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Quantum information science is a promising, interdisciplinary field focusing on both
understanding and utilizing quantum systems. Two major paradigms of quantum mechanics
are discrete variable (finite dimensional) systems, such as qubits and qudits, and continuous
variable (infinite dimensional) systems, such as bosonic modes. In this dissertation, we
explore the properties, protocols, and applications of both discrete and continuous variable
systems.

In the first part of this dissertation, we study Hilbert space structures called quantum
state designs, which are small ensembles of quantum states that mimic properties of the full
space. While such designs are well-studied in the discrete variable setting, we show that they
can also be defined and constructed in the continuous variable setting. Using specific mul-
timode ensembles, we demonstrate continuous variable shadow tomography protocols which
allow for efficient estimation of expectation values of many observables. Additionally, we use
these ensembles to define notions of average and entanglement fidelities of continuous vari-

able quantum channels, and we derive an explicit relationship between them that resembles



the analogous relationship in the discrete variable setting.

Meanwhile, on the discrete variable side, we construct a theory of designs on the torus and
find general methods for constructing them in arbitrary dimensions. Using these toric designs
and their relationship to quantum state designs, we construct many new and explicit families
of quantum state designs. Furthermore, we use toric designs to prove various structure
theorems about complete sets of mutually unbiased bases.

In the second part of this dissertation, we examine entanglement in continuous variable
systems. Specifically, we analytically derive average and typical entanglement properties, as
measured by all integer Rényi-a entropies, of random ensembles of Gaussian states outputted
from a Gaussian boson sampling device.

Finally, in the third part of this dissertation, we examine the use of qubit systems for
resolving frequency spectrums in signal processing applications. Specifically, we show that a
classical signal whose spectrum contains closely spaced frequencies can be resolved by cou-
pling the signal to a qubit and performing a superresolution protocol. We find general con-
ditions for a protocol to exhibit superresolution and show various analytic and numerically-

optimized protocols that achieve superresolution.
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Sketch of definitions of finite-dimensional designs, continuous-variable (CV)
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in the middle and right columns. A generalization of the middle block to
the continuous-variable case is ill-defined, as discussed in Section 4.3. There-
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Various fidelity benchmarks for the pure-loss channel £* plotted vs the chan-
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and (right) n = 3 with p = 5. Note we are representing points in P(7™) here
as points in 77! by discarding the first coordinate which we fix to 0. The
number of points in the design for (left) n = 2 is p and for (right) n = 3 is
P2 =25,

Ilustrations of the filter functions corresponding to the free evolution and
CPMG superresolution protocols, an example Lorentzian noise spectrum Sy (w),
and the (approximate) signal spectrum S(w). In the presence of noise, we de-
sire to minimize the overlap integral between the noise spectrum and the
filter function while satisfying the superresolution criteria F'(w., k7) = 0 and
F'lwe, kT) > 00 0o
Given the parameters g = 0.1 MHz, w. = 1 MHz, and desired relative error

= 0.1, we numerically simulate the free evolution protocol with k = 5/2
which is not a superresolution protocol (FE Non-SR), the free evolution su-
perresolution protocol with x = 2 (FE SR), and the CPMG superresolution
protocol with Kk = 2 (CPMG SR). For each of the protocols, we utilize Ngee
samples as given in Eq. (7.11). (Left): Noiseless case; the Lorentzian noise
parameters are set to gy = W = 0. As Aw — 0, the SR protocols achieve
the desired relative accuracy while the non-SR protocol fails. (Right): Noisy
case; the Lorentzian noise parameters are set to g, = 0.001 MHz and FWHM
W = 0.1 Hz. The CPMG superresolution protocol performs significantly bet-
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are from Appendix E.3. . . . . . ..
The filter functions for the ¢;(t) protocol (continuous controls) and for the
CPMG and free superresolution protocols (instantaneous controls). Note that
we are plotting the lowest order filter function. For the instantaneous control
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ever, for continuous controls protocols, higher order filter functions become
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important. (Left) Filter functions for x = 2. (Right) Filter functions for x = 4.151

For k = 4. (Left): ¢, cgom), and CPMG control sequences. (Right): Corre-
sponding filter functions. The green and red filter functions are the same as
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trol protocols. We numerically simulate the CPMG protocol, the ¢; protocol,
and the optimized c§°"” protocol (where recall we optimized for a small and
smooth control amplitude with small fourth filter function), all with x = 4.
For each of the protocols, we utilize Ncepmg samples for a desired noiseless
relative error of 0 = 0.1 given in Eq. (7.11). Note that all the protocols fail
at large enough Aw because we are using a second order Taylor expansion
approximation for (P). (Top left): Noiseless case (g» = W = 0) and g = 0.06.
As Aw — 0, the instantaneous control protocols achieve the desired relative
accuracy while the ¢; protocol fails due to the higher order filter functions.
However, there is a range of Aw values where the ¢; protocol outperforms the
instantaneous control protocols due to their filter functions having a larger
second derivative at the centroid. Meanwhile, due to its small fourth fil-
ter function, the ¢{? * protocol performs well for smaller values of Aw. (Top
right): Noiseless case (g» = W = 0) and g = 0.02. This is similar to the
top left case, except that now because ¢ is smaller, the effect of the higher
order filter functions is reduced, resulting in a larger range of values of Aw
for which the continuous control protocols outperform the instantaneous con-
trol protocols. (Middle left): Noisy case (g = ¢/30, FWHM W = 0.1) and
g = 0.06. (Middle right): Noisy case (gx = ¢/30) and g = 0.02. This case is
the same as the Middle left, except again because of the smaller g value, the
continuous control protocols perform better for longer. (Bottom left): Noisy
case (gr = ¢g/15, FWHM W = 0.1) and ¢g = 0.06. (Bottom right): Noisy case
(gx = g/15) and g = 0.02. Same as the bottom left, except due to a smaller
g value, the continuous control protocols perform better. . . . . . . . .. ..
The filter functions given in Eq. (7.26) for a sequence of M CPMG sequences
in a total time T'. As M increases, the primary peaks slide along the frequency
axis; as T increases the primary peaks become narrower in frequency.

We plot FI /N for the M = 4 measurement block with Lorentzian noise with
FWHM W = 1/10 and strength g), w. = 1, and x = 1. For this plot, the
measurement times were chosen to be t,, = (m — 1)kt /M for m =1,2,3,4. .

The plots of Gy(r) = r — fi(r) for various values of ¢. f,(r) is given in
Eq. (A.62). In our proof, we crucially used that G,(r) is symmetric under

The Rényi-a Page curves, for a € {2,3,4,5,15}, divided by s?, as a function
of the squeezing strength s. These functions are displayed as the solid lines.
The Rényi-a Page curve limit as s — 0, presented in Eq. (B.48), is shown by
the dashed lines in corresponding color. As expected, the Rényi-a Page curve
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B.2 Plots of the von Neumann, Rényi-2, and Rényi-3 Page curves divided by s, as
a function of the squeezing strength s. These functions, which are presented
more generally in Theorem 3.3.3 and Theorem 3.4.2, are shown by the solid
red, blue, and brown lines, respectively. The von Neumann and Rényi Page
curves in the limit as squeezing strength approaches infinity, derived in Ap-
pendix B.1.3 and Appendix B.2.3, have coinciding values of 2min(r,1 — r)
displayed as the black dotted line. We take r =0.5. . . . . . . ... ... .. 210
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Chapter 1: Introduction

Quantum mechanics is arguably the most experimentally well-tested theory in all of physics.
Like any good mathematical theory, quantum physics can be derived from a small set of
axioms, typically called the postulates of quantum mechanics. From just these postulates and
comparable axioms for classical mechanics, it has been proven that quantum computers can
solve various oracle' tasks exponentially faster than classical computers [13]. Even without
oracle assumptions, there are quantum algorithms that offer super-polynomial speedups
over the best known classical algorithms for many computational tasks. Shor’s factoring
algorithm, for example, could break in polynomial time the RSA protocol that encrypts the
majority of financial and otherwise sensitive data online [14]. This alone demonstrates the
importance of understanding the complexity of quantum theory.

Given this setting, in this thesis, we are broadly interesting in (1) understanding the
complexity of quantum systems, (2) developing useful protocols for quantum devices, and

(3) finding applications of quantum systems. We take these one at a time.

Understanding complex quantum systems In order to determine what types of prob-
lems quantum systems are more useful for than classical systems, it is helpful to understand
how and why they are powerful. The origin of the complexity and the computational power

of quantum systems is surprisingly subtle. A common misconception is to attribute too much

LA quantum oracle in this context is a black box that can coherently implement a function (e.g. in super-
position). It is an unphysical and mathematical ideality, but is nonetheless a useful assumption for proving
rigorous separations between quantum and classical computation. Ultimately, we hope to prove separa-
tions without invoking oracle assumptions, both within and between the classical and quantum complexity
hierarchies, but this has thus far proven difficult in both the classical and quantum settings [15].



of the power of quantum computation to superposition. Indeed, superposition is a necessary
but not sufficient condition for a quantum device to computationally outperform classical
devices. The most immediate way to see that superposition is not powerful on its own is
to consider a probabilistic classical computer. We can, without loss of generality |16, 17|,
consider reversible classical computation. A classical computation on n bits is then simply a
permutation of the bits, and a probabilistic classical computation is a convex combination of
permutations. To see that probabilistic classical computation acts in superposition, we can
map n-bit bitstrings to 2" dimensional vectors via a map b <> |b). A probabilistic classical
computation acting on b acts as M |b) for some doubly stochastic (i.e. convex combination
of permutations) matrix M. Given the expansion M |b) = >, py |b), the output is the
bitstring ' with probability p,. The fact that py can be any probability distribution is the
statement that this computation is happening in superposition.

While superposition is not alone sufficient, it is tempting to think that the addition of
interference effects gives rise to additional power. However, classical wave mechanics allows
for superposition and interference, and yet it is computationally no more powerful than
universal classical computation.

Notice that there is no quantum entanglement present in classical wave mechanics. Thus,
we may be led to conjecture that the combination of superposition, interference, and entan-
glement yields quantum computation outperforming classical computation. However, the
benefit of entanglement is subtle, and indeed the study of entanglement and its relation to
computational complexity is the key motivation behind Part I of this thesis. Entanglement
is a necessary ingredient for a quantum computational advantage over probabilistic classical
computation, since quantum computations with little entanglement can be simulated effi-
ciently classically [18-20]. On the other hand, too much entanglement can cause a state to be
useless for computation. In particular, the typical (over the Haar measure) finite-dimensional

quantum state is too entangled to be useful for computation |21, 22]. One particularly nice



example of a class of quantum computations with superposition, interference, and entangle-
ment that nonetheless yields no advantage over classical computation is the Clifford group
[23].

Part I of this thesis is motivated by understanding the relationship between entanglement
and complexity in a specific setting, called Gaussian boson sampling (GBS), that is thought
to exhibit quantum advantage—that is, up to certain complexity theoretic conjectures, it
is not possible for a classical computer to efficiently sample from the output probability
distribution defined by GBS [24-28|. A GBS device can be thought of as part of a restricted
class of quantum computers; it is not capable of universal quantum computation or universal
classical computation, but it can nonetheless efficiently perform sampling tasks that are
believed to require exponentially more time with classical computers. Due to the more
restrictive nature of GBS relative to universal quantum computation and its experimental
feasibility [29-31], GBS offers a tractable context to analytically study the nature of quantum
advantage and entanglement.

GBS experiments generate random quantum states with respect to an ensemble defined
in Part . There are states in this ensemble that are easy to efficiently classically simulate (in
the sense of sampling), however the typical state in the ensemble is believed to be classically
intractable to simulate. Thus, in order to understand the interplay between complexity and
entanglement in this setting, we must first understand the typical properties of entangle-
ment. In Chapter 2 of Part I, we study entanglement as measured by the Rényi-2 entropy
[32]. We prove certain regimes in the parameter space of a GBS experiment where Rényi-2
entanglement is typical, and indeed we derive analytically the value that it typically takes.
In Chapter 3 of Part I, we extend these results to Rényi-a entropies [32] for all integer v > 1,
including the von Neumann entanglement entropy o = 1.

Prior work [33, 34| considered typical entanglement properties more analogously to the

setting of thermodynamics, where one considers the interaction between a subsystem S and



a much larger bath B. That is, given a GBS experiment, one can divide the system into two
parts labeled S and B. In the setting when S is much smaller than B, Refs. [33, 34] proved
that entanglement is typical. A key takeaway of Part [ of this thesis is that entanglement
in GBS is typical even when S and B are the same size. Therefore, this result is potentially
much more relevant as it tells us that no matter how one measures entanglement in a GBS

experiment, it will always be typical.

Developing useful protocols for quantum devices In this thesis, we study both dis-
crete variable (DV) and continuous variable (CV) quantum systems, where the former cor-
responds to quantum mechanics in finite dimensions and the latter to infinite dimensions.
In Part I, we study entanglement in GBS, which is a CV system; in Part I, we study both
CV and DV systems; and in Part I1I, we study a particular DV system.

There are many advantages to building quantum computers using CV resources as op-
posed to DV resources, such as a continuous parameter-set of transversal gates and Hamiltonian-
based bias preserving gates [35]. However, due to the intricacies of infinite dimensionality,
there are many protocols that have been developed for DV devices that have no analogue
in CV devices. In Chapters 4 and 5 of Part II, we are broadly interested in addressing this
challenge and porting over tools and protocols from DV to CV. Specifically, we focus on
protocols that utilize DV quantum ¢-designs and extend them to CV systems.

In DV quantum information theory, ¢-designs come in two primary flavors—unitary t-
designs and state t-designs [36-70]. The unitary group has a unique uniform probability
measure called its Haar measure [71]. As with any probability space, it has moments —
e.g. first moments are means, (central) second moments are variances, etc. A unitary t-
design is an ensemble of unitary operators whose first £ moments match that of the unitary
group. Similarly, the set of all DV quantum states has a natural probability measure called
the Fubini-Study measure [72], and a quantum state ¢-design is an ensemble of quantum

states whose first ¢ moments match those of the full set of quantum states. Intuitively, a



t-design on a space mimics the full space—as t increases, a t-design captures more and more
features of the full space.

Quantum state and unitary designs are important tools in tomography [40, 43, 48-52],
state distinction [44, 53], randomized benchmarking [47, 54-57|, fidelity estimation [47, 58—
63], cryptography [64, 65], sensing [66, 73|, fundamental physics [45, 67-69], universality of
gate sets [74], and error correction [75-78|. t-designs proved difficult to properly define and
find in CV systems [79]. This means that none of the applications proven to work through
the use of designs, e.g. quantum state fidelity relations [47, 54-57, 59, 60] and design-based
tomographic protocols [49-52]|, carry over naturally to CV.

In Chapter 4 of Part II, we shed light on the previous difficulties by proving that CV
quantum state and CV unitary ¢-designs cannot exist for any ¢ > 1. The reason they cannot
exist is a strictly infinite dimensional phenomenon stemming from properties of infinite
sequences in LP spaces. This no go theorem rules out the straightforward extension of the
aforementioned DV protocols to CV systems. Nonetheless, we find that there is still a way
forward. Using a mathematical construct known as a rigged Hilbert space [80], we define a
new type of CV state design called a rigged t-design. We prove that such a design exists for
all ¢, thereby bypassing the prior no go theorem. Using this construction, we develop some
applications, including average fidelity calculations, entanglement verification, and shadow
tomography. For the remainder of this overview, we will focus on shadow tomography.

Note that a rigged design no longer only consists of quantum states, but rather of more
general elements of the rigged Hilbert space. One way of viewing these more general elements
is as elements of positive operator-valued measures (POVMs), where a POVM is simply an
arbitrary quantum measurement [13]. Indeed, another way of understanding rigged t-design
is as POV Ms that satisfy a few extra conditions. Leaving out some technical details, a rigged
1-design is a POVM, and a rigged t-design is a POVM whose second through #* moments

are fixed in a particular way. Thus, the ¢ = 1 condition allows us to measure with respect to



a rigged design, and the ¢t > 1 conditions provide us with additional information about the
measurement.

Therefore, we expect that DV protocols that utilize designs as a measurement scheme
can be ported over to CV systems. One particularly useful such protocol is shadow tomog-
raphy [49-52|. In DV systems, shadow tomography at its core is an intelligent measurement
scheme. Specifically, given measurement access to an unknown quantum state, one can build
a classical snapshot of the state. An obvious goal is to find a measurement scheme such that
the classical snapshot contains the most amount of information about the state as possible.
In many settings, shadow tomography is this optimal measurement scheme. DV shadow
tomography protocols measure with respect to POVMs defined by 2- or 3-designs and store
the measurement outcomes classically. Intuitively, designs are used because they mimic the
full state space, effectively “covering” the full space uniformly. With the classical snapshot,
one can then classically compute the expectation value of many observables [49, 50, 52|.
Furthermore, the classical snapshot provides a useful classical characterization of the state
that can be fed into machine learning algorithms [51].

Using rigged t-designs, in Chapter 4 of Part 11, we generalize design-based shadow tomog-
raphy to the CV setting, mostly focusing on the mathematical aspects of such a procedure.
Next, in Chapter 5 of Part II, we focus more carefully on the application of CV designs to
shadow tomography and develop an explicit procedure. Specifically, we show that an en-
semble of CV multimode states, called Gottesman-Kitaev-Preskill (GKP) states [81], forms
a rigged 2-design. Furthermore, its third moments can be analytically controlled enough
so that measuring with respect to the GKP POVM yields a good CV shadow tomography
procedure.

GKP states are important for CV quantum error correction [81-83|. Measuring with
respect to the GKP POVM is the same measurement that is performed for syndrome extrac-

tion [82]. Thus, our result shows that the tools that have been and are being developed for



GKP quantum error correction [84] can be directly used to perform CV shadow tomography.

In the final chapter of Part II, we return our attention to DV systems and study quantum
state designs and other discrete structures in finite dimensions. From the perspective of
quantum information theory, the most important and interesting spaces over which to form
designs are (1) the set of quantum states [44], (2) the diagonal subgroup of the unitary
group [85], (3) the set of CV quantum states [86] (Chapters 4 and 5), (4) the n-sphere [12],
and (5) the (projective) unitary group [87]. In Chapter 6 of Part II, we add the projective
torus to this list, where we define the projective torus to be the standard torus with a global
phase redundancy removed?. Broadly speaking, we show for the first time that (1-4) are all
intimately connected through projective toric designs. In fact, one way of understanding the
rigged t-design constructions from Chapter 4 is from the perspective of an infinite dimensional
projective toric ¢t-design.

In the first part of Chapter 6 of Part II, we initiate the study of projective toric t-designs,
which have not been explicitly studied before. We prove a connection between projective
toric t-designs, root lattices, and crystal ball sequences, and use this connection to derive a
(sometimes provably tight) lower bound on the size of t-designs for all £. The projective torus
has a natural group structure, which allows us to consider projective toric t-designs that are
themselves subgroups. We show that cyclic group designs are in one-to-one correspondence
with objects from additive combinatorics called difference sets [88]. Using a class of difference
sets called Sidon sets and Singer sets [89], we explicitly construct an infinite family of minimal
projective toric 2-designs, and infinite families of ¢-designs for all ¢ that are asymptotically
minimal. Using these constructions, we further construct infinite families of ¢-designs on the
diagonal subgroup of the unitary group.

Furthermore, we also show that projective toric designs are crucial to understanding

2Quantum states in n dimensions are unit vectors with a global phase redundancy removed and thus
correspond to the space Q,,/U(1), where €, is the unit sphere in C". Analogously, we define the projective
torus to be U(1)"/U(1).



another interesting and notoriously difficult object in quantum information theory—-complete
sets of mutually unbiased bases (MUBs) [39, 41, 90]. Complete sets of MUBs are maximal
sets of orthonormal bases where measurement in one basis reveals nothing about any of
the other bases. For example, measuring a qubit in the X-basis reveals nothing about the
state of the qubit along the Z-basis, and vice-versa. Thus, the phenomenon of complete
sets of MUBs is at the heart of quantum mechanics. Indeed, due to their relationship to
the uncertainty principle, complete sets of MUBs are important in quantum key distribution
[91], quantum state reconstruction [39], quantum error correction [92, 93], and entanglement
detection [94].

Despite their fundamental importance to both the theory of quantum information and
to applications, their existence or non-existence in non-prime-power dimensions has been an
open problem for decades. Concrete statements about the structure of such MUBs are few
and far in-between, and instead many conjectures stand in their place. Our work makes such
a concrete statement by explicitly connecting complete sets of MUBs to projective toric 2-
designs. We use this connection to prove a number of interesting statements about complete
sets of MUBs. First, we disprove a conjecture by Zhu from 2015 regarding the fundamental
structure of quantum state 2-designs, SIC-POVMs, and complete sets of MUBs [95]. We
achieve this by constructing explicit counterexamples from the Sidon set projective toric
2-designs that yield quantum state 2-designs. Indeed, these (hundreds of) counterexamples
are, to the best of our knowledge, new quantum state 2-designs. Additionally, we prove a
fundamental distinction between complete sets of MUBs in prime-power dimensions (where
they are better understood) and non-prime-power dimensions (where they are notoriously
difficult) in terms of whether the corresponding projective toric 2-design is a group or not.
The existence of complete sets of MUBs in non-prime-power dimensions is a long-outstanding
problem in quantum information theory. This new distinction that we derive provides new

insights into this fundamental problem.



Finding applications of quantum systems Thus far, we have been focused on un-
derstanding the computational advantage that quantum systems can provide and on useful
protocols and mathematical structures for quantum systems. In the last part of this thesis,
Part 111, we shift our focus to quantum sensing applications of qubit quantum devices.

Quantum sensing is a broad field that has found applications everywhere from sensitive
magnetometry to detection of gravitational waves [96]. A general parameter estimation
problem is one where there is some unknown parameter—such as a magnetic field strength or
a frequency present in a time varying signal—that we wish to measure. The goal is therefore
to estimate this parameter to as high accuracy as possible. In Part I of this thesis, we are
interested in understanding when and how quantum devices offer a computational advantage
over their classical counterparts; similarly, in Part III of this thesis, we are interesting in
understanding when and how quantum resources provide a benefit over classical resources
for parameter estimation.

We consider the setting when there is an unknown parameter encoded into the frequencies
present in a time varying (classical) signal. Specifically, we wish to identify peaks in the
frequency spectrum of a stochastic signal. In Chapter 7 of Part III, we find that, because
the signal is stochastic, estimating the locations of neighboring peaks with purely classical
methods requires observing the signal for a time that scales inversely with the distance
between them. The task of resolving two closely spaced peaks is similar to Rayleigh’s curse
in optics, where two light sources cannot be distinctly resolved if they are separated by less
than the diffraction limit [97]. Ref. [98] designed a quantum superresolution protocol that
can in principle resolve two arbitrarily close point light sources provided that the centroid
of the two point sources is known, thereby beating Rayleigh’s curse. Motivated by this,
we study the use of quantum resources in the frequency resolution problem. By coupling
the signal to a qubit, we find necessary and sufficient conditions under which control and

measurement protocols result in substantially improved peak estimation. Analogously to



those in Ref. [98], our protocols require knowledge of the centroid of the two frequencies,
and we quantify how accurately the centroid must be known in order for the protocols to
succeed.

Reminiscent of our analysis of entanglement in Part I, in Chapter 7 of Part III, we
further study improvements to these protocols when we couple many entangled qubits to the
signal. Interestingly, we find that the stochasticity of the signal results in an entanglement
advantage that is different in character from the more typical Heisenberg limit entanglement
advantage that appears in more “textbook” parameter estimation problems [96]. In fact, the
entanglement advantage, while still present, is less pronounced in this setting that in more
standard parameter estimation problems. Thus, frequency estimation problems provide a
new fruitful ground for understanding the benefit of various quantum resources to sensing

protocols.
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Chapter 2: Page curves and typical entanglement in linear optics

Section 2.1: Introduction

In his pioneering paper [99], Page considered a Haar-random pure state in an N-dimensional
Hilbert space. He conjectured an exact formula for the average entanglement entropy of the
reduced density matrix on an rN-dimensional subspace, where r € [0,1]. His conjecture
was proven soon after [100-102]. This average, which is itself a function of r and N, is now
known as the Page curve. Page also defined the average information of the subsystem as the
difference between the maximum of the entropy and the average entropy. This quantity has
since come to be known as the Page correction. Since then, the Page curve and correction
have found applications in a variety of areas, such as black holes [69, 103, 104], quantum
information theory [105, 106|, and statistical mechanics [107-114], among others. As a
next step, many works considered the typical deviation of the entanglement entropy from
its average. In particular, a system is said to exhibit typical entanglement if there is a
vanishingly small probability that a random state has entanglement bounded away from the
average. This phenomenon was introduced and studied in a variety of systems [21, 22, 65,
115-121].

Entanglement is a key feature of quantum physics and can be used as a resource to com-
plete various tasks, such as teleportation, key distribution, dense coding, and many others
[13, 32, 72, 122, 123]. Furthermore, entanglement is a necessary ingredient for quantum ad-
vantage, since quantum computations with little entanglement can be simulated efficiently

classically [18-20]. One can define quantum advantage using the language of complexity as
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using quantum resources to perform a task that is classically hard but quantumly easy. One
such task is sampling from the output probability distribution of a Gaussian Boson Sam-
pling experiment [24-28|. The general relationship between entanglement and complexity is
largely unknown, but at least some entanglement is necessary for classical hardness. Simi-
larly, in the setting of Boson Sampling, at least some amount of non-Gaussianity is necessary
for sampling hardness [124]. On the other hand, too much entanglement can cause a state
to be useless for computation. In particular, the typical (over the Haar measure) finite-
dimensional quantum state is too entangled to be useful for computation [21, 22]. Thus,
studying average and typical entanglement is necessary for learning about the useful part of
entanglement and what utility random states have.

Entanglement in infinite-dimensional quantum states generated by bosonic Gaussian in-
puts and Gaussian operations has found direct application in areas such as quantum sensing
[125-129] and quantum communication [130, Ch. 12]. Furthermore, the original motiva-
tion for studying the finite-dimensional Page curve was to study the black hole information
paradox [99, 103]. Since the degrees of freedom around black holes are inherently infinite-
dimensional bosonic (e.g. photonic) modes, an infinite-dimensional bosonic Page curve may
help to understand black hole information dynamics [130, Ch. 14].

Our contributions. In this work, we study Page curves and the typicality of entanglement
in continuous-variable bosonic Gaussian states. Specifically, we compute average and typical
entanglement quantities averaged over passive (energy-conserving) Gaussian unitaries, also
called linear optical unitaries, with a fixed initial product state of squeezed vacuum states on
n modes. Indeed, this setup is exactly that of a Gaussian Boson Sampling experiment, which
is of great recent interest due to experimental claims of quantum advantage via Gaussian
Boson Sampling [29-31].

We describe this setup in more detail in Section 2.2. Then in Section 2.3, we begin

by studying the regime when all the initial squeezing strengths are equal, and denote this

13



squeezing strength by s. We derive an analytic expression for the average Rényi-2 entropy
of a subsystem of k& modes as a function of s, n, and k that is exact asymptotically in n for
arbitrary values of s and k. Using this expression, we exactly compute the corresponding
Page correction. These results are summarized in Fig. 2.1. In Section 2.4, we then study the
presence of typical entanglement for various scalings of k£ with n. When the distance between
the entanglement of a random state and the average entanglement value vanishes additively
(resp. multiplicatively), we say that entanglement is strongly (resp. weakly) typical. We
prove that entanglement as measured by the Rényi-2 entropy is weakly typical for any k& and
strongly typical whenever k € o(n). We further show that entanglement as measured by
the von Neumann entropy is weakly typical whenever k € o(n). Finally, in Section 2.5, we
generalize our discussion to the regime when the initial squeezing strengths are not necessarily
equal. We show that, if a certain conjecture is true, then the Rényi-2 and von Neumann
entanglement entropies are both weakly typical whenever k € o(n).

Prior work. Refs. [120, 131] studied Page curves and entanglement in fermionic Gaus-
sian states. Serafini et al. have considered typical entanglement in bosonic Gaussian states
[34, 132], where they defined two measures, namely the microcanonical and canonical mea-
sures, on the set of all n-mode bosonic Gaussian states and averaged with respect to these
measures. Roughly, averaging over the microcanoncial measure corresponds to integrating
over all bosonic Gaussian states up to a fixed bounded total energy, and averaging over
the canonical measure corresponds to integrating over all bosonic Gaussian states with a
Boltzmann weight factor decaying with the energy of the state. Fukuda and Koenig gener-
alized these results by studying entanglement averaged over passive Gaussian unitaries with
a fixed initial product state of squeezed vacuum states on n modes [33]. Indeed, their setup
is exactly the one we consider in this work. As noted in Ref. 33|, the measure defined by
fixing squeezing strengths and then applying a random passive Gaussian unitary general-

izes both the microcanonical and canonical measures, as the latter two measures can be
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expressed as convolutions of the former with certain distributions on the set of all squeezing
configurations.

Serafini et al. and Fukuda and Koenig consider entanglement in a subsystem of k& bosonic
modes when k € o(n); roughly, Serafini et al. allow & € O(1) and Fukuda and Koenig
allow k € o(nl/ 3). To the best of our knowledge, there are currently no results on average
entanglement or typical entanglement in the regime when k£ € Q(nl/ 3). This is what we
address in our work. Concerning typical entanglement, we emphasize that our results do not
supplant the results of Ref. [33] in general, but rather only in certain regimes. In particular,
we primarily consider the situation of equal squeezing strengths, whereas their results pertain
to the situation of arbitrary squeezing. Similarly, we primarily consider the Rényi-2 entropy,
whereas their results apply to both the Rényi-2 and von Neumann entropies. We summarize
our work and that of Ref. [33] on typical entanglement in bosonic Gaussian states in Table 2.1.

For general quantum states, the von Neumann entropy has certain properties, such as
strong subadditivity, that the Rényi-a entropies do not. For other such properties, we refer
to Ref. [32]. Because of this, the von Neumann entropy is generally considered a better
measure of entanglement than the Rényi-a entropies. Notably, however, it has been shown
that the Rényi-2 entropy is special when restricting to bosonic Gaussian states. For example,
it was recently proven that for bosonic Gaussian states, the Rényi-2 entropy also obeys strong
subadditivity [133, 134]. The Rényi-2 entropy is also equal, up to a constant, to the phase-
space Shannon sampling entropy — [ W (x, p) log W (x, p) d"@ dp of the Wigner distribution
W (z,p) of the state for Gaussian states [133]. Here the position vector  and momentum
vector p parameterize the phase space of n oscillator modes. The phase-space Shannon
sampling entropy has an operational meaning in terms of sampling via homodyne detections
[133, 135]. Furthermore, it has been shown that for pure tripartite Gaussian states, the
Rényi-2 entropy obeys a strong subadditivity inequality that is stronger than that for the

von Neumann entropy [136]. Finally, correlation measures for Gaussian states based on the
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Rényi-2 entropy have been found that have no counterpart when using the von Neumann
entropy [137]. As noted in Ref. [133], the aforementioned results are “planting the seeds for

" Qur work 1is

a full Gaussian quantum information theory based on the Rényi-2 entropy.’
focused primarily on entanglement in bosonic Gaussian states as measured by the Rényi-2

entropy and can thus be viewed as planting a few more seeds.

Section 2.2: Setup

In this work, we consider a linear optical system of n modes, where each mode is an inde-
pendent quantum harmonic oscillator. We will restrict our attention to bosonic Gaussian
states. We refer to Refs. [33, 138] for background on the theory of Gaussian states, and we
provide the necessary details to understand this paper in Appendix A.1.1.

Consider an n-mode mixed state p in the Hilbert space of square integrable wavefunctions
H = L*(R)®". For each i € {1,...,n}, let #; and p; be the position and momentum
quadrature operators on the i*" mode. For each i, define 7#; = 2; and #,,; == p;. pis a
Gaussian state if there is a 8 > 0 and a Hamiltonian H that is at most quadratic in the
quadrature operators such that p is the thermal state p o e P Since H contains only
linear and quadratic quadrature terms in 7;, p is fully characterized by its first and second
moments, Tr(pf;) and o;; = L Tr[p(7;7; + 7;7;)] — Tr(p#;) Te(p;). o is called the covariance
matrix of the state p.

