a|Ki |b⟩⟨b|K†
i |a⟩ (C.173b)

= (1− e−β)2
∑

a≤b

e−β(a+b)
(

b

b− a

)
(1− κ2)b−aκ2a (C.173c)

=
eβ − 1

eβ + κ2
. (C.173d)
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Therefore, from Eq. (C.166e),

F
(Rβ)

2 (Lκ) = dR2β

dR2β
+ 1

[
dR2β

F
(R2β)
e (Lκ) + eβ − 1

eβ + κ2

]
(C.174a)

=
1

dR2β
+ 1

[
(e2β − 1)2

(e2β − κ)2
+

e2β − 1

e2β + κ2

]
(C.174b)

=
1

tanh β + 1

[
(e2β − 1)2

(e2β − κ)2
+

e2β − 1

e2β + κ2

]
. (C.174c)

Requiring that dRβ
= 1 + 2n̄ yields eβ = 1 + 1/n̄, giving

F
(Rβ/2)

2 (Lκ) = (2n̄+ 1) ((1− κ)2n̄+ 2)

2((1− κ)n̄+ 1)2 ((κ2 + 1) n̄+ 1)
. (C.175)

Finally, we compute F (Pd)

1,2 (Lκ) ≡ F
(Pd)

1 (Lκ) = F
(Pd)

2 (Lκ). From Eq. (C.165b), it only

remains to compute Tr(Lκ(Pd/d)Pd), which is

Tr(Lκ(Pd/d)Pd) =
1

d

∞∑

i=0

d−1∑

a,b=0

⟨a|Ki |b⟩⟨b|K†
i |a⟩ (C.176a)

=
1

d

d−1∑

a≤b=0

(
b

b− a

)
(1− κ2)b−aκ2a (C.176b)

= 1. (C.176c)

Indeed, this is 1 since Lκ does not take a state that is defined in the subspace Pd out of that

subspace. Using d = 1 + n̄, we find

F
(Pn̄+1)
1,2 (Lκ) = (1− κn̄+1)

2

(1− κ)2(n̄+ 1)(n̄+ 2)
+

1

n̄+ 2
. (C.177)

The plots of all of these fidelities as functions of κ are shown in Fig. 4.2.
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Section C.6: Torus designs, trigonometric cubature, and mutually

unbiased bases

In this section, we prove the equivalence between our definition of a torus t-design (c.f. Defi-

nition C.3.6) and the definition given in Ref. [189]. In Ref. [189], Kuperberg defines a general

notion of torus cubature that generalizes the more established theory of trigonometric cu-

bature [269, 303]. We will be interested in one of the cases of his definition; namely, our

definition of a T n+1 t-design is equivalent to his definition of a positive degree t cubature rule

on T (PSU(n+1)). After showing this, we will compare a torus design to the more standard

trigonometric cubature rules and find that a torus t-design lies somewhere between a degree t

and degree 2t positive trigonometric cubature rule. Finally, we prove a relationship between

torus 2-designs and complete sets of mutually unbiased bases.

Subsection C.6.1: Equivalence to Kuperberg’s definition

We begin by describing Kuperberg’s definition. Consider a group T that is isomorphic to

the torus T ∼= T n = (S1)n. Suppose ρ : T → GL(V ) is a free linear representation, with V a

real vector space V ∼= RN . Since ρ is free it follows that there is one or many faithful orbits

O. Suppose u ∈ V such that O = {ρ(g)u | g ∈ T } is a faithful orbit. Since O is faithful, T

can be identified with O via T ∋ g ↔ ρ(g)u ∈ O. With this identification, T inherits an

algebraic structure, since it is well-defined to consider addition such as ρ(g)u + ρ(h)u ∈ V

for every g, h ∈ T . With this structure, along with the unit normalized Haar measure on

T (since T is compact), we can define cubature on T as follows. A set S ⊂ T and weight

function v : S → R>0 is a (positive) cubature rule of degree t on T if

∑

h∈S

v(h)f(ρ(h)u) =

∫

T
f(ρ(g)u) dµ(g) (C.178)
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for any polynomial f : V → R of degree t or less. Since V ∼= RN , we can therefore view f

as a being a function of the entries of the vectors ρ(g)u. Kuperberg also states that this

definition is independent of u for generic choices of u as long as the resulting O is faithful 2.

We now apply this to T = T (PSU(n+ 1)). PSU(n+ 1) is the projective special unitary

group of (n+1)× (n+1) matrices defined by SU(n+1)/U(1). Then T = T (PSU(n+1)) is a

maximal torus (maximal, compact, connected, abelian Lie subgroup) of PSU(n + 1), which

is the group of diagonal unitary matrices with determinant 1 modulo the center of SU(n+1)

(i.e. modulo global phases). For a unitary U ∈ T , let Uij denote the entry in the ith row

and jth column. The determinant condition implies that Un+1,n+1 is uniquely determined by

Uii for i = 1, . . . , n. We therefore see that T ∼= T n. We can also take an alternative view

of T ; we can view T as the group of diagonal unitary matrices with Un+1,n+1 = 1 modulo

the center. This is the view we will take. Below we will consider the adjoint action of this

group, and therefore we do not have to worry about modding out the center; ultimately, we

will just end up integrating out global phases.

We let N = 2(n+ 1)2 and identify V with the vector space of (n+ 1)× (n+ 1) complex

matrices C(n+1)×(n+1). We consider a linear action of T defined by conjugation on V ; in

other words, ρ(g) is defined by A 7→ gAg†. As mentioned, we can pick any u ∈ V as a base

point as long as the resulting orbit,

O =








eiϕ1

. . .

eiϕn

1



u




e−iϕ1

. . .

e−iϕn

1




| ϕ1, . . . , ϕn ∈ [−π, π)





, (C.179)

2Personal communication with Greg Kuperberg.
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is faithful. We pick u to be the matrix of all 1’s, u =




1 . . . 1

... . . . ...

1 . . . 1




. One can then easily

check that

O =
{
v where vij = ei(ϕi−ϕj) | ϕ1, . . . , ϕn ∈ [−π, π), ϕn+1 = 0

}
. (C.180)

A degree t positive cubature rule on T is a set S ⊂ T and weight function v : S → R>0 that

satisfies
∑

h∈S

v(h)f(huh†) =

∫

[−π,π)n
f(gug†)

dϕ1 . . . dϕn
(2π)n

. (C.181)

f is a polynomial of degree at most t in the entries. By linearity, we can consider f to be a

monomial. From O, we consider monomials of degree ≤ t in the variables

{
ei(ϕi−ϕj) | i, j = 1, . . . , n+ 1

}
(C.182)

where recall that ϕn+1 = 0. It follows that an equivalent definition of a degree t positive

cubature rule on T is as follows. Let S ⊂ [−π, π)n and v : S → R>0. Hence, for each ϕ ∈ S,

ϕi ∈ [−π, π), and we define ϕn+1 = 0. Then (S, v) must satisfy

∀j1, . . . , jt, k1, . . . , kt ∈ {1, . . . , n+ 1} :
∑

θ∈S

v(θ)ei(θj1+···+θjt−θk1−···−θkt ) =

∫

[−π,π)n
ei(ϕj1+···+ϕjt−ϕk1−···−ϕkt )

dϕ1 . . . dϕn
(2π)n

.

(C.183)

Notice that this takes care of all monimials of degree t or less. For example, consider the

monomial eiϕ1 . This is taken care of by setting j1 = 1 and j2 = · · · = jt = k1 = · · · = kt =

n+ 1.