A unitary U is Gaussian if there exists a Hamiltonian H that is at most quadratic in
the quadrature operators such that U = e, One can show that a Gaussian unitary maps
Gaussian states to Gaussian states. Any Gaussian state can be generated by acting on the
vacuum state with a Gaussian unitary. The set of all Gaussian unitaries is isomorphic to the
real symplectic group of 2n x 2n matrices Sp(2n). By the Euler decomposition theorem of a
symplectic matrix, it follows that any pure Gaussian state can be generated by acting on an

initial product state of squeezed vacuum modes with a passive (energy conserving) Gaussian
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unitary. The set of all passive Gaussian unitaries is isomorphic to Sp(2n) N O(2n) = U(n),
where O(2n) is the orthogonal group of 2n x 2n matrices and U(n) is the unitary group of
n x n matrices. Sp(2n) is not compact and thus does not have a finite Haar measure to
average over. Physically, this is due to the fact that the Gaussian operation of squeezing can
take on unbounded values in R. However, U(n) is compact, and it is hence well-defined to
consider uniformly sampling from U(n) according to the finite Haar measure.

We are therefore motivated to consider the following notion of a random pure Gaussian
state. Namely, we initialize the i*" mode to be in a squeezed vacuum state with fixed squeez-
ing parameter s; € R for each i € {1,...,n}. We then randomly sample a passive Gaussian
unitary from U(n) and apply it to the n modes. This random state is thus characterized
by a fixed choice of the squeezing parameters s; and a Haar-random choice of a passive
Gaussian unitary U. Understanding the properties of such random states is of great inter-
est, particularly because Gaussian Boson Sampling experiments rely on precisely those state
preparations. For squeezing parameters s; for i € {1,...,n}, the total expected number
of bosons of the state on the n modes is Y, sinh®(s;). For simplicity, we will begin by
considering the case when all the squeezing parameters are equal; s; = s for each i for some
fixed s. In the case of equal squeezings, the average total boson number per mode is sinh? s.
The general case of unequal squeezings will be discussed in Section 2.5.

The n modes are then partitioned into two groups — one group of £ = rn modes for
some 0 < r < 1, and one group of n — k = (1 — r)n modes. We then compute the
entropy of the reduced state of the £ modes, or equivalently, since we are considering pure
states, the entropy of the reduced state of the n — k modes [13|. Let the density matrix

of the reduced state be p. For the entropy function, we will be primarily focused on the

Rényi-2 entropy S; = — log Tr p?, although we will also prove various statements on the von
Neumann entropy S; = —Trplogp as well. The Rényi-2 entropy takes the elegant form
Sy = %log deto = %Tr log o, where o is the covariance matrix of p [138]. For the Gaussian
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state generated by the unitary U € U(n) acting on the squeezed product state with squeezing
strength s on each mode, the Rényi-2 entropy of the subsystem of & modes is denoted by
S2(U), and the von Neumann entropy by S;(U), where the dependence of S;(U) and Sy (U)
on r, n, and s is implicit. We will derive statistical properties of S3(U) and S;(U) in the
asymptotic limit n — oo.

Our main results involve the Rényi-2 entropy, and the following proposition allows us
to use many of the results on the Rényi-2 entropy to bound the von Neumann entropy.
Furthermore, we will also make use of the maximum Rényi-2 entropy to prove our later

results on the Page correction.

Proposition 2.2.1. Let s € R and r € [0,1]. Then for each j € {1,2},

Urélg(i) S;(U) = nmin(r,1 — r)h;(cosh(2s)), (2.1)
where hy(x) = 5"’T+llogg’;7Jrl — mT_llog”"T_l and ho(z) = logz. Furthermore, for any fized

U e U(n), S1(U) > S2(U) and

S1(U) < So(U) + nmin(r,1 —r)(1 —log2). (2.2)

The full proof of Proposition 2.2.1 is given in Appendix A.2. A tighter version of Eq. (2.2)
was originally derived in Ref. [136, Eq. 15|, but we will only need this weaker version. For
completeness, we provide a different proof of Eq. (2.2). Eq. (2.1) is perhaps implicit in various
results in Refs. [34, 132, 138-140], but we have not found it directly stated anywhere. The
lower bound S1(U) > S3(U) is a general property of the Rényi entropies [13, 32|, whereas
the upper bound holds only for Gaussian states. While trivial upper bounds also exist in
the general case, Eq. (2.2) is tighter. Intuitively one may view this as an extension of the
fact that for Gaussian states, the Rényi-2 and von Neumann entropies share many useful

properties, such as strong subadditivity and others mentioned in Section 2.1.
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Section 2.3: Expectation value

Our first results concern the Rényi-2 Page curve, which is the expectation value of the Rényi-
2 entanglement entropy as a function of the partition size ratio r = k/n and the squeezing
strength s. Recall that the dependence of So(U) on r, n, and s is implicit. We find an exact

formula as an infinite series for the Page curve in the limit n — oco.

Theorem 2.3.1 (Rényi-2 Page curve). Fiz s € R andr € [0,1]. Let Cp := H%(Qf) be the (B

Catalan number, and let o F} be the hypergeometric function [1/1-1/4]. Then

1

n—oo UeU(n) N

= rlogcosh(2s) — Z ritt tanh%(Qs)% oFy (1 — 4,004 2;7) (2.3)
=1
> = (20— 1)!

B d d—/ 20
=rlogcosh(2s) + Y r > (=1)*"tanh (2S>d(d —1)(d— (- D20 — )l
d=2  ¢=[d/2]

(2.4)

This function is symmetric under r — 1 —1r, and hence the formula holds when r is replaced
with min(r, 1—r). Furthermore, asymptotically inn, Eycym) S2(U) = na(s,r)—=A(s,r)+o(1),
where (s, r) is precisely limy, o Eycum) %SQ(U) given above, A(s,r) is independent of n, and

o(1) denotes terms that go to zero as n — oo.

We plot the analytic Page curve for s = 3/4 in Fig. 2.1(a), and we confirm our results
numerically in Fig. 2.1(b). The proof of Theorem 2.3.1, given in Appendix A.3.1, primarily
uses two ingredients. The first ingredient is the asymptotic form of the Weingarten calculus
for integrating over the unitary group with respect to the Haar measure {146, 147|. From this
we get an equation for the Page curve that is initially daunting. The second main ingredient

is the fact that the Page curve must be symmetric under » — 1 — r since the global state
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Figure 2.1: (a) Exact results for the Rényi-2 Page curve from Proposition 2.2.1, The-
orem 2.3.1, and Corollary 2.3.2. (b) Numerical simulations of the Rényi-2 Page curve
for n = 50 modes and squeezing s = 3/4. We plot the values for r = k/50 for each
k € {0,1,...,50}. We perform the simulation by generating random unitary matrices and
doing the matrix multiplication described in Appendix A.1.1. We provide the code for this
simulation on GitHub [145].

on the n modes is pure [13]. Quite miraculously, this fact is enough to simplify the equation
for the Page curve and arrive at Theorem 2.3.1.

The Page curve derived in Theorem 2.3.1 can be written as

tanh?(2s)

. 1 S
lim E(n) ESZ(U) = Z 57

n—oo UeU
/=1

G(r), (2.5)

where Gy(r) = r — fi(r) and f,(r) is a polynomial of degrees ¢ + 1 through 2¢ in r (given
in Eq. (A.62) in Appendix A.3.1). Polynomials G,(r) of this form are uniquely determined
by the requirement that G,(r) = G¢(1 — r), which ensures that the Rényi-2 entropy of a
subsystem is equal to that of its complement since we are considering pure states. It is from
this requirement that we ultimately derive the Page curve. We show that the resulting G (r)
can be understood as a good approximation to m(r) = min(r,1 — r) from below, which
we will call the /" approximation. Indeed, the approximation is especially good near the
endpoints 7 = 0 and r = 1, where the first ¢ derivatives of G,(r) match those of m(r). As

¢ — o0, the approximation becomes better and better such that lim,_,., G¢(r) = m(r).
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This provides an interpretation of the derived form of the Page curve. The strength of
the squeezing s determines the weight that the Page curve has on the ¢! approximation
to m(r). For small squeezing, only low order approximations contribute, with the most
dominant contribution being the parabolic shape G(r) = (1 — 7). When the squeezing
is increased, there is more contribution from higher order approximations, giving the Page
curve more of the triangle shape of m(r). We see a manifestation of this interpretation as

o 1
iy i, B, o) = 2001 =), 29

1
lim lim E —S3(U)=2min(r,1—r). (2.7)

s—oon—o0 UeU(n) SN

Meanwhile, from Eq. (2.1), the maximal Rényi-2 entropy is maxy £55(U) = m/(r) log cosh(2s).
As stated, near the endpoints » = 0 and r = 1, G,(r) is a very good approximation to m(r).
Thus, regardless of the squeezing strength, when the subsystem size k = rn is small (or when
its complement is small), the average entanglement is very close to maximal.
Unfortunately, we are unable to simplify the infinite sum for general r in Theorem 2.3.1
further. However, the Page curve can be fully simplified at » = 1/2 — which is where the

maximum for a fixed s occurs — to logcosh s. Indeed, we find that

Gi(1/2) = % (1 4t (2;)) | (2.8)

From this and the maximum Rényi-2 entropy from Eq. (2.1), we also find the exact expression
for the Page correction at r = 1/2 to be % log(l + tanh? s). Let us formally state these results

as follows.

Corollary 2.3.2. For a fivzed s € R when r =1/2,

1
lim E —S5(U)=logcoshs, (2.9)

n—oco UeU(n) N
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and the Page correction is

1
lim — ( max Sy(U)— E 52(U)>
n—oo . \U€U(n) U€U(n) (2.10)

= % log(l + tanh? s) .

The proof of Corollary 2.3.2, given in Appendix A.3.2, is a straightforward consequence
of a simplification of the hypergeometric function oFj(a,1 — a;¢;1/2) in terms of gamma
functions due to Bailey’s theorem [141-144]. Altogether, we have derived the exact formula
[Egs. (2.3) and (2.4)] for the Rényi-2 page curve in the regime of equal squeezers as a series
in tanh?*(2s) and 7. In the special case when r = 1/2, we simplified the series to obtain an
exact value of log cosh s. From this, we derived the Page correction, or information of the
subsystem, at 7 = 1/2 to be exactly %log(l + tanh? s). Furthermore, since the Page curve is
concave in r while the maximum entropy is linear, this correction is maximized at r = 1/2.

A summary of the Page curve results thus far is provided in Fig. 2.1.

We now shift our attention to the constant term in the Page curve. Theorem 2.3.1 states
that asymptotically in n, Eycywm) S2(U) = na(s,r) — A(s,7) + o(1), and it provides the
exact expression for «a(s,r). We further find the following result for A, which is proven in

Appendix A.3.3.

Proposition 2.3.3. Fiz s € R and r € [0,1]. Then,

A(s,r) = —é log(1 — 4r(1 — r) tanh?(2s)) . (2.11)

Note that A(s,r) > 0 for all s and r, and therefore Ey So(U) < na(s,r) asymptotically.
At r =1/2, this simplifies to A(s, 1/2) = 1 log cosh(2s).
The proof of Proposition 2.3.3 is very similar to the proof of Theorem 2.3.1, again crucially

using the symmetry » +— 1 — r to simplify the expression coming from the Weingarten
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function. However, there is one substantial difficulty in the proof of Proposition 2.3.3 that
does not occur in that of Theorem 2.3.1. In this case, the symmetry r — 1 — r is almost
enough to fully determine \; however, there are constants that cannot be determined by
the symmetry alone. We derive expressions for these constants that are complicated sums
involving permutations and Catalan numbers. Using objects that arise in bioinformatics
when studying gene orders, called breakpoint graphs [148], Ref. [149] evaluates these sums,
hence completing the proof of Proposition 2.3.3. These constants are discussed more in
Appendix A.3.3.

In summary, we have derived an explicit form of the asymptotic Rényi-2 entropy Page

curve for all » and s up to corrections that vanish as n — oc.

Section 2.4: Variance and typicality

Next, we shift our attention to the variance of the Rényi-2 entropy so as to make statements
about typicality of entanglement; that is, how different a random state’s entanglement is
from the average. Using the results for the Rényi-2 entropy, we will also be able to prove
some weaker results for the von Neumann entropy. The typicality results presented below
are summarized in Table 2.1.

Typicality is of interest because it characterizes the applicability of statistical averages.
Indeed, statistical mechanics often relies on quantities being typical so that thermodynamic
average quantities, such as average energy and average pressure, can accurately represent
their true values. In order to quantify the deviation from average, we consider two measures
of deviation corresponding to multiplicative and additive distance. If the multiplicative
distance between a quantity and its average vanishes in the thermodynamic limit, then that
quantity is called weakly typical. If the additive distance vanishes in this limit, then that
quantity is called strongly typical. With this intuition, we now formally define weak and

strong typicality following Ref. [121].
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Definition 2.4.1 (Typicality). Let S be a nonnegative random variable on the unitary group
U(n), and denote its value at U € U(n) by S(U). S is called weakly typical if for any constant

€ >0,

&(‘/)_1‘ <6} _1 (2.12)

lim Pr
[ Eveum) S

n—o0 UeU(n)

S is called strongly typical if for any constant € > 0,

nlgg(} Uel%r(n) HS(U) - VEI[EJJ(R)S(V)‘ < e} = 1. (2.13)

k € O(n) k € o(n) k € o(n'/?) |33]

Equal Rényi-2 weak strong strong
squeezing von Neumann ? weak strong
Unequal Reényi-2 ? weak* strong
squeezing von Neumann ? weak”* strong

Table 2.1: A summary of the current status of rigorous results on typical entanglement in
Gaussian bosonic systems, where in this figure we assume single-mode squeezing parameters
that are independent of n. Strong and weak typicality are defined in Definition 2.4.1. Note
that “weak™” indicates that the result is not fully proven, but depends on Conjecture 2.5.2.
Where we say “weak”, we have not ruled out the possibility that the typicality is also strong.
The total number of modes is denoted by n, and 0 < k < n is the number of modes in
the subsystem. “Equal squeezing” refers to the case when each mode is initially squeezed
with the same strength, whereas “unequal squeezing” refers to the general case when each
mode can be squeezed independently. The two leftmost columns come from Corollaries 2.4.3
and 2.4.4 and Remark 2.5.3. The rightmost column all follows from the results of Ref. [33].
Prior to Ref. [33], Refs. [34, 132] proved strong typicality in the regime k € O(1).

If Eyecuem) S(U) does not decay as n — oo, then strong typicality clearly implies weak
typicality. We will be concerned with typicality of S; and Sy, the von Neumann and Rényi-2
entropy respectively. One can compute the variance of the entropy over the Haar measure
and then apply Chebyshev’s inequality to obtain typicality results. Therefore, we now focus
on the variance. We first find the general form of the asymptotic Rényi-2 variance in the

equal squeezing regime and show that it is independent of n. Recall that the dependence of
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So(U) on 1, n, and s is implicit.

Theorem 2.4.2 (Rényi-2 variance). Let s € R and r € [0,1]. Then

lim Var Sy(U) = iw(d) tanh?!(2s) (r(1 —r))*, (2.14)

n—oo UeU(n) =
where w9 € Q is some number that depends only on d. In particular, w® = 1/2.

The proof of this theorem, given in Appendix A.4, is very similar to the proof of Theo-
rem 2.3.1. To prove this theorem, we again crucially use that Vary Se(U) must be symmetric
under r — 1 — r since the full state on the n modes is pure. Interestingly, in contrast to
Theorem 2.3.1 where we found that the Page curve grows linearly with n, the asymptotic
variance is independent of n. Indeed, Theorem 2.4.2 is the bosonic analogue of the result
that the variance for fermionic Gaussian states is asymptotically constant [120].

From Theorem 2.4.2, we find typicality in certain regimes as an immediate corollary.
In particular, since the variance is independent of n while the average grows with n, the
entanglement is always weakly typical. Furthermore, the variance is asymptotically zero if
s € o(1) and/or r € o(1), and typicality is therefore strong in those regimes. Altogether,

Theorem 2.4.2 and Chebyshev’s inequality lead to the following corollary.

Corollary 2.4.3. The Rényi-2 entropy is weakly typical for any s € R and r € [0,1]. Fur-
thermore, if the subsystem size k = rn scales as k € o(n), or if the squeezing scales as s €
o(1), then the Rényi-2 entropy is strongly typical, and Prycuwm)[|S2(U) —Ey So(V)| < €| >
1—%. On the other hand, if r and s are constant inn, then lim, .o Prycym)[|S2(U) — Ey So(V)] < €] >

1-— C(Zf), where c(r, s) is a constant independent of n (but depends on r and s).

In summary, we have shown weak typicality in the Rényi-2 entropy for all s and k& and

strong typicality whenever k € o(n). On the other hand, if s and r do not tend to zero with

25



increasing n, the variance converges to a constant value independent of n. Hence, we cannot
use Chebyshev’s inequality to prove strong typicality in this case. Notably, an asymptotically
constant variance does not necessarily imply an absence of strong typicality either — that is,
the probability that the entropy deviates from its average can scale as 1/n?, but the entropy
can deviate by an amount proportional to n thus resulting in a constant variance. We are
therefore unable to make a definitive statement about strong typicality in the » € ©(1) and
s € Q1) case.

In the next corollary, we will use these results to address typicality as measured by the
von Neumann entropy. Specifically, we will use Proposition 2.2.1 to show weak typicality of
the von Neumann entropy as long as the subsystem size scales sublinearly with the system

size.

Corollary 2.4.4. Let s € R and r € [0,1]. If the subsystem size k = rn scales as k € o(n),

then the von Neumann entropy is weakly typical.

Proof. Using Proposition 2.2.1 to upper bound E;; #Sl(U)2 and to lower bound (EU %Sl(U))z,
we find that ) .
lim — Var S;(U) < lim — Var Sy(U)

n—oom? UeU(n) n—o0 N° UeU(n)

+ 2rlog(e/2) lim 1 g S(U) (2.15)

n—o0 N UeU(n)
+ 12 log?(e/2).
From Theorem 2.3.1, the first term in the right-hand side is always zero. Furthermore, from
Theorem 2.4.2, the second term is O(r?). Hence, Vary S;(U)/n* € O(r?), which is zero as

n — oo when r € o(1). O

We again emphasize that our typicality results thus far, which are summarized in Ta-
ble 2.1, only apply to the case when the initial squeezing strength on each mode is the same.
On the other hand, Ref. [33] proves strong typicality when k € o(nl/ 3) for both the von Neu-

mann and Rényi-2 entropies in the general case when squeezing strengths can be different
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on different modes. It is for this reason that our results do not supplant those of Ref. [33]
in general, but rather only in certain regimes. To the best of our knowledge, our results are
the first to address the k € Q(n'/3) regime.

Ultimately, we would like to determine in exactly which regimes strong and weak typical-
ity occur and do not occur. Our results thus far almost complete the story for the regime of
equal squeezing when typicality is measured with the Rényi-2 entropy, since we have proven
strong typicality when k € o(n) and weak when k € ©(n); the missing piece is whether or
not typicality is strong when & € ©(n). However, the story is even more incomplete for
the regime of equal squeezing when typicality is measured with the von Neumann entropy,
though we made some progress by proving that typicality is at least weak whenever k € o(n).
In this regime, the best known result for strong typicality is when k € o(nl/ 3) as proven
in Ref. [33]|. Indeed, this is also currently the best known result in the regime of unequal
squeezing. In Section 2.5, we will use our results on equal squeezing typicality to add to the

story for unequal squeezing.

Section 2.5: Generalizing to unequal squeezing

So far, we have considered the restricted setting where each mode 7 is initially squeezed with
strength s; = s for some s € R. We now generalize by allowing the squeezing strengths to
be different on each mode. As such, for the remainder of this section, the squeezings will
be (s1,...,5,), where each s; € R, and spax and sy, are defined as sp.x = max; |s;| and
Smin = min; |s;].

To begin, we focus on the Rényi-2 Page curve in the regime of unequal squeezing. When
squeezing is small, we can utilize the equal squeezing Page curve in Theorem 2.3.1 to compute
the Page curve for unequal squeezing. Recall that the dependence of So(U) on r, n, and s is

implicit.
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Corollary 2.5.1. Let each s; € R and r € [0,1]. Then, as n — oo,

n

— _ 2 4
UEIE(H) So(U) =2r(1 —r) ; s; + O(rnspay) - (2.16)

Proof. The Rényi-2 entropy of a Gaussian state with covariance matrix o is proportional to
logdet 0. log is real analytic and det o is analytic in the parameters of the initial covariance
matrix oy. Hence, S5 can be written as a power series in s;. There exists a passive Gaussian
unitary, specifically a product of one-mode phase shifters, that acts on oy via the transfor-
mation s; — —s;. Hence, by the translational invariance of the Haar measure — that is,

the invariance of the Haar measure under the application of any fixed unitary — the power

2

series must be an expansion in s;. Furthermore, there exists a passive Gaussian unitary,
specifically a product of beamsplitters, that acts on oy via the transformation s; — s,
for some permutation 7 of n elements. Therefore, again by the translational invariance of
the Haar measure, the power series must be symmetric under s; — s;;). It follows that
the O(s?) term must be of the form g(r,n) Y, s7 for some function g(r,n). When all s; are
equal, the power series must reduce to Theorem 2.3.1, which fixes g(r,n) to be 2r(1 —r).
The next term is O(si,.), but what is the k& dependence? We will show that the k
dependence is at most linear, proving that the remaining terms in the power series are
O(kstay). Recall that Sy(U) = 4 Trlogo(U) where o(U) is the covariance matrix for the
state generated by U from the initial product squeezed state . Since the log function is
concave, Jensen’s inequality implies that Ey So(U) < 5 TrlogEy o(U). Ey o(U) is calculated
in Eq. (A.5) in Appendix A.1.1 to be viogxor, where v = %ZZ cosh(2s;) < cosh(28max)-

Therefore, Eyy S2(U) € O(klogv). O

One particularly interesting application of this corollary is when each s; € O(1/4/n). In
this case, the average total number of bosons in the n modes is N = > sinh*(s;) € O(1).

Thus, when one considers a constant number N of bosons in the system as the number of
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modes is taken to infinity, one finds the Page curve to be 2r(1 — r)N.

We now shift our focus to entanglement typicality in the regime of unequal squeezing. The
results described in the remainder of this section are summarized in Table 2.1. Ideally, we
would like to make further statements about entanglement in the regime of unequal squeezing
by using our previous results on equal squeezing. One way to potentially proceed is to use
the equal squeezing results to bound the unequal squeezing quantities. Intuitively, we expect
that Ey So(U) for arbitrary unequal squeezing is upper bounded by Ey So(U)|an s;=sma. and
lower bounded by Ey So(U)|an s,=s,.,- In other words, by increasing all of the squeezing
strengths until they all are equal, the average entanglement will increase. In this spirit, we

make the following conjecture.

Conjecture 2.5.2. Letr € [0,1], s; € R, and n € N. Then, for any i,

0 1
< — .
0< ) (UGIET(H) nSg(U)) , and (2.17)
0<-2 (& Lswy (2.18)
= 0(s2) \vevm n2™’ . '

Conjecture 2.5.2 seems intuitive — by increasing the magnitude of any individual squeez-
ing strength, the number of bosons in the system increases, and therefore it would seem
surprising for the average entanglement to decrease. We note that, somewhat counterintu-
itively, one can find explicit unitaries and squeezing configurations for which %E)SQ(U ) <0

(we provide an example in our code repository [145]), and hence the presence of the Ey is

necessary for the conjecture. Despite its intuitiveness, we have been unable to rigorously

prove Conjecture 2.5.2. The derivative of Sy(U) = £ logdet o(U) is 3 Tr (U(U)_lg'(’gg). The

difficulty in computing the expectation value over U € U(n) arises due to the presence of
the inverse o(U) ™.

Nonetheless, under the assumption that Conjecture 2.5.2 is true, we can immediately

upper and lower bound the Rényi-2 Page curve for an arbitrary squeezing configuration
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(S1,...,8,) by using Theorem 2.3.1 with s = syax and s = s, respectively,

1 1
lim E —-SU)>lim E -—-S(U)|. _. |, (2.19)
n—oo UeU(n) N n—oo UeU(n) N 5:=5min
1 1
lim E —SU)<Ilim E =S,U)|. __ . (2.20)
n—r00 UGU(TL) n n—oo UGU(n) n Si=Smax
Furthermore, the conjecture implies that
lim E —25 (U)?
n—oo UeU(n) N (2 21)

< lim E —Sg( )2

n—oo UeU(n) N

S =Smax

From this, we can also make statements on weak typicality for unequal squeezers by bounding
the variance. The variance is Eyy So(U)? — (Eyy S2(U))?%. We can therefore upper bound the
variance by upper bounding the first term with Eq. (2.21) and lower bounding the second
term with Eq. (2.19).

Remark 2.5.3. Let r € [0,1] and s; € R. If Conjecture 2.5.2 is true and if the subsystem
size k = rn € o(n) or Syax € 0(1), then the Rényi-2 entropy is weakly typical. Similarly, if

k € o(n), then the von Neumann entropy is weakly typical.

Proof. We can bound the variance of the Rényi-2 entropy as

lim iVar Se(U) < lim 1

n—oo n2 n—oo n2

X [Ig <ESQ(U)\au si:smaxf (2.22)

1 2
- (Ig ESQ(U”all sismin> :| .

From Theorem 2.4.2, the E;; can be brought inside the parentheses in the first term. Then,
the right hand side can be computed using Theorem 2.3.1, which gives lim,,_,o, 2 Vary S»(U) €

O(r?st ). Hence Sy is weakly typical if r € o(1) or syax € 0(1).

max
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For the von Neumann entropy, we again make use of Eq. (2.15), which gives lim,, # Vary S1(U) €

O(r%s2,.), which goes to zero if r € o(1). O

max

In summary, we have used our results from Sections 2.3 and 2.4 on entanglement in
the equal squeezing regime to prove various statements in the unequal squeezing regime. In
particular, under the assumption that Conjecture 2.5.2 is true, we prove both the Rényi-2 and
von Neumann entropies are weakly typical whenever the subsystem size k scales as k € o(n).
The best known result for the presence of strong typicality in the unequal squeezing regime
is when k € o(nl/ 3) as proven in Ref. [33]. The current status of rigorous results on typical

entanglement in Gaussian bosonic systems is summarized in Table 2.1.

Section 2.6: Conclusion

In this work, we studied the average and variance of the Rényi-2 and von Neumann en-
tropies in random bosonic Gaussian systems. We computed the Rényi-2 Page curve and
Page correction when all the initial squeezing strengths are equal, and we proved various
results on the typicality of the Rényi-2 and von Neumann measures of entanglement. Given
that the Rényi-2 entropy is a function of only the purity, it is often tractable to measure
experimentally. It would be interesting to compare the analytic formula in Theorem 2.3.1
to an experimental Gaussian Boson Sampling device to determine how well it is generating
and maintaining bipartite entanglement.

We have identified several open problems that would generalize and expand our results.
One such open problem is to prove Conjecture 2.5.2, which would allow our results on
the Page curve to apply more generally. Perhaps the most important remaining task is to
complete Table 2.1 by proving typicality of entanglement in the remaining regimes, such as
the regime of unequal squeezing and the von Neumann entropy.

For the latter, we note two potentially fruitful avenues. The first comes from the formula

31



for the von Neumann entropy of a Gaussian state with covariance matrix o given in Ref. [150].
Let D, := v/det o = 52, where S is the Rényi-2 entropy of o. Ref. [150] derives expressions
for all the Rényi-a entropies, including the von Neumann entropy, as functions of D,. In our
work, we found an expression for Ey S(U) in the regime of equal squeezers by expanding
So(U) in a power series and exactly computing asymptotic expectation values over the unitary
Haar measure. To find the Rényi-a entropy Ey S, (U), one could similarly attempt to expand
in powers of D,, and therefore compute Ey; S, (U) by computing Ey; e/52() for various values
of j. A second potential way of computing Ey S1(U) is similar, where one could use the
formula

1
Sy = 3 log det

[" EIQ} + % Tr[arccoth(iQ0)i€0] (2.23)
where 2 is the 2n x 2n symplectic form given in Eq. (A.1) [138, 151, 152]. The equations
resulting from using these methods with the Weingarten calculus may potentially be too
difficult to simplify at first glance, as was the case in this work. However, it would be
interesting to see if the presence of the r — 1 —r symmetry is enough, as it was in this work,
to reduce the complicated Weingarten expressions to something much more tractable and
simple.

In this paper, we have only considered truly Haar-random unitaries. One important ques-
tion concerns how these results translate to the case where one uses random local passive
Gaussian gates to generate random unitary circuits of finite depth. Indeed, an interesting
open problem is to determine the depth dependence of entanglement, sampling complexity,
and gate complexity in linear optical circuits. Sampling complexity refers to the classical
complexity of generating samples from the output probability distribution defined by a fixed
depth linear optical circuit, and gate complexity refers to the minimum number of nearest-
neighbor beamsplitters required to generate the probability distribution. Currently, the
precise relationship between entanglement and complexity is largely unknown. Numerical

analyses of entanglement dynamics in linear optical circuits have been reported in Refs. [153,
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154]. Partial analytical work was done in Ref. [155], but only in the regime where one or a
small number of modes are not initially vacuum. On the contrary, a typical Gaussian Bo-
son Sampling experiment initially squeezes many or all of the modes. Information on such
entanglement growth could yield insights on implementations of Gaussian Boson Sampling
experiments as well as the complexity of computing output probabilities from such exper-
iments. On the complexity side, many recent works have studied classical simulation and
classical sampling complexity of linear optical circuits in certain regimes of low depth and
the phase transition at which the complexity passes from easy to hard [156-160|. Indeed,
both entanglement and complexity are expected grow with depth, and further study may
reveal that the relationship is even more intimate.

In this work, we have characterized the entanglement properties of Gaussian states such
as they arise in Gaussian Boson Sampling. In this setting, we also know that sampling from
Fock basis measurements of the Gaussian state is computationally intractable. It remains
an exciting question to better understand the role that entanglement plays in this context.
An important aspect of this direction is to understand how entanglement and measurement
bases interact. After all, some form of non-Gaussianity is crucial to generate complexity in

bosonic computations [124].
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Chapter 3: Average Rényi entanglement entropy in Gaussian

boson sampling

Section 3.1: Introduction

Major advances in quantum computing over the past decade have opened up potential break-
throughs in various fields of science [161, 162]. One such advancement is Gaussian Boson
Sampling (GBS), an experimental framework for demonstrating quantum advantage that
produces a sample from a distribution that is classically hard to compute [24-26, 163]. In
this framework, squeezed photons are transformed by a Haar-random, passive Gaussian uni-
tary consisting of beamsplitters and phase shifters. Although GBS is not computationally
universal, it is nonetheless crucial for understanding the leverage of quantum devices over
their classical counterparts at performing specific tasks.

The preparation of squeezed states is a much easier task than that of single photons used
in Fock-state boson sampling, hence making GBS an experimentally favorable avenue toward
demonstrating quantum advantage. Indeed, such demonstrations have already been realized
in the lab [29-31].

There is strong evidence that classically sampling from the output probability distribution
of a GBS experiment is hard in the complexity-theoretic sense |27, 29-31, 164|, whereas
such sampling can be done efficiently on a quantum device. Moreover, entanglement is a
critical asset across quantum computing, with additional applications in teleportation, dense

coding, and quantum communication [123, 165-167|. Therefore, quantifying the behavior of
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entanglement in Gaussian bosonic systems has been of recent interest |29, 31|, especially to
sharpen the connection between entanglement and computational complexity. Indeed, the
relationship between entanglement and complexity is generally unknown. Classical hardness
requires at least some entanglement, but too much entanglement can also cause a state to
be useless for computation. In fact, a randomly chosen finite-dimensional quantum state
generally has too much entanglement to be computationally useful [21, 22|. This prompts
our study of average and typical entanglement, and motivates further study into the general
connection between entanglement and complexity.