We easily see that the right hand side (i.e. the integral) does not change if we integrate

over ϕn+1 instead of just fixing it to be 0. Similarly, on the left hand side, for every θ ∈ S,

we can shift each θi by a constant θi 7→ θi + c without changing anything. Therefore, we
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can remove the definition that θn+1 = 0, and instead allow θn+1 to be arbitrary. Thus, we

arrive at an equivalent definition of a degree t positive cubature rule on T as follows. Let

S ⊂ [−π, π)n+1 and v : S → R>0. Then (S, v) must satisfy

∑

θ∈S

v(θ)
t∏

i=1

ei(θji−θki ) =

∫

Tm

t∏

i=1

ei(ϕji−ϕki )
dϕ1 . . . dϕn+1

(2π)n+1
. (C.184)

Notice that this is exactly our definition of an (n+ 1)-torus t-design per Definition C.3.6.

In conclusion, our definition of a T n+1 t-design is equivalent to Kuperberg’s definition of

a degree t positive cubature rule on T (PSU(n+ 1)).

Subsection C.6.2: Comparison to standard trigonometric cubature

A degree t positive trigonometric cubature rule (S, v) on T n must satisfy

∑

θ∈S

v(θ)
n∏

i=1

eiαiθi =

∫

Tn

n∏

i=1

eiαiϕi dϕ (C.185)

whenever
∑n

i=1 |αi| ≤ t. We see that our T n t-designs lie somewhere between a degree t and

degree 2t trigonometric cubature rule. To see the former, we show that a torus t-design must

also be a degree t trigonometric cubature rule. From the definition of torus designs,

∑

θ∈S

v(θ)
t∏

i=1

ei(θai−θbi ) =

∫

Tn

t∏

i=1

ei(ϕai−ϕbi ) dϕ. (C.186)

Suppose we consider a monimial
∏n

i=1 e
iαiθi . If

∑
i |αi| ≤ t, then we can generate the mono-

mial via a choice of ai and bi. Indeed, recall that without loss of generality we can assume

that θn = 0. Consider as an example t = 3, n = 4, and the task of generating the monoimal

defined by α = (2, 0,−1, 0). Then we set a1 = 1, a2 = 1, a3 = 4, b1 = 3, and b2 = b3 = 4.

Then
∏t

i=1 e
i(θai−θbi ) = ei(θ1+θ1+θ4−θ3−θ4−θ4), which is exactly

∏
i e

iαiθi since θ4 = 0. Hence,

by a proper choice of ai and bi, any monomial of degree t or less can be generated by
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∏t
i=1 e

i(θai−θbi ), and hence a torus t-design is also a degree t trigonometric cubature rule.

On the contrary, if we allow
∑

i |αi| > t, we find that there are some monomials that

cannot be generated by a sufficient choice of ai and bi. So even though a torus t-design

involves monomials of degree up to 2t, it is not in general a degree 2t trigonometric cubature

rule. However, since torus t-designs only involve certain monomials up to degree 2t, a

trigonometric cubature rule of degree ≥ 2t is a torus t-design.

Subsection C.6.3: Relation to MUBs

We begin by recalling the definition of a complete set of mutually unbiased bases (MUBs)

[238].

Definition C.6.1 (Complete set of MUBs). Suppose that B0, . . . , Bn are each orthonormal

bases of Cn. Bi and Bj are called mutually unbiased if

∀ |ψ⟩ ∈ Bi, |ϕ⟩ ∈ Bj : |⟨ψ|ϕ⟩|2 = 1/n. (C.187)

The collection B0, . . . , Bn is called a complete set of MUBs if the bases are pairwise mutually

unbiased. This can be equivalently stated in term of the phases θij,k involved in the bases (see

below);

1. (Orthonormality). ∀i, j, k ∈ {0, . . . , n− 1} : 1
n

∑n−1
l=0 ei(θ

i
j,l−θ

i
k,l) = δjk;

2. (Mutually unbiasedness). ∀i ̸= j, k,m ∈ {0, . . . , n− 1} :
∣∣∣
∑n−1

l=0 ei(θ
i
k,l−θ

j
m,l)
∣∣∣
2

= n.

We now show the relationship between complete sets of MUBs and torus 2-designs. Recall

the matrix Π2 that, for any orthonormal basis {|0⟩ , . . . , |n− 1⟩}, has matrix elements

Π2(a, b; c, d) := ⟨a| ⊗ ⟨b|Π2 |c⟩ ⊗ |d⟩ = 1

2
(δacδbd − δadδbc). (C.188)
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By simply doing the integration, one finds that S is an equal weight (i.e. v(θ) = 1/ |S|) T n

2-design if and only if

1

|S|
∑

θ∈S

ei(θa+θb−θc−θd) = 2Π2(a, b; c, d)− δabδacδad. (C.189)

Here we show a connection between equal weight torus 2-designs and complete sets of MUBs.

Lemma C.6.2. The phases of a complete set of MUBs on Cn form an equal weighted n-torus

2-design of size n2.

Proof. Without loss of generality, we can assume that one of the bases is the computational

basis. So assume that B0 = {|0⟩ , . . . , |n− 1⟩}. Then in order for |⟨ψ|j⟩| = 1/
√
n for each

j ∈ {0, . . . , n − 1}, |ψ⟩ ∈ Bi, and i ∈ {1, . . . , n}, it must be that each other basis Bi must

only involve uniform superposition states over the computational basis. With this in mind,

define |ψij⟩ so that

Bi = {|ψij⟩ | j ∈ {1, . . . , n}}. (C.190)

Define θij,k so that

|ψij⟩ =
1√
n

n−1∑

k=0

eiθ
i
j,k |k⟩ . (C.191)

From [41], we know that the complete set of MUBs forms a complex-projective 2-design.

Therefore, D = {|0⟩ , . . . , |n− 1⟩} ∪ {|ψij⟩ | i, j ∈ {1, . . . , n}} is a complex-projective 2-

design. We therefore find that

1

n(n+ 1)

(
n−1∑

k=0

(|k⟩⟨k|)⊗2 +
n∑

i,j=1

(|ψij⟩⟨ψij|)⊗2

)
=

2

n(n+ 1)
Π2. (C.192)

Let a, b, c, d ∈ {0, . . . , n − 1}. Applying ⟨a| ⊗ ⟨b| on the left hand side and |c⟩ ⊗ |d⟩ on the
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right hand side, we find

δabδacδad +
1

n2

n∑

i,j=1

ei(θ
i
j,a+θ

i
j,b−θ

i
j,c−θij,d) = 2Π2(a, b; c, d). (C.193)

Per the definition of an n-torus 2-design from above, we see that the angles θij,k form an

n-torus 2-design with size n2.

Furthermore, Theorem 3.3 from Ref. [312] states that if B0, . . . , Bm are each orthonormal

bases of Cn and
⋃
iBi is an unweighted complex-projective 2-design, then m = n only if the

bases are mutually unbiased. The following lemma therefore follows.

Lemma C.6.3. If an equal weighted n-torus 2-design exists such that the phases in the

design define n orthonormal bases, then there exists a complete set of MUBs in Cn.

Therefore, we have an if and only if.

Corollary C.6.4. There exists a complete set of MUBs in Cn if and only if there exists

an equal weighted n-torus 2-design such that the phases in the design define n orthonormal

bases. Concretely, there exists a complete set of MUBs in Cn if and only there exists angles

θij,k such that

1. ∀i, j, k ∈ {0, . . . , n− 1} : 1
n

∑n−1
l=0 ei(θ

i
j,l−θ

i
k,l) = δjk;

2. ∀a, b, c, d ∈ {0, . . . , n− 1} : 1
n2

∑n−1
i,j=0 e

i(θij,a+θ
i
j,b−θ

i
j,c−θij,d) =





1 if (a = c and b = d) or (a = d and b = c)

0 otherwise
.