In 1993, Page conjectured an explicit formula for the average entanglement entropy over
all Haar-random pure states in an N-dimensional Hilbert space of the reduced density matrix
on an r N-dimensional subsystem for r € [0, 1]. This conjecture was proven soon after in the
N — oo limit, and the average entanglement entropy as a function of r is now known as the
Page curve [99-101]. The Page curve was initially studied in the context of information dy-
namics in and around black holes [168], and has since found various applications in quantum
information and condensed matter theory [169]. As a natural follow-up, many works inves-
tigated the deviation of entanglement entropy from its expected value. A system exhibits
typical entanglement if the probability that a random state has entanglement bounded away
from the average is small. This behavior, along with strong and weak classes of entanglement
typicality, has been studied in black holes, thermodynamics, and other systems [65, 105, 118,
121, 169-171].

Leaving the realm of standard finite-dimensional systems, the Page curve for fermionic
Gaussian states has been extensively analyzed [120, 131, 172-176]. A natural next step,
especially given the relevance to GBS, is to study bosonic Gaussian states. The typicality of
entanglement in random bosonic Gaussian states was studied in Refs. [2, 33, 34, 132], and
the Page curve for Gaussian bosonic systems was studied in Ref. [2]. However, Ref. [2] only

computed the Page curve for the Rényi-2 entropy.
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In this work, we derive analytic expressions for the Rényi-a Page curves of bosonic
Gaussian systems for all a € Z+, with special considerations for the von Neumann (Rényi-
1) Page curve. The entropy of a mixed state is an indicator of its entanglement with the rest
of the universe [13], and indeed the Rényi-a Page curve is a measure of the entanglement
of an average state in a system as measured by the Rényi-a entropy, for « € RT. The
Rényi-a entropies offer a quantitative way to compare the amount of entanglement in two
given quantum states, in that if the Rényi-a entanglement entropy of state [i1) is greater
than [¢,) for any given «, then one cannot convert |is) into |¢1) via local operations and
classical communication. Each Rényi-a entropy has its own unique mathematical features,
and notable examples are the von Neumann/Shannon entropy (a = 1), collision entropy
(v = 2), and min-entropy (o — o0). In particular, the min-entropy, the entropy defined
by —logmax(p;) for each p; a probability of occurrence of outcome i when working with
a discrete random variable, is a useful expression for working with extracting randomness
from variables when lower entropies (e.g. von Neumann) do not suffice [177]. Therefore,
it is natural to analyze the Rényi-a entropies in bosonic systems and extract their unique
properties.

Our expressions are asymptotically exact in the number of modes n. Using these ex-
pressions, we prove various results about typicality of entanglement with respect to these
Rényi-a entropies. A surprising feature that our analysis reveals is that Rényi-a entropies all
concentrate for integer a;, which suggests that the entanglement spectrum of the states gener-
ated by Gaussian boson sampling also concentrate. This result could be useful in theoretical
analysis of the performance of Gaussian boson sampling circuits.

Our setup is exactly that of a GBS experiment, and is the same as the setups considered
in Refs. [2, 33]. A pure input quantum state with n squeezed vacuum modes is acted on by a
Haar-random, linear unitary (passive Gaussian) circuit. The Page curve, as a function of r,

is the average Rényi-a entanglement between a group of rn modes and the remaining system
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of (1 — r)n modes, where r € [0,1]. We expound our setup in greater detail in Section 3.2.

In Section 3.3, we present our results for the von Neumann entropy. Under an equal
squeezing regime, we first present an explicit formula for the von Neumann Page curve in
Section 3.3.1 in terms of the partition ratio r and initial squeezing strength s, which is exact
up to terms that decay to zero as n — oco. We subsequently discuss the von Neumann entropy
under squeezing limits s — 0 and s — oo in Section 3.3.2.

We then generalize our analyses to the Rényi-a entropies for integers av > 2 in Section 3.4.
In Section 3.4.1, we derive the Rényi-a Page curve in terms of the partition ratio r and
initial squeezing strength s, with additional terms that vanish to zero as n — oco. We
calculate squeezing limits of the Rényi-a entropy, this time with the extra dependence on «;, in
Section 3.4.2. Finally, we evaluate the Rényi-a entropy under unequal, small initial squeezing

strengths in Section 3.4.3 and derive typicality of entanglement results in Section 3.4.4.

Section 3.2: Setup

In this section, we present our setup. We consider a bosonic system of n modes. For a
pedagogical introduction to the concepts discussed in the section, we refer to Ref. [138]. For
each i € {1,2,...,n}, define r; := z; to be the position operator and r,.; = p; to be the
momentum operator. A density matrix p describes a Gaussian state if there exists a 5 > 0
and a Hamiltonian H that is at most quadratic in the quadrature operators r; such that
p is the thermal state p oc e ##. When p is Gaussian, it is fully characterized by its first
and second moments Tr(pr;) and o; = £ Tr[p(ryr; + 7j73)] — Tr(pr;) Tr(pr;). o is called the
covariance matriz of the state p.

In this work, we investigate the properties of bosonic states after the application of a
linear optical unitary. Linear optical unitaries generate passive (boson-number conserving,
or equivalently energy conserving) Gaussian unitaries. The set of passive Gaussian unitaries

is isomorphic to Sp(2n) N O(2n) = U(n), where Sp(2n) is the symplectic group of 2n x 2n

37



matrices, O(2n) is the orthogonal group of 2n x 2n matrices, and U(n) is the unitary group
of n x n matrices [71].

We now define our notion of a random, pure Gaussian state on n modes. We initialize
the i'" mode to be in a squeezed vacuum state with fixed squeezing parameter s; € R Vi €
{1,...,n}. We then randomly sample a passive Gaussian unitary U € U(n) according to
the Haar measure [71| and apply it to the n modes. The output state is characterized by
the input squeezing strengths s; and the unitary U. For squeezing parameters sy, sg, ..., Sp,
the total expected number of bosons in the state on the n modes is Y 1, sinh®(s;). In this
work, we primarily consider the case when all the squeezing parameters are equal, s; = s.
Then, the average total number of bosons per mode is sinh?(s).

We partition the n output modes into two groups: one group of £ = rn modes for some
0 < r <1, and the other group of n — k = (1 — r)n modes. We calculate the Rényi-«
entropy of the reduced state of the k modes. Because we are considering pure states, this is
equivalent to the entropy of the reduced state of the n — k modes [13].

For the density matrix p(U) on the k modes, we denote its Rényi-a entropy by S, (U) =
——log Tr(p(U)"). The limit as v — 1 yields the von Neumman entropy S, (U) := — Tr p(U) log p(U).
We note that the dependence of these quantities on r, n, and s is implicit. Furthermore, the
average value of S, (U) over U(n) with respect to the Haar measure is defined as the Rényi-«
Page curve.

We will frequently utilize o(U), the covariance matrix of p(U). We also use the symplectic

eigenvalues of o(U), defined as the eigenvalues of the matrix iQo(U) where

OTZX?’L ann

Q= : (3.1)

_ann On><n
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Section 3.3: Von Neumann Entropy

In this section, we calculate an explicit formula for the von Neumann Page curve as a function
of equal squeezing strength s and the partition size ratio r up to terms that decay to zero as
n increases. Then, we compute and interpret the Page curve in the squeezing limits s — 0
and s — 0o. Next, we discuss an approach to the case of small, unequal squeezing strengths.
Finally, we comment on difficulties in deriving the variance and entanglement typicality of

the von Neumann entropy in this setting.

Subsection 3.3.1:  Ezplicit formula

The von Neumann entropy is a function of the squeezing strength s (assuming all modes
are equally squeezed) and the partition size ratio r = %, up to terms that decay to zero as
n — 0o. We explicitly calculate this function, which also leads us to the von Neumann Page

curve as n — oQ.

Theorem 3.3.1 (von Neumann entropy). Choose any s € R and r € [0,1]. Let C; = 5 (%)

represent the ith Catalan number and oF| the hypergeometric function [141]. Then, the

average von Neumann entropy over all unitaries U € U(n) is

N %2 § 1 ? sech?(2s
UEU = ; {— - —sech (2s) tanh™(2s) o F} (2, 1+ 5 h?(2 )>] 52
x (nGi(r) — Hi(r) + o(1)),
where
Gi(r) =7 —r"Ci o (1 —i,i,2 +1,7), (3.3)
Hi(r) =4"1(r(1 —7)) (3.4)
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are functions independent of n detailed in Ref. [2], and o(1) denotes terms that vanish as

n — oQ.

The derivation for this formula is detailed in Appendix B.1.1. In the derivation we use
a formula for the von Neumann entropy in terms of the covariance matrix of the subsystem
of k modes. Using the decomposition of the covariance matrix derived in Ref. [2], we Taylor
expand about the identity matrix and utilize the negative binomial theorem. Finally, we use
formulas from Ref. [2] regarding expectation values over U(n) of certain functions of matrix
elements to arrive at the final expression.

The von Neumann Page curve as n — oo is derived from Theorem 3.3.1 by dividing by
n. The H;(r) and o(1) terms on the RHS subsequently vanish. One important note is that
the Page curve must be symmetric under r +— 1 — r since the global state on the n modes
is pure [13]. Since G;(r) and H;(r) are symmetric about r = 1 |2|, the von Neumann Page
curve derived from Theorem 3.3.1 is indeed symmetric about r = % This symmetry allows

one to replace r with min(r, 1 — 7).

Subsection 3.3.2:  Squeezing limits

Theorem 3.3.1 applies for all equal squeezing strengths s. We find considerable simplifica-
tions when examining the limiting behavior as a function of s. We begin with the s — 0
limit, which corresponds to photons in their near-vacuum states. One might expect the von
Neumann Page curve to grow with the total number of bosons, Y ;" | sinh s? ~ ns? for small
s;. Indeed, this behavior occurs for the rest of the Rényi entropies (with integer o > 2) as
shown in Section 3.4.2. However, the pertinent limit limg_,q lim,, o Uelg(n)ﬁSl(U ) diverges

to infinity. In Appendix B.1.2, we prove this result and demonstrate the relevant scaling to

be IUESI(U) ~ s?log(1/s?), as formulated in the following theorem.
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Theorem 3.3.2. For the squeezing strength limit s — 0,

1
lim li E =7r(l—r). .
pac et veU(n) (s%log(1/s?)) nSl(U) rd=r) (3:5)

We note that of course the entanglement must be zero when s = 0 simply because there
are no bosons present when s = 0. Theorem 3.3.2 addresses how the entanglement approaches
zero as s — 0. While the derivation of Theorem 3.3.2 is fairly straightforward, its significance
is more interesting. The von Neumann Page curve’s growth in order s®log(1/s?) for small s
can be attributed to the unique definition of the von Neumann entropy Si(p) = — Tr(plog p),
where p is the density matrix of the quantum state. Therefore, the symplectic eigenvalues
vj of the covariance matrix would also scale the von Neumann entropy in order v;logv;,
warranting the s?log(1/s?) dependence (as v; ~ s?). Furthermore, the von Neumann entropy
is non-analytic unlike the rest of the Rényi entropies. Therefore, the argument presented in
Ref. [2| that the Rényi entropy can be expanded in lowest order s* doesn’t apply to the von
Neumann case. More specifically, the deviation from analytic behavior arises from the von

Neumman entropy formula in terms of the covariance matrix o [138, 152, 178|:

1 i) 1
S, = 5 log det(a _;1 ) + 5 TI“(COth_l(iQO')iQO'> , (3.6)

where €2 is the symplectic form defined in Eq. (3.1). Since coth™*(z) is not a real analytic
function, the resulting Page curve is not analytic, either.
In a similar vein, we compute the von Neumann Page curve as s — oo, assuming an

equal squeezing regime.

Theorem 3.3.3. In the strong squeezing limit s — oo,

1
lim lim E —S(U)=2min(r,1—71). (3.7)

s—00 n—o0 UeU(n) SN,
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Here, the von Neumann Page curve scales with s as s — oo. This is because, for large
absolute squeezing values, higher orders in  dominate the expansion of Theorem 3.3.1, which
scale with s. Interestingly, Theorem 3.3.3 remains the exact same for the Rényi-2 entropy
[2], and indeed we will see in Sec. 3.4.2 that it is the same for all the Rényi-« entropies for
integral a.

We now compare this result to the case of averaging over all n-mode bosonic states with
a fixed boson number constraint. In particular, the volume (i.e. proportional to n) scaling
of the corresponding Page curve is [179]

lim 25 — (1, + 1) log(L + ry) — rp log(rs)) min(r, 1 — ), (3.8)

n—oo 1

where r,n = n;, the number of bosons. In this case, the Hilbert space is finite-dimensional
with dimension ("*Z:fl). As ny — o0, this yields %S%nb) ~ log(rp) min(r, 1 —r)

In our Gaussian setup, the expected number of bosons is (n;) = nsinh?(s). In this case,
the Hilbert space in infinite-dimensional, but the fixed squeezing constraint gives an energy
constraint. Using Theorem 3.3.3, we then see that as n, — 0o , .51 ~ log({ry)) min(r, 1 —7).

We therefore see that, asymptotically, the average entanglement scales proportional to
the volume of the system. Given a fixed but asymptotically large energy (i.e. number of
bosons), the average entanglement over Gaussian states equals the average entanglement
over all bosonic states.

Finally, we also note that when r — 0, all of the Page curves that we have computed, and
indeed all of the Page curves computed in Ref. [179], scale proportionally to r. In particular,
we can see from Ref. [179, Fig. 2, Eq. (23)] that the fixed particle number Page curves for
(a) fermions, (b) hardcore bosons, and (c) (multi-species) bosons all have Page curves that
are proportional to r as r — 0. Similarly, Page curves in finite-dimensional spaces without
constraints are also proportional to r as r — 0 [65, 99-101, 105, 118, 121, 169-171]. In the

Gaussian case that we have computed in this work, the Page curve is also proportional to r
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in this limit, as can be seen in Theorems 3.3.1 and 3.4.1.

Subsection 3.3.3:  Unequal squeezing

In Ref. [2], the expected value of the Rényi-2 entropy for small, unequal squeezing strengths
was calculated through a power-series analysis. The analyticity of the Rényi-2 function was
what allowed writing the entropy as a power series in s;, where s; was the squeezing strength
of the 7th mode. Using this power series expansion, along with the translational invariance
of the Haar measure, Ref. [2] derived a formula for unequal squeezing in order s?, which
reduces to the s — 0 squeezing limit for small, equal s;.

However, due to the von Neumann entropy not being analytic around s = 0, we cannot
perform the same analysis to derive a formula for unequal squeezing strengths. Furthermore,
directly approaching the unequal squeezing regime via the Taylor expansion of the von Neu-
mann entropy runs into another problem, since the separation between s and r dependence
present in the Rényi-2 case presented in Ref. [2] no longer applies here. Specifically, the ma-
trix W described in Appendix B.1.1 is no longer independent of s. Therefore, carrying out
the Taylor expansion would yield complicated matrix expressions in ¢ that do not simplify
appreciably at first glance. Due to these difficulties, we are unable to derive the unequal
squeezing case for the von Neumann entropy. It is nonetheless possible, though, that exe-
cuting the complicated matrix Taylor expansion and simplifying terms yields a closed-form

result for the von Neumann entropy.

Section 3.4: General Rényi-a Entropies

In this section, we extend much of our analysis with the von Neumann entropy in Section 3.3
to Rényi-a entropies for integer @ > 2. We also derive results for the typicality of entan-

glement and the small, unequal squeezing case. First, we present the Rényi-a Page curve
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Figure 3.1: Simulated Page curves for Rényi-a entropies for o € {1,2,3,4,5,6,7,15} in
dots (smaller Page curves indicate larger «), overlaid on the analytic expressions derived in
Theorem 3.3.1 and Theorem 3.4.1. The simulated values were run 250 times. The number
of modes is n = 400 with equal squeezing strength s = 0.5.

Ya € Z,a > 2. Next, we investigate squeezing limits as s — 0 and s — 00, as well as consider
the Rényi-a Page curve for small, unequal squeezing strengths. We also study the variance
of the entanglement and prove various regimes of entanglement typicality. Finally, we show

some numerical simulations confirming our results.

Subsection 3.4.1:  Explicit formula

As before, we consider a system of n modes, each with equal initial squeezing strength s.

Theorem 3.4.1 (Rényi-a Page curve). For all integer o > 2, define a = [%54|. Let ¢ =1

if a is even and ( = 0 if a is odd. Then, the Rényi-a entropy is given by
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(3.9)

1 sinh (2s)
’ Z Z i(cosh?(2s) 4 cot? )i (nGi(r) — Hi(r) + o(1)),

i=1 |Lm=1

where & Sy is the expected value of the Rényi-2 entropy as a function of s and r given as

UeU(n)
= tanhQi(Qs)

and where G;(r) and H;(r) are defined in Eq. (3.3).

The proof of Theorem 3.4.1 is shown in Appendix B.2.1. In the proof, we use a formula
for the Rényi-a entropy in terms of the symplectic eigenvalues of o, the covariance matrix
of the reduced state of k£ modes (see, e.g., Ref. [138]). We convert this formula into a matrix
expression in terms of €2 and o, and perform significant simplifications. Finally, to compute
the expectation value over the unitary group, we again utilize averaged matrix quantities
derived in Ref. [2].

Since G;(r) is symmetric under r — 1 —7, we see that the Page curves are also manifestly
symmetric under » — 1—r. Various analytic Rényi-a Page curves are plotted in Fig. 3.1. We
also plot numerically-simulated values of the Page curve, where we generate Haar-random
unitary matrices and compute the entropies using the positive symplectic eigenvalues v; of
each covariance matrix o. Then, we compute the respective Rényi-a entropy as S, (U) =
S —=1In <L> [138]. The numerical and analytical values overlap, indicating

i=1 T—a M\ D - Do

the validity of Theorem 3.3.1 and Theorem 3.4.1.
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Subsection 3.4.2:  Squeezing limits

We now investigate the Rényi-a Page curve for all integer @ > 2 in the squeezing limits
s — 0 and s — oco. We find that, just as in the Rényi-2 case, the Page curve scales with s

when s approaches zero and scales with s when s — oc.

Theorem 3.4.2. For integer o > 2, the Page curves of the Rényi-a entropy as the equal

squeezing strength s approaches 0 and oo, respectively, are given by

1 a

gl B sz o) = g7 =7), (3:11)
1
lim lim E —S,(U)=2min(r,1—r). (3.12)

s—oon—oo UeU(n) NS

In general, the Rényi entropies satisfy S, > S, whenever a < . This behavior matches
with our formulas for the Rényi-« limits in Theorem 3.4.2, as the Page curve decreases when
« increases. From Theorem 3.4.2) it is furthermore evident that Sy(U) = 2S.,(U) when
s — 0. This relation between two Rényi entropies saturates the case of a discrete random

variable with outcome probabilities p1, po, ..., pm, where

Sy = — logZp? < —logsup p? = —2logsup p; = 2S5.. (3.13)

In the infinite squeezing case, the Page curve remains independent of o in order s as
a — oo. This indicates that, as s — 0o, the Page curve approaches the curve of maximum
Gaussian entanglement (that is, the maximum is taken over all Gaussian states with a fixed

initial squeezing configuration).
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k= 0©(n) k= o(n) [2] k = o(n'/?) [33]

Equal Rényi-a (v > 2) weak strong strong
squeezing von Neumann ? weak strong
Unequal Rényi-a (a > 2) 7 weak* strong
squeezing von Neumann ? weak”* strong

Table 3.1: A summary of the current status of rigorous results on entanglement typicality
in Gaussian bosonic systems. This table is the same as the one provided in Ref. [2] and
Table 2.1, but the Rényi-2 case has been generalized for all Rényi-a entropies where o € Z*.
Note that “weak*” indicates that the result is not fully proven, but is based on Conjecture 10
in Ref. [2]. Furthermore, wherever "weak" typicality is displayed, we have not ruled out the
possibilty of strong typicality. We present typicality results when k, the number of modes
in the subsystem, scales with ©(n),o(n), and o(nl/ 3) , respectively. Note that we only take
the "worst-case" typicality; if there exists both weak and strong typicality for one scaling,
we display only the weakly typical case. We present typicality results separately for the
Rényi-a entropies and the von Neumann entropy. The leftmost column (k = ©O(n)) stems
from our findings in Section 3.4.4, while the middle column (k = o(n)) follows from Ref. [2].
The rightmost column (k = o(n'/?)) follows from the results of Ref. [33]. Refs. [34, 132
proved strong typicality in the regime k = O(1).

Subsection 3.4.3:  Unequal squeezing

We now consider the Rényi-a entropy when the initial squeezing strengths are not necessarily
equal, but are close to zero. We let the squeezing strength on the ith mode be s; for some

s; € R. Define spay == max (|s1], [s2], ..., |snl)-

Theorem 3.4.3. For integer o > 2, the Rényi-o entropy for small, unequal squeezing

strengths s1, Sa, ..., S, 1S given by
o n
E S, (U)= 1-— 24+ 0(rnst ). 3.14
B Se() = 1= s+ O(rmsh) (314)

To prove Theorem 3.4.3, note that the Rényi-a entropy is real analytic for positive integer
«. This is because the Rényi-a expression, when written in terms of the covariance matrix
o, contains only analytic expressions in the vicinity of s = 0, and thus the final expression is

also analytic in the small-squeezing limit [138]. Thus, we can write the entropy as a power
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series in s;. Furthermore, there exists a passive, local (i.e. acting independently on each
mode) Gaussian unitary that acts on the initial covariance matrix oy with the transformation
s; — —s;. Since this unitary can absorbed into the Haar random unitary U, the power series
can be expanded in s?. Note that when the absolute squeezing strengths are close to zero,
the first statement of Theorem 3.4.2 is a special case of Theorem 3.4.3.

There exists another passive Gaussian unitary that acts on oy via the transformation
s; — S-(;) for any permutation 7 of n elements. Since this unitary can also be absorbed into
the Haar random unitary U, the power series is symmetric under s; — s;¢;). Thus, the s?

2

# for some function g(r,n).

term in the power series expansion is of the form g(r,n)> " | s

The equal-squeezing result in Theorem 3.4.2 then immediately implies g(r,n) = —%5r(1—r).

Subsection 3.4.4: Typicality of entanglement

Next, we investigate the variance of the Rényi-a Page curve. Chebyshev’s inequality allows
one to relate the variance with the typicality of entanglement, where typicality describes
how quickly the difference between some quantity (in this case, entanglement) and its aver-
age vanishes. This analysis is useful in statistical mechanics, where typicality is useful for
thermodynamic variables to accurately represent their mean values.

The formal definition of typicality as described in Ref. [2] is as follows: a unitary-

dependent nonnegative random variable S(U) is weakly typical if, for any constant € > 0,

. S(U)
| P — 1 =1. 3.15
n1—>r{olo UEUI&n) E S(V) =€ ( )
VeU(n)

Similarly, S(U) is strongly typical if, for any constant € > 0,

li P - K =1 1
i B {500 B s < (310
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Perhaps contrary to intuition, a weakly typical variable has its multiplicative distance
vanish in the thermodynamical limit, while a strongly typical variable has its additive dis-
tance vanish. This occurs because the entropy goes to infinity as n — oco. In this regard,
strong typicality implies weak typicality.

We are able to prove typicality results based on a crucial invariance described in Ref. [2].
Specifically, Ref. [2| derives that the variance of the Rényi-2 entropy is constant as n — oo.
We extend this to general integer a > 2 using a Cauchy-Schwarz argument in Appendix B.2.4.
Using a bound for the variance via Chebyshev’s inequality, the Rényi-a entropy exhibits weak
typicality for & = O(n) (again, for all integer o > 2). We present our results, as well as past

analyses of entanglement typicality in Gaussian bosonic systems, in Table 3.1.

Section 3.5: Conclusions and open questions

In this paper, we have carefully studied the Rényi and von Neumann entropies of random
bosonic Gaussian states. Such states are exactly the output states of a GBS experiment.
Specifically, we have found closed formulas for the Rényi-a entanglement entropy in terms
of the squeezing strength s and the mode partition ratio r that are exact asymptotically
in n, where o € Z*. Using this, we calculated the Rényi-a Page curve and various results
stemming from it, such as s — 0 and s — oo squeezing limits, and, for a > 2, variance and
typicality of entanglement.

We have not reached a conclusion regarding the typicality of entanglement for the von
Neumann entropy as k scales with ©(n). We have that Vary S, (U) = Ey S1(U)2—(Ey S1(U))?,
which we have not been able to simplify appreciably when using the von Neumann entropy
formula from Theorem 3.3.1. Specifically, the squaring of hypergeometric functions yields
terms in the variance expansion that we have not been able to simplify. More research should
be done to determine the typicality of entanglement for the von Neumann entropy. However,

since we’ve proven in Appendix B.2.4 that the Rényi-« entropies for integer o > 2 are only
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weakly typical, the von Neumann entropy is unlikely to be strongly typical. It remains to
be rigorously proven, perhaps through examining special cases of the von Neumann entropy,
such as when r = % or s — 0, and attempting to extract the variance from these cases.

Another point of research is in generalizing the Rényi-a entropy in Theorem 3.4.1 to non-
integer «. In our work, we only considered o € Z*. Extending to non-integer o would allow
a formula for the Rényi entropies that is continuous in «, and could be useful to examine
the behavior of the Rényi entropy as a — 1.

We also propose other areas of further research. Thus far, we have only considered
Haar-random unitaries that describe the linear optical circuit. However, an interesting point
of research could be in examining the entanglement associated with random linear optical
circuits of finite depth, that is, the depth dependence of entanglement entropy. Currently,
the precise relationship between entanglement and circuit depth is largely unknown [180].
There have been some numerical studies [153|, but only specialized cases where most, but
not all, initial modes are vacuum are understood analytically [155].

Another related notion deals with sampling complexity, the overall complexity of classical
computers producing a sample from approximately the same distribution as the quantum sys-
tem [181]. Quantifying the relationship between entanglement and complexity, and studying
the depth dependence of entanglement and complexity, could yield crucial new insights into
the classical hardness of simulating quantum experiments such as GBS and, more generally,
into the relation between entanglement and complexity.

Another problem to tackle deals with unequal squeezing. There are two primary avenues
of future research. First, for small, varying squeezing strengths si, so, ..., s,, what is the
average von Neumann entanglement entropy of the subsystem? We have outlined a method
in Section 3.3.3 of tackling this problem, but initial attempts have proved futile due to the
heavy presence of inverse matrices. Nonetheless, learning the behavior of the von Neumann

entropy for unequal squeezing regimes is important from a practical standpoint, since many
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GBS experiments are conducted with one set of modes at zero squeezing strength and the
other at some varied squeezing strength close to zero. Second, it is interesting to consider
Rényi-a entropies for systems with varying squeezing strengths that are not necessarily close
to zero. The argument given in Section 3.4.3 revolves around the entropy expression being
analytic around s = 0 and vanishing in higher orders of s,,,. However, for the most general
case of spax € R, one cannot simply extend the s — 0 squeezing limit for unequal squeezing.
Nonetheless, deriving such an expression would be important for a wider range of bosonic

systems.
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Chapter 4: Continuous-variable quantum state designs: theory

and application

Section 4.1: Introduction & summary

It is useful in a wide variety of fields to be able to efficiently calculate uniform averages of
polynomial functions over points in a space. Prominent examples include Gaussian quadra-
ture rules [182] and spherical designs [183, 184], which reduce integrals of polynomials to
weighted sums of polynomial values at particular points. More generally, a t-design over a
space is a set of points picked in such a way that averaging any polynomial of degree < t
over the design is equivalent to uniformly averaging the same polynomial over the space.
Gaussian quadrature rules and spherical designs are t-designs over the hypercube and hy-
persphere, respectively, and closely related ideas can be formulated for simplices and tori
[185-191] as well as general topological spaces [192].

Designs also have a number of important applications in quantum theory. A quantum
state t-design is an ensemble of quantum states such that expectation values of homogeneous
polynomials of degree t or less in the amplitudes of quantum states are the same whether the
averaging is performed uniformly over all states or over only the states in the design [36-46].
State, unitary, and spherical |44, 47| designs are important tools in tomography [40, 43, 48—
52|, state distinction [44, 53|, randomized benchmarking [47, 54-57], fidelity estimation [47,
58-63|, cryptography |64, 65|, sensing [66, 73], fundamental physics [45, 67-69]|, and error

correction [75-78].
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Both the original formulation of designs and its quantum counterparts hold only for
finite-dimensional spaces. This means that none of the applications proven to work through
the use of designs, e.g., quantum state fidelity relations [47, 54-57, 59, 60| and design-based
tomographic protocols [49-52|, carry over naturally to countably infinite-dimensional spaces.
Such spaces are important for quantum applications because they describe quantum systems
whose natural degrees of freedom are continuous variables (CVs), e.g., electromagentic modes
of optical or microwave cavities, or mechanical modes of harmonic oscillators.

Formulating a notion of designs would unlock important abilities for CV systems. We
proceed to do so in this paper, summarizing both our formalism and several fleshed-out

applications below.

Non-existence of CV designs A first attempt to define state t-designs for CV systems
was made in Ref. [79]. The authors showed that a particular set of CV states — the Gaus-
sian states [193] — does not form a CV 2-design. This is perhaps surprising since Gaussian
unitaries are the infinite-dimensional analog of finite-dimensional Clifford unitaries, which
themselves can form 2-designs [194-197]. Similarly, Ref. [153] defined the notion of CV
unitary t-designs and argued that Gaussian unitaries do not form a 2-design. These re-
sults leave open the question of whether CV state (unitary) designs require non-Gaussian
states (unitaries).

In this work, we answer this open question and prove that CV state and unitary ¢-designs
do not exist for any ¢t > 2. Our results hold for any separable, infinite-dimensional Hilbert
space, not just the space L?(R) associated with CV quantum systems. Thus, even the
inclusion of non-Gaussian states and unitaries does not help in defining ¢-designs over CV
systems.

Our proof relies on the connection between state designs and simplex designs. We first
show that infinite-dimensional simplex t-designs do not exist for ¢ > 2. Then, using the

simple fact that the complex probability amplitudes of any pure quantum state can be
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parameterized by a simplex (for the moduli) and a torus (for the phases), we show by

contradiction that infinite-dimensional state designs do not exist either.

Rigged designs We show that removing the requirement for states to be normalizable
yields a meaningful extension of the notion of designs. We define rigged t-designs that utilize
states in a rigged Hilbert space, the Hilbert space populated by, e.g., the non-normalizable
eigenstates of the oscillator position and momentum operators. We construct several exam-
ples for rigged 2-designs, thus proving that rigged state designs exist even though CV state
(t > 2)-designs do not.

In particular, it is well-known that there is no notion of uniform integration over L*(R),
and our proof that CV t-designs do not exist for ¢ > 2 proves that there is no form of
integration over L?(R) that has even basic qualities that mimick uniform integration. Rigged
designs get around this shortcoming by expanding the integration space to the set of all
non-normalizable states in a rigged Hilbert space—specifically, the space S(R)" of tempered
distributions. We construct a measure on S(R)" that mimicks the qualities of a uniform
measure over infinite-dimensional quantum states, and we then construct designs on this
space.

Our first rigged design consists of Fock states as well as the phase states, which form
a well-known positive operator-valued measure (POVM) that is optimal for measuring the
angle of rotation induced on a mode [198-204] (see [205, Sec. 3.9] for an exposition). The
other examples combine Fock states with the cosine and sine states (and rotated states
thereof), close relatives of the phase states [199]. In all cases, an extra parameter is induced
on the phase states via evolution by a “Kerr” Hamiltonian 72, with 7 the occupation number

operator [206].

Design-based shadows The ability to use rigged t-designs as POVMs lends itself to

a natural extension of shadow tomography [49-52| to CV systems. In finite-dimensional
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versions of such protocols, one generates a classical snapshot of an unknown quantum state
by performing random measurements according to the states from a 2- or 3-design. Then
the expectation values over several observables can be efficiently and accurately estimated
using these classical snapshots [50].