In summary, the definition of a complete set of MUBs has two conditions: orthonormality

and mutually unbiasedness. We have shown that the mutually unbiased condition can be

replaced with the condition that the phases must form a torus 2-design of size exactly n2.
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Appendix D: Technical details for Chapter 6

Section D.1: Singer sets

In this appendix, we review Singer’s construction of Sidon sets of size pm+1 for cyclic groups

of size (pm)2+(pm)+ 1 with p a prime [89, p. 380-381] [270, Sec. 3.5] [271]. The existence of

these Singer sets implies that there is a P (T n) 2-design of size (n−1)2+n = n2−n+1, i.e., a

minimal one, whenever n−1 is prime-power. More generally, we review Singer’s construction

of Bt (mod m := (n−1)t+1−1
n−2

) sets (cf. Lemma D.1.2), which yield P (T n) t-designs of size m

whenever n− 1 is a prime power for any t. We emphasize that everything in this appendix

is review. We also provide code for constructing Singer sets [278].

Let θ be the generator of F×
(n−1)t+1 , and then let

Tt := {0} ∪ {a ∈ [(n− 1)t+1 − 1] | (θa − θ) ∈ Fn−1 ⊂ F(n−1)t+1}. (D.1)

The inclusion Fn−1 ↪→ F(n−1)t+1 is done by identifying the generator of F×
(n−1) with θ

(n−1)t+1−1
n−2 ,

which makes sense as for any finite field Fq, |F×
q | = q − 1, and F×

q is cyclic.

Further, note that F(n−1)t+1 is a (t + 1)-dimensional Fn−1-vector space. Thus, {θb}tb=0 is

a Fn−1-basis of F(n−1)t+1 . This means that all θa =
∑t

i=0 kiθ
i for some unique ki ∈ F(n−1).

However, if (n−1)t+1−1
n−2

|a, we know all i ≥ 1 have ki = 0.

Then, let

St((n− 1), θ) :=

{
l ∈ Z (n−1)t+1−1

n−2

| l ≡ a mod

(
(n− 1)t+1 − 1

n− 2

)
, a ∈ Tt

}
(D.2)
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be the residues of Tt mod (n−1)t+1−1
n−2

. We now recount proofs of some of St((n − 1), θ)’s

properties.

Lemma D.1.1. |St((n− 1), θ)| = n.

Proof. First we note there are n distinct elements of F(n−1)t+1 of the form θ + γa, γa ∈ Fn−1

by the Fn−1-linear independence of θ and 1. As all elements of F(n−1)t+1 equal θa for some

unique a ∈ [(n− 1)t+1 − 1], we see that |Tt| = n. Now, we must show that every element of

Tt has a different residue modulo (n−1)t+1−1
n−2

.

Suppose a, a′ := a + k (n−1)t+1−1
n−2

∈ T, k ∈ Z>0. Then r := θa
′
/θa = θk

(n−1)t+1−1
n−2 ∈ Fn−1.

But by definition of Tt, θa = θ + γa, θ
a′ = θ + γa′ . But

θa
′
= rθa = rθ + rγa. (D.3)

Thus, r = 1, meaning (n− 2)|k, which means that only a can be in [(n− 1)t+1− 1], and thus

that no two elements of Tt can have the same residue modulo (n−1)t−1+1
n−2

.

Lemma D.1.2. St((n− 1), θ) is a Bt (mod (n−1)t+1−1
n−2

) set.

Proof. Recall that {θi}ti=0 is a Fn−1-basis of F(n−1)t+1 . In other words, there exist no non-

elementwise-zero tuples (ci)
t
i=0 ∈ Ft+1

n−1 such that

t∑

i=0

ciθ
i = 0. (D.4)

Equivalently, θ cannot be the root of any polynomial of degree ≤ t with Fn−1-coefficients.

Now, consider two multisets A, B, |A| = |B| ≤ t, taking entries from St((n−1), θ). Then,

by the definition of St((n− 1), θ) and Tt, we see that for all a ∈ A ∪B

θa = αa(θ + γa) (D.5)
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for some αa ∈ Fn−1. Now, consider ΠA :=
∏

a∈A θ
a and ΠB :=

∏
b∈B θ

b. It is clear that

ΠB/ΠA ∈ Fn−1 and only if

∑

a∈A

a ≡
∑

b∈B

b mod
(n− 1)t+1 − 1

n− 2
. (D.6)

Thus, ΠA − βA,BΠB = 0 for some βA,B ∈ Fn−1 if and only if Eq. (D.6) holds. However,

for any β ∈ Fn−1, we see that ΠA − βΠB is a degree-t polynomial equation in θ with Fn−1

coefficients, meaning it cannot have any solutions, meaning the Bt (mod (n−1)t+1−1
n−2

) condition

is satisfied.

Subsection D.1.1: Explicit example of dense modular Sidon set

In this appendix, we work through an explicit example of the construction of the Sidon

set St=2((n − 1), θ) for n = 5 = 22 + 1. We begin by constructing Tt. Consider the field

F(n−1)t+1 = F43 = F26 . With the irreducible polynomial f(x) = 1 + x5 + x6 ∈ F2[x], we work

in the polynomial representation F26
∼= F2[x]/(f(x)).

One can check that the generator θ of the multiplicative group F×
26 is x in this representation—

in other words, |{xm mod f(x) | m ∈ Z63}| = 63. We identify Fn−1 = F22 ⊂ F26 via generat-

ing F×
22 with

y = x
(n−1)t+1−1

n−2 = x21, (D.7)

so that F22 = {0} ∪
{
yk | k ∈ Z3

}
. Then

Tt=2 = {0} ∪ {a ∈ Z43−1 \ {0} | (xa − x) (mod f(x)) ∈ F22} . (D.8)

Clearly, 1 ∈ Tt=2. With that out of the way, we can rephrase this as

Tt=2 = {0, 1} ∪
{
a ∈ Z43−1 \ {0, 1} | ∃k ∈ Z3 : xa − x ≡ yk (mod f(x))

}
. (D.9)

298



One can straightforwardly numerically verify that T2 = {0, 1, 14, 25, 58}. To ensure un-

derstanding of the construction, we work through why 14 ∈ T2. We need to show that

x14 − x ≡ yk (mod f(x)) for k = 0, 1 or 2. It turns out that k = 2 satisfies this equation. In

particular,

(x14 − x) (mod f(x)) = x3 + x4 + x5 = y2 (mod f(x)) = x42 (mod f(x)), (D.10)

where recall we’re working with polynomials over the field F2. Similarly, for 25,

(x25 − x) (mod f(x)) = 1 + x3 + x4 + x5 = y1 (mod f(x)) = x21 (mod f(x)), (D.11)

and for 58,

(x58 − x) (mod f(x)) = 1 = y0 (mod f(x)). (D.12)

Hence, we have found that T2 = {0, 1, 14, 25, 58}. To get our Sidon set, we compute the

residues S2 = T2 mod (n−1)t+1−1
n−2

= T2 mod 21, giving

S2 = {0, 1, 14, 4, 16} = {0, 1, 4, 14, 16} . (D.13)

One can easily confirm that this is a Sidon set mod 21. In particular, the set of all sums

a+ b mod 21 for a, b ∈ S2 is {0, 1, 2, 4, 5, 7, 8, 9, 11, 14, 15, 16, 17, 18, 20}, which has size 15 =
(
n+t−1

t

)
=
(
6
2

)
, which is the maximal possible size.

Section D.2: Pullback of the Fubini-Study volume form

It is shown in Ref. [72, Sec. 4.5, 4.7, 7.6] that the volume measure on complex projective

space is the product of the flat measure on the simplex and the flat measure on the torus.