We propose a CV shadow tomography protocol based on the Kerred-phase-state and
Fock-state rigged 2-design. The advantage of our protocol is that it maintains the key
feature of the original qubit shadow protocols; namely, the ability to efficiently measure
many observables using only a set of “shadow” snapshots of a particular form. This protocol
can be generalized to an efficient multi-mode protocol using a recent result [207]. We discuss
how our rigged CV shadows can be used for CV entanglement verification.

Although our design-based shadow protocol is more experimentally taxing than, e.g., CV
shadows based on conventional homodyne or photon parity measurements [207], it can be
implemented by combining and improving previously demonstrated experimental techniques.
In order to utilize our first (second, third) rigged two-design as a POVM in the lab, one needs
to be able to evolve the system under a Kerr Hamiltonian and then apply the phase (cosine,
sine) state POVM. In addition, one needs to alternatively measure in the Fock-state basis.
All three aspects of this protocol — CV phase measurements [208, 209|, photon-number
resolution (e.g., [210]), and engineered Kerr evolution [211-213] — have been realized in
some form in microwave cavities coupled to superconducting qubits [206]. Providing an
experimentally realizable implementation of our protocol that can achieve the same scaling

as our predicted sample complexity is an interesting avenue for future work.

Approximate CV designs Another natural question to ask is whether approzimate CV
state designs exist in L*(R). Or, can the notion of designs be defined over the CV states
that satisfy some energy constraints? We provide a solution to this problem by regularizing
the rigged CV designs.

To approximate our rigged designs with sets of normalized states, we use operators called
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reqularizers, which correspond to different cutoffs of the infinite-dimensional space. For ex-
ample, a regularizer that projects onto a low-energy finite-dimensional subspace corresponds
to a hard cutoff, i.e., a maximum-energy constraint. A regularizer that smoothly decays with
increasing energy but has support on the full infinite-dimensional space corresponds to a soft
cutoff, i.e., an average-energy constraint. By analogy to numerical quadrature rules on the
real line, a sharp cutoff is akin to restricting the domain of integration to a compact interval,
while a smooth cutoff is akin to endowing the line with a Gaussian measure. Moreover,
certain regularizers allow us to extend the notion of a frame potential [40, 41, 214] to infinite
dimensions.

Regularizers (a.k.a. cooling or damping operators) and related ideas have been employed
in works on CV quantum error-correcting codes [215, 216|217, Appx. B|, uniform continuity
for quantum entropies [218], energy-constrained capacities [219] and distances [220, 221| of

CV channels, and CV cryptographic protocols [222].

Average CV fidelity Armed with regularized-rigged designs, we extend the well-known
notion of average fidelity (over all states) of a quantum channel from finite-dimensional [47,
54-57] to CV systems. In previous such extensions, systems were limited to the setting
where the average fidelity between operations is estimated over an ensemble of coherent
states [223-231]. Other approaches to benchmarking CV operations rely on witnesses that
are lower bounds to the true average fidelity over an ensemble of Gaussian states [229, 230],
while energy-constrained diamond-distance based performance estimates require knowledge
of the noise model in experimental approximations and are often computationally taxing
[220, 231-236].

We provide two different definitions of the average fidelity of a CV quantum channel.
These formulas can be directly employed to estimate the average fidelity between CV quan-
tum gates and their experimental approximations [232]. Our formulation yields an experi-

mental procedure to estimate the average fidelity of an arbitrary CV quantum gate without
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requiring the knowledge of the noise involved in experimental implementations. As a con-
crete example, we estimate the average fidelity between an ideal displacement operation and
its experimental approximation [232], suggesting that an average over coherent states only

is not a good approximation to an average over all CV states.

Average-to-entanglement fidelity relation Another interesting open question in CV
information theory is to establish a relation between the average channel fidelity and the
entanglement fidelity, similar to the finite-dimensional setting [59, 60]. In this work, we solve
this open problem and establish connections between average and entanglement fidelities for
CV operations.

We utilize the conventional notion of single-mode CV entanglement fidelity, namely, the
fidelity over a two-mode squeezed vacuum state [138, 237|. We then evaluate our average
fidelity over states in the corresponding regularized-rigged design. Combining these two
fidelity formulas, we establish a simple relation between the average gate fidelity and the

entanglement fidelity for CV operations.

Relating designs to MUBs As an additional result of independent interest, we find a
relationship between torus 2-designs and complete sets of mutually unbiased bases [238], and
we prove that the condition of mutually unbiasedness can be replaced by a torus 2-design

condition.

Outline The rest of the paper is meant to succinctly relay the results and is structured as
follows. In Section 4.2, we introduce finite-dimensional designs. In Section 4.3, we develop
the notion of infinite-dimensional designs and prove that CV state and unitary t-designs do
not exist for any ¢ > 2. In Section 4.4, we then define rigged designs and provide explicit
constructions for rigged 2-designs. In Section 4.5, we introduce regularized rigged designs.

In Section 4.6, we study applications of rigged and regularized rigged designs. In particular,
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in Section 4.6.1, we introduce the shadow tomography formalism to CV quantum states. In
Section 4.6.2, we discuss how such rigged CV shadows can be used for CV entanglement
verification. Next, in Section 4.6.3, we define various notions of the average fidelity of a CV
quantum channel using regularized rigged 2-designs. We then prove a relationship between
the CV entanglement and average fidelities. Finally, in Section 4.7, we conclude with a brief

summary and discuss open questions.

Section 4.2: Finite dimensional designs

In this section, we review relevant prior results on finite-dimensional state designs, making
contact with designs on simplices and tori.

Quantum state designs reduce integrals of polynomials over all quantum states to av-
erages over a discrete set. Let C? denote a d-dimensional Hilbert space with orthonormal
basis {|n>}i;é Due to their normalization and global-phase redundancy, quantum states
in this space correspond to points in the complex-projective space CP?~1 [72, 239]. A non-
trivial complex-projective t-design is a set of states X C CP?~!, sampled according to some

probability measure p, satisfying [36-45]

E f(¥) = f() dy (4.1)

peX Ccpd-1

for any polynomial f(1)) of degree t or less in the amplitudes of ¢ and degree ¢ or less in the
conjugate amplitudes. The canonical measure di) on the set of such quantum states, called
the Fubini-Study measure [72, 239|, is the unique unit-normalized volume measure that is
invariant under the action of the unitary group U(d) (see Appendix C.2.1 for more details).

The above conventional relation can be lifted into a relation between particular operators
by using the fact that polynomials of degree up to t in state degrees of freedom can be

expressed as expectation values of operators with ¢ copies of the state.
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Consider, for example, ¢ = 2 and an arbitrary polynomial f(v) = Z;‘l,;,llm:o fjklm&jgzsz)m
in the amplitudes 1; == (j|v) and their conjugates ¢;, with complex coefficients fj,,. This
polynomial can equivalently be expressed as an expectation value of a bipartite operator f

with respect to two copies of |1) (1],

)= X S @)ool wIh (4.20)
=T (f [0)(wl*?) | (4:2b)

where f = Z;l,;,lz,m:o Fikim|7)|K)(l|(m|. Using this relation, we see that X is a t-design if and

only if
E, (@)™ = [ ()™ av. (4.3

PpeX

Next, we can use representation theory (see Appendix C.3.3 for details) to solve the

integral on the right-hand side, yielding

I
L (0000 @0 = gy (1.4

where H,Ed) is the projector onto the permutation-invariant (a.k.a. symmetric [240]) subspace

of (C%H)®t, the t-fold tensor product of the original space, and Tr is the trace function. When
t = 1, this integral reduces to a resolution of the identity. For higher ¢, the resolution can
only be of the symmetric subspace since the t-fold tensor product of any state is symmetric
under all permutations (see Appendix C.2.2 for details).

Combining the above manipulations yields the following “operator-level” definition of a
complex-projective t-design,

o 11"
E = .
B HeD™ = — @

(4.5)

Designs can be obtained via the convenient parameterization of pure states in terms of a
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simplex and a torus. State amplitudes can be written as

(l) = /pj €, (4.6)

where the probabilities p; add up to one due to normalization, and the phases ¢; are 27-
periodic (with ¢q set to zero to remove global-phase redundancy). By definition, the proba-

bility distribution defined by p; is a point on the (d — 1)-simplex,

Ad_l = {(pg, .. ,pd_l) € [O, l]d

ifpj -1}, (17)

while the vector of phases parameterizes a (d — 1)-torus 79°!. Hence, volume integration
over all states is reduced to volume integration over the simplex and the torus [72, 239] (see
Appendix C.3.4 for details). This naturally makes contact with simplex and torus designs.
Simplex and torus designs are defined in similar fashion to complex-projective designs. A
set X C A™ of probability vectors is an m-simplex ¢-design if for all tuples a = (aq,...,a;) €

{0,1,...,m},
quExHq“i = / meai dp, (4.8)

where dp is the standard measure on the simplex. A set of angles X C T™ is an m-torus

t-design if for all tuples a = (ay,...,a;) € {1,2,...,m} and b= (by,...,b) € {1,2,...,m}",

t

t
E ei(ﬁai—ﬁbi) — / H ei(¢ai_¢bi) d¢7 (49)
1 " i=1

pex 4
1=

where d¢ is the standard measure on the torus. We discuss various constructions of simplex
and torus designs in Appendix C.3.1 and Appendix C.3.2, respectively.

There is a bilateral connection between complex-projective designs and designs on the
corresponding simplices and tori. Denoting 7 as the “Born-rule” map that produces the

vector of probabilities (p,)9—} from a state [1)), the set 7(X) is a simplex ¢-design for any
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complex-projective t-design X |70, 189] (see Appendix C.3.5 for details). On the other hand,
a combination of a simplex and a torus t-design of appropriate dimensions yields a complex-
projective t-design [189]. We provide a proof of these latter connections and present various
combinations that yield complex-projective 2-designs for all d in Appendix C.3.4.

Our simplex designs from Eq. (4.8) are more commonly referred to as simplex positive,
interior (or boundary) cubature rules [185-190]. Our torus t-designs from Eq. (4.9) closely
resemble trigonometric cubature rules [186], but the two are not equivalent. In Appendix C.6,
we show that torus designs are equivalent to a special case of torus cubature rules from
Ref. [189]. We then establish a connection between torus 2-designs and mutually unbiased
bases (MUBs), which might be of independent interest. To the best of our knowledge, this

connection has not been previously discussed.

Section 4.3: Continuous-variable designs

In this section, we develop the notion of continuous-variable (CV) designs and present our
main results in Theorem 4.3.2 and Corollary 4.3.3.

Let L?*(R) denote an infinite-dimensional, separable Hilbert space of square-integrable
functions on the real line, with a countable Fock-state (a.k.a. photon number-state or occu-
pation number-state) basis {|n) | n € Ny}, where Ny denotes the natural numbers including
zero. We note that all separable Hilbert spaces are isomorphic to L*(R). We call unit-norm
vectors in L?(R) CV quantum states.

The right-hand side of Eq. (4.4) is straightforward to generalize to infinite dimensions.
Let TI; denote the projector onto the symmetric subspace of ¢ copies of L?(R) (see Ap-

pendix C.2.2). For any tuples a = (ay,...,a;) € N) and b = (by,...,b;) € N,

IM,(a:b) = <® <ai|> I, <® |bi>) (4.10)
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denotes the matrix elements of II;. The trace of this projector, TrII;, is infinite, but we can
simply omit it from the equation.

The left-hand side of Eq. (4.4) is unfortunately impossible to generalize to infinite di-
mensions [241]. Since L?*(R) is infinite dimensional, there is no finite Haar measure on its
corresponding unitary group U(L?(R)) [242, Sec. 5]. Therefore, there is no natural unitarily
invariant volume measure on the set of CV quantum states. However, if one could define
the unitarily invariant volume integration over all CV states, Schur’s lemma would imply
that the resulting integration would be proportional to II;. Therefore, in principle, infinite-
dimensional state designs can be defined using the definition of complex-projective designs
in Eq. (4.5), but without the TrII,; term.

An infinite-dimensional design may be parameterized by points in a noncompact space
with a non-normalizable measure. To accommodate this, we relax the assumption that the
parameter space of a design is a probability space and instead assume it is a generic measure
space — a triple consisting of X C L*(R), a collection X of all reasonable subsets of X called
a o-algebra, and a measure u (see Appendix C.4 for details). The only difference from a
probability space is that p(X), the measure on the entire space, no longer has to be finite.

Combining the above ideas, we define CV designs as abstract measure spaces that average

to the unnormalized symmetric-subspace projector.

Definition 4.3.1. Let X C L*(R). The measure space (X,3, 1) is a continuous-variable
t-design if
[ )® dute) =1, (a.11)
X
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where we use the weak (Pettis) integral. * In other words, for all tuples a,b € N},

t

/X (H <aiw><w|bi>> dpa() = T (ab) (4.12)

i=1

Definition 4.3.1 is a formalized version of the definition of CV state t-designs given in
Ref. [79]. We note that Definition 4.3.1 bypasses the issue of defining a volume measure on
the set of CV quantum states. We do not perform any integration on the set of all states
and instead require a design to match the projector onto the symmetric subspace. This
construction is illustrated in Fig. 4.1.

There is an alternative motivation for Definition 4.3.1 that we describe in detail in Ap-
pendix C.4.5. It is based on the following observation in finite dimensions. Integration over
the set CP?! of d-dimensional quantum states is equivalent to integration over C¢ with d
independent zero-mean, unit-variance complex Gaussian distributions. The integration is
over each of the d amplitudes of the quantum state with respect to the Gaussian measure,
and the resulting state is then normalized. We can similarly put an infinite product of Gaus-
sian measures on the space C* and then define a CV t-design to be a measure space over
L?(R) that matches integration over C* for polynomials of degree ¢t or less. We show in
Appendix C.4.5 that this definition is equivalent to Definition 4.3.1.

Since II; = I, where I denotes the infinite-dimensional identity operator, any orthonormal

basis for L*(R) or POVM is a CV 1-design. For example, the photon-number basis |n)

satisfies Y, |n)(n| = I, which corresponds to a photon counting measurement. Coherent
states {|a)} also form a 1-design as they satisfy [.|o)(a] dQTO‘ = [, which corresponds to

a heterodyne measurement. Finally, the eigenstates of cos(¢)z + sin(¢)p form a 1-design,

which corresponds to a homodyne measurement.

!The use of the weak integral in the definition of CV designs is well-motivated. For the purposes of
designs, the weak (Pettis) integral is more natural than the strong (Bochner) integral because we are generally
interested in averaged functions of 1. Ultimately, we will prove that CV t-designs do not exist for ¢ > 2,
which immediately implies the result for the case of the strong integral as well.
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[ Discrete variable } { Continuous variable } [ Rigged }

[ Hgd): (CH®t 5 (CH)e ]ﬂ[ II;: L2(R)®t — L2(R)®! H I;: S(R)® — S(R)®! ]

Fact

[IC]P’dl (1) (»])®* dy o Hgd) }

Definition | (CP?~! ¢-design) Definition | (CV t-design) Definition | (Rigged t-design)
(X C CP1 % ) s.t. d— oo (X cC LQ%]R),E,/J) s.t. (X € S(R), X, u) s.t.
S (9) (D™ du(®) oc T Jx () ()®" du() o< T, Jx () (D" dpa(x) o< T,

Figure 4.1: Sketch of definitions of finite-dimensional designs, continuous-variable (CV) de-
signs and rigged designs. The key point is the absence of the middle block in the middle
and right columns. A generalization of the middle block to the continuous-variable case is
ill-defined, as discussed in Section 4.3. Therefore, to define CV designs, we simply skip the
middle step, as discussed in Definition 4.3.1. An alternative characterization/definition of
CV and rigged designs is described in Appendix C.4.5.

In Section 4.2, we argued that a complex-projective design on C¢ gives rise to a sim-
plex design. Similarly, in Appendix C.4.1, we prove that the existence of CV t-designs
implies the existence of infinite-dimensional simplex t-designs. Here, we define a infinite-
dimensional simplex design by starting with a finite-dimensional simplex integration over
the unit-normalized Lebesgue measure and then removing the normalization requirement of
the measure as we take the dimension to infinity.

By construction, a CV 1-design induces an infinite dimensional simplex 1-design by con-
verting the amplitudes of a quantum state to probabilities via the Born rule. For example,
the simplex design induced by the CV 1-design {|n) |n € Ny} is a set of probability dis-
tributions {p™ | n € No}. Here p™ = (pg"), pgn), ...) is a probability distribution over Ny
defined as pE”) = .

As for t > 1 designs, we prove that no set of C'V states, Gaussian or not, forms a CV

t-design for any t > 2 (see Appendix C.4 for proofs).

Theorem 4.3.2. For any t > 2, continuous-variable state t-designs do not exist.
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The non-existence of state (¢ > 2)-designs immediately implies non-existence of unitary

(t > 2)-designs because their existence would imply the existence of state designs.
Corollary 4.3.3. For any t > 2, continuous-variable unitary t-designs do not exist.

To prove Theorem 4.3.2, we show that infinite-dimensional simplex ¢-designs do not exist
for ¢ > 2, and then invoke the connection between state and simplex designs described in
Section 4.2. The non-existence of infinite-dimensional simplex designs can be understood
as follows. All simplex (¢t > 2)-designs require at least one point near the centroid of
the simplex. The centroid of a finite-dimensional simplex A?~! is the point (1/d,...,1/d).
However, for the infinite-dimensional case, the centroid is no longer a valid point on the
probability simplex. In the context of quantum states, this translates to the fact that uniform
superpositions of all Fock states are not normalizable. We are therefore motivated to remove

the requirement that elements of CV t-designs are normalized states.

Section 4.4: Rigged designs: definition & constructions

The non-existence of CV t-designs for ¢ > 1 stems from the requirement that elements
of said designs, according to Definition 4.3.1, belong to L?*(R) and thus should have finite
norm. We are therefore motivated to develop a new notion of CV designs that allows for
non-normalizable states.

To include non-normalizable states in a CV design, we need to consider a set larger than
L?*(R). We consider the space of tempered distributions, denoted as S(R)" D L?*(R), which
contains infinitely squeezed position or momentum states as well as oscillator phase states
[198-202, 205]. Despite being awkwardly called “states”, these and other distributions may
not be normalizable.

The use of distributions, whether for our purposes or for CV measurement protocols such

as homodyne detection [226], is only well-defined for those CV states for which inner products
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with tempered distributions are finite. This class consists of those states which admit finite
expectation values of all powers of the occupation number operator n = > . n|n)(n|,
making up the Schwartz space S(R) C L*(R) [243]. Together, the three spaces of interest
make up the Gelfand triple S(R) C L?*(R) C S(R)’ , the standard rigged Hilbert space for a
quantum harmonic oscillator [80, 244, 245].

We modify Definition 4.3.1 to include tempered distributions. The motivation for our

modification is summarized in Fig. 4.1.

Definition 4.4.1. Let X C S(R). The measure space (X,3, u) is called a rigged t-design
of
/ (1)) dulx) = apTly (4.13)
b

for all positive integers t' < t, where ap € (0,00), where we use the weak (Pettis) integral.

In other words, for all tuples a,b € Ng,

tl

/X <H {ailx) <X’bi>> du(x) = avlly(a;b) (4.14)

i=1
fort <t.

Analogously to what is discussed below Definition 4.3.1, there is an alternative motivation
Definition 4.4.1 that we describe in Appendix C.4.5. Recall that we described an equivalent
definition of CV designs to be measure spaces over L?(R) that match integration over C*
with an infinite product of Gaussian measures. In Appendix C.4.5, we further show C* \
S(R)" has measure zero in C*, so that the integration over C* is equivalent to integration
over S(R)". It follows therefore that rigged t-designs exist for any ¢ € N, since we can
simply take the aforementioned measure space over S(R)’ to be our design. This design is
however not desirable since it involves infinite-dimensional integration. We thus look for
more manageable measure spaces that form rigged designs.

Inclusion of distributions circumvents the no-go Theorem 4.3.2 and allows us to construct
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several examples of rigged 2-designs. Our first example consists of Fock states {|n) }nen, and
a family of distributions that we call Kerred phase states |0), — tempered distributions

defined informally as

0), = \/_ Z exp[i(fn + pn?)] |n), (4.15)

and formally as functionals mapping |¢)) € S(R) to
00, 9) = (0ly) = F Z exp[—i(fn + on?)] (n|e)). (4.16)

The Kerred phase “states” consist of oscillator phase states [198-205], evolved up to some
“time” @ under a Hamiltonian n? associated with the optical Kerr effect. In Appendix C.4.3,

we prove that

% > (In) ()™ +%/_Z o /_: de (@|9>(91¢)®t = 1T, (4.17)

n€eNp

for t =1 and t = 2, where oy = 7+ 1/2 and ay = 1.

To show that the above set is a design, we extend simplex and torus 2-designs to the
rigged regime (see Appendix C.4.3 for details). The integration over the two phases {6, p}
corresponds to a torus 2-design. The Fock states |n) correspond to extremal points of a simple
simplex 2-design consisting of extremal points and the centroid in the finite-dimensional case,
with the centroid vanishing in the infinite-dimensional case (as discussed in Section 4.3).
By removing the normalization condition, we define an “non-normalizable centroid”, which
corresponds to a uniform superposition of Fock states |# = 0) =0 Combining such a state
with the aforementioned torus 2-design gives the Kerred phase states.

Oscillator phase states are (left) eigenstates of the oscillator phase operator Z =} [+
1)(n| [198-205], an analogue of the oscillator raising operator but without the square-

root factor. Both the phase and raising operators do not admit right eigenstates, but +-
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superpositions of each operator with its adjoint yield (anti-)Hermitian operators that admit
well-known distributions as eigenstates. Superpositions of lowering and raising operators
admit position and momentum states as eigenstates, respectively, while superpositions of
the phase operator and its adjoint admit the cosine and sine states, respectively [199]. In
Appendix C.4.3, we show that these two sets of states, when evolved under the Kerr Hamilto-
nian and combined with Fock states, make up two more examples of rigged 2-designs. More
generally, since Z is unitarily related to Ze via a Fock-space rotation e“”, eigenstates of a
linear combination of Ze and its conjugate should similarly yield a distinct set of designs
for any w.

We do not provide constructions of useful rigged 3-designs. As shown with an example
in Appendix C.4.3, not all simplex 2-designs can be extended to infinite dimensions. Thus,
the difficulty in constructing a rigged 3-design lies is finding a simplex 3-design that is well-

behaved enough to be extended to infinite dimensions. We leave this exciting open question

for future work.

Section 4.5: Regularized Rigged Designs

Our rigged designs consist of non-normalizable states, but some applications require ap-
proximate versions of such designs that consist of physical quantum states. One way to
approximate is to simply truncate the Fock space, corresponding to a hard or mazximum-
energy cutoff. This brings us back to finite dimensions, reducing rigged designs to ordinary
quantum state designs. Another way, possible only with our infinite-dimensional formula-
tion, is to impose a soft or average-energy cutoff that maintains the ability for states to have
infinite support in Fock space. Both cutoffs can be encompassed in a general regularization
formalism.

Let the regularizer R be a positive-semidefinite operator that yields a corresponding
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“regularized projector”
% = REIL,R®  such that TrII < oo | (4.18)
The two aforementioned energy cutoffs correspond, respectively, to regularizers

P, = Zi;é |ny(n| hard cutoff, d € N
R , (4.19)

Rg == e Pn soft cutoff, 3 >0

but our formalism allows for more general R. We construct regularized designs by applying
a regularizer to elements of a rigged design.
Suppose (X, X, ) is a rigged t-design satisfying o, = 1. Regularization by an appropriate

regularizer, such as Rg and P, converts X into a set of normalized states

Y= () = R0 /IR | 1x) € X}, (4.20)

with corresponding o-algebra Xy and measure

dv() = dp(x) - [R )/ Te I (4.21)

These regularized designs average to H§R) / Tr H,gR) instead of II;,

/Y (o) ()% du () = /X (R ) (x| B)*" Tdr“r([’(%
1™
= (4.22)

The use of normalized states allows us to promote Y to a probability space. By taking the
trace of both sides of Eq. (4.22) and applying assumption (4.18), we see that the measure

v is automatically normalized, 1 = [, (¢[¢)' dv(v)) = v(Y). This allows us to express
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[y (-)dv(v) as a statistical expectation Eyey(-) of states in ¥ sampled according to the
distribution defined by v (see Appendix C.4.4 for details). This yields the definition below,

with a related definition of regularized CV unitary designs provided in Appendix C.4.7.

Definition 4.5.1. Let Y C L*(R). The probability space (Y, Xy, v) is called an R-regularized

rigged t-design if
H(R)

E (o)™ (4.23)

T H( )

Analogous to the discussion below Definitions 4.3.1 and 4.4.1, there is again an alternative
motivation for Definition 4.5.1 that we detail in Appendix C.4.5. Recall that an infinite
product of zero-mean, unit-variance Gaussian measures on C* forms a rigged ¢-design. We
show in Appendix C.4.5 that if the variance of the i*" measure is instead \; such that the
diagonal operator R;; = J; is trace class (D), \; < 00), then the resulting measure space is a
v/ R-regularized rigged t-design for any ¢ € N. Importantly, with this measure, C>® \ L*(R)
has measure zero in C* so that the design is a measure space over L?(R) as desired.

We now consider regularizing the Fock-state and Kerred phase-state design (4.17) with
the soft-energy cutoff R = Rg = e P" (4.19). Denote the regularized Kerred phase states
(a.k.a. phase coherent states [246]) as

5 Ralo),
e = TRs o0,

—/1—e28 Ze*ﬁ”“‘)nwn n) | (4.24)

such that ‘||é>¢|‘ = 1. Then it follows that

(RB)

> w |n)(n|*? +f/ 10) (0127 A0 dep = : (4.25)
H ,3)

n€Ng 2

where the limit of integration for both 6 and ¢ is [—m, 7], fs = cosh3/(ef(2m)?), and

_ 4sinh? Bcosh 8
Wn = —B@nt3) -

Given a fixed average-energy constraint F/, it is natural to define an energy-constrained
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state design consisting of states {1}, such that each state in the design satisfies Tr(nvy) < E.
Our regularized-rigged design does not satisfy this condition explicitly as it contains Fock
states |[n) with n > F| as shown in Eq. (4.25). However, the contribution of large n terms is
suppressed by the w,, coefficient in Eq. (4.25), which decays exponentially with n. Thus, our
regularized-rigged designs are good approximations to energy-constrained state designs. It is
an interesting open question to further develop the framework for energy-constrained state
designs; we make some headway in this direction by formulating constrained integration in
Appendix C.3.6, albeit for the finite-dimensional case.

As another example, we show in Appendix C.4.6 that displaced Fock states form reg-
ularized 2-designs for which the regularizer is the maximum-energy cutoff from Eq. (4.19),
granted that we are allowed to use negative weights in the combination.

An important feature not inherited from the finite-dimensional case is that, in general,
an R-regularized rigged t-design is not an R-regularized rigged (¢ — 1)-design. For example,

if Y is an R-regularized rigged 2-design, then

;" o4 ) 2
E = ———— ((T I — 4.2
E 0 = o o (R R # 2y (4.26)

violating Eq. (4.23) for t = 1. Similarly, if Y is an R-regularized rigged 3-design, then

E ®2 HéR)
%Y(W)WD _3TI"—H§R) o

x((TrRQ)]I®]I+]I®R2+RQ®]I)

instead of HéR) / Tr HéR).
Notice that, as R gets closer to the identity in Eqs. (4.26) and (4.27), Tr R? dominates the
remaining terms. This behavior holds for general . As described further in Appendix C.4.4,

if Y is an R-regularized rigged t-design, then it is almost an R-regularized rigged (t—1)-design
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in the sense that
(R)

(t—1) Ht—l 2
EY(WWD( >NTrH (1+0(1/Tr R?)). (4.28)

(R)
t—1

We conclude this section by generalizing the frame potential from finite dimensions [40,
41, 214] to regularized rigged t-designs. For a positive definite (and therefore invertible)
regularizer R, we define the frame potential of an ensemble G over unit vectors in L*(R) to
be

ARIDE (W] R g™ (4.29)

— }
¥,0EG

In Appendix C.4.4, we prove the following proposition regarding the frame potential.
Proposition 4.5.2. Let R be positive definite. For any ensemble G,

(R) 1
Vi (G) > ——, 4.30
2 (9) TI® (4.30)

with equality if and only if G is an R-regularized rigged t-design.

Note the presence of the R~ in Eq. (4.29). We will see something similar in Section 4.6.3,
where we find that finite-dimensional formulas nicely generalize to infinite-dimensions by

introducing factors of R~! to R-regularized rigged designs.

Section 4.6: Applications of rigged designs

In Section 4.6.1, we develop a shadow tomography protocol for CV systems based on rigged
CV designs. In Section 4.6.2, we show how such CV rigged shadows can be used for en-
tanglement verification. In Section 4.6.3, we develop the notion of the average fidelity of
a CV quantum channel by using regularized-rigged 2-designs, relate this fidelity to the CV

entanglement fidelity, and compare various fidelities for the case of the pure loss channel.
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Subsection 4.6.1:  Design-based C'V shadows

The main idea behind finite-dimensional shadow tomography protocols is to perform ran-
dom measurements of an unknown state to create classical snapshots through which many
properties of the same unknown state can be efficiently predicted [49-52]. One can perform
O(log M) random measurements of an unknown state p to accurately predict the expecta-
tion values of M different observables with high probability. Each measurement for one such
protocol yields a shadow of the form 3|e)(e] — I on each qubit of the system, where e is an
eigenstate of one of the qubit Pauli matrices, and I is the two-by-two identity. The number
of measurements needed is independent of the dimension of the Hilbert space, a property
that can be proven using designs [50].

Shadow tomography can be framed in terms of informationally-complete positive operator-
valued measures (POVMs), which include quantum state (¢ > 2)-designs [52]. The concept
of POVMs extends to infinite dimensions in such a powerful way that POVM elements can
even be tempered distributions [205], [222, Appx. A]. Such POVMs are widely used. For
example, homodyne measurements correspond to measurements in the position-state POVM
or its rotated counterparts [226], while measuring in the phase-state POVM is optimal for
determining the angle induced by a phase-space rotation [205, Sec. 3.9].

Utilizing rigged designs as infinite-dimensional POVMs, we develop a CV shadow to-
mography protocol (see Appendix C.5.1 for more details). Here, our goal is to determine
(O;) = Tr(p0O,) for a collection of M single-mode observables O, ..., Oy, where p is an
unknown infinite-dimensional state which we can access on a quantum device. We first de-
scribe a protocol utilizing a rigged 3-design, and then describe a protocol utilizing a rigged
2-design such as the one constructed in Eq. (4.17). The former case is slightly more general
and easier to describe, but we have not yet constructed useful rigged 3-designs. We leave

this question for future work.
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CV shadows with rigged three-designs

Let (X,%, ) denote a rigged 3-design, which implies that [, (|x)(x|)® du(x) = aII; for
t € {1,2,3} and oy € (0,00). Without loss of generality, let oy = 1, rescaling the measure p

if necessary. Then, it follows that the design resolves the identity,

/X )l du(x) =T, (4.31)

and therefore, v: A [, [x){x|du(x) is a POVM.

Recall that a POVM maps subsets, which correspond to collections of measurement
outcomes, to bounded, nonnegative self-adjoint operators (see Appendix C.2.1 for a measure
theory review and Appendix C.5.1 for a short review on POVMs). Sampling from such a
POVM results in sampling measurement outcomes from the probability measure p': A +—
Tr(pr(A)). We denote the measurement outcome corresponding to x as ¢(x) that we then
store on a classical computer.

Suppose that we measure N times from g/, resulting in outputs {c(x1),...,c(xn)}. Each

of these outputs corresponds to a CV shadow

. 2
pi = —xi)Oal =T (4.32)
Qo

Note that |y;) is not generally a physical quantum state but instead a tempered distribution.
Fortunately, this is unimportant, since we are simply storing a description of |x;) on a classical
computer.

Using the classical snapshot and the classical description of observables O, one can

compute

N

. 1 N

0 =+ E Tr(p;0;) . (4.33)
i=1

On average, this yields the right answer: by the rigged 2-design property of X, E[o;] = (O;),
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where the expectation value is taken over measurement outcomes. Moreover, convergence to
the right answer depends only on the features of O;: using the rigged 3-design property of X,
we find that Var(o;) = O(%) in the large- NV limit (see Appendix C.5.1 for details). We
perform the aforementioned procedure K times, resulting in a collection C; = {égl), ce 6§»K)}.

Following Ref. [50, Thm. 1|, for each j, the median of C; is within ¢ of (O;) with probability

at least 1 — § provided that

N = (9(8—12(mjaxTr |(’)j|)2) ) (4.34a)
K = O(log(M/9)) . (4.34Db)

In other words, using a shadow tomography procedure with a rigged 3-design, we can ac-
curately determine the expectation values of M observables using only ~ log M measure-
ments, provided that each observable O; is reasonably well-behaved; that is, provided that

max; Tr || is not too large.

CV shadows with rigged two-designs

If we had only used a rigged 2-design in the above protocol, we would still have that E[6;] =
(O;). For certain observables O;, we can show that a rigged 2-design is sufficient to give
reasonable bounds on the variance by following an analogous result in finite dimensions from
Ref. [52].

As before, suppose we have a collection of N shadows py, ..., pny sampled from the POVM

defined by the rigged 2-design, yielding estimates 6; (4.33). We pick observables that satisfy

c < Tr(p:;05) < d (4.35)

for some ¢ < d € R almost surely for every shadow p;. Then, to achieve a success probability
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of at least 1 — ¢ and maximum additive error €, we need only

N > log (%) (d—c)” (4.36)

2e2

shadows to determine (O;) for each 1 < j < M.

For concreteness, we consider a simple example of the rigged 2-design shadow protocol.
Let each observable O; be of the form O; = |a;)(b;|+|b;)(a;| for a;,b; € No. We use the rigged
2-design from Eq. (4.17) consisting of Fock states and Kerred phase states. The explicit
sampling step for this procedure is worked out in Appendix C.5.1. Using the explicit form
of |6),, it follows that for any possible shadow p; coming from this design, | Tr(p;O0;)| < 1/5.
Therefore, to determine the M observables {O;} to a maximum additive error € with success

probability at least 1 — §, we need only

N > log(%) 25 (4.37)

measurements.

Subsection 4.6.2:  Entanglement verification

In finite dimensions, classical shadows of a quantum state allows for the checking of many
entanglement witnesses on that state [50]. Indeed, the same result holds for design-based
CV shadows.

From Ref. [247, Thm. 2.2|, for infinite-dimensional states p, p is entangled if and only
if there exists a finite-rank operator A and a real number « such that o + Tr(pA) < 0 and
a+ Tr(cA) > 0 for all separable states o. Since A is finite rank, the expectation value of A
with respect to a rigged shadow is finite even though the rigged shadow is not a normalizable
quantum state. Hence, the use of rigged shadows (obtained from very few measurements of

p) allows one to test many candidate witnesses A in order to determine if p is entangled.
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Subsection 4.6.3: Fidelities of C'V quantum channels

We develop the notions of the average fidelity of a continuous-variable (CV) quantum channel
as well as their relationship to the CV entanglement fidelity. Such notions require approxi-
mate (i.e., regularized) versions of our rigged designs. We work out the case of a general pos-
itive semi-definite regularizer R, but note that the reader should keep in mind the two phys-
ically relevant hard- and soft-energy cases (4.19), corresponding to R = Py == Y°_{ |n)(n|
and R = Rg = e "" respectively. Finally, we benchmark the performance of a displacement

operation by evaluating various fidelities for the case of the loss channel in Section 4.6.3.

Average fidelity of CV quantum channels

In a d-dimensional Hilbert space, quantum states belong to a compact space CP4~!. There-
fore, one can define quantities that are averaged over all quantum states. In particular, for

a quantum channel D, the average channel fidelity is defined as [47, 58-62]

FO)= [ @D ) av. (1.38)

quantifying how close D is to an identity channel on average. Due to non-existence of a
standard measure on infinite-dimensional space, as discussed in Section 4.3, this formula
cannot be extended to CV systems.

Since there are exactly two copies of |¢)(¢| in the integrand for the average fidelity, the
integral over all states can be substituted with an average over any state 2-design X using
Eqs. (4.4-4.5),

F(D) = E_(5|D(0)w]) 1) (4.39)

The design provides a more manageable sample of states that is useful for estimating the
average fidelity of quantum operations [47, 54-57|. This formula can be extended to infinite

dimensions using normalized (i.e., regularized) versions of our rigged designs from Section 4.5.
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Let Y denote a regularized-rigged 2-design with a general positive semi-definite regularizer
R. There is more than one way to generalize the average fidelity from the finite-dimensional

case, and we consider two average-fidelity quantities defined for a CV channel D,

F\"(D) = N E, (0| R'D(W)R" [v). (4.40)
F(D)= E (WD) ) | (4.40b)

where we use the short-hand notation D(v)) = D(|)(¢0]), and where the constant Np =

Tr R*+(Tr R2)?

TR R The second quantity faithfully uses two copies of the normalized state pro-

jections [v) (1| sampled from the design, while the first can revert one copy back to its
non-normalizable version using the Moore-Penrose inverse Rt of the regularizer.

As a sanity check, let us employ a hard-energy cutoff and plug in the regularizer R = P; =
Z‘i;%) |n)(n| from Eq. (4.19) into Eq. (4.40). This essentially recovers the finite-dimensional
case. Since the Moore-Penrose inverse of a projector is itself, the two average-fidelity quanti-
ties are equal for this case. Moreover, if D is trace-preserving for states within the subspace
defined by P, then ngd)(D) = F;Pd)(D) = F(D), recovering the finite-dimensional design-
based average fidelity from Eq. (4.39).

In a setting relevant to CV states enjoying infinite support, such as coherent or squeezed
states, one should consider a regularizer with no zero eigenvalues. We prove in Appendix C.5.2
that an R-regularized rigged 2-design is informationally-complete for states on the entire Fock
space whenever R is invertible. Therefore, choosing R = P; may not be a good approxima-

tion of average fidelity over all CV states.
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Average-to-entanglement fidelity relation

In the finite-dimensional case, the entanglement fidelity for a quantum channel D on C? is
[47, 58-60]
Fe(D) == (o[ (Z®@D)(9)|9) , (4.41)

where |¢) = \/La S%70In) @ |n) denotes a maximally entangled state, and Z is the identity
channel. This fidelity quantifies how well entanglement with a reference system is preserved
by D. We refer the reader to Ref. [248, Ap. A| for a nice review of the utility of the
entanglement fidelity. The entanglement fidelity is related to the average fidelity by the

following simple formula [59, 60]

. dF.(D)+1

F(D) = =57 (4.42)

We can similarly relate our average-fidelity relations (4.40) to a CV version of entanglement
fidelity.

Maximally entangled states become non-normalizable as d — 0o, meaning that CV ver-
sions of such states also have to be regularized in order to define an analogous fidelity. We

require that R be diagonal in the Fock-state basis and define the regularized state

1
= RY* g RY4 n) @ |n) , 4.43
om) = = )3 m el (1.43)

a purification of the reqularizer state
pr = Tra(|pr){(0r|) = R/ Tr R . (4.44)

The R-reqularized C'V entanglement fidelity of a channel D is then

FR(D) = (¢r| (T ® D)(¢r) o). (4.45)
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In Appendix C.5.2; we show that both CV average-fidelity quantities from Eq. (4.40) are

related to the CV entanglement fidelity (4.45) as

_ dgF" (D) + Tx[D(ppe) RR"]

yol
70 ) e , (4.46a)
(R)
P ) _ AL (D) ; df ?r[D(pR)pR] ' (4.46D)
R

Since we are assuming R is diagonal, RR™ is simply a projector onto the subspace for
which R has support. For invertible R, this subspace is the whole space so that RR* = I,
and therefore Eq. (4.46a) yields a CV generalization of the finite-dimensional average-to-

entanglement fidelity relation (4.42):

_ drFV (D) + 1

—(R)
(D
1 (D) dp +1

, (4.47)

where the effective dimension dictated by the regularizer is the inverse purity of the regu-
larizer state (4.44),

dr=1/Trp% = (TrR)*/ Tr R* . (4.48)

This effective dimension in the infinite-dimensional case plays the role of, and reduces to,
the actual dimension in the finite-dimensional case.

The above general formulation reduces to a more physically relevant one when the soft-
energy cutoff R = Rg = e P" (4.19) is used as the regularizer. The state |¢r) (4.43) becomes
a Gaussian two-mode squeezed vacuum state (a.k.a. thermofield double) with squeezing pa-

rameter r = log[i}rle_—ﬁi;] [138], while the regularizer state (4.44) becomes a thermal state

whose “inverse temperature” 5 > 0 sets the energy scale of states involved in the regulariza-

tion. The effective dimension (4.48) becomes

dR = QTI‘(pRﬁ> +1 s (449)
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directly related to the mean energy of the thermal state. Similar energy-dependent factors
also replace dimensions in studies of uniform continuity for quantum entropies [218| as well
as bounds on energy-constrained capacities of Gaussian channels [219]. Since |¢pgr) is a Gaus-
sian state, the corresponding CV entanglement fidelity may be extractable via reasonable
experimental protocols [228, 229].

As for more general R, we emphasize that Eqgs. (4.46) and (4.47) only hold as is when
R is diagonal in the {|n)} basis even though Eq. (4.40) is well-defined even when R is not
diagonal. Of course, one has the freedom to arbitrarily choose the basis with respect to which
the CV entanglement fidelity is defined, so R being diagonal is not a substantial restriction.

Recall in Eq. (4.29) and Proposition 4.5.2, we saw that introducing factors of R™! into
a definition of frame potential resulted in finite-dimensional formulae nicely generalizing
to infinite-dimensions. We again see this effect present in Eq. (4.47). The definition of
FiR) utilizes factors of R~! while F(QR) does not. As a consequence, the finite-dimensional
relation (4.42) involving F' and F, very closely matches the infinite-dimensional relation
(4.47) involving FgR) and F"| whereas the relation involving FéR) and F (4.46b) contains

a factor not present in the finite-dimensional case.

Fidelity benchmarks for displacement operations

We compare the fidelity quantities introduced in this section to known quantities for the case
of the pure loss channel, D = £ [249], with transmissitivity « € [0, 1]. This case is relevant to
benchmarking the performance of displacement operations that are implemented via a non-
ideal two-mode beam-splitter, with the transmissivity characterizing the degree of nonideality
[232, 250]. All quantities described below are computed analytically in Appendix C.5.2.

In order to put all quantities on as equal of a footing, we set them to be a function of
a fixed energy scale i using the following convention (with other choices possible). For the

soft- and hard-energy regularizers, Rg = ¢ ?" and P, = Zi;é |n)(n| (4.19), respectively, we
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Figure 4.2: Various fidelity benchmarks for the pure-loss channel £ plotted vs the channel’s
transmissitivity s, with the energy-constrained parameter n = 4, and all other fidelity pa-
rameters being functions of n according to Eq. (4.50). (a) Comparison of fidelities that utilize
a reference mode: the CV entanglement fidelity F, (4.45) with soft- and hard-energy con-
straints (4.19) as well as the minimum energy-constrained entanglement fidelity Fi,;, (4.51).
(b) Comparison of our three average-fidelity quantities — the soft-energy constrained aver-

age fidelities ngﬁ ) (4.46a) and FéRB /2) (4.46b) as well as the hard-energy constrained case

Ff}’ — with the fidelity F., (4.52) calculated by averaging over an ensemble of coherent
states. The qualitatively different behavior of the coherent-state fidelity suggests that it may
not be a good approximation to averages over CV states.
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set

B=log(l+1/n) and d=|n]+1. (4.50)

The soft-energy cutoff then corresponds to an average energy of n for the regularizer thermal
state (4.44) and an effective dimension dr = 2n + 1 (4.49).

Our first comparison is between all fidelities that utilize a reference mode. This com-
parison is between the CV entanglement fidelity (4.45), with either soft- or hard-energy

regularization, and its minimum energy-constrained version [232, 251|

Foo (L) = min (W LWpa) ) pa (4.51)

YEaTr(Rava)<n

consisting of an optimization of the CV entanglement fidelity over all input states whose
average energy on the mode acted on by the channel is bounded by 7.

The three reference-mode fidelities {Fe(Pd), Fe(RB ), iRl

'} are plotted for n = 4 and all trans-
missivities x € [0, 1] in Fig. 4.2(a). All quantities decrease in similar fashion with decreasing
transmissitivy, with the soft-energy fidelity following the scaling of the minimum case slightly
better than the hard-energy fidelity near unity transmissitivity. Due to the parameterization
picked in Eq. (4.50), the entanglement fidelities for the two energy constraints are equal for
zero transmissivity, £ = F\™ = 1/(R+1)? at x = 0.

Our second comparison is between fidelities that do not utilize a reference mode. This
set includes both of our CV average fidelities from (4.40), each with either a soft- or a
hard-energy constraint. These are related to the entanglement fidelity of a CV channel via
Egs. (4.46a) and (4.46b), respectively. Since the pure-loss channel is trace preserving on the
subspace defined by P, two of these four fidelities are equal in the case of the hard-energy

constraint, ngd) = F;Pd) = Fgl;d). This comparison also includes the average fidelity of the
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pure-loss channel over an ensemble of coherent states,

FO (L) = / pla) (] £(a) o) d%a, (4.52)
C

where |a) denotes the coherent state specified by @ € C. We choose the density function
to be p(a) = %e“o‘w " to ensure that the average occupation number of the ensemble of
coherent states is [ p(a) |a|* d%a = 7.

The four average-fidelity quantities {Fﬁg‘”,ﬁﬁ% ),FéRﬁ / 2>,F£ZL})I} are plotted for n = 4
and all transmissivities « in Fig. 4.2(b). Note that the average fidelity over an ensemble of
coherent states does not qualitatively match the other fidelities. In particular, the concavity
of Feon, near unity transmissivity is different from the other fidelity quantities. This may be
related to the fact that an ensemble of coherent states only forms a CV 1-design, whereas the
other fidelities are defined with respect to various notions of 2-designs. This result suggests

that the coherent-state average may not be a useful approximation for an average over all

CV states.

Section 4.7: Conclusion

In this work, we study quantum state designs in finite and infinite dimensions. In finite
dimensions, we review a method for constructing complex-projective designs using simplex
and torus designs. In particular, we establish a relationship between torus designs and
complete sets of mutually unbiased bases.

We then prove a no-go theorem implying that a naive extension of the definition of state
designs to infinite dimensions fails. Similarly, we prove that CV unitary ¢-designs do not exist
for any ¢ > 2. Prior to our work, it was proven [79] (argued [153]) that Gaussian resources are
not sufficient to form CV state (unitary) designs. Our no-go theorem establishes a stronger

result implying that even non-Gaussian resources are not sufficient to form CV designs.
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The lack of CV designs is due to a restriction to using only normalizable states. We
successfully extend the notion of state designs to infinite dimensions by proposing a new
definition of CV state designs using non-normalizable states. These non-normalizable states
belong to a rigged Hilbert space, and we provide various constructions of such rigged 2-
designs consisting of Fock states and oscillator phase states [198-202, 205] subject to Kerr-
Hamiltonian evolution.

As an application of rigged designs, we extended the formalism of shadow tomography
[49-52] to CV systems. We show that our rigged 2-designs and, if useful ones exist, rigged
3-designs can yield efficient shadow-based protocols. It is an interesting direction to ex-
perimentally implement our design-based CV shadow tomography protocol based on rigged
2-designs and compare it with other protocols based on homodyne or heterodyne measure-
ments [226], which can also be formulated within a shadow-like framework (albeit without
the use of designs) [207]. The POVMs defined by the rigged 2-designs that we constructed
are highly non-Gaussian. It is an exciting open theoretical and experimental direction to
develop techniques to measure from such POV Ms.

We construct approximate CV designs by regularizing the elements of rigged designs.
These regularized-rigged designs consist of physical quantum states and therefore can be used
to define information-theoretic quantities, such as fidelities, for CV quantum channels. In
particular, we define various notions of the average fidelity of a CV channel. We then establish
a relation between the average fidelity and the entanglement fidelity of a CV channel. Our
result is a natural generalization of finite-dimensional formulas [13|, where the dimension is
replaced by the effective dimension that depends on the mean energy of the input state to
the channel. It is an interesting open question to develop efficient experimental methods
to prepare states belonging to regularized-rigged designs introduced in our work. On the
theory side, it may be interesting to determine a relationship between the energy-constrained

diamond distance [220, 221] and the average fidelity introduced in our work.
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As discussed in Section 4.6.3, an important application of regularized-rigged designs is to
estimate the average fidelity between an ideal unitary and its experimental approximations.
We emphasize again that our results are applicable directly when analytical expressions of
an ideal unitary gate and its experimental approximation are known. Instead of estimating
the average fidelity over a subset of states such as coherent states, one can calculate a good
approximation of the average fidelity over all states using our regularized-rigged designs.

We construct rigged and regularized-rigged CV state 2-designs, leaving the interesting
question of constructing useful CV state t-designs for t > 3 to future work. Another inter-
esting direction is to develop the notion of energy-constrained CV state designs, where each
state in the design satisfies a fixed energy constraint. Our regularized-rigged state designs
are good approximations of energy-constrained CV state designs.

Our rigged designs are defined on the Hilbert space L?(R) of a single mode, but can
formally be mapped into any other countably infinite Hilbert space because all such spaces
are isomorphic. A mapping like this from the single-mode space to the space L*(R") of
multiple modes is likely to be physically obscure. An interesting future topic would be to
develop designs for other spaces, such as multiple modes, rotors and rigid bodies [216], using
states natural to those spaces. For example, we anticipate that designs similar to our Kerred
phase-state designs can be formulated for the space of the planar rotor, L*(U(1)) [216, Sec.
IV.B]. Similarly, cross-Kerr interactions [206] may provide a recipe for rigged designs for
multiple modes.

We also prove that CV unitary t-designs do not exist for any ¢ > 2. A natural research
question is whether, similar to rigged CV state designs, there exists a reasonable notion of
CV operator designs. We introduce one such notion in this work, leaving the interesting and
important question of how to construct such designs to future work.

Finally, another interesting avenue to explore is that of designs for function spaces. In

Appendix C.4.5, we showed how our rigged designs can be interpreted as designs over infinite-
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dimensional function spaces. Can this theory be further generalized to other functional
integrals, such as e.g. path integrals? In particular, in field theories, one is typically interested
in correlators (i.e. polynomials in the fields) of various degrees; a t-design is therefore a
space of fields that match all correlators up to degree ¢t. Can designs be defined and used
in this context? Refs. [252-255], which contain a small number of cubature rules for Weiner

integrals, may be a useful place to start.
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Chapter 5: Continuous-variable designs and design-based shadow

tomography from random lattices

Section 5.1: Introduction

In Chapter 4, we defined rigged t-designs and found some single mode examples of rigged
2-designs. In this chapter, we find a natural class of states that form multimode rigged
2-designs.

We denote the ensemble of all n-mode Gottesman-Kitaev-Preskill (GKP) states [215,

256, 257] for all lattices by

X, ={|A;@) = D(a)|A), A€Y,, acP(A))}. (5.1)

Here, |A) is an equal superposition of coherent states at all points in the symplectically
self-dual lattice A = A+ C R?", and Y,, is the set of all such lattices with its unique unit-
normalized Haar measure. This state is displaced by all possible complex vectors a in
the lattice’s fundamental domain P(A) — the unit cell centered at the origin — via dis-
placement operators D(a). Each lattice is defined by a symplectic matrix, and the space
Y., = Spy,(Z) \Sp,,,(R) of all lattices is parameterized by all such matrices, up to basis trans-
formations done by integer-valued symplectic matrices. This space happens to be compact
and comes with its own Haar measure, p(A) [258, 259].

In Sections 5.2 and 5.3, we show two different ways of proving the following theorem.

Theorem 5.1.1 (GKP states form a rigged 2-design). The ensemble X,, forms a rigged
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2-design with respect to the Haar measure over the space of symplectic lattices Y, and the

uniform measure over the fundamental domain P(A).
A key necessary lemma is the following.

Lemma 5.1.2 (Symplectic mean value formula [258], [260, Thm. 2|). Let f : R*" — R be a
(Riemann) integrable function such that the following quantities converge absolutely, and let

A €Y, denote a symplectic lattice. For

FA)= Y [N, (5.2)

AeA\{0}

it holds that

/ du(A) F (A) = /R daf (). (5.3)

n

Then, in Section 5.4, we discuss a generalization of shadow tomography similar to that
discussed in Section 4.6.1 and Appendix C.5.1, which shows how the displaced GKP rigged

2-design can be used for shadow tomography.

Section 5.2: Continuous variable frame potentials

Building on Chapter 4, we examine the ensemble of GKP states defined in the main text
through the lens of continuous variable frame potentials. Frame potentials are an important
tool in the analysis of evenly distributed states and we discuss their interpretation further
below. To maintain well-defined expressions throughout, we need to work with appropriately
regularized quantities, regularized through a Hermitian regularization operator R. The end
of this section contains a general discussion on the frame potential and its interpretation.
Let II; be the projector onto the symmetric subspace of L*(R™)®', and for a positive

definite Hermitian trace-class operator R, define HgR) = R®'TI;R®'. For any measure space
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X, over S'(R™), define

wi(x,) = /X dpz, (X) dp, (V) [(X|R]Y)* (5.4a)

X = [ d, () (X]R210) (5.4D)
Xn

FRx,, a) = W) — 20, X P(X,) + 2 Tr [HER)} . (5.4¢)

The following proposition is a modification of Proposition 4.5.2.

Proposition 5.2.1. For any ensemble X,, and any positive real number ay, }'t(R)(Xn,at) >
0. Furthermore, there exists positive real numbers ay such that ]:t(,R)(/'\fn,at/) = 0 for each

t'=1,2,...,t if and only if X, is a rigged t-design.

There are a few easy facts that we need:

Te |1 | = T [R2] (5.50)
T 1§ = % (e [R?)" + ™[R (5.5D)
T[] = % (Te[R?)" + 3 (Te[RY]) (Te[R2]) + 2 T [R]). (5.5¢)

Finally, for the operator R, let cg () := Tr[D' (a) R] denote its characteristic function.
We have

ere(0) = Tr[R?] = / do |en(o))? (5.6)
R2n
cra(0) = Tr[RY]
7i7r(a1TJa2+afJa3+a2TJa3)

= / daldagdag CRr (al) CR (ag) CRr (a3) C} (a1 —+ (87%)) =+ CXg) e .
RQn

(5.6b)

In a very long calculation we will now proceed to show the following theorem, using the

proposition above. This calculation serves as independent verification that the ensemble A,
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of GKP states discussed in the main text indeed yields a rigged 2-design.

Theorem 5.2.2. The ensemble of GKP states X,, C §'(R™) defined in the main text forms

a rigged 2-design with a1 = 1 and ay = 2.

Proof. Using the frame potential, we can check if our ensemble &), defined in the main text
is a t = 1, 2-design. Specifically, we need to express Xt(R) (G) and Wt(R)(Q ) for each ¢ in terms
of Tr[R?] and Tr[R%].

Recall that elements of X, are of the form D(ax)|A), where [A)(A] = Y, €M D(A).

In general, our computations will include expressions of the form

(D' (@) RD(@) [N} =Y [ dyen() é* ¥ T[DX) D (@) D) D(@)] (570
Aen VR
= [ dyen(q) et Ve e e DA - @) Dy + o)
AeA VR h Y g
(v—atal+)
(5.7b)
_ Z eicb()\)cR (a o — )\) eifrATJa—iﬂ-(a—a’—A)TJa" (57C)
AEA

If o = &' this is

(A|ID' () RD(ar) [A) = Mg (—X) e2m> 2, (5.8)
AEA

We begin with ¢ = 1. We compute

xX®x)= [ du da(A|D () R?D () |A 5.9
()/nu()/P(A)HH () |A) (5.92)
= /Y du(A) /7> N do /R dy D e Nem2met Ak, () Te[D(A) D(v)] - (5.9b)
= cp2 (0) = Tr[R?]. (5.9¢)
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Similarly, we have
W (x,) = /dﬂ ) dp(A) / dox / o' (MDY (a) RD (') [NY(N'|D' (') RD () | A)

(5.10a)

- [ W) 3 [ da
AEA NeN (510b)
X / dod 67;(1)()\)ez‘d)()\’)e—i27raTJA—i27ra’TJX Tr[D()\) RD (X) R]
P(A)
— Tr [R2] 7 (5.10c)
where we used

/ doe™ 2" IX = 553 X e A (5.11)
P(A)

Altogether, this yields
FI (X, a1) = Te[R?] — 2a1 Te[R?] + a2 Tr[R?] (5.12)

We see that, with a; = 1, we obtain Fl(R)(Xn, a; =1)=0.

Now, on to t = 2. Here we have

X (@) = [ du() [ dadID! (@) B D(a) 0)" (5.13)
n P(A)

_ / du(h) 3 PN e (CA) e (N) / dov 2m N o (5 131)

n AN EA P(A) y
AN
/ MY lere (A (5.13¢)
A€EA

= |cpe (0)| +/ dX |cpe ()\)|2 (5.13d)
RQn

= Tr[R?]” + Tr[RY]. (5.13¢)
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We also need to compute

(R) _ ' o o f(a o) AN 14a
W) = [ ) ap(v) [ dec [ el [(AIDT (@) RD (@) ) (5.140)
— [ au)du) [ mdmdvdyicn ) en () en(mentv) >
Y R2n AL AZEAN, AL EN
(5.14b)
/ da/ da/@—iQwa’TJ()\’1+>\’2)—i27raTJ(>\1+)\2) (5.14c)
P(A) P(AY
Tr[D(y1) D(A,) D(72) D(A1) D(3) D(X,) D(4) D(As)] (5.14d)
— [ @) du(x) | dmdradadcn () en () en () en (n) S
n R2n AEAN EN
(5.14e)
Te[D(y1) D(N) D(x2) D(A) D) D' (X)) D(y2) D' ()] (5.14f)
= / du(A) du(A') / dmdyadysdys cr () cr (v2) cr (Vs) er (1) Y
Yn R2n AEAN EA/
(5.14g)

Te[D(71) D(v2) D(s) D ()] e 2"/ (ot ya=d) g=i2m AT (v2-4) (5.14h)

N

-~

i T ) T
eI IN2e TS T4 (yy oyt y3tya)

— [ dnn) ) | dmdaracn (m)en () e () i O+ ) D

AEAN EA!
(5.14)
e~ T2 o =iy I (=1 =72) i2m AT T (Y1 +y2+ ) o =127 AT (2 4v3) (5.14j)
We have
| )y e 1 6(a), (5.15)

n AcA

such that we can further simplify
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o= / du(A) /R2 dyidyadys cr (71) cr (2) cr (¥3) €g (71 + Y2 + ¥3) (5.16a)

Z efiw'ny'yzefiﬂ"ng(*‘Yl*‘h) {1 44 (,71 + o+ X)} efiZW)\’TJ(’72+‘YS) (5.16b)

NeEN
= /R% dyidyadys cr (1) cr (v2) cr (V3) g (71 + Y2 + 73) (5.16¢)
eI V2SNV 1] 4§ (yy 4 )} (5.16d)
+ /R% dyi1dyadys cr (71) cr (Y2) cr (3) Cr (71 + 72 +3) (5.16e)
e~ 2T SN —2) / AN {1+ 6 (v +72+XN)} e BN ts) (5.16f)

R2n

= /R% dyidyadys cr (1) cr (72) cr (V3) g (71 + Y2 + 73) (5.16g)
eI (NN £ 4§ (4 ) )} (5.16h)
+ /R% dyi1dy2dys cr (71) cr (Y2) cr (3) Cr (71 + 72 +3) (5.16i)
e~ ™Y J72 gim Y3 T (11+2) {5 (Y2 + 3) + €i27r(71+72)TJ('72+73)} (5.167)

This final sum has 4 parts, the first equals Tr[R*]. The second is

[ e (o) Pl () 2 = e[ 72 (5.172)
]RZn

same as the third

[ ndlen () Plen () [ = Te R (5.18)
]RQn

Finally, the last term is computed as

/ dyrdyads e (1) cr (12) cr (73) € (71 + 72 + 3) oI I¥2 pimyy S (vi2) i2m (v1+2) T (2 +ys)
RQn

(5.19a)
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B / dy1dyadrys cr (1) cr (V2) Eg (1 + 2 4+ Ya) cr (a) e 12TV n4) — Ty [RY)
R2n

(5.19b)

Thus in total, we have
wif(x,) = 2Tr[RY] + 2 Tx[R?)” (5.20)
and

2

FSO Xy a2) = 2T [R] + 2 Te [R?)” = 200 { e [R?)" + T [RY) } + T { e [R7)" + T[R4}
(5.21)

From this equation, we can observe that we have, with ay = 2, .FQ(R)(Xn, ay = 2) = 0. Under

the premise of Proposition 5.2.1 we hence have verified that &, is a rigged 2-design. O]

The meaning of the frame potential

We now give a basic interpretation of the frame potential in finite-dimensional systems. The
frame potential has its roots in Welch bounds [261, 262]. There are many great expositions
of the frame potential, its relation to designs, mutually unbiased bases, and scrambling and
chaos 41, 45, 214, 263, 264]. Here, we give a slightly different argument for its applicability.

Ultimately, we want to characterize some ensemble X, of states via a number F(X,,) €
R. Because states are elements of projective space, this function F' must be a function of
projectors rather than states. Additionally, there is no ordering on &, meaning F(X,,)

should be independent of reordering or relabeling the elements of &,,. We are thus led to

FO®) =T B ()™ ()™ = E @) Walts) - (i),
(5.22)

where we can tune t to probe different moments of A,.
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We then notice that F" (X,) = 1 for any X, (because in finite-dimensions we can always
assume the states are unit-normalized), and so is trivial. The first nontrivial function that
can characterize the £ moment of X, is thus F,*) (X,). F? (X,) is in fact the standard frame
potential for finite-dimensional systems, and as such we will notate F;(X,) = Ft(z)(Xn).

If we are interested in measuring how distributed an ensemble of states is (i.e. how much
it “covers” the full space of states and how spread it is over the space), we want the average
magnitude of the overlap between the states in the ensemble to be small. Therefore, the
F,(X,,) being small is a measure of how evenly spread X, is. This then gives some intuition
as to why the frame potential shows up as a measure of scrambling and chaos.

When thinking about ¢-designs, we need ensembles X,, that maximally cover the whole
space of states in order for them to mimic the whole space itself. Therefore, X, is a t-
design if and only if Fy(AX,,) is minimized (the proof of this is analogous to the proof of
Proposition 5.2.1). When X,, does mimic the ¢ moment of the whole space of states, then
clearly Ft(k)(é\fn) is determined for all k. Thus, we have found that even though E(k)(Xn) in
principle contains more information about the #*® moment of X,, than just F(X,,) = E(Q) (X)),
F,(X,,) alone already characterizes how far A, is from being sufficiently spread over the whole
space of states. In particular, via some continuity analysis, Ft(k) (X,,) can be bounded in terms
of how far F;(X,) is from its minimum, and this bound gets tighter as F;(X,,) approaches its
minimum.

In the CV case, Wt(R)(Xn) is the analogue of F;(&X,). The function Xt(R)(Xn) is an artifact
of the fact that the states are not normalized. In the case of regularized rigged designs,
Xt(R)(Xn) can in fact be gotten rid of as in Proposition 4.5.2, making the analogy between

the finite- and infinte-dimensional frame potentials more direct.
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Section 5.3: Diagonal coherent state basis

In this appendix, we provide another proof that the displaced GKP ensemble forms a rigged
2-design by working in the coherent state basis (i.e. the P-representation). We then perform
the analogous 3-design calculation, but are unfortunately unable to complete it.