For completeness, in this appendix, we show the same result via a different method.
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Let [Z0 : · · · : Zn] be homogeneous coordinates on CPn. Consider the coordinate patches

C0, . . . , Cn on CPn, where Ci = {[Z0 : · · · : Zn] | Zi ̸= 0}. The volume of CPd−1 \ C0 is zero,

and therefore for the purposes of volume integration we can restrict our attention to C0. On

C0, we use the coordinates zi := Zi/Z0 for i = 1, . . . , n. The (unnormalized) Fubini-Study

volume form ω can then be written as

ω =
1

(1 +
∑n

i=1|zi|2)n+1
dz1 ∧ dz̄1 ∧ . . . dzn ∧ dz̄n. (D.14)

We can write Zi =
√
pie

iϕi for i = 0, . . . , n and
∑n

i=0 pi = 1. In other words, p is a point

on the simplex p ∈ ∆n := {p ∈ [0, 1]n | ∑i pi ≤ 1} (with p0 := 1 −∑n
i=1 pi) and ϕ is a

point on the projective torus ϕ ∈ P (T n+1) (e.g. we can choose a representative with ϕ0 = 0).

Therefore, zi =
√

pi
p0
eiϕi−iϕ0 .

Consider the map π : ∆̃n×P (T n+1) → C0, where ∆̃n is all p ∈ ∆n satisfying p0 > 0. The

map is πi(p, ϕ) =
√

pi
p0
eiϕi−iϕ0 .

Proposition D.2.1. The pullback π∗ω is

π∗ω = (−1)n/2 dp1 ∧ . . . dpn ∧ dϕ1 ∧ . . . dϕn. (D.15)

It follows from this proposition that the unit-volume normalized volume measure on CPn

is equal to the product of the Lebesgue measure on the simplex ∆n and the Lebesgue measure

on P (T n+1) (where recall the latter is equal to the Lebesgue measure on T n).

Proof of the proposition. We can without loss of generality fix ϕ0 = 0. We can rewrite

ω = pn+1
0 dz1 ∧ dz̄1 ∧ . . . dzn ∧ dz̄n. (D.16)

Therefore,

π∗ω = pn+1
0 det(J) dp1 ∧ . . . dpn ∧ dϕ1 ∧ . . . dϕn, (D.17)
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where

J =



A B

C D


 (D.18)

is the Jacobian with

Aij =
∂πi

∂ϕj
, Bij =

∂πi

∂pj
, Cij =

∂π̄i

∂ϕj
, Dij =

∂π̄i

∂pj
. (D.19)

We can check that

∂πi

∂pj
=

1

2
πi(p, ϕ)

(
δij
pi

+
1

p0

)
,

∂πi

∂ϕj
= iδijπ

i(p, ϕ). (D.20)

Therefore, A and C are diagonal and thus commute, meaning that det(J) = det(AD−CB).

The matrix elements are (AD − CB)ij =
i
p0

(
δij +

pi
p0

)
.

By the matrix determinant lemma [313], det(M + uvT ) = det(M)(1 + vTM−1u) with

Mij =
i
p0
δij and ui = i/p0 and vi = pi/p0, we find that

det(J) =

(
i

p0

)n(
1 +

n∑

i=1

pi
p0

)
=

(
i

p0

)n
1

p0
=

(−1)n/2

pn+1
0

. (D.21)

The proposition follows.

Section D.3: Approximate projective toric designs

Throughout this appendix, we are concerned with uniform finite P (T n) t-designs; that is,

P (T n) t-designs X that are finite and the measure space (X,Σ = P(X), ν) is such that

ν(A) = |A| / |X|. We restrict to finite n. We define approximate projective toric designs and

prove a loose bound on the number M(t, ε, δ) of uniformly random points needed to form

such a design.

For p ∈ Nn
0 , let fp(ϕ) denote the monomial

∏n
i=1 e

iϕipi . Notice that f̄p(ϕ) = fp(−ϕ) =
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f−p(ϕ).

Definition D.3.1. We say that C ⊂ P (T n) is a (uniform) ε-approximate projective toric

t-design if, for all p ∈ P
(n)
t ,

∣∣∣∣∣
1

|C|
∑

ϕ∈C

fp(ϕ)−
∫

P (Tn)

fp dµn−1

∣∣∣∣∣ =
∣∣∣∣∣
1

|C|
∑

ϕ∈C

fp(ϕ)− δp,0

∣∣∣∣∣ ≤ ε. (D.22)

Here, P (n)
t is the set defined in Eq. (6.12),

P
(n)
t :=

{
q− r

∣∣∣∣ q, r ∈ Nn
0 ,

n∑

i=1

qi =
n∑

i=1

ri = t

}
. (D.23)

Note of course that with ε = 0 we recover the definition of an (exact) projective toric

design. There is redundancy in P
(n)
t . Indeed, if Eq. (D.22) is satisfied for p, then it is

automatically satisfied for −p. Furthermore, Eq. (D.22) is trivially satisfied for any C when

p = 0. Hence, we are in fact interested in the set S(n)
t defined by S

(n)
t := (P

(n)
t \ {0})/Z2,

where Z2 denotes the group action p 7→ ±p. Therefore, C ⊂ P (T n) is an ε-approximate

t-design if and only if, for all p ∈ S
(n)
t ,

∣∣∣∣∣
1

|C|
∑

ϕ∈C

fp(ϕ)

∣∣∣∣∣ ≤ ε. (D.24)

Define the probability space CM to be the ensemble over subsets of P (T n) of size M .

Specifically, to draw a random C ⊂ P (T n) from CM , we simply draw M uniformly random

points from P (T n) with respect to the Haar measure. We often denote a subset C ⊂ P (T n)

of size M by C = {ϕ(1), . . . , ϕ(M)}, where each ϕ(i) ∈ P (T n).

Definition D.3.2. Let M(t, ε, δ) denote the minimum M such that a random C drawn
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from CM is an ε-approximate P (T n) t-design with probability 1− δ. In other words,

M(t, ε, δ) = min
M∈N

M

s.t. Pr
C∈CM

[C is an ε-approx t-design on P (T n)] ≥ 1− δ.

(D.25)

In the following, we find an upper bound on M(t, ε, δ). This tells us that for any M ≥

M(t, ε, δ), C ∈ CM is an ε-approximate t-design with probability ≥ 1− δ.

Theorem D.3.3. M(t, ε, δ) ≤ Gn−1(t)−1
2δε2

, where Gn−1(t) given in Eq. (6.13).

Proof. Recall that |P (n)
t | = 2|S(n)

t | + 1, and from Eq. (6.14) |P (n)
t | = Gn−1(t). We will

therefore prove that M(t, ε, δ) ≤ |S(n)
t |
δε2

Define the following notation:

E
ϕ∈P (Tn)

f(ϕ) =

∫

P (Tn)

f dµn−1 (D.26a)

E
ϕ∈C

f(ϕ) =
1

|C|
∑

ϕ∈C

f(ϕ) (D.26b)

E
C∈CM

= E
{ϕ(1),...,ϕ(M)}∈P (Tn)M

. (D.26c)

For p ∈ S
(n)
t , define

∆(C,p) :=

∣∣∣∣ Eϕ∈C fp(ϕ)− E
ϕ∈P (Tn)

fp(ϕ)

∣∣∣∣
2

=

∣∣∣∣ Eϕ∈C fp(ϕ)
∣∣∣∣
2

. (D.27)

We compute the mean,

E
C∈CM

∆(C,p) =
1

M2
E

{ϕ(1),...,ϕ(M)}∈P (Tn)M

M∑

i,j=1

fp(ϕ
(i))f̄p(ϕ

(j)) (D.28a)

=
1

M2

[
M E

ϕ∈P (Tn)
fp(ϕ)f̄p(ϕ) +M(M − 1)

(
E

ϕ∈P (Tn)
fp(ϕ)

)(
E

θ∈P (Tn)
f̄p(θ)

)]

(D.28b)

=
1

M
. (D.28c)
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Meanwhile, we have that

Pr
C∈CM

[
C is an ε-approx t-design on P (T n)

]
(D.29a)

= Pr
C∈CM

[
∀p ∈ S

(n)
t : ∆(C,p) ≤ ε2

]
(D.29b)