The key point is that the diagonal elements of an operator in the coherent state basis
fully determine the operator [265, 266]. Hence, in order to check if an ensemble X, is a

rigged t-design, we only need to check that

t
| axT@l0r = afa. . aulllfas, .. ) (5.23)

n i=1

for some a; > 0. For &, the ensemble of GKP codes defined in the main text, this amounts
to showing that

glag,...,ap) =a; (aq,...,oq| 1 |ag, ... o), (5.24)

where

oo, ... o) ::/ duA/ dBHTr 8)|AY(A] D(—B)D(ax) [0)(0] D(—axs)]

(5.25a)

= [ 4] 3 ) T [D(B)D(A) D(—B)D(ex) [0)0] Dl ~cx)]

=1 A\;EA

(5.25b)

- [ du) /P . BT 3 ¢ (0] D) DB D)D) Dl )

=1 A\;EA

(5.25¢)

:/ du(h) / dﬁH D e TRIETAE (0] D(A) [0) (5.25d)
n P(A) =1 aeA
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t
(Eq. (5.11)) = / du(h) Y e Em PN e N TT0)A) (5.25¢)
n Al AeEA j=1

s.t. A1+-+Ae=0

= / dp(A) Z ot D=1 () p2mi 35y el TN =5 3 I (5.25f)

ALy s N EA
s.t. A1 +-+Ae=0

The RHS of Eq. (5.23) yields

I =1 = (a|Il;|a) =1 (5.26a)

1 1 1
Iy = §(I® I + SWAP) = (an, |l oy, a) = B + B [{au|ea) [ (5.26Db)
Furthermore, using I3 = %Zae s, Wo, where W, permutes the tensor factors, we also have

1
(a1, a, as| 113 |ag, g, a3) = 8 1+ (e aw)|? + [(au|as) | + [(oe|as) |

(5.27)
+ 2Re ({a1]ow) (o |as) (as|am)) |
For t =1, we have
g(a) = / dp(A) Z 1PN g2mia JX ||| /2 (5.284)
Yn AeA
s.t. A=0
=1 (5.28b)
= (a|1] |a), (5.28c¢)

therefore showing that the displaced GKP ensemble forms a 1-design with a; = 1.

For t = 2, we have

g(ahCYQ):/ dp(A) Z o 51 @A) 2w 35y o TN =5 3 A1 (5.29a)

A, A2€A
s.t. A1+A2=0

99



:/ d,u(A)z:627”7‘”(0‘2_"‘1)6_”>‘”2 (5.29b)

n A€EA
=1+ / dp(A) e2miAT (a2 —e) o —IIAII (5.29¢)
n AeA\{0}
(Lemma 5.1.2) =1+ / A P (5.29d)
R2n
14 e llee—an? (5.29€)
=1+ |[{oy]as)|? (5.29f)
=2 (o, | Iy |y, ag) (5.29g)

This therefore shows that the displaced GKP ensemble forms a rigged 2-design with a, = 2.
The analogous calculation for ¢ = 3 requires a second moment analogue of Lemma 5.1.2

beyond the extension provided in Ref. [267]. For ¢ = 3, we have

g(m,az,ag):/ dp(A) Z i o1 PN p2mi 35y TN =5 3 A1 (5.30a)

A1,A2,A3EA
s.t. A1 +Xa+A=0

(T T T 2 2 2
/ d'u(A) E 627”<0‘1 JAr1ta; JAz—ag J(A1+’\2))€—H)\l|| /2= A2]l7 /2= A1 +X2 |7 /2
n A, A2€A

(5.30b)

:/ dp(A) Z e2mi( AT (es—en)+25 I (ez—an)) o= M /211 Aa /2= A0+ 2”2
n A1,A2€EA

(5.30¢)

To complete this calculation, we need an expression for the second moment integral over Y,,.

Once this is known, we would need to compare the result to Eq. (5.27).
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Section 5.4: Global and local design-based shadow tomography for

3-designs

In the previous sections, we have leveraged the rigged 2-design property of our ensemble
X, together with knowledge about the specific structure of the ensemble and/or additional
physical assumptions in order to bound the variance scaling. While we have not been able
to show whether a stronger 3-design property also holds for our ensemble, we explore what
this property would imply. The following discussion applies to design-based classical shadow
tomography protocols for either finite or inifinite systems (via the definition of rigged de-
signs).

Throughout this section, we will always assume that O is traceless in order to simplify
calculations. Assume that we have a measure space (X, p) that is a 3-design. In other
words, for all t <3, [, X®'du(X) = a,I1;, where each X € X is a positive operator, a; = 1,
and a; > 0. A rigged 3-design in infinite-dimensions and a quantum state 3-design in finite
dimensions satisfies exactly this criteria. In particular, in d dimensions for d finite, if we
choose a; = d/Tr(Il;) (ie ax = 2/(d+1) and a3 = 6/(d + 1)(d + 2)) and require each X
to be rank 1, then we get the standard definition of a quantum state 3-design. In infinite-
dimensions, if we allow as, a3 to be arbitrary constants and require each X to be rank 1,

then we get the definition of a rigged 3-design.

Subsection 5.4.1:  Global shadows

Define

M(p) = [ TrpXIX au(x) = BT + ) (5.31)

Suppose that we can sample from the probability distribution dP(X, p) = Tr(pX) du(X).

Given a sample X from this distribution, we have the estimator o(X) = 3—2 Tr[XO]. The
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expectation value of our estimator is

Exip[o(X)] = /XO(X) dP(X) (5.32a)
= az Tr[OX] Tr[pX]| du(X) (5.32b)
= 2Tr[lIx(p ® O)] (5.32¢)
= Tr[pO] (5.32d)

The variance of our estimator is

Varx.qplo(X)] = /X o(X)* dP(X) — Tr[pO]? (5.33a)
— ai% i Tr[X O] Tr[pX] du(X) — Tr[pO)? (5.33Db)
= ZTI0 0@ p)] - TrpOP (5.33¢)
< 2@_23 TH[0?], (5.33d)

where the last step is executed using Eq. (E9) in Chapter 4. We see that the efficiency of a
global shadow tomography protocol with a 3-design depends on 2az/a3. In finite dimension
d, when using quantum state 3-designs, the scaling dependencies of this fraction on d cancel
and it follows that the variance of the corresponding estimator is ~ Tr[O?]. In infinite
dimensions, a rigged 3-design satisfies as, a3 ~ 1, and thus again we obtain a variance scaling
of ~ Tr[O?].

We highlight that the factor as alone is not important, but rather the ratio 2asz/a3.
In general, even in the displaced GKP case (where we are unsure if the ensemble forms a
rigged 3-design), the fact that ay ~ 1 (as opposed to ay ~ 27" as is typically the case in
qubit protocols) is not the key difference dictating the variance scaling of the corresponding

shadow tomography protocol. Ultimately, what matters is the ratio 2as/a3. For finite d and
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utilizing quantum state 3-designs, we have

2 6
ay = —— and az=

d+1 (d+1)(d+2)’ (5:34)

yielding 242 Lt 3, which is precisely the scaling observed in Ref. [50].

2
az

Subsection 5.4.2: Local shadows

In this section, we will assume that our observable O is of foorm O = O; ® --- ® O,,, and
we assume that Tr[O] = 0 (for example, in finite dimensions, O can be a Pauli observable).
We expand our state as p = ) capga) ® - @ p”, with Tr[pga)] = 1 for each i and a. We

sample from the ensemble X = X*" with measure dP(X; ® - -- ® X,,) defined by
dP(X1® - ® X,) = Tr[p(X1 @ -+ ® X,)] du(Xy) . .. du(X,). (5.35)
Our estimator is

o(X1 @ ® X,) = <3)n Te[X,04] ... TE[ X0, (5.36)

a2

The expectation value of our estimator is then

Ex.oox.aplo(X1 ® - @ X,)] = / o(Xi® @ X) dP(X,® 8 X,) (537
X n

1

= (%)nzcaﬁ/ Te[ X0, Tr[X;p\™] dpu(X;)

a  i=17%
(5.37b)
=3 o [[ (0] (5.37¢)
@ i=1
= Tr[pO] (5.37d)
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The variance of our estimator is

VarX1®...®XnNdp[0(X1 K- R Xn)] S /@ 0(X1 R X Xn)2 dP(Xl K- Xn) (538&)
X n

1

- ZCO‘ H i2/ Tr[X; 0. Te[Xip\™] du(X,) (5.38D)

@ 1=1 a 1
=Y li 26% Tr[0?] (5.38¢)
_ (%)”:1 T (5.38d)
= (%3)” Tr[O?] (5.38e)

Again we see that the relevant factor is 2(% For fixed d = 2, using Eq. (5.34), this value is
2

2a3/a3 =9/4 < 3.

If the design was such that 2a3 < a2, this design-based shadow tomography protocol is
expected attain an asymptotic variance of 0 for any observable. This suggests that in general
a parameter tradeoff 2az > a3 must hold and the optimal ensemble is the one that minimizes
this inequality. Observe that here we have used the local shadow tomography protocol to
derive a statement about the global shadow as well as general parameter tradeoffs between

the factors a; of any 3-design.
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Chapter 6: Projective toric designs, quantum state designs, and

mutually unbiased bases

Section 6.1: Introduction

Given a measure space (M, ) and a set of polynomials on M, a t-design on M is a measure
space (X C M,v) satisfying fodV = fodu for all polynomials f of degree < ¢ [182—
192, 268, 269|. Classic examples are Gaussian quadrature rules [182| and spherical designs
[183, 184|, where the measure space M is the hypercube and hypersphere, respectively.
Typically, one is interested in finding designs where X is a discrete measure space such that
the integral over X with respect to v reduces to a weighted sum that is often simpler to
compute. However, this is not always possible; in the case of rigged designs (defined below),
it is often crucial that X be a non-discrete measure space [9].

Specific forms of t-designs for particular choices of measure spaces M have found a
plethora of uses in the field of quantum information theory [36-70]. In particular, com-
plex projective space CP¢~! describes the space of d-dimensional quantum states [72], so
t-designs on M = CP?! are called complez-projective or quantum state t-designs. These
quantum state designs also relate to other mathematical objects such as symmetric, infor-
mationally complete positive operator valued measures (SIC-POVMs) and complete sets of
mutually unbiased bases (MUBs), which themselves are conjectured to relate to finite pro-
jective geometry. Finite-dimensional quantum state designs can be generalized to designs on

infinite-dimensional, or continuous-variable, quantum systems by defining rigged quantum
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state t-designs, which are designs on the space of tempered distributions M = S(R)" [9].
The (projective) unitary group PU(d) describes the space of noiseless dynamics of quantum
states, and these too admit constructions of unitary t-designs. Finally, the space of mixed
quantum states with the Hilbert-Schmidt volume measure allows for mized-state t-designs
[70]. Therefore, a better understanding of various kinds of ¢-designs can also lead to deep
insights about quantum information.

Consider the complex sphere €y; that is, the set of unit vectors in C%. Any vector
in Q4 can be written (non-uniquely) as |q,¢) = S°°_| \/g,e'%" [n), where {|n)}¢_, forms
an orthonormal basis, ¢ = (g,)%_, is a discrete probability distribution (>~ ¢, = 1), and
¢ = (¢,)%_, is a set of phases. Therefore, ¢ belongs to the (d — 1)-simplex A?! and ¢ to the
d-torus T?. Via this mapping A4~! x T% — Q4, one can combine simplex designs and toric
designs to form complex spherical designs [189]. Identifying CP¢~! with Q,/U(1) (that is,
quantum states are complex unit vectors with a global phase redundancy), we have a similar
mapping A1 x P(T?) — CP4~! defined as (q, [#]) — [|q, )], where P(T¢) = T¢/U(1) is the
projective torus (see Definition 6.2.4) and [-] denotes equivalence classes in the respective
quotient spaces. In a similar way as before, via this mapping one can combine simplex
designs and projective toric designs (see Definition 6.2.5) to form quantum state designs |9,
189].

In what follows, we flesh out and formalize this argument. Specifically, we formalize the
notion of projective toric designs—both finite- and infinite-dimensional-—and provide vari-
ous constructions thereof. We discuss the connection between projective toric designs and
difference sets [88, 270, 271], and use this correspondence to construct more projective toric
designs, including some minimal ones. We illustrate the connection to quantum state designs
and various other mathematical objects. Using minimal projective toric 2-designs, we con-
struct an infinite family of almost-minimal complex-projective 2-designs. Finally, we discuss

many exciting open questions regarding projective toric designs, some of which are deeply
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connected to long-outstanding conjectures in mathematics, such as some conjectures relating
to finite affine and projective spaces. In particular, we construct explicit counterexamples to
a conjecture by Zhu [95, Conj. 1] on the relationship between uniformly-weighted quantum
state 2-designs and complete sets of MUBs, and we prove a fundamental distinction between
complete sets of MUBs in prime-power dimensions versus in dimension 6.

Relation to prior work. Toric designs have been considered before. Trigonometric cu-
bature rules are such designs on the torus [186, 268, 269]. Ref. [189] generalized the idea of
trigonometric cubature to more general algebraic tori. Ref. [9] studied designs on projective
tori and showed an equivalence to a specific case of Ref. [189], and further showed that such
projective toric designs are related to complete sets of MUBs [238]. However we believe the
presentation given in Section 6.2 gives new clarity and focus on the subject. Furthermore,
Section 6.2.1 compiles, to the best of our knowledge, all previously known constructions of
projective toric t-designs', and indeed generalizes some of these constructions.

The main novel contributions of our work lie in Sections 6.2.2, 6.3 and 6.4. In Sec-
tion 6.2.2, we prove a general lower bound on the size of projective toric t-designs for all
dimensions and all ¢ by relating these designs to the crystal ball sequence corresponding
to the root lattice A, [272, 273|. In Section 6.3, we relate difference sets to projective
toric designs. We show how the former can be used to construct the latter. Using the
connection between difference sets and projective toric designs, we furthermore relate dense
difference sets to the crystal ball sequence mentioned above, and derive new (to the best of
our knowledge) bounds on the size of B, mod m sets (c¢f. Corollary 6.3.6). In Section 6.3.1,
using our construction of projective toric ¢t-designs for all £ and dimensions n, we construct
corresponding toric t-designs for ¢ and n (where recall that a toric design is also a design
on the diagonal subgroup of the unitary group). In Section 6.4.1, we describe the relation-

ship between projective toric designs and quantum state designs. This relationship was first

LOf course, many toric designs are known, and these always project to projective toric designs. Such
constructions are not compiled in this manuscript.
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noted in Refs. [9, 189], though we believe that Section 6.4.1 greatly clarifies the details of
this connection. In Section 6.4.1, we also construct an infinite family of almost-minimal
quantum state 2-designs—that is, quantum state 2-designs of size exactly one more than
minimal. While these specific almost-minimal designs have been noted before in Ref. [274],
we arrive at the construction via a different route that utilizes projective toric designs, which
we believe may have a better hope of generalizing to other infinite families and ¢ > 2.

In Section 6.4.2, we use projective toric 2-designs from our difference set construction to
yield uniformly-weighted quantum state 2-designs in dimension d of size exactly d(d+1) that
do not form complete sets of MUBs, thereby disproving a conjecture by Zhu that has been
open for nine years [95, Conj. 1] (see also Ref. [275] for a discussion on Zhu’s conjecture).
In Section 6.4.3, we further characterize the relationship between projective toric 2-designs
and complete sets of MUBs by proving (cf. Proposition 6.4.6) that the phases involved in
any complete set of MUBs in dimension 6 must form a non-group projective toric 2-design.
In particular, this highlights a fundamental distinction between all known constructions
of complete sets of MUBs in prime-power dimensions versus any potential construction in
dimension 6 (and, we conjecture, in all non-prime-power dimensions). We then discuss
one possible modification of Zhu’s conjecture relating to this fundamental distinction and
discuss potential paths towards proving this new conjecture (cf. Conjecture 6.4.8). Finally,
Section 6.5 compiles a number of new interesting open problems involving projective toric

designs, highlighting their connection to a number of other open problems in mathematics.

Section 6.2: Theory of projective toric designs

We begin with some basic definitions that are used throughout the rest of the paper.

Definition 6.2.1 (Torus). Let T = R/27xZ. When n € N, let I, = {1,2,...n}; when
n =00, let I, = I, = N. For such n, let T" := Hieln T with the product topology. Define

the projection maps p;: T — T as (¢;)jer, — ¢i- For alln € NU {oo}, let p, denote T™’s
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unit-normalized Haar measure.

Note that by Tychonoft’s theorem, 7 is compact. For all n, T™ is therefore a compact
abelian group and thus has a unique unit-normalized Haar measure.

By definition, the product topology on T is the coarsest topology such that the pro-
jection maps p; are continuous. Similarly, we endow 7' with the smallest o-algebra such
that the projections p; are measurable. This o-algebra is generated by sets of the form
A = T],en Ai, where each A; is a measurable subset of 7" and all but finitely many A; are
equal to T'. Define a measure ' on T by pi'(A) = [[,cn t1(A;). From Ref. [276, Thm. 10.6.1]
(or Ref. [277] for a shorter proof), this definition of 1’ on such subsets uniquely determines z/
on the whole space. Clearly ' is transitionally-invariant and unit-normalized, and therefore
H = Hoo-

We now define trigonometric cubature rules [186, 268, 269|, which are designs on the
torus. To match the general terminology of this paper, we prefer to use the term toric

design.

Definition 6.2.2 (Toric design). A T™ t-design (or trigonometric cubature rule of dimension

n and degree t [186, 268, 269]) is a measure space (X C T" X, v) such that

/Xexp (izaj¢j> dv(¢) = /n exp <iZaj¢j> dpn(9) (6.1)

for all o € Z" satisfying > 7_, oy < t.

The torus 7™ is the same as the maximal torus of the unitary group 7(U(n)) [71], and
indeed a T™ design is a design on 7'(U(n)) [189]. Since T'(U(n)) is the diagonal subgroup of
the unitary group U(n), we see that toric designs can equivalently be thought of as designs on
the diagonal subgroup of U(n). Such designs are of interest in quantum information theory

[85].
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Example 6.2.3. In this example, we consider n = 1 and t = 2. Let X be the discrete,

uniformly-weighted measure space X = {0,27/3,47/3} C T'. Then, for every integer

—2<a<?2,
1 , 1 [ 1 ifa=0
LS gos = L [T angg - (62)
| X1 21 Jo .
peX 0 ifl<|al <2
Hence, X is a T 2-design. o

We now consider the projective torus, an important object in the study of quantum

mechanics because it removes a global phase redundancy (see Section 6.4).

Definition 6.2.4 (Projective torus). Let P(T™) denote the projective torus P(T") :=T"/T,

where here T denotes the inclusion T — T™ by T > 0 — (0,0,...) € T".

In other words, P(T™) is the set points in 7™ identified up to a constant additive fac-
tor. Clearly, for any f : 7" — C to descend to a well-defined function on P(T™) it
must be constant on the cosets of the diagonal subgroup; in other words, it must satisfy
f(elPrtif eio2ti0 ) — f(elér el92 ) for all # € T. Hence, when studying designs on
P(T™), we need only consider monomials on 7" where the degree and conjugate degree are
equal. A degree t monomial on P(T™) therefore lifts to exp (i S ey (B — ¢v,)) for a,b € IL.

We are thus now in a position to define a P(T™) t-design.

Definition 6.2.5 (Projective toric design). Fiz ann € NU{oco} andt € N. Let X C P(T")

and (X, X, v) be a measure space. X is called a P(T™) t-design if for all a,b € I,

t t

[ e (iZw% —%)) wo)= [ e (iZwaj - qsbj)) da(0) (63)

j=1 j=1
Here we denote the unit-normalized Haar measure on P(T™) as simply ji,—1 since P(T™) =

T 1. X is called discrete if v is a counting measure, and is called finite if it is discrete and

| X| < oco. If X is finite, then |X| is called the size of X.
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We note that, in the language of Ref. [189], a P(T™) design is a design on the maximal
torus of the projective unitary group T'(PU(n)). It was shown in Ref. [9] that the two notions
coincide?. Clearly a P(T™) t-design is also a (t — 1)-design, since we can let a; = b; and have
the integrand become an arbitrary degree (t — 1) monomial. Additionally, a P(7T™) t-design

is also a P(T™') t-design, as can be seen by picking a subset of indices.

Example 6.2.6. In this example, we consider n = 2 and ¢t = 1. For any point in P(T?),
which is itself an equivalence class, we choose a representative of the equivalence class to be
zero in the first entry of the tuple. In other words, since the equivalence relation ~ that we
quotient T™ by to get P(T") = 7"/ is (9, ) ~ (9 + 0, ¢ + 0), we can always choose § such
that the first entry in the tuple is 0.

Let X be the discrete, uniformly-weighted measure space X = {(0,0), (0,27/3), (0,47/3)}
P(T?). Then,

2 1 ifa=0b

ellfa=0) 49, — (6.4)
0 ifa#b.

1 . 1
1(¢a—¢b) —
X D e or J,
peX

Note that, since we fix the first entry of any element of P(7?) to be 0, #; = 0 and the Haar

measure on P(7?) is df,. Hence, we see that X is a P(T?) 1-design. o

Throughout this work, we use double braces to denote multisets, whereas single braces
denote sets as usual; that is, {1,2,2} = {2,1,2} # {1,2}, whereas {1,2,2} = {1,2} =
{2,1}. Since the integrand in Eq. (6.3) contains only a finite number of projection maps,
we can use Fubini’s theorem to compute the integral on the right-hand side. By choosing
a set of representatives of P(T™) to be those phases ¢ for which p;(¢) = ¢; = 0, we can
think of P(T™) as {0} x T"!. In this way, we have that p;(¢) = 0 for all ¢. It follows that

2We note that, in contrast to our manuscript, Ref. [9] refers to P(T™) designs as T™ designs and refers
to T™ designs as trigonometric cubature rules.
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X c{0} x T"1is a P(T") t-design if

t

[ e (iZ(qsaj - %)) du(@) = /{ _— (iD% - %)) dima(6)  (6.5)

j=1 j=1

1 if faslie{l,... .00y =1qb |ic{l,....t}}

0 otherwise

(6.5b)

Suppose that we set each b; = 1. It follows that X must match integration of polynomials
on T" ! of degree t and conjugate degree 0 (because ¢p;, = 0). Similarly, we can set each
a; = 1, and thus X must match integration of degree 0 and conjugate degree t. More
generally, we see that it must match on monomials on 77! of degree (¢,t,) whenever t; < ¢
and ty < t. It follows that a 7" (2t)-design is a P(T™) t-design, and a P(T") t-design is a
T 1 t-design. The reverse implications however do not hold in general.

By linearity, a P(1T™) t-design exactly integrates all polynomials on P(7™) of degree t
or less. It is the projective nature of the polynomials that we are integrating that give
projective toric designs their interesting structure that is quite different than the structure
of toric designs. For example, as we will see, for finite n, P(T™) 2-designs must be of size at
least n(n — 1)+ 1, and indeed this can be saturated for many n; in contrast, it is known that
a T™ 4-design requires size at least 2n?, 3-design requires at least 4n points (which can often
be achieved), and 2-design requires at least 2n points (and 2n + 1 can often be achieved)
[269]. Indeed, the difference between toric designs (i.e. trigonometric cubature rules) and
projective toric designs is analogous to the difference between (complex) spherical designs

and (complex) projective designs.
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Subsection 6.2.1:  Constructions of projective toric designs

In this section, we present a few simple constructions in order to get a handle on projective
toric designs. Later, in Section 6.3, we construct more (and smaller) projective toric t-designs
by utilizing difference sets and Sidon sets from additive combinatorics [88]. Throughout this
section, we write points in P(7™) as representatives in 7™ with the first entry set to 0.

Our first example is a P(T") 2-design of size n? whenever n is prime, and slightly larger
when 7 is not prime. Note that this construction can be generalized to be size n? whenever
n is a prime power, but we do not do this here. The generalized construction can be seen in

the phases in the complete set of MUBSs in prime-power dimensions given in Ref. [39].

Theorem 6.2.7 (Thm. C.9 of [9]). Let n € N. Define p to be the smallest prime number
strictly larger than max(2,n) (by the prime number theorem, p € O(n +logn)). Let X C T"

be the set

X ={(0,27(q1 + @2) /p, 27 (2q1 + 4g2) /p, ... . 27((n — V)gu + (n — 1)°q2) /D) | @1 € Zp, 42 € Ly}

(6.6)
and v the constant map* v(¢) = 1/ |X|. Then X with the counting measure weighted by v is
a P(T™) 2-design.

We can easily write out the construction for n = 2, where we have p = 3, and therefore
X =1{(0,0),(0,27/3), (0,47 /3)} with weight v(¢) = 1/3 is a P(T?) 2-design. We show the
construction in Fig. 6.1 for this example of n = 2 with p = 3 as well as for n = 3 with p = 5.

We can extend this construction to the case when n = oco.

Theorem 6.2.8. Let X C T be the set

X ={(0,9+¢,20+4p,..., 59+ j%p,...) | 9,0 €[0,2n]} (6.7)

3We corrected a minor error in Thm. C.9 of [9]. Namely, the map v was stated as v(¢) = 1/p?. This is
correct for all n > 2, as | X| = p?. However, when n =2, | X| =p = 3.
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Figure 6.1: The construction of the 2-design in Theorem 6.2.7 for (left) n = 2 with p = 3 and
(right) n = 3 with p = 5. Note we are representing points in P(7™) here as points in 77!
by discarding the first coordinate which we fix to 0. The number of points in the design for
(left) n = 2 is p and for (right) n = 3 is p* = 25.

and v the unit normalized Lebesque measure on [0,27)? (i.e. dv = dddyp/(2m)?). Then X is
a T 2-design.

Proof. For any a,b,c,d € N,

/ exp(i(¢a + ¢p — ¢e — ¢a)) dv(¢) = / exp(id(a+b—c—d)+ip(a®+ b — & —d*))
X [0,2]2

(6.8a)
1 ifa+b=c+d AN a>+b* =2+ d*

= (6.8b)
0 otherwise

1 if {a,b} = {c,d}

0 otherwise

where in the last line we used [9, Lem. C.10]. O

We now consider a construction for arbitrary t¢.
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Theorem 6.2.9 (Thm. C.8 of [9]). Let n,t € N, and X C T" be the set
X ={(0,27d /(t + 1),2ndz/(t + 1),...,27d,1/(t + 1)) | d € Z}}} (6.9)

and v be the constant map v(¢) = (t+1)"™"V. Then X with the counting measure weighted
by v is a P(T™) t-design.

Example 6.2.10 (n =2, t = 3). We have

X =< (0,0,0) 0021 0210 0022 0220
- Y ) 777T37 77T37 Y 7’7T3’ ’7T3’ )
1 2 2 1 1 1 2 2
0,2r—, 27— |, 0,2nr—,2n—= | , ( 0,27n=, 27— | , | 0, 27—, 27 ,
(asg2e3) (02 25) (g 2rg) (0203 203 |

with v(¢) = 1/9, is a P(T?) 2-design. o

(6.10)

We now extend this construction to n = oco.

Theorem 6.2.11. Lett € N and X; C T be the discrete probability space X, = {2nd/(t+1) |
d € Zi}. Let X =[],y X1 and its o-algebra be generated by sets of the form [ [,.y Ai where
each A; in the power set A; € P(X1) and for all but finitely many i we have A; = X;. Define
v by its action v(A) = [[,cn(|Ail /|X1]), and note that v uniquely extends to a measure on

X [276, Thm. 10.6.1]. Then X is a T t-design.

Proof. Let m = max(max; a;, max; b;). Since ¢ is finite, we are only ever dealing with a finite
number of projection maps p; in the integrand. Therefore, we can apply Fubini’s theorem to
separate the integral [ « into a product of an integral over X{" and an integral over the rest

of the space. Hence,

frow (13— )= ey 3 (B3 ) o

J=1
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1 if fa; [7e{1,....t}y=4{b;|je{L,...,t}}
0 otherwise

(6.11D)

O
Finally, for completeness, we note the asymptotic existence theorem proven in Ref. [189).

Theorem 6.2.12 (Thm. 3.3 and Cor. 5.4 of [189]). Asymptotically in n — oo but for

”t(l"’(l))! and there exists t-designs of size

finite n, a P(T™) t-design must have size at least 73T /aT

nt(1 + o(1)).

Subsection 6.2.2:  Minimal projective toric designs

A very natural question that one can ask is what is the size of the smallest projective toric
t-design? We call such designs minimal. Ref. [9, Prop. C.11] proved a lower bound on the
size of minimial projective toric 2-designs. In this section, we generalize this bound and
prove a lower bound on the size of minimal projective toric t-designs for all £. In the case
when t is even, we conjecture that this bound is tight. In Section 6.3, we show that the ¢t = 2
bound can be saturated in many dimensions.

We begin by, for all n, s € N, defining the set

PS(") = {q —r

An element q — r € P{™ corresponds to a monomial exp(id_ (g — rj)¢;) on P(T™).

q.r € Ny, zn:qi:zn:n:s}. (6.12)
i=1

i=1

We show that \Ps(n)\ is the s element of the crystal ball sequence corresponding to the root
lattice A, == {v € Z" | Y I, v; = 0} [272, 273, and therefore arrive at the explicit formula
for \Pt(n)| given in Eq. (6.13). We begin by defining the crystal ball sequence of A,,_;. Let

Sp—1(t) denote the number of vertices of A, a distance ¢ away from some fixed vertex, where
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we define distance for the lattice A,_; as follows: letting R .= {e; —e; | 7,5 € {1,...,n}} be
the roots of A,_1, the distance between x,y € A,,_; is the smallest d such that x —y € dR,
where dR :== R + R + --- + R is the d-fold set sum of R. The sequence (S,_1(t))ten,
is the coordination sequence of A,y [272]. The crystal ball numbers are the partial sums

Gno1(s) = >0 o Sp—1(x) [272]. The explicit formula for G,_1(s) is [272, 273]

Goo1(s) = 3F(1 —n,—s,m;1,1;1) = Z (n - 1)2<” Tits e 1), (6.13)

’ 7 s —1
1=0

where 3F, denotes the generalized hypergeometric function [141-144]. We can easily see
that P\™ = sR, and furthermore Gn-1(s) = |sR| by definition since it is precisely the set of

all points that are reachable within a path of at most s edges. It therefore follows that
P =Gi(s). (6.14)

We recall that Ref. [9] showed the equivalence of P(7™) designs and designs on the
algebraic torus T'(PSU(n)) as defined in Ref. [189]. Ref. [189] further explored the connection
between such designs and the root lattice of PSU(n), which is A,_;. This gives a hint as to
why A, _1 shows up in the analysis of projective toric designs. Indeed, each point in A,_;
corresponds to a monomial on P(T™). P§”) is precisely all points on A,,_; a distance of less
than or equal to s from the origin. Since the origin corresponds to the constant monomial
(i.e. degree 0), pm corresponds to all monomials of degree less than or equal to s.

We now prove a lower bound on the size of projective toric designs. We note that this
bound is compatible with the asymptotic bound given in Theorem 6.2.12. One can see this

by using the asymptotic expansion of the binomial coefficients in Eq. (6.13).

Proposition 6.2.13. Let n € N and (X,X,v) be a finite P(T") t-design. Then |X| >
Gn-1(|t/2]), where G,,—1(s) is given in Eq. (6.13).

Proof. We prove the bound for even ¢. The bound for odd ¢ is then automatically valid since
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the minimal size of a (¢ + 1)-design is at least as large as the minimal size of a t-design. We
therefore restrict our attention to even ¢ for the rest of the proof.

Since X is a finite, discrete measure space, we can rewrite [ (-)dv as Y7, v(@)(:).
The projective toric t-design condition can be expressed as follows. Let each ¢ € X label
a basis element of V := CHX! so that {|¢) | ¢ € X} is an orthonormal basis of V. Then
for k € P;/’;), define [k) = > Vo(¢)e™?|@). The t-design condition is equivalently

stated as (k|k’) = dxw. Hence, {|k) | k € ﬂ(/?} must be orthonormal in V', meaning that

|Pt(/n2)| < dimV = | X|. The proposition then follows from Eq. (6.14). O

Furthermore, we can prove that a minimal ¢-design for even ¢ must be uniformly weighted.

Proposition 6.2.14. Let X C P(T") and let v: X — (0,00) define a weighted discrete
measure on X. Suppose the measure space defined by X and v is a minimal t-design with t

even. Then v(f) =1/|X]|.

Proof. This proof essentially follows that of Ref. [269, Thm. 2.2]. The P(T™) t-design con-

dition is written as MMT = I » where My = v(f)e®?. If X is minimal—that

(n) (n)
Pyra | XIPy s

is, if | X| = |Pt(/nz)|—then M is a square matrix so that M M' = T if and only if MTM = 1.
From the latter condition, it follows that dg g = \/v(0)v(0') 32, _pem e 0=0) When 6 = ¢,
/2

we therefore find that v(6) = 1/|Pt(/"2)| =1/|X|. O
Finally, we conjecture that the bound given in Proposition 6.2.13 is tight for even ¢.

Conjecture 6.2.15. When t is even, the bound given in Proposition 6.2.13 is tight in the

sense that there are infinitely many dimensions n for which the bound is saturable.

In Section 6.3, we show how minimal ¢-designs are related to difference sets. Using this
connection, we construct an infinite family of minimal 2-designs that indeed saturate the
bound given in Proposition 6.2.13, and we derive a bound on the size of dense difference

sets.
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Section 6.3: Relation to difference sets

We say that X C P(T™) is a group toric t-design if X is a t-design and also inherits group
structure from P(7™). In this section, we consider the case when X is a cyclic group for finite
n and a circle group for n = oco. In this case, we find connections to Sidon sets and difference

sets [88]. Using this, in Section 6.3.1, we construct minimal P(7™) 2-designs whenever n — 1

(n=1)tt11

whenever n — 1
n—2

is a prime power, and more generally we construct ¢t-designs of size
is a prime power.

We begin with the infinite case. Suppose that X C P(7T) is a t-design and isomorphic
to the circle group U(1). Then there is a single element z € Z* such that X = {0z =

(0z1,0z,...) | 0 €[0,27]}. In order for X to be a design, it must be that

or

/Ozﬁexp@zz%_ )dg 1if fay |je{l,....t}}={b; |je{l,....t}}

0 otherwise
(6.15)

for all a,b € N'. It follows that z must satisfy

<Zz Zzb) (o l7e{l .t} = {7 e{L,....1}}). (6.16)

In other words, the sum of any ¢ elements of z must be unique. If we restrict z to be in
7%, then Eq. (6.16) is exactly the definition for z to be a B; set [88, Def. 4.27|. In the
special case of t = 2, we need to find a z € ZZ; such that z, + 2, = z. + 24 if and only if

{a, b} = {c,d}. Such a z is called a Sidon set [88].

Definition 6.3.1 (B; and Sidon sets [88]). A B; set' is an element z € L%, satisfying

Eq. (6.16) for all a,b € N*. A Sidon set is a By set.

4Note that we are considering z to be a tuple and yet calling it a difference “set”. It is understood that
we are talking about the set {z, | a € N}.
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We have therefore proven the following proposition.

Proposition 6.3.2. Group P(T) t-designs isomorphic to the circle group are in one-to-one

correspondence with B, sets.
We next give a simple example of a B; set.

Example 6.3.3 (Exponential B; set). Let z € Z* be defined by z, = t*. In this case, z,
written in base ¢ is 100...0, a 1 followed by a 0s. It follows easily that every sum is unique

up to reordering. o

We now discuss finite n. Suppose that X C P(T") is a t-design and isomorphic to the
cyclic group Z,,. It follows that X is a size m t-design and is generated by a fixed z € Z,.

In order for X to be a design, it must be that

Z exp

d=0

= <2mdt >: Loif o [je{l..tpp = b |7 {Ll,....t}}

0 otherwise

(6.17)

for all a,b € I, where recall that I, = {1,2,...,n}. It follows that z must satisfy

(Zzaj =", (mod m)) s oy | e{l,.... 0y =fb; | je{l,....0}]).
= = (6.18)

In other words, the sum of any ¢ elements of z must be unique, or equivalently,
d n+t—1
‘{Zzajmodm|a€]fl}‘:( ) (6.19)
=1 t
Eq. (6.18) is precisely the definition for z to be a By mod m set of size n [88].

Definition 6.3.4 (Modular B; and Sidon sets [88]). A B; mod m set of size n is an element
z € I, satisfying Eq. (6.18) for all a,b € It. A Sidon set of size n mod m is a By mod m

set of size n.
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We have therefore shown the following proposition.

Proposition 6.3.5. Group P(T") t-designs isomorphic to the cyclic group Z., are in one-

to-one correspondence with By mod m sets of size n.

Given Proposition 6.3.5 and the bound in Proposition 6.2.13, we immediately arrive at

the following corollary.

Corollary 6.3.6. Any B; mod m set must have size n satisfying m > Gn_1(|t/2]), where
Gn_1(s) is given in Eq. (6.13). Furthermore, if Conjecture 6.2.15 is true, then this bound is
tight for even t in the sense that there are infinitely many dimensions n for which the bound

18 saturable.

We have been unable to find the bound in Corollary 6.3.6 in the existing literature on
difference sets. If this bound is indeed new, it illustrates the utility of studying projective
toric designs due to the many interesting mathematical objects to which they relate.

In the special case of t = 2, B;—s mod m sets are called a Sidon sets of size n mod
m. Notably, by a simple counting argument, any Sidon set of size n mod m must satisfy
m > n(n — 1) + 1.° Further, for many but not all n, this bound can be saturated, as we
discuss later. When the bound is saturated, we say the Sidon set is dense. Hence, for every
n for which there is a Sidon set of size n mod n(n — 1) + 1, there is a minimal P(T")
2-design—that is, a P(T™) 2-design of size n(n — 1) + 1, hence saturating the lower bound
from Proposition 6.2.13.

For one example of a dense Sidon set, consider n = 6 and m = G,,_1(1) = n(n—1)+1 = 31.
Then one can easily check that z = (0,1, 3,8,12,18) is a Sidon set and thus gives rise to a
P(T%) 2-design of size 31. A simple numerical search however reveals that there does not

exist a Sidon set of size 7 mod 7(7 — 1) + 1 = 43. Furthermore, by the classification of finite

>The Sidon set condition can be restated as stipulating that z, —z. = 24— 2 if and only if {a, b} = {c, d}.
We therefore need z, — z. to be unique for all @ and c¢. First choose an a € I,, and then choose a ¢ € I,, with
¢ # a. This gives us n(n — 1) distinct values. Further, we have one more value—namely 0—coming from
when a = c.
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abelian groups, any group of order 43 must be isomorphic to Z,3. Therefore, we have the

following corollary.

Corollary 6.3.7. FEither there are no P(T7) 2-designs of size saturating the lower bound

given in Proposition 6.2.153, or such a saturating design cannot be isomorphic to a group.

Subsection 6.3.1:  Fxplicit families of designs from Singer sets

There is a general construction of dense Sidon sets—called Singer sets—whenever n — 1 is a
prime power [89]. Thus, with this, we have constructed minimal P(7™) 2-designs whenever
n — 1 is a prime power, and these designs are isomorphic to the cyclic group Zi,,—1)4+1. For
completeness, we review the Singer set construction in Appendix D.1. However, we note
that the details of the Singer set construction are not necessary to understand for our work.
Indeed, our results only use that such a construction exists. For reference, we provide code
for constructing Singer sets [278].

Indeed more generally, we review Singer’s construction in Lemma D.1.2 of B; mod

(n—1)tt1-1

P sets of size n whenever n — 1 is a prime power. Using Proposition 6.3.5, we

(n—1)t*t1 -1

) whenever n — 1 is a

have therefore constructed explicit P(7T™) t-designs of size

prime power, and these designs are isomorphic to the cyclic group Z,_1yt+1_,. Furthermore,
n—2

since the restriction of a P(T™) t-design to P(T™) for n < m is still a t-design, it follows

(m—1)tt+1

-1 .
, where m is the
m—2

that for all n we have constructed explicit P(T™) t-designs of size
smallest integer greater than or equal to n such that m — 1 is a prime power.

Finally, we recall that a P(T") t-design is a T™ ! t-design (see the discussion below
Eq. (6.5)). We also note that a P(7™) t-design be made into a 7™ (2t)-design by twirling
over a Tt = S* (2t)-design. For example, if a set & C {0} x T ! is a P(T™) t-design, then

the set {¢p + (6,...,0) | ¢ € ®,0 € O} is a T™ (2t)-design when © is a S! (2t)-design. We
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can see this as follows. Suppose > 7, |a;| < 2t. Then,

123 o;(¢j+0) _ 192;: aj IE] a;d;
|®| ZZ 1 /T1 e 1% dpy (0 |q)| Z 1 (6.20a)

ped €O bedD
IZ] 19505

2= 10‘J—0|(I)| Ze (620b)

Pped
= 52']@:1 Olj()/ ei 27:1 a;jd; d#n—1(¢) (6200)

P(T™)
=100 (6.20d)

j=1

where in Eq. (6.20c) we used that ¢'25i=1%% is at most a degree t monomial on P(T™) when

le a; = 0. The set © =

; )Zzt+1 is a S (2t)-design. We have therefore constructed

(2t+1

explicit 7™ (2t)-designs of size (2t + 1) x (’”_7711)—_2_1 for all n.

Section 6.4: Relation to quantum state designs and MUBs

Projective toric designs are closely connected to complex-projective designs [36-47], continuous-
variable (CV) rigged designs 9], and complete sets of mutually unbiased bases (MUBs) [238].
These connections arise by concatenating projective toric and simplex designs in order to
generate elements in complex-projective space, which in turn satisfy the design condition.
We discuss the connection here. In Section 6.4.1, we set up the connection between projective
toric designs and quantum state designs and use it to construct almost minimial quantum
state 2-designs (ie. quantum state 2-designs in d dimensions of size d?+1). Using this connec-
tion, in Sections 6.4.2 and 6.4.3, we find a close connection between projective toric designs
and MUBs, and we use this connection to prove various results. Namely, in Section 6.4.2,
we disprove Zhu'’s conjecture, and in Section 6.4.3, we characterize a fundamental difference
between complete sets of MUBs in prime-power dimensions vs in dimension 6 in terms of

the group structure of the associated projective toric designs.
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Subsection 6.4.1:  Quantum state designs from projective toric designs

Denote the complex unit sphere by Q4 = {z € C*| 2%, |zi|* = 1}, which can be identified
with S?¢=1. Let CP? ! be complex-projective space Q4/U(1). Pick an orthonormal basis
{In) |n € {1,...,d}} of C%. A polynomial f on Q; descends to a well-defined polynomial
on CP?! if and only if it is invariant under the action of U(1)—that is, f(e! [)) = f(|1))
for all  and |¢) € Q4. It follows that all degree ¢ monomials on CP?~! are of the form
[Ti_, (a:|¥) (¥)b;) for a,b € I} (vecall that I; = {1,2,...,d}). A CP*' t-design is thus a

measure space (X, 3, v) such that, for all a,b € I},

: d @ .
/ (H {ai|) (4] ) v(y) = / <H<aiw><wybi>> cw:%, (6.21)

i=1 rii

(d)

where I, is the projector onto the symmetric subspace of (C%)®!

19 (a;b) == <® a; > i <®|b ) (6.22)

=1

and dt) denotes the Fubini-Study volume measure on CP?~!. The last equality is a simple
consequence of Schur’s lemma and the unitary invariance of di [43, 45]|[9, Ap. C3].

Let A4t = {p € [0,1)¢| 2%, p; = 1} denote the (d — 1)-dimensional simplex. Simplex
t-designs have analogous definitions to those of toric and complex-projective designs [185,
187-190]. Any vector |¢)) € Q4 can be represented as |p, ¢) = 3¢, V/Pne'®" [n) for some
(not necessarily unique) p € A% and ¢ € T9. For a complex unit vector 1) € Qg, let [|)]
denote the equivalence class corresponding to a point in CP?!. Let 7: A%l x P(T?) —
CP¢! be defined by (p, #) — [|p, ¢)], where ¢ is any representative of an equivalence class
in T7¢/T = P(T?). The pullback of the Fubini-Study volume form along 7 is precisely
the Lebesgue measure on A1 times the Lebesgue measure on P(T?) (see Appendix D.2).

Together, this implies that the concatenation of a A%~ t-design and a P(T'?) t-design yields
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a CP4~! ¢-design [9, 189].

We note that the analogous result holds for the complex sphere €2;; namely, concatenation
of a A?! t-design and a toric (2t)-design (see Definition 6.2.2) yields a Qg t-design. The
reason that we only need a projective toric design in the CP?~! case, as opposed to a full
toric design as in the Qg case, is because polynomials on CP?~! are more restricted than on
Qg. On Qg, 212923 is a valid monomial. On the other hand, this is an invalid monomial on
CP?~! = Q,/U(1) since it varies under the action of U(1).

One particularly nice simplex 2-design contains the extremal points and the centroid (see
e.g. |9, Thm. C4|), which we show in the following proposition (see Example 6.4.2 for a

simple example).

Proposition 6.4.1. Let c = (1/d,...,1/d) € A%L be the centroid of the simplex and eV =
(1,0,...,0), ..., e =(0,0,...,1) be the extremal points, and define D = {c, eM, .. ,e(d)}.

Define the weight function w: D — [0,1] by w(eW)) = and w(c) = -%. The discrete

1
d(d+1) d+1-

probability space defined by (D, w) is a A%t 2-design.

When concatenating the extremal points e¥) of the simplex with a projective toric design,
we get the basis vectors [|j)] € CP?!, since [|e!), ¢)] = [|j)] for any ¢. When concatenat-
ing the centroid with a finite-sized projective toric design X, we get a collection of points
{[lc,¢)] € CP*'| ¢ € X}. Hence, the total number of points in the resulting complex-
projective design is d + | X|. Recalling Proposition 6.2.13, we have that |X| > d(d — 1) + 1.
Furthermore, from Section 6.3, we found an explicit construction using Singer sets of these
minimal projective toric designs whenever d+1 is a prime power. It follows that the resulting
complex-projective 2-design is of size d> + 1 (note that this complex-projective design is not
uniformly-weighted). Interestingly, the smallest possible complex-projective 2-design—also
called a SIC-POVM-—has size d?. The existence of SIC-POVM’s in all dimensions d is still
an open problem.

These almost-minimal CPY~' 2-designs that we just constructed using Singer sets—CP?~!
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2-designs of size d*>+ 1-—were first constructed in Ref. [274]. Notably, however, our utilization
of projective toric designs indicates a possible path toward extending such constructions to

higher ¢-designs.

Example 6.4.2 (d = 3). We construct the above almost-minimal CP?~! 2-design in the case
of d = 3. Let us utilize the minimal P(T?) 2-design given by the mod 7 Sidon set (0,1, 3).

The corresponding projective toric design is given by the phases

2k 2nwk
{(a% L 3) ke 27}, (6.23)

where we understand (0,6, ¢) € T? to be a representative of an equivalence class in P(T?).
Denote by (po,p1,p2) an element of A2 Consider the A? 2-design from Proposition 6.4.1
given by the centroid (1/3,1/3,1/3) weighted by 3/4 and the extremal points (1,0,0),
(0,1,0), (0,0,1) each weighted by 1/12. Finally, denote points in CP? by [|+))] for |¢) a
unit vector in C3, and fix an orthonormal basis {|0),]1),|2)}. Let

1

7 (J0) + *™*/7|1) +e2’ﬂkx3/7|2>)] | k€ 27}. (6.24)

X = {[0), ()], 2]} U {HW = {

Turn X into a discrete measure space by weighting [|0)],[|1)], and [|2)] each by 1/12 and

each [|¢x)] by 3/(4 x 7). The resulting measure space is a CP? 2-design of size 10. o

Similar to the finite-dimensional case above, we see analogous results in infinite-dimensional
quantum systems. Ref. [79] introduced the notion of a continuous variable (CV) t-design.
Ref. |9] proved that such designs do not exist and therefore introduced rigged CV t-designs.
A simplex design can be generalized to the unnormalized infinite-dimensional simplex. It
then follows that the concatenation of an infinite-dimensional simplex ¢-design and a P(T)
t-design yields a rigged CV t-design. We therefore see that designs on the infinite-dimensional

projective torus P(T) are closely related to designs on other infinite-dimensional spaces.
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Subsection 6.4.2: MUBs and quantum state designs: counterexamples to Zhu’s
conjecture

In this subsection, we explicitly derive the relationship between complete sets of MUBs
and projective toric 2-designs. We then use this relationship to disprove Zhu’s conjecture
regarding the structure of MUBs [95, Conj. 1].

The non-existence of complete sets of MUBs in non-prime-power dimensions has been a
well-known and long-outstanding question in quantum information theory. Since the question
of non-existence has proven incredibly difficult, there have been many related conjectures

made in hopes of making some progress. One such conjecture is as follows.

Zhu’s conjecture |95, Conj. 1|. Any (uniformly-weighted) quantum state 2-
design in d dimensions of size no more than d(d + 1) is either a complete set of

MUBs or a SIC-POVM.

See also Ref. |275] for a discussion on Zhu’s conjecture. In this subsection, we disprove
this conjecture by explicitly constructing counterexamples that utilize the difference set
construction of projective toric designs. We begin by recalling the definition of complete sets
of MUBs. We then show the relationship of MUBs to projective toric designs, and we restate
Zhu’s conjecture in terms of projective toric designs. We then show explicit examples of
projective toric designs that violate Zhu’s conjecture. We then prove a nice characterization
of complete sets of MUBs in dimension 6 in terms of non-group projective toric 2-designs
(cf. Proposition 6.4.6). Finally, we discuss one possible modification of Zhu’s conjecture and
discuss potential paths towards proving this new conjecture (cf. Conjecture 6.4.8).

For brevity, we take Ref. [41, Thms. 3, 4| as our definition® of a complete set of MUBs.

Definition 6.4.3. A set M C CP% ! is a complete set of MUBs if and only if

6The second condition in Definition 6.4.3 is actually implied by the first and third [279] (we thank Daniel
McNulty for pointing this out).
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1. (M| =d(d+1),
2. M is a (uniformly-weighted) quantum state 2-design (ie. a CP4! 2-design), and

3. for every [4) # |0) € M, |{¥])|" € {0, 1/d}.

In Ref. [9, App. F], it was shown that projective toric designs are closely related to
complete sets of MUBs. For completeness, we state this relationship (modified from Ref. [9]
to use the terminology of our paper) as a theorem and sketch the proof of the direction that

is most important for us in this work.
Theorem 6.4.4 (App. F of Ref. |9]). A complete set of MUBs M exists in dimension d if
and only if there exists a uniformly-weighted P(T?) 2-design X of size | X| = d? satisfying

2

e {0,d}. (6.25)

d

Z ol(¢5=0;)

J=1

Vo #60 e X:

Proof sketch. The “only if” direction is proven in Ref. [9, Lem. F.2| (in Ref. [9], a projective
toric design is referred to as a torus design).

We now sketch the proof of the “if” direction. Let X be a uniformly-weighted P(T¢)
2-design. As discussed in Section 6.4.1, we can concatenate X with the simplex 2-design

given in Proposition 6.4.1 to yield the CP?! 2-design M consisting of the elements

1. |n) for n € {0,...,d — 1}, each weighted by ———; and

d(d+1)
2. |c,¢) for ¢ € X, each weighted by dLH X ﬁ — —d(d1+1)7

where recall that ¢ = (1/d,...,1/d) € A% is the centroid and |p,¢) = S°°_, \/peién.
Hence, M is a uniformly-weighted 2-design of size M = d(d + 1). To show that M is a

complete set of MUBSs, the only thing left to show is condition (3) of Definition 6.4.3. The
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only nontrivial overlaps to consider are (c, f|c, ¢) for ¢ # 6 € X, giving

2

(e, Blc, d)|* = € {0,1/d}, (6.26)

1 d
y Z el(®i—0;)
j=1

which comes by assumption of Eq. (6.25). O

Using Theorem 6.4.4 and the fact that (as we saw in the proof) any uniformly-weighted
P(T%) 2-design yields a uniformly-weighted quantum state 2-design of size d(d + 1) via
concatenation with the simplex design given in Proposition 6.4.1, we see that we can now

rephrase part of Zhu'’s conjecture as follows.

Rephrasing of (part of) Zhu’s conjecture [95, Conj. 1]. Any uniformly-

weighted P(T?) 2-design X of size | X| = d? must satisfy Eq. (6.25).

We note that we are rephrasing Zhu’s conjecture as it pertains to uniformly-weighted
quantum state 2-designs of size d(d + 1), as this is the case of interest for complete sets of
MUBs and for the remainder of this manuscript. We do not make any statements regarding
the existence of uniformly-weighted quantum state 2-designs of size < d(d + 1).

In the language of our paper, Zhu’s conjecture can be seen as conjecturing that a complete
set of MUBs exists in dimension d if and only if there exists a uniformly-weighted P(T¢)
2-design X of size |X| = d?. Given the Sidon set construction of P(T¢) 2-designs from
Section 6.3, we see that we can disprove Zhu’s conjecture by finding a Sidon set of size d
mod d? that does not satisfy Eq. (6.25). Via brute force numerical searches for Sidon sets
of size d mod d? for small d, we can find many counterexamples. Indeed, there are 288 such
Sidon sets when d = 6 (see our code [278|), hence yielding 288 counterexamples to Zhu'’s
conjecture in dimension 6. The simplest counterexample however occurs in dimension d = 3,

as we show in the following example.

Example 6.4.5 (Counterexample to Zhu’s conjecture in dimension 3). Utilizing {0, 1,3},

which is a Sidon set of size 3 mod 9, we arrive at the following uniformly-weighted quantum
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state 2-design of size exactly d(d + 1) = 12 that is not a complete set of MUBs:

1 0 0 1
1 2mik

of.11] o] tUS—= ] ke{0,1,...,8} 3. (6.27)
\/g 6rmik

0 0 1 e 9

Subsection 6.4.3: MUDBs and group designs

In this subsection, we consider general group projective toric 2-designs and when they can
yield complete sets of MUBs. We find that while such designs can yield complete sets
of MUBs is prime-power dimensions, they cannot in dimension in 6. This illustrates a
fundamental difference between the structure of MUBs in prime-power versus non-prime-
power dimensions.

Consider the following general parameterization of a subgroup of P(T?). Suppose that
the subgroup is isomorphic to Zg, X - - X Z,, . We can generate each factor Z,, by 2l ¢ Z‘ij,
where, since we are considering the projective torus, we fix zgaj ) = 0. We call the subgroup

X(oq, a2 ,z(ak)), and we have that

k

Vs

X(al,...,ak;z(al), . ,z(o"“)) = {Z 2 () ‘ Ny € Liayy- Nk € Zak}. (6.28)
O{,

=1

For example, when d is prime, the P(T?) 2-design in the standard MUB construction [39]
(Theorem 6.2.7) is

X(d,d;(0,1,2,3,...,d—1),(0,1,4,9,...,(d — 1)%)). (6.29)

In the case of prime-power dimensions, the construction is a generalization of Theorem 6.2.7
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that uses the field theoretic trace [39]. Since the trace is linear, one can easily verify the
design to be a group. Thus, for all prime-power d, there are group 2-designs of size d?
satisfying Eq. (6.25).

However, via a numerical bruteforce search (see our code [278]), we find that there are no
P(T®) group 2-designs of size 6% = 36 satisfying Eq. (6.25). The search is done by recognizing

that, given the classification of finite abelian groups, there are only four o to consider:

a=(a,a) = (4,9), (6.30a)
a= (a1, as,a3) =(3,3,4), (6.30Db)
a = (ag,a9,a3) = (2,2,9), (6.30c)
a = (ag,a9,a3,a4) = (2,2,3,3). (6.30d)

We can then explicitly check every generator z(®) for each of these group structures. We
have therefore proven (via exhaustive numerical search) the following proposition, which

comes as a corollary of the exhaustive search and Theorem 6.4.4.

Proposition 6.4.6. If a complete set of MUBs exists in dimension 6, then there is a
uniformly-weighted P(T®) 2-design X of size |X| = 36 such that X is not a subgroup of
P(T").

Indeed, we believe this proposition highlights why finding complete sets of MUBs in
dimension 6 is difficult: the projective toric designs that form the set must be something
more complicated than a group. We state the generalization of Proposition 6.4.6 to all

non-prime-power dimensions as a conjecture.

Conjecture 6.4.7. Let d be a non-prime-power. If a complete set of MUBs exists in di-
mension d, then there is a uniformly-weighted P(T?) 2-design X of size |X| = d* such that

X is not a subgroup of P(T?).
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Proposition 6.4.6 and Conjecture 6.4.7 highlight a fundamental distinction between com-
plete sets of MUBSs in prime-power dimensions versus those in non-prime-power dimensions.
To the best of our knowledge, all currently known complete sets of MUBs in prime-power
dimensions come from projective toric designs that are groups. On the contrary, we showed
that this is not possible in d = 6, and conjecture it more generally.

Given this result, we make the following conjecture, which can be viewed as a modification

of Zhu’s conjecture that evades our earlier counterexamples.

Conjecture 6.4.8. A complete set of MUBs exists in dimension d that is not a prime power
if and only if there is a uniformly-weighted P(T?) 2-design X of size | X| = d* such that X

is not a subgroup of P(T?).

Given Conjecture 6.4.8, we naturally conjecture that there do not exist non-group,
uniformly-weighted P(T) 2-designs of size 36. More generally, we conjecture that, in any
dimension, a complete set of MUBs must come from a group projective toric 2-design. We

phrase this conjecture in terms of Eq. (6.25).

Conjecture 6.4.9. Let d be any dimension and let X be a P(T?) 2-design of size | X| = d>.

If X is not a subgroup of P(T?), then X does not satisfy Eq. (6.25).

If this conjecture is true, then Proposition 6.4.6 would prove the nonexistence of complete

sets of MUBs in dimension 6.

Section 6.5: Conclusion and open questions

In this work, we have developed the theory of projective toric designs and their relation to
various other objects in and areas of mathematics and physics. There is still much unknown
and we believe there are still many exciting connections to be made. We now discuss various

future research directions relating to projective toric designs.
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Complete sets of mutually unbiased bases In this work, we proved (c¢f. Proposi-
tion 6.4.6) that the phases in a complete set of MUBs in dimension 6 must form a uniformly-
weighted P(T%) 2-design of size 36 that is not a subgroup of P(T°). Using projective toric
designs that are subgroups, we constructed families of quantum state 2-designs of size ex-
actly d(d + 1) that are not complete sets of MUBs, thereby disproving Zhu’s conjecture {95,
Conj. 1]. Given this result, we proposed a modified verison of Zhu’s conjecture (cf. Conjec-
ture 6.4.8) regarding the relationship between complete sets of MUBs and projective toric
designs. An obvious interesting open problem is to prove this conjecture. Another interest-
ing direction is to try to prove that non-group P(T°) 2-designs of size 36 do not exist. If
our conjecture is true, then this result would prove the long-outstanding problem regarding
the existence of complete sets of MUBs in dimension 6. Finally, projective toric designs may
have a close connection to Hadamard matrices, since the latter are also related to MUBs

[72]. We leave this interesting question to future work.

Minimal projective toric designs In this work, we showed that if X is a P(T™) 2-design,
then | X| > n(n — 1) + 1. Furthermore, using Sidon sets, we showed that the bound can be
saturated when n — 1 is a prime power. However, we also showed that the bound cannot
always be satisfied using the Sidon set construction; for example, when n = 7, the Sidon set
construction does not yield a minimal projective toric 2-design. We thus have the following
open question: do projective toric 2-designs saturating the bound exist for all n?

We showed that if the t-design is a cyclic group, then the constructions are in one-to-one
correspondence with B; mod | X| sets. In the case of e.g. n =7 and t =2, n(n—1)+1 =43
is prime so that the only group design could be a cyclic group. Therefore, if one can prove
that a minimal design must be a group, then one would prove that the ¢ = 2 bound cannot
be saturated for all n. Must the minimal design be a group?

We further proved that if X is a P(T™) t-design, then | X| > G,,_1(|t/2]). We conjectured

that the bound is tight when ¢ is even. Can this conjecture be proven? Can the bound be
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tightened for odd ¢t? Can one construct saturating designs? As we saw in Proposition 6.2.13,
the lower bound on the size of projective toric 2-designs matches the lower bound on the
size of dense modular Sidon sets. We believe that the analogous statement holds for all t.
Using the connection between difference sets and projective toric designs, we related dense
B; mod m sets to the root lattice A,_; and proved a bound relating the size n of the set and

the value of m. This connection seems to be a fruitful area to continue exploring.

Connection to affine/projective planes A finite projective plane is a tuple (P, L) of a
finite set of points P and lines L C 2¥ (where 2P means the power set of set P, i.e. the set

of all subsets of P) such that:
1. Any two points are elements of a unique common line
2. Any two lines intersect at a unique point
3. There exist four points in P such that no line contains more than two of them.

Affine planes are defined similarly. A tuple (P, L) can only be a finite projective plane if
there exists some d € N such that |P| = |L| = d* + d + 1. However, finite projective planes
have only been constructed for d a prime power, and are known to not exist if d is both not
the sum of two squares and d = 1 or 2 mod 4. These numeric similarities, along with deep
connections between combinatorial designs and finite geometry, hint at a deeper connection
between projective toric designs and finite projective planes. In addition, projective planes
appear in the construction of Sidon sets, and are conjectured to correspond to dense ones
[280].

Further, a complete set of MUBs yields a finite projective plane, while a SIC-POVM
in prime power dimensions yields a finite affine plane [90, 238, 281]. As mentioned above,
MUBs are closely related to projective toric designs, while SIC-POVMs are minimal complex-

projective designs. All of this circumstantial evidence begs the question: are there interesting
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direct connections one can make between projective toric designs and finite planes, either

projective or affine?

Connection to other designs Recall that complex projective designs can be constructed
by concatenating simplex and projective toric designs. Similarly, rigged continuous variable
t-designs can be constructed in an analogous way by using P(7°°) designs. One can ask: how
much can this result be generalized? Can we use similar constructions for toric varieties and
flag varieties? Indeed CP" is a toric variety with moment map to the associated polytope
being the simplex A™. The moment map allows us to project CP" designs to A" designs.
Projective toric designs allow us to pullback along the moment map and build CP" designs

from A" designs. How much more general can this result be made?

New families of quantum state designs Using the families of P(T™) t-designs con-
structed in Section 6.3.1, can we generate new interesting families of quantum state ¢-designs?
To do this, we need to find families of simplex t-designs. In the ¢t = 2 case, we used a partic-
ularly nice simplex 2-design that allowed us to construct almost-minimal quantum state 2-
designs from minimal projective toric 2-designs. Can we find similarly nice simplex ¢-designs
for t > 27 Our construction in Section 6.3.1 of P(T) t-designs of size (asymptotically in
d) ~ d' yields quantum state t-designs of size ~ |D|d!, where D is an A?! t-design. It
is an interesting question to study simplex ¢-designs to arrive at potentially new explicit

constructions of quantum state t-designs.

Approximate designs One can consider approximate projective toric t-design, which are
points on the projective torus that integrate monomials of degree < ¢t up to an error of e.
How does the size of the minimal approximate t-design depend on ¢ and €7 If one takes an -
approximate simplex t-design and eg-approximate projective toric design and concatenates

them, what is the ¢ with which we get an e-approximate complex-projective ¢-design? In
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Appendix D.3, we take the first steps to study such approximate designs. In particular,
we define e-approximate P(7T™) t-designs, and we provide an upper bound on the minimum
number of points drawn uniformly randomly from P(7™) needed to form an e-approximate
P(T™) t-design with probability 1 — §. We show that the resulting bound depends on the
crystal ball sequences of the root lattices A,_; [272, 273] given in Eq. (6.13). Using the
discussion around Eq. (6.20), these approximate P(7™) designs can be lifted to approximate
T™ designs, which we recall are then approximate designs on the diagonal subgroup 7'(U(n))
of U(n), which are of inherent interest in quantum information theory [85]. Ref. [85] also
constructs approximate designs on 7'(U(n)), which can of course be projected to designs on

P(T™).
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Part 111

Superresolution in quantum sensing
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Chapter 7: Superresolution in quantum sensing

Section 7.1: Introduction

Estimating the separation between peaks in a spectrum is a problem that occurs in many ap-
plications, such as nuclear magnetic resonance spectroscopy for the identification of molecules
and chemical structure [282| and magnetometry for measurement and detection of weak mag-
netic fields [283]. The task of resolving two closely spaced peaks is similar to Rayleigh’s curse
in optics, where two light sources cannot be distinctly resolved if they are separated by less
than the diffraction limit [97]. Ref. [98] designed a quantum superresolution protocol that
can in principle resolve two arbitrarily close point light sources, thereby beating Rayleigh’s
curse.