= 1− Pr
C∈CM

[
∃p ∈ S

(n)
t : ∆(C,p) > ε2

]
(D.29c)

(union bound) ≥ 1−
∑

p∈S(n)
t

Pr
C∈CM

[
∆(C,p) > ε2

]
(D.29d)

(Markov’s inequality) ≥ 1−
∑

p∈S(n)
t

EC∈CM ∆(C,p)

ε2
(D.29e)

= 1− |S(n)
t |

Mε2
. (D.29f)

Thus, we require that

1− 1

Mε2
|S(n)
t | ≥ 1− δ. (D.30)

It follows that any M ≥ |S(n)
t |
δε2

satisfies, so that M(t, ε, δ) ≤ |S(n)
t |
δε2

.
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Appendix E: Technical details for Chapter 7

Section E.1: Filter function formalism

Subsection E.1.1: Review of instantaneous control filter functions

In this section, we review filter functions [285–288] for instantaneous controls in order to

derive Eq. (7.6). We are considering a qubit coupled via the Hamiltonian in Eq. (7.5) when

the controls c(t) are instantaneous. Specifically, suppose that we initialize the qubit in the

|+⟩ := 1√
2
(|0⟩ + |1⟩) state and subject it to the Hamiltonian H(t) = (γ(t) + λ(t))σz while

applying instantaneous σx gates at times t1 < · · · < tM . Define t0 = 0. For notational

convenience, define γ(t) := γ(t) + λ(t). Then the state after a time t > tM is

|ψ(t)⟩ = e
−i

∫ t
tM

γ̃(t′)σz dt′
1∏

j=M

(
σxe

−i
∫ tj
tj−1

γ̃(t′)σz dt′
)
|+⟩ (E.1a)

= e
−i

∫ t
tM

γ̃(t′)σz dt′
σxe

−i
∫ tM
tM−1

γ̃(t′)σz dt′
σxe

−i
∫ tM−1
tM−2

γ̃(t′)σz dt′
1∏

j=M−2

(
σxe

−i
∫ tj
tj−1

γ̃(t′)σz dt′
)
|+⟩

(E.1b)

= e
−i

∫ t
tM

γ̃(t′)σz dt′+i
∫ tM
tM−1

γ̃(t′)σz dt′−i
∫ tM−1
tM−2

γ̃(t′)σz dt′
1∏

j=M−2

(
σxe

−i
∫ tj
tj−1

γ̃(t′)σz dt′
)
|+⟩

(E.1c)

= . . . (E.1d)

= exp

[
−i

∫ t

tM

γ̃(t′)σz dt′ + i
M∑

j=1

(−1)M−j
∫ tj

tj−1

γ̃(t′)σz dt′

]
|+⟩ , (E.1e)
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where in the last line, we used that if M is odd, we can still sandwich that term with σx

since σx |+⟩ = |+⟩. Finally, we define the switching function f(t) by

f(t) =





1 if tM < t or tj−1 < t < tj for M − j even ,

−1 if tj−1 < t < tj for M − j odd .
(E.2)

Then

|ψ(t)⟩ = exp

[
−i

∫ t

0

f(t′)γ̃(t′)σz dt′
]
|+⟩ . (E.3)

The probability P (t) := |⟨+|ψ(t)⟩|2 of measuring 1 in the σx basis at time t is then

P (t) = cos2
(∫ t

0

f(t′)γ̃(t′) dt′
)
. (E.4)

We recall that γ(t) is a random variable. The expectation ⟨P (t)⟩ of P (t) is

⟨P (t)⟩ = 1

2
+

1

4

(〈
e2i

∫ t
0 f(t

′)γ̃(t′) dt′
〉
+
〈
e−2i

∫ t
0 f(t

′)γ̃(t′) dt′
〉)

(E.5a)

=
1

2
+

1

2
e−2

∫ t
0

∫ t
0 f(t

′)f(t′′)⟨γ̃(t′)γ̃(t′′)⟩ dt′ dt′′ (E.5b)

=
1

2
+

1

2
e−2

∫ t
0

∫ t
0 f(t

′)f(t′′)(C(t′,t′′)+Cλ(t
′,t′′)) dt′ dt′′ (E.5c)

=
1

2
+

1

2
e−2

∫ t
0

∫ t
0 f(t

′)f(t′′)(C(0,t′′−t′)+Cλ(0,t
′′−t′)) dt′ dt′′ (E.5d)

=
1

2
+

1

2
e−

1
π

∫∞
−∞ dω(S(ω)+Sλ(ω))

∫ t
0

∫ t
0 f(t

′)f(t′′)eiω(t′′−t′) dt′ dt′′ (E.5e)

=
1

2
+

1

2
e−

1
π

∫∞
−∞(S(ω)+Sλ(ω))F (ω,t) dω, (E.5f)

where we defined the C and Cλ to be the correlations for the Gaussian processes γ and λ,

used that ⟨γ(t)⟩ = 0 and that for any Gaussian random variable X,
〈
eαX
〉
= eα⟨X⟩+α2⟨X2⟩/2.

Finally, we defined the filter function [285–288]

F (ω, t) =

∣∣∣∣
∫ t

0

f(t′)eiωt
′
dt′
∣∣∣∣
2

. (E.6)
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We define χ(t) := 1
π

∫
S(ω)F (ω, t) dω, and similarly define χλ(t), so that ⟨P (t)⟩ = 1

2
+

1
2
e−χ(t)−χλ(t), thus reproducing Eq. (7.6) as desired. The key point of the filter function

formalism is that the details of the signal γ are entirely encoded by S(ω), the noise λ by

Sλ(ω), and the details of our control sequence are entirely encoded by the filter function

F (ω, t).

⟨P (t)⟩ encodes the parameter ∆ω. Then we can determine the Fisher information

FI∆ω(⟨P (t)⟩) of ⟨P (t)⟩ with respect to ∆ω. The Fisher information tells us how accessi-

ble the information about the parameter is given access to the distribution. The Fisher

information in the noiseless case is

FI∆ω(⟨P (t)⟩) =
1

⟨P (t)⟩

(
∂ ⟨P (t)⟩
∂∆ω

)2

+
1

1− ⟨P (t)⟩

(
∂(1− ⟨P (t)⟩)

∂∆ω

)2

(E.7a)

=

(
∂ ⟨P (t)⟩
∂∆ω

)2
1

⟨P (t)⟩ (1− ⟨P (t)⟩) (E.7b)

=
1

2
(cothχ(t)− 1)

(
∂χ(t)

∂∆ω

)2

. (E.7c)

Given the spectrum given in Eq. (7.7) for the signal γ(t),

χ(t) = g2 (F (ω1, t) + F (ω2, t) + F (−ω1, t) + F (−ω2, t)) . (E.8)

With this signal, we are interested in the parameter ∆ω = ω2 − ω1. Assuming ∆ω is small,

this can be expanded around the centroid ωc = (ω1 + ω2)/2 as

χ(t) = g2
(
4F (ωc, t) +

1

2
∆ω2F ′′(ωc, t)

)
+O

(
g2∆ω4

)
, (E.9)

where we used that F (ω, t) = F (−ω, t), and we denote by F ′′ the second derivative of F

307



with respect to ω. It follows that

FI∆ω(⟨P (t)⟩) =





g2F ′′(ωc, t) +O(∆ω2) if F (ωc, t) = 0

1
2
g4F ′′(ωc, t)

2 [coth(4g2F (ωc, t))− 1]∆ω2 +O(∆ω4) if F (ωc, t) ̸= 0

.