In this work, we consider a similar problem. Given a signal with a frequency spectrum
that contains closely spaced peaks, resolving the different peaks typically requires observing
the signal for a time that scales inversely with the peak separation. We design quantum
superresolution protocols, and indeed a general method of finding and optimizing such pro-
tocols, that can resolve arbitrarily closely spaced frequency peaks in finite time. Our work
is related to that of Ref. [284], where they provide sufficient conditions on a quantum state
to exhibit superresolution. In this work, we provide conditions in terms of the protocol and
controls, thus giving conditions and procedures for designing superresolution protocols. We

summarize and describe our setting and results in Section 7.1.1.
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Subsection 7.1.1:  Model & problem description

We begin with a signal (¢) which is itself a stochastic Gaussian process. We assume
that the signal has zero mean (y(¢)) = 0 and that the signal is stationary (y(t)vy(t')) =
(y(t 4+ 7)y(t' 4+ 7)), where we denote averaging over the stochasticity by (-). It follows that

(v(t)y(t + 7)) is a function C(7) independent of ¢ so that the spectral density

S(w) = /00 e “TO(T)dr (7.1)

—00

is a function of only the frequency w. Notice that under our given assumptions on ~y, v(¢) is
completely determined by S(w).

We consider the case when S(w > 0) ~ 6(w — wy) + 0(w — wa), where §(x) is the Dirac
delta function. That is, the spectral density of the signal ~ is infinitely peaked at two distinct

frequencies w; and ws. One such example is the signal

v(t) = g( Ay cos(wit) + Az cos(wat) 72)

+ By sin(wit) 4+ By sin(wst)),

where Aq, Ay, By and B are i.i.d. normal random variables with mean 0 and variance 1.
Such a signal is considered in Ref. [284]. Denote the centroid and frequency difference by
we = (w1 + wy)/2 and Aw = wy — wy respectively. Our task is to determine the frequency
difference Aw up to relative error § — that is, absolute error dAw. Specifically, we are
interested in the limiting case when Aw — 0. We assume that the centroid w,. is known;
later we will generalize to when the centroid is only approximately known.

In the setting of metrology, this task falls naturally within the framework of parameter
estimation. Specifically, given access to some form of measurements € of the signal ~(¢),
there is some probability distribution P(£|Aw) over measurement outcomes & for a fixed

value of the parameter of interest Aw. The fundamental limit on the amount of information
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about Aw that one can extract given access to P(€|Aw) is given by the Fisher information

B 1 OP(&|Aw)\”
Fla.(P) ‘_%:P(gmw)( A ) . (7.3)

The Cramér-Rao bound gives a fundamental bound in terms of the Fisher information on
how accurately one can estimate a parameter: given N measurements from the probability
distribution P, the variance of any unbiased estimator of Aw is greater than m. Thus,
the goal is as follows: given access to the signal y(t), design an experiment that generates a
probability distribution P that maximizes FIa, (P).

In this setting, we now formally define superresolution in terms of the Fisher informa-
tion. A protocol exhibits superresolution if the associated probability distribution P(&|Aw)

satisfies

lim Fla,(P) > 0. (7.4)

Aw—0

We further require that the protocol takes finite time even in the limit as Aw — 0.

We now couple the signal to a qubit via the Hamiltonian H (t) = v(t)o* + ¢(t)o”, where
0% and ¢” are the Pauli-Z and Pauli-X operators and ¢(t) is a control form. More generally,
we will also consider the affect of a stochastic dephasing noise process A(t), thus resulting in
the Hamiltonian

H(t) = (7(t) + A(t))o® + c(t)o” (7.5)

After a total time T' = k7, with 7 := 27 /w,, we measure the qubit, resulting in a probability
distribution P. Our task is therefore to choose a x and control form ¢(t) to maximize

limaw 0 Flaw(P).
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Subsection 7.1.2:  Qutline & summary of results

To begin, we restrict our attention to instantaneous controls — these are controls that are
a sum of Dirac delta functions, c(t) = gzzj\il d(t — t;), hence corresponding a sequence of
instantaneous Pauli-X gates performed at times specified by t;. The first main result of our
work, described in Section 7.2, is a set of necessary and sufficient conditions on the controls
c(t) and the total time k7 to achieve superresolution. The conditions are expressed in terms of
the filter function, which itself depends only on ¢(t) and k. This characterization elucidates
a key distinction between our work and that of Ref. [284]; namely, we provide sufficient
conditions for superresolution in terms of conditions on the controls (i.e. conditions on the
filter function), whereas Ref. [284] provides conditions on the quantum state that is being
sampled from.

Next, in Section 7.3, we derive two families of instantaneous control superresolution
protocols; namely, free controls with ¢(t) = 0 and CPMG controls with ¢(¢) consisting of
CPMG sequences. We carefully analyze their performance and error bounds, both in the
noiseless (A(t) = 0) and noisy (A(t) # 0) case. In the noisy case, we will specifically analyze
Lorentzian noise, which is a common noise model for quantum sensors such as NV defects
in diamonds. We find that the overlap of the filter function with the noise spectrum has a
large effect on the performance of the protocols, and therefore the CPMG superresolution
protocol can substantially outperform the free superresolution protocol in the presence of
Lorentzian noise.

In Section 7.4, we generalize to continuous control protocols. By analyzing its filter func-
tion, we find explicit controls ¢(¢) that outperform both the free and CPMG superresolution
protocols in certain regimes. Furthermore, a major contribution of our work is a well-defined
numerical procedure to optimize controls to achieve the best results subject to various con-
ditions of interest, such as noise strength and type, limitations on the length and width of

control pulses, etc. We demonstrate this numerical procedure in Section 7.4.1, where we
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find numerically optimized controls that outperform all of the aforementioned protocols in
certain regimes.

In Section 7.5, we show a straightforward method of taking any of superresolution protocol
and modifying it to work with entangled qubits, resulting in the need for less resources.
Finally, in Section 7.6, we compare our superresolution protocols to traditional methods in
quantum noise spectroscopy. We also compare to information-theoretically optimal classical
protocols by studying the classical Fisher information in various settings. These comparisons
help to elucidate when superresolution protocols should be used, and when other methods

are more favorable.

Section 7.2: Superresolution conditions

Throughout this work, we will fix the initial qubit state to be |+) and fix the measurement
basis to be {|+),|—)}, where |[+) (|—) resp.) is the +1 (—1 resp.) eigenvector of o”. Indeed,
we show in Appendix E.2 that this can be done without loss of generality. We will begin
by considering instantaneous controls, so that c(t) = %Zf\; d(t — t;) for some choices of
t; and M. We return to the more general case of continuous controls in Section 7.4. Such
an instantaneous control sequence can be described by its switching function f(t), where
f(t)y=—1ift;_y <t <t;and M —iis odd, and f(t) = 1 otherwise.

We set the noise A\(t) = 0, and return to the noisy case in Section 7.2.2. After evolving
the initial |+) state for a time k7, we denote by P the probability of measuring |+). We
are then interested in the Fisher information of the probability distribution (P), where ()
denote the average over the stochastic signal. Given our signal in Eq. (7.2), (-) denotes
averaging over A, As, By, and Bs.

(P) can be expressed in terms of the signal’s spectrum S(w) and a filter function F(w,t)

that depends only on the switching function f(t) [285-288]. Indeed, we review filter functions
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in Appendix E.1, and show that

1 o
== F
X = _OOS(W) (w, £7) dw, (7.6)
t 2
Flw,t)=1|[ f(t)e“" d
0

The key point is that the dependence on the controls and the signal is separated in terms of
the filter function and the spectrum.

The signal in Eq. (7.2) has spectrum

S(w) = 7g*[§(wr —w) + 6w +w)
(7.7)
+0(wy — w) + d(we + w)],

making x simply a sum of F(f+w;,x7) and F(dws, k7). Taylor expanding around small Aw

and using Eq. (7.3), we find that

Flao((P)) =
G F"(we, k7) + O(Aw?)  if F(we, k7) =0 (7.8)
O(AWQ) otherwise.

where F”(w,., kT) denotes the second derivative of the filter function with respect to w eval-
uated at w. and k7. Thus, a protocol, which is defined by filter function and a total time
kT, exhibits superresolution if F(w., k7) =0 and F"(w,, k7) > 0.

We note that the superresolution conditions are specific to the signal spectrum, however
our procedure can in principle be adapted to other signals as well. The exact conditions on
the filter function to ensure superresolution for different signal spectrums may differ, but

such conditions can nonetheless be found.
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Subsection 7.2.1:  Basic analysis

We now describe a basic analysis of the superresolution protocol. Because everything is
symmetric under Aw — —Aw, in the limit of small Aw, the probability distribution takes
the form (P) = a — bAw? + O(Aw?). From Egs. (7.6) and (7.7), a = 1 — ¢*F(w,, kT) and

b= %F "(we, k7). With this and Eq. (7.3), the Fisher information takes the values

4b + O(Aw?) if a € {0,1}
FIAw(<P>) = (79)
S AW? + O(Aw!) i 0 <a<1.

By sampling from the qubit at the end of the protocol N times, we output an estimate
P = N, /N of (P), where N, is the number of times the qubit was measured to be in the
|+) state. This results in an estimate Aw = (P — a)/b of Aw. Therefore, an estimation

error of 2bAwe in (P) corresponds to an estimation error of ~ ¢ in Aw. By Chebyshev’s

inequality with the variance (P) (1 — (P))/N of the binomial distribution, we find that

Pr[ P — <P>’ > QbAwe]
(7.10)
a(l—a) +]b(1 — 2a)| Aw? A
< Aw®) .
= AINDAW2E? +0(a)
Hence, in order to achieve a fixed absolute error € in our estimate of Aw, we need
T if a € {0,1}
N~ (7.11)

e, if0<a<1

measurements. Notice that in both cases, from Eq. (7.9), the number of samples required is
N ~ 1/(e*FIa,({P))), which is simply a manifestation of the Cramér-Rao bound.
It is more natural to work in terms of relative error § = ¢/Aw since we are considering

the limit as Aw — 0. Hence, in the superresolution case a € {0, 1}, to achieve a fixed relative
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accuracy 0, it is sufficient to sample

L ! (7.12)

N Y
4b62Aw? g2 F"(we, KT)02Aw?

times from (P) when Aw — 0, whereas in the non-superresolution case, one needs to sample
N ~ 1/Aw? times to achieve the same relative accuracy.

Thus far in our analysis, we have assume that we sample from the probability distribution
(P) N times in order to get the estimate P. However, in reality, we will be sampling from P
for many different realizations of the parameters Ay, As, By, and Bs. Fortunately, this is not
an issue due to the concentration of P around (P). In particular, we show in Appendix E.1.2
that o2 = (P2) — (P)* = 2(P)* (1 — (P))2. For superresolution protocols where a € {0,1},
this variance becomes 0% = 2b*Aw* + O(Aw®). Then Bennett’s inequality implies that our

estimate (P) of (P) after N measurements will satisfy

—_—

Pr[[(P) ~ (P)| > €] < exp[-No?h(&/”)]

(7.13)
h(z) = (1+x)log(l+ z) — x.

Recall that we require ¢ < 2b6Aw? in order to achieve a relative error of § in our estimate

)
bAw?

of Aw. It follows that one needs to sample N ~ (béAwQ log( ))71 times in order to
effectively sample from (P). From Eq. (7.12), our superresolution protocols require N ~
m. Hence, the superresolution protocols already fulfill the necessary condition to combat

this, and superresolution is therefore practically unaffected by it.

Subsection 7.2.2: Nonzero noise

We now consider the case when the noise A() is nonzero. Recall from Eq. (7.1) that S(w) is
the spectrum of the signal v(¢), and we similarly define Sy (w) to be the spectrum of the noise

A(t). In this case, Eq. (7.6) gets modified via x — x+ xx, where x) = 1 [ S\(w)F(w, £7) dw.
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Given a superresolution protocol, corresponding to a = 1 in the language of the previous
section, the effect is therefore a — 1 — %XA- It follows that superresolution is not robust to
noise, in the sense that lima,, .0 FI = 0 due to a < 1.

Nonetheless, for finite but small Aw, superresolution protocols can still yield good per-
formance. In particular, we can design controls such that y, is minimized. In general, we
are therefore interested in controls such that F(w., k1) = 0, F"(w,, k7) is maximized, and
X is minimized. These criteria are well-suited for numerical optimization, which we explore

in Section 7.4.1.

Section 7.3: Instantaneous control superresolution protocols

While ezactly instantaneous controls are not possible, approximately instantaneous controls
are accessible [286]. Throughout this work, we will consider two instantaneous control su-
perresolution protocols: free evolution and CPMG evolution. Free evolution refers to no
controls, so that the corresponding switching function is f(t) = 1 for all t. CPMG evolution
refers to a sequence of x/2 CPMG sequences. Specifically, letting x be an even integer,
we apply instantaneous o® gates at times 7/2,37/2,...,(2k — 1)7/2. From Eq. (7.6), it

immediately follows that in both cases, the superresolution conditions are satisfied with

8“1# free (if k € N)

FIAw—>0 = (714)

2.2,.2

B CPMG (if & € 2N).

4
We

We can easily compare, for example, (FE-SR) the free evolution protocol with k = 2,
(FE-Non-SR) the free evolution protocol with £ = 5/2, and (CPMG-SR) the CPMG protocol
with k = 2. Using Eq. (7.12), we see that in order the achieve a fixed relative estimation
error, CPMG-SR requires 4 times fewer measurements than FE-SR. Additionally, FE-Non-

SR requires ~ Aw~? times more measurements than the two superresolution protocols FE-SR
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and CPMG-SR, despite the fact that FE-Non-SR uses a larger evolution time.

Thus, designing controls that satisfy the superresolution criteria yields a huge improve-
ment over non-superresolution protocols. Furthermore, we can see differences between dif-
ferent superresolution protocols stemming from how their filter function derivatives at the
centroid compare. We can see even larger differences emerge between superresolution proto-
cols by introducing noise. Recall that in order the minimize the effect of a noise spectrum
Sx(w), we want to design controls such that the corresponding filter function has minimal
overlap with Sy. In Fig. 7.1, we plot the filter functions for FE-SR and CPMG-SR with

k = 2 alongside a Lorentzian noise spectrum

B g?\ 2W

S/\(W) ?4{4}2 + W27

(7.15)

where W is the full width at half maximum (FWHM) and g, is the strength of the noise. As
can be seen in the figure, the CPMG-SR filter function has as substantially smaller overlap
with the noise than does FE-SR, and we therefore suspect that the benefit of CPMG-SR. over
FE-SR will become even more pronounced in the presence of Lorentzian noise (and more
generally any low frequency noise).

In fact, in Appendix E.3 we perform detailed analysis of CPMG-SR and FE-SR with the

addition of Lorentzian noise, and we find that, given the same number of measurements,

CPMG-SR will achieve a relative error of ~ \/527% times the relative error that FE-SR
achieves. For example, when k = 2, CPMG-SR achieves a relative error of less than \/;VZC
times the relative error that FE-SR achieves. Note that as the FWHM of the noise grows, the
overlap of the CPMG filter function increases more and more so that at very large FHWM,
the advantage is lost. However, for low frequency noise, we see a large benefit stemming
from the filter function having low weight on low frequencies.

The effects discussed above can be seen clearly in numerical simulations shown in Fig. 7.2.

The simulations are performed by letting all three of the protocols have access to N =
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Figure 7.1: Illustrations of the filter functions corresponding to the free evolution and CPMG
superresolution protocols, an example Lorentzian noise spectrum Sy(w), and the (approx-
imate) signal spectrum S(w). In the presence of noise, we desire to minimize the overlap
integral between the noise spectrum and the filter function while satisfying the superresolu-
tion criteria F(w., x7) = 0 and F"(w,, k7) > 0.
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Figure 7.2: Given the parameters ¢ = 0.1 MHz, w. = 1 MHz, and desired relative error
d = 0.1, we numerically simulate the free evolution protocol with x = 5/2 which is not
a superresolution protocol (FE Non-SR), the free evolution superresolution protocol with
k =2 (FE SR), and the CPMG superresolution protocol with x =2 (CPMG SR). For each
of the protocols, we utilize Ngee samples as given in Eq. (7.11). (Left): Noiseless case;
the Lorentzian noise parameters are set to gy = W = 0. As Aw — 0, the SR protocols
achieve the desired relative accuracy while the non-SR protocol fails. (Right): Noisy case;
the Lorentzian noise parameters are set to gy, = 0.001 MHz and FWHM W = 0.1 Hz.
The CPMG superresolution protocol performs significantly better due to the fact that the
corresponding filter function overlaps with the noise spectrum significantly less. In both
figures, the analytic error bounds are from Appendix E.3.
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% measurements, with £ = 2. From Eq. (7.12), it follows that in the noiseless case,

872

FE-SR should achieve a relative error of at most 6 and CPMG-SR a relative error of at most
d/4, while FE-Non-SR should achieve a relative error that grows as Aw decreases. This is
confirmed numerically in Fig. 7.2. Furthermore, Appendix E.3 shows that in the noisy case

with small FWHM, we see FE-SR initially achieves a relative error of 9§, but the relative

error grows as Aw decreases due to the noise. On the other hand, CPMG-SR remains at

w

factor derived
15we

a relative error of ~ §/4 for much smaller values of Aw (due to the
above), until eventually it also must grow as Aw — 0.

Finally, we mention one peculiarity in Fig. 7.2. Recall that each of the methods, including
FE-Non-SR, has access to N ~ Aw~2 measurements. Therefore, if we are sampling from
the probability distribution defined by Eq. (7.6) for FE-Non-SR, the relative error should
scale as Aw™? as Aw — 0 in both the noisy and noiseless cases. However, the protocols are
not sampling from (P), but rather P. We showed around Eq. (7.13) that this distinction is
unimportant for superresolution protocols, but the same analysis with a non-superresolution

4

protocol reveals that the distinction is important unless N ~ Aw™*. This finite sampling

error results in estimates </]\3/> of (P) that can sometimes yield estimates of Aw? that are
negative. In the numerical simulations presented in Fig. 7.2, we combat this effect by simply
taking the absolute value of the estimate. Nonetheless, this approach affects the expected
scaling, and indeed the FE-Non-SR relative error does not increase exactly as Aw™? as
Aw — 0.

In summary, we have seen that choosing superresolution controls whose filter function
has minimal overlap with the noise in a system can yield dramatic improvements. It is
therefore natural to numerically search for controls that satisfy the superresolution criteria
and minimize overlap with the noise. In the next section, we generalize our discussion

from instantaneous controls to continuous controls and show how this optimization can yield

substantial benefits even over CPMG-SR.
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Section 7.4: Continuous control superresolution protocols

Thus far, we have used filter functions to study instantaneous control methods, yielding

Eq. (7.6). We now allow the controls ¢(t) to be arbitrary, and define the integrated controls

0.(t) = /0 t c(t') dt’. (7.16)

In Appendix E.1, we review the filter function formalism for continuous controls by following
the Magnus expansion [289]. The upshot is that with a modification F®(w,t) of the filter
function F'(w,t), Eq. (7.6) holds up to order O(g*), and therefore the superresolution criteria
derived in Section 7.2 are still valid with respect to F® as long as ¢%/Aw? is small.

More specifically, as Aw — 0, the Magnus expansion [289] with our signal Eq. (7.2) gives

2 2
(P) = 1—92 (2F(2)(wc, KT) + iF(4)(wc,wc, m’))

3
) , (7.17)
+ ¢*Aw? (ZF(Z)"(wC, KT) + %F(4)"(wc, We, /4;7)) + O (Aw*, ¢%) .
Here, [ is a generalization of F in Eq. (7.6) given by
t 2
FO (1) = / cos(20,('))e " dt’
0 ) (7.18)

+

Y

t
/ Sin(20,(1))e " dt
0

and F™ is a higher order filter function given by Eq. (E.21) in Appendix E.1, and F®)”
denotes the second derivative with respect to the first argument. When ¢(t) is an instanta-
neous control, then sin(26,.(t)) = 0 and cos(26.(t)) = f(t), therefore reducing to Eq. (7.6) as
expected.

If F? satisfies the superresolution criteria F'® (w,, x7) = 0 and F®”(w,, x7) > 0, then

Eq. (7.17) implies a region of Aw where the corresponding protocol effectively behaves as a
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Figure 7.3: The filter functions for the ¢ (¢) protocol (continuous controls) and for the CPMG
and free superresolution protocols (instantaneous controls). Note that we are plotting the
lowest order filter function. For the instantaneous control protocols, the lowest order filter
function is the only one that matters; however, for continuous controls protocols, higher
order filter functions become important. (Left) Filter functions for x = 2. (Right) Filter
functions for K = 4.

superresolution protocol. In particular, the region is given by all values Aw satisfying

2> 8g2F(4) (Wey We, KT)

A
YR 3F@"(w,, KT)

(7.19)

One major benefit of considering continuous controls is the ability to numerical optimize
over a continuous space to find particularly good protocols. Indeed in Section 7.4.1, we
specifically discuss numerically optimizing to find protocols that attempt to maximize this
region by minimize F'“(w,, w,, k7).

Before numerically optimizing, though, we analytically study a specific continuous control
to demonstrate that continuous controls can be beneficial as compared to the free and CPMG

instantaneous controls. We define the controls

1 K

eft) = —5 + gé(t - —) : (7.20)

We

which represents a continuous constant drive with a single instantaneous ¢” gate halfway
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through. When x is an integer, the filter function Fc(f ) for c1 obeys the superresolution
criteria. If the higher filter functions were also to vanish at the centroid, then ¢; would yield

superresolution with the Fisher information

4 .2 .4
i FISY) — WW# (if K € N). (7.21)

Eq. (7.19) then implies that the ¢; protocol behaves as a superresolution protocol with this
Fisher information in the region Aw 2 % ~ g/3. We will hence refer to the ¢; protocol
as ¢1-SR

We can immediately see a benefit of ¢; as compared to FE-SR and CPMG-SR by compar-
ing their Fisher informations. Specifically, the Fisher information for FE-SR and CPMG-SR
increase quadratically with the total time, whereas the Fisher information for ¢;-SR increases
quartically. Furthermore, comparing their filter functions shown in Fig. 7.3, ¢;-SR will be
effected less by low frequency noise, especially as k increases, due to its lower weight on low
frequencies.

Indeed, we see this effect in numerical simulations presented in Fig. 7.5. We can explicitly

see ¢1-SR perform better as g decreases, and the gap between the achieved relative error of

CPMG-SR and ¢;-SR increase as the Lorentzian noise strength increases when ¢ is small.

Subsection 7.4.1:  Numerical optimization of superresolution protocols

One major benefit of considering the superresolution criteria for continuous controls is that
it easily allows for numerical optimization. In particular, in this section, we will begin with

c1-SR as an initial seed and optimize to find cgom)—SR.
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Figure 7.4: For v = 4. (Left): ¢, cg"pt), and CPMG control sequences. (Right): Corre-
sponding filter functions. The green and red filter functions are the same as in the right of
Fig. 7.3.

We minimize the following Lagrangian,

L=—FY ., k1) + 1y / Sx(W)FP(w, k1) dw + paF P (w,, k7)
(7.22)

2
+ g1z [le() 15+ paFY (e we, £7) + pis 1 (8)]]5 -

The first term represents maximizing the Fisher information (proxied by the second derivative
of the filter function at the centroid). The ps term enforces the superresolution condition
that the filter function vanishes at the centroid — in the case of instantaneous controls, this
exactly results in superresolution, whereas in the case of continuous controls, this results
in superresolution up to order g*. The y; term means that we are attempting to minimize
the overlap between the filter function and the Lorentzian noise, thus reducing the effect
of the noise on our protocols. The u3 term encourages the resulting controls to have small
amplitude. The p4 term tries to minimize the effect of the higher order filter functions.
Finally, the ps term enforces that the resulting controls are smooth.

We emphasize that the numerical optimization framework is flexible, and there are many
different terms that one could add to the Lagrangian depending on the setting and task.

The Lagrangian we have chosen for illustration purposes attempts to find superresolution
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Figure 7.5: This plot is analogous to Fig. 7.2, except we now also consider continuous control
protocols. We numerically simulate the CPMG protocol, the ¢; protocol, and the optimized
C(IOPt) protocol (where recall we optimized for a small and smooth control amplitude with
small fourth filter function), all with k = 4. For each of the protocols, we utilize Nepuma
samples for a desired noiseless relative error of § = 0.1 given in Eq. (7.11). Note that all
the protocols fail at large enough Aw because we are using a second order Taylor expansion
approximation for (P). (Top left): Noiseless case (g5 = W = 0) and g = 0.06. As Aw — 0,
the instantaneous control protocols achieve the desired relative accuracy while the ¢; protocol
fails due to the higher order filter functions. However, there is a range of Aw values where
the ¢; protocol outperforms the instantaneous control protocols due to their filter functions
having a larger second derivative at the centroid. Meanwhile, due to its small fourth filter
function, the ¢** protocol performs well for smaller values of Aw. (Top right): Noiseless case
(g» =W =0) and g = 0.02. This is similar to the top left case, except that now because g
is smaller, the effect of the higher order filter functions is reduced, resulting in a larger range
of values of Aw for which the continuous control protocols outperform the instantaneous
control protocols. (Middle left): Noisy case (gx = ¢/30, FWHM W = 0.1) and g = 0.06.
(Middle right): Noisy case (gx = ¢/30) and g = 0.02. This case is the same as the Middle
left, except again because of the smaller g value, the continuous control protocols perform
better for longer. (Bottom left): Noisy case (g = ¢/15, FWHM W = 0.1) and g = 0.06.
(Bottom right): Noisy case (gx = ¢g/15) and g = 0.02. Same as the bottom left, except due
to a smaller g value, the continuous control protocols perform better.
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controls that are the most robust to noise, are small and smoothly varying, and have the
largest regime of validity according to Eq. (7.19). For example, if instead of Lorentzian noise,
the relevant noise model is 1/ f noise as is common in superconducting qubit platforms [290],
then the form of £ is the same except that Sy now becomes the spectrum of 1/f noise.

We numerically optimize £ with respect to the controls ¢(¢). For illustration, we seed
our optimizer with the ¢; protocol given in Eq. (7.20), though we replace the instantaneous
pulse in the middle simply by a random small number. We will fix k = 4. After optimizing,
we find new controls, which we call c§°pt) (t). The resulting control sequence is shown in
Fig. 7.4, along with the control sequence for ¢; for comparison. Also in Fig. 7.4, we show
the corresponding filter functions for c&om), c1, and CPMG. Note that one will get different
results depending on what is being optimized for. In this example, we want maxt|c§0pt) ()]
to be small and we want ¢*(t) to be smooth. We see that max;|c”™" (t)| ~ 3/4 and ¢*'(t)
is quite smooth, whereas the ideal CPMG and ¢; protocols have infinite amplitude jumps.
Despite the restriction on the amplitude, the numerical optimization is still able to find a
good control sequence that performs well. Specifically, the cg‘“’t’ (t) and ¢ protocols both have
a much larger value of F”(w,, k7) and have smaller overlap with low frequency Lorentzian
noise, and cg‘)pt)(t) is able to achieve this even with small amplitude controls. Additionally,

P* will outperform ¢; at

because we optimized ¢** to have a small value of F®(w,, w,, k7), ¢}
larger values of g where higher filter functions matter.

We simulate the protocols to produce the analogous plot as Fig. 7.2, and all of these
effects are shown in Fig. 7.5. We see that when O(g*) terms are irrelevant, both the ¢; and

c(IOPt) protocol outperform CPMG, both in the noiseless and noisy cases.

Section 7.5: Entanglement enhancement

In this section, we show that entangled qubits and measurements can take any superreso-

lution protocol that utilizes a single qubit and N repetitions and convert it to a superres-
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olution protocol that achieves the same relative error ¢ that utilizes N, ~ 25% qubits and

N, = Nj\]/\%R repetitions, with R = max(/log(;2>),1) and b = %F”(wc, 7). Thus, as the

relevant figure of merit is to compare N to N.N,, we see that utilizing entanglement requires
a factor of N,N, /N ~ 2v/§/R fewer resources. Importantly, this comes with the caveat that
the entangled qubits must be evolved with the Hamiltonian Hy, (1) = S0, (y(t)o? + ¢(t)a?).
This means that the N, entangled qubits must be evolved by the signal with the same real-
ization of Aq, As, B, and Bs.

For simplicity, we will derive this entanglement advantage by utilizing GHZ states, but
note that one can get the same advantage (up to a constant factor) with other by using
other states, such as Hamming weight N./2 Dicke states. We therefore let the initial state
be |¥g) = \/Li <|O>®Ne + |1)®N‘“‘>, evolve under Hy,(t) for a time x7, and measure the overlap
with |Wg). Thus, if U(t) is the time evolution operator under H(t), then U (#)®e is the time
evolution operator under Hy, (t). We are therefore interested in the expected probability
(Py,) with
Py, = <\<\1f0\ U (k)@

e

wo)[*). (7.23)

Restricting our attention to instantaneous controls, following the N, = 1 calculation in
Appendix E.1, we find that (Py,) = 1 + %e_NeQX, with x given in Eq. (7.6). Computing the

Fisher information then yields

lim Fla,((Py.)) = N? lim FIa,((P)) = 4N?b. (7.24)

Aw—0 ¢ Aw—0

In other words, the Fisher information for N, entangled qubits is N? times that of a single
qubit. It follows from the Cramér Rao bound that in order to achieve a relative error of €,

the protocol must repeated
1

APV S—
" AN A

(7.25)

times.
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Recall from below Eq. (7.13) that we require N, 2

< —bMiz 72+ P'ixing N, in this way yields

N, ~ R\[ and this a total resource requirement of N.N, ~ Comparing this to

1
2V/§ 2Rb63/2Aw? "

the number of repetitions required when N, = 1, N ~ m, we see that utilizing %

entangled qubits requires a factor of N, N, /N ~ 2v/§/R fewer resources.

Finally, the same result holds for continuous controls superresolution protocols in their
regime of applicability — that is, when the higher order filter functions can be neglected.

We note an interesting feature of the nature of the entanglement advantage in these
superresolution protocols. If we were sampling from (Py,) rather than from different real-
izations of Py, (that is, with respect to different Ay, Ay, By, By coefficients), then we could
set N, = 1. In this case, Eq. (7.25) is the standard square-root quantum entanglement
advantage, because N, can then be chosen to be v/N. However, sampling from Py, gives
the requirement on N, coming from Eq. (7.13) in order to effectively sample from (Py,),
therefore limiting the entanglement advantage to only 2v/8 /R, which is essentially only a

constant factor due to the logarithm in R.

Section 7.6: Comparison to other methods

In this section, we will compare superresolution protocols to other quantum and classical pro-
tocols. In particular, in Section 7.6.1, we will describe standard quantum noise spectroscopy
(QNS) techniques for estimating Aw, and in Section 7.6.2, we will perform a classical Fisher
information analysis on a few different settings, therefore analyzing the best possible classical

methods for estimating Aw in these settings.

Subsection 7.6.1: Quantum noise spectroscopy

In our superresolution protocols, we look for filter functions that vanish at the centroid w, but
have a large second derivative. Traditional QNS methods, however, aim for filter functions

with a large a narrow peak at a fixed frequency w*. By sliding such a filter function along
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Figure 7.6: The filter functions given in Eq. (7.26) for a sequence of M CPMG sequences
in a total time 7. As M increases, the primary peaks slide along the frequency axis; as T
increases the primary peaks become narrower in frequency.

the w axis, the overlap between the filter function and the signal S(w) will vary, being largest
when w* is near w; or wy. In this way, one can estimate Aw = wy — w;. In stark contrast
to superresolution protocols, these QNS methods require kK — 0o as Aw — 0 in order for
the peak in the filter function to be narrow than ~ Aw around w*. Thus, superresolution
protocols fundamentally outperform traditional QNS methods at estimating Aw as they only
require the signal to be observed for a fixed, finite amount of time.

To be more specific, we