(E.10)

Recall that we formally defined a procedure to exhibit superresolution if lim∆ω→0 FI∆ω(⟨P (t)⟩) >

0. We have therefore found a characterization of superresolution in terms of only the con-

trols (i.e. the filter function). A sequence of control σx gates characterized by the switching

function f(t) gives rise to superresolution if and only if the filter function vanishes as the

centroid, F (ωc, t) = 0. In summary, our goal in designing a superresolution protocol is to

design a control sequence such that F (ωc, t) = 0 and F ′′(ωc, t) is maximized.

We immediately find such superresolution protocols by consider free and CPMG evolu-

tion. Define the characteristic timescale τ := 2π/ωc. In the free evolution protocol, we apply

no controls, so that the switching function ffree(t) = 1 for all t. From Eq. (E.6), the filter

function is therefore

Ffree(ω, κτ) =
4

ω2
sin2

(
πκω

ωc

)
. (E.11)

In the CPMG protocol, we assume that κ is an even integer, and our control is a sequence of

κ/2 CPMG sequences; that is, we apply σx gates at times τ/2, 3τ/2, 5τ/2, . . . , (2κ− 1)τ/2.

The switching function is thus fCPMG(t) = sgn cos(πt/τ), where sgn is the sign function.

From Eq. (E.6), the filter function is

FCPMG(ω, κτ) =
1

ω2

∣∣∣∣∣(1− eiωτ/2) + (eiω(2κ−1)τ/2 − eiωκτ ) +
κ−1∑

j=1

(−1)j(eiω(2j−1)τ/2 − eiω(2j+1)τ/2)

∣∣∣∣∣

2

(E.12a)

=
16

ω2
sin4

(
πω

2ωc

)
sec2

(
πω

ωc

)
sin2

(
πκω

ωc

)
(E.12b)

= 4Ffree(ω, κτ) sin
4

(
πω

2ωc

)
sec2

(
πω

ωc

)
. (E.12c)
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We therefore see that the free evolution protocol exhibits superresolution when κ ∈ Z and

the CPMG protocol exhibits superresolution when κ ∈ 2Z because F∗(ωc, κτ) = 0. We then

find that the Fisher informations are exactly as in Eq. (7.14).

Subsection E.1.2: Concentration of the probability distribution

Recall that P = cos2 ϕ, where ϕ =
∫ κτ
0
f(t′)γ(t′) dt′. Furthermore, from Eq. (7.6), ⟨ϕ2⟩ = 1

2
χ.

Therefore, using that for any Gaussian random variable X,
〈
eαX
〉
= eα⟨X⟩+α2⟨X2⟩/2, we have

⟨P 2⟩ − ⟨P ⟩2 =
〈
3

8
+

1

4
e−2iϕ +

1

4
e2iϕ +

1

16
e−4iϕ +

1

16
e4iϕ
〉
− ⟨P ⟩2 (E.13a)

=
3

8
+

1

2
e−2⟨ϕ2⟩ +

1

8
e−4⟨ϕ2⟩ − ⟨P ⟩2 (E.13b)

=
3

8
+

1

2
e−χ +

1

8
e−4χ − ⟨P ⟩2 (E.13c)

=
3

8
+

1

2
e−χ +

1

8
e−4χ −

(
1 + e−χ

2

)2

(E.13d)

=
1

8

(
1 + e−4χ − 2e−2χ

)
(E.13e)

= 2⟨P ⟩2 (1− ⟨P ⟩)2 . (E.13f)

This concentration equality is important to derive the conclusion around Eq. (7.13) that

superresolution procedures are practically unaffected by the fact that the analyses assume

sampling from ⟨P ⟩ whereas the procols are in fact sampling from P for different realizations

of the random variables A1, A2, B1, and B2.

Subsection E.1.3: Review of continuous control filter functions

In Appendix E.1.1, we reviewed the filter function formalism for a qubit coupled to a time-

dependent signal and instantaneous σx π-pulse controls. Using the Magnus expansion from

Ref. [289], we will now analyze the case when controls are allowed to be more general. For
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simplicity, we will consider the noiseless case λ(t) = 0 in this derivation. We discuss the

addition of noise at the end.

As before, our signal plus noise is coupled to a qubit via H0(t) = γ(t)σz. We suppose

furthermore that we supply a control Hamiltonian Hc(t) = c(t)σx, so that the full Hamilto-

nian is H(t) = H0(t)+Hc(t), as in Eq. (7.5). In the case of instantaneous controls as above,

c(t) is simply a sum of delta functions. Our goal is, as before, to find P (t) := |⟨+|U(t) |+⟩|2,

where U(t) = T exp
[
−
∫ t
0
H(t′) dt′

]
, with T exp denoting the time ordered exponential. We

introduce the control propagator

Uc(t) = exp

(
−
∫ t

0

Hc(t
′) dt′

)
= cos(θc(t))I− i sin(θc(t))σ

x, θc(t) =

∫ t

0

c(t′) dt′, (E.14)

meaning that U(t) = Uc(t)Ũ(t), where

Ũ(t) = T exp

[
−
∫ t

0

H̃(t′) dt′
]
, H̃(t) = Uc(t)

†H0(t)Uc(t) = γ(t) (cos(2θc(t))σ
z + sin(2θc(t))σ

y) .

(E.15)

Define the vector a(t) = a(t)â(t), where â is a unit vector, such that Ũ(t) = e−ia(t)â(t)·σ.

Then we have

P (t) = |⟨+|Uc(t)Ũ(t) |+⟩|2 (E.16a)

= |⟨+| Ũ(t) |+⟩|2 (E.16b)

= |cos a(t)− i sin a(t)â(t) · ⟨+|σ |+⟩|2 (E.16c)

= |cos a(t)− i sin a(t)ax(t)|2 (E.16d)

= cos2 a(t) + ax(t)
2 sin2 a(t), (E.16e)

where we defined â(t) = (ax(t), ay(t), az(t)).

Thus, the remaining task is to calculate a(t). We use the results from Ref. [289] to
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compute a(t). With a first order Magnus expansion, we find that

a(1)(t) =

∫ t

0

γ(t′) (0, sin(2θc(t
′)), cos(2θc(t

′))) dt′. (E.17)

The second order term in the Magnus expansion yields

a(2)(t) =

∫ t

0

dt1

∫ t1

0

dt2 γ(t1)γ(t2) (sin(2θc(t1)− 2θc(t2)) , 0, 0) . (E.18)

Thus, up to order g4, we have that 1

⟨P (t)⟩ = 1− ⟨a(t)2⟩+ 1

3
⟨a(t)4⟩+ ⟨ax(t)2a(t)2⟩ = 1− ⟨∥a(1)∥2⟩ − ⟨∥a(2)∥2⟩+ 1

3
⟨∥a(1)∥4⟩

(E.19a)

= 1−
∫ t

0

dt1

∫ t

0

dt2⟨γ(t1)γ(t2)⟩ cos(2θc(t1)− 2θc(t2))

−
∫ t

0

dt1

∫ t1

0

dt2

∫ t

0

dt3

∫ t3

0

dt4 ⟨γ(t1)γ(t2)γ(t3)γ(t4)⟩ sin(2θc(t1)− 2θc(t2)) sin(2θc(t3)− 2θc(t4))

+
1

3

∫ t

0

dt1

∫ t

0

dt2

∫ t

0

dt3

∫ t

0

dt4⟨γ(t1)γ(t2)γ(t3)γ(t4)⟩ cos(2θc(t1)− 2θc(t2)) cos(2θc(t3)− 2θc(t4))

(E.19b)

1Note that odd order terms have vanished because γ has zero mean, and we ignore all terms of order g6
or smaller.
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= 1−
∫ t

0

dt1

∫ t

0

dt2C(0, t2 − t1) cos(2θc(t1)− 2θc(t2))

−
∫ t

0

dt1

∫ t1

0

dt2

∫ t

0

dt3

∫ t3

0

dt4

(C(0, t2 − t1)C(0, t4 − t3) + C(0, t3 − t1)C(0, t4 − t2) + C(0, t4 − t1)C(0, t3 − t2))

sin(2θc(t1)− 2θc(t2)) sin(2θc(t3)− 2θc(t4))

+
1

3

∫ t

0

dt1

∫ t

0

dt2

∫ t

0

dt3

∫ t

0

dt4

(C(0, t2 − t1)C(0, t4 − t3) + C(0, t3 − t1)C(0, t4 − t2) + C(0, t4 − t1)C(0, t3 − t2))

cos(2θc(t1)− 2θc(t2)) cos(2θc(t3)− 2θc(t4))

(E.19c)

= 1− 1

2π

∫
dωS(ω)

∫ t

0

dt1

∫ t

0

dt2e
iω(t2−t1) cos(2θc(t1)− 2θc(t2))

−
∫ t

0

dt1

∫ t1

0

dt2

∫ t

0

dt3

∫ t3

0

dt4

(C(0, t2 − t1)C(0, t4 − t3) + C(0, t3 − t1)C(0, t4 − t2) + C(0, t4 − t1)C(0, t3 − t2))

sin(2θc(t1)− 2θc(t2)) sin(2θc(t3)− 2θc(t4))

+
1

3

∫ t

0

dt1

∫ t

0

dt2

∫ t

0

dt3

∫ t

0

dt4C(0, t2 − t1)C(0, t4 − t3)

[

cos(2θc(t1)− 2θc(t2)) cos(2θc(t3)− 2θc(t4)) + cos(2θc(t1)− 2θc(t3)) cos(2θc(t2)− 2θc(t4))

+ cos(2θc(t1)− 2θc(t4)) cos(2θc(t2)− 2θc(t3))

]

(E.19d)

= 1− 1

2π

∫
dωS(ω)F (2)(ω, t)− 1

12π2

∫
dω1

∫
dω2S(ω1)S(ω2)F

(4)(ω1, ω2, t),

(E.19e)

where we defined

F (2)(ω, t) =

∫ t

0

dt1

∫ t

0

dt2e
iω(t2−t1) cos(2θc(t1)− 2θc(t2)) (E.20a)
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=

∣∣∣∣
∫ t

0

cos(2θc(t
′)) eiωt

′
dt′
∣∣∣∣
2

+

∣∣∣∣
∫ t

0

sin(2θc(t
′)) eiωt

′
dt′
∣∣∣∣
2

(E.20b)

as in Eq. (7.18), and

F (4)(ω1, ω2, t) = −
∫ t

0

dt1

∫ t

0

dt2

∫ t

0

dt3

∫ t

0

dt4e
iω1(t2−t1)eiω2(t4−t3)

[

cos(2θc(t1)− 2θc(t2)) cos(2θc(t3)− 2θc(t4)) + cos(2θc(t1)− 2θc(t3)) cos(2θc(t2)− 2θc(t4))

+ cos(2θc(t1)− 2θc(t4)) cos(2θc(t2)− 2θc(t3))

]

+ 3

∫ t

0

dt1

∫ t1

0

dt2

∫ t

0

dt3

∫ t3

0

dt4e
iω1(t2−t1)eiω2(t4−t3)

[

sin(2θc(t1)− 2θc(t2)) sin(2θc(t3)− 2θc(t4)) + sin(2θc(t1)− 2θc(t3)) sin(2θc(t2)− 2θc(t4))

+ sin(2θc(t1)− 2θc(t4)) sin(2θc(t2)− 2θc(t3))

]
.

(E.21)

The upshot is then Eq. (E.19e), which Taylor expands to Eq. (7.17).

We can now see that this indeed reproduces the instantaneous case from above; when

the controls are instantaneous, c(t) takes the form c(t) = π
2

∑M
i=1 δ(t−ti). In this case, θc(t) =

π
2
(num of pulses before time t), so that sin(2θc(t′)) = 0 and cos(2θc(t

′)) = (−1)num of pulses before time t.

Note that cos(2θc(t
′)) is exactly the switching function f(t). We see that F (2)(ω, t) exactly

matches Eq. (E.6), as expected. Similarly, F (4)(ω1, ω2, t) = 3F (2)(ω1, t)F
(2)(ω2, t).

Finally, we consider adding a nonzero noise λ(t) ̸= 0. Exactly as in the instantaneous

control case, the lowest order addition to Eq. (E.19e) is simply 1
2π

∫
dωSλ(ω)F

(2)(ω, t). At

higher order, we have −1
12π2

∫
dω1

∫
dω2Sλ(ω1)Sλ(ω2)F

(4)(ω1, ω2, t) along with the cross term

−1
12π2

∫
dω1

∫
dω2Sλ(ω1)S(ω2)F

(4)(ω1, ω2, t).
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Subsection E.1.4: Local optimality of instantaneous controls for superresolu-

tion

In this short section, we show that optimizing the Fisher information by tuning the filter

functions results in instantaneous controls being local optima. In particular, we would like

to minimize the Lagrangian

L = −F (2)′′(ωc, κτ) + λF (2)(ωc, κτ) (E.22a)

=

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) cos(2θc(t2)− 2θc(t1)) , (E.22b)

where we are assuming that we are in the regime where F (4) can be ignored, and λ is

a Lagrange multiplier enforcing that the filter function vanishes at the centroid ω = ωc.

Because d
dt
θc(t) = c(t), we can consider minimizing L with respect to θc(t). Performing a

variation δθc(t), we find

δL =

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1))

[cos(2θc(t2)− 2θc(t1) + 2δθc(t2)− 2δθc(t1))− cos(2θc(t2)− 2θc(t1))]

(E.23a)

= −2

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t2)− 2θc(t1)) (δθc(t2)− δθc(t1))

(E.23b)

= −2

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t2)− 2θc(t1)) δθc(t2)

+ 2

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t2)− 2θc(t1)) δθc(t1)

(E.23c)

= −2

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t2)− 2θc(t1)) δθc(t2)

+ 2

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t1)− 2θc(t2)) δθc(t2)

(E.23d)
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= 4

∫ κτ

0

dt1

∫ κτ

0

dt2
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t1)− 2θc(t2)) δθc(t2)

(E.23e)

= 4

∫ κτ

0

dt2

[∫ κτ

0

dt1
(
(t2 − t1)

2 + λ
)
cos(ωc(t2 − t1)) sin(2θc(t1)− 2θc(t2))

]
δθc(t2).

(E.23f)

Therefore, in order for the controls c(t) to be a local optimum, we need F (ωc, κτ) = 0 and

∀t :
∫ κτ

0

dt1
(
(t− t1)

2 + λ
)
cos(ωc(t− t1)) sin(2θc(t1)− 2θc(t)) = 0. (E.24)

The latter condition is always satisfied for instantaneous controls, because for instantaneous

controls, 2θc(t) ∈ πZ for all t.

Section E.2: Robustness of the superresolution criteria

In this section, we show that there is no measurement basis or initial state such that su-

perresolution can be achieved without F (ωc, κτ) = 0. In other words, the superresolution

criteria that the filter function vanishes at the centroid is robust.

Suppose we have an instantaneous protocol defined by the switching function f(t), and

suppose that the noise is λ(t) = 0. From Eq. (E.3), the state at time κτ is

|ψ(κτ)⟩ = exp[−iϕσz] |+⟩ , (E.25)

where ϕ =
∫ κτ
0
f(t′)γ(t′)σz dt′. We pick a measurement basis defined by |θ, ϕ⟩ = cos θ |+⟩ +

eiϕ sin θ |−⟩ and any vector orthogonal to it. We then consider

⟨Pθ,ϕ(κτ)⟩ =
〈
|⟨θ, ϕ|ψ(κτ)⟩|2

〉
(E.26a)

=
〈∣∣cos θ cosϕ− ie−iϕ sin θ sinϕ

∣∣2
〉

(E.26b)
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= cos2 θ
〈
cos2 ϕ

〉
+ sin2 θ

〈
sin2 ϕ

〉
− sinϕ cos θ sin θ ⟨sin(2ϕ)⟩ (E.26c)

= sin2 θ + cos(2θ)
〈
cos2 ϕ

〉
− sinϕ cos θ sin θ ⟨sin(2ϕ)⟩ . (E.26d)

We proceed as in Eq. (E.5) to find that

⟨Pθ,ϕ(κτ)⟩ = sin2 θ + cos(2θ) ⟨P+(κτ)⟩ , (E.27)

where P+(t) is, as before, |⟨+|ψ(t)⟩|2. Repeating the calculation done at Eq. (E.7) and below,

we again find that the Fisher information does not vanish as ∆ω → 0 only if F (ωc, κτ) = 0.

If on the other hand, we had considered P = |⟨θ, 0| exp[−iϕσz] |θ, 0⟩|2, then we find ⟨P ⟩ =

sin2(2θ) + cos2(2θ)P+(κτ). And again we can only achieve superresolution if F (ωc, κτ) = 0.

Section E.3: Error analysis of noisy superresolution protocols

In this section, we fix the noise λ(t) to have a Lorentzian spectrum as in Eq. (7.15) with

strength gλ and full width at half maximum (FWHM) W . The corresponding contribution

of this noise is χλ(t) = 1
π

∫
Sλ(ω)F (ω, t) dω. This section also serves as a rigorous analysis of

the noise-free case by setting gλ = 0.

We consider the free χ(free)
λ and CPMG χ

(CPMG)
λ protocols. Define W̃ := πW/ωc. Using a

sequence of change of variables, we find that

χλ(κτ) =
8W̃g2λ
ω2
c

fκ,W̃ , (E.28)

where

f
(free)

κ,W̃
=

∫ ∞

−∞

sin2(κω)

ω2(4ω2 + W̃ 2)
dω ≤ πκ2

2W̃
(E.29a)

f
(CPMG)

κ,W̃
= 4

∫ ∞

−∞

sin4(ω/2) sec2(ω) sin2(κω)

ω2(4ω2 + W̃ 2)
dω ≤ f

(CPMG)
κ,0 . (E.29b)
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Note that f (free)

κ,W̃
goes to ∞ as W̃ → 0, whereas f (CPMG)

κ,W̃
does not. For example, f (CPMG)

2,W̃
≤

f
(CPMG)
2,0 = π/6, f (CPMG)

4,0 = π/3, and f (CPMG)
6,0 = π/2.

Recall that ⟨P ⟩ = 1
2
+ 1

2
e−χ(κτ)−χλ(κτ). For this analysis, we assume direct access to the

probability distribution ⟨P ⟩ because, as shown around Eq. (7.13), sampling from realizations

of P rather than ⟨P ⟩ introduces negligable error for superresolution protocols. We can easily

check that

P = 1− απ2g2κ2∆ω2

ω4
c

− 4g2λW̃

ω2
c

fκ,W̃ +O
(
∆ω4

)
. (E.30)

where α(free) = 2 and α(CPMG) = 8.

In our superresolution protocols, we sample N times from the binomial distribution

defined by P in order to estimate P , and we estimate ∆ω as ∆̃ω =
√

1−P
απ2g2κ2/ω4

c
. The

resulting bias is

b(∆ω) :=

√
1− P

απ2g2κ2/ω4
c

−∆ω =⇒ b(∆ω)

∆ω
=

√
1 +W − 1 +O

(
∆ω2

)
, (E.31)

where we defined

rgλ :=

√
1

π
· gλ
g

· ωc
∆ω

, W :=
4fκ,W̃κr

2
gλ
W̃

πακ2
. (E.32)

Then, using Chebyshev’s inequality,

Pr
[∣∣∣∆̃ω −∆ω

∣∣∣ > b(∆ω) + ε
]
= Pr

[∣∣∣∆̃ω −∆ω − b(∆ω)
∣∣∣ > ε

]
(E.33a)

≤ Var ∆̃ω

ε2
(E.33b)

≤ P (1− P )/N

4απ2g2κ2ε2(1− P )/ω4
c

(E.33c)

≤ 1

4Nαπ2g2κ2ε2/ω4
c

, (E.33d)

where we used that the variance of the binomial distribution after N measurements is P (1−

P )/N and that Var f(P ) ≤ (f ′(EP ))2VarP . Hence, with probability at least 1 − p, our
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estimate of ∆ω will be within b(∆ω) + 1
2
√
pαNπgκ/ω2

c
of ∆ω.

In Figs. 7.2 and 7.5, in order to compare the different protocols on equal footing, we

always use N = Nfree = ω4
c

8π2g2κ2δ2∆ω2 measurements. Using this results in, with probability

at least 1− p, the relative error bound

Error
∆ω

≤ b(∆ω)

∆ω
+

δ√
pα/2

=
√
1 +W − 1 +

δ√
pα/2

+O
(
∆ω2

)
. (E.34)

Plugging in the values for W and α yields

Error(free)

∆ω
≤
√

1 + r2gλ − 1 +
δ√
p
+O

(
∆ω2

)
(E.35a)

Error(CPMG)

∆ω
≤
√

1 + r2gλ ·
Wfκ,0
2κ2ωc

− 1 +
δ

2
√
p
+O

(
∆ω2

)
. (E.35b)

To recover the error bounds for the noise-free case, rgλ and W can be set to 0. We note that

the O(∆ω2) terms become important for large ∆ω; the resulting error is due to the Taylor

series estimation no longer being a valid approximation.

As ∆ω → 0 and when κ = 2, we see that CPMG outperforms free evolution by a factor

of more than
√

15ωc/W . This result is very intuitive. In particular, CPMG outperforms

free evolution because of the FWHM W , not because of the strength gλ. The smaller W/ωc

is, the less overlap the CPMG filter function has with the noise. The effect of gλ on the error

shows up in the same way in both CPMG and free evolution. When ωc = 1 and W = 0.1,

we see that CPMG should achieve a lower relative error than free evolution by a factor of

more than ≈ 12 as ∆ω → 0, which we indeed see in the numerical simulations presented in

Fig. 7.2.

Subtracting off the bias. Suppose we somehow know (even exactly) the noise strength

gλ and FWHM W . Can we then subtract off the noise and regain perfect superresolution

even as ∆ω → 0? The answer is no, as we show now.
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Given that we know the noise, our estimator ∆̃ω becomes

√
1−P−8g2λW̃fκ,W̃ /ω2

c

απ2g2κ2/ω4
c

. It follows

that the bias b(∆ω) goes to zero as ∆ω → 0. Then, proceeding as in Eq. (E.33) and working

only to order ∆ω2, we have

Pr
[∣∣∣∆̃ω −∆ω

∣∣∣ > ε
]
≤ Var ∆̃ω

ε2
(E.36a)

≤ P (1− P )/N

4απ2g2κ2ε2(1− P − 8g2λW̃fκ,W̃/ω
2
c )/ω

4
c

(E.36b)

≤
απ2g2κ2∆ω2

ω4
c

+
8g2λW̃

ω2
c
fκ,W̃

4Nαπ2g2κ2ε2(απ
2g2κ2∆ω2

ω4
c

)/ω4
c

. (E.36c)

It follows that in order to estimate ∆ω to a relative error of δ = ε/∆ω with high probability

as ∆ω → 0, we need N ∼ 1
∆ω4 .

Thus, we see that even if we knew the noise exactly, subtracting off the noise gets rid

of the bias but does not strictly allow us to regain superresolution. This comes down to

sampling from the binomial distribution defined by P = a− b∆ω2, as discussed in the main

text. When a /∈ {0, 1}, the variance of the binomial distribution prevents superresolution.
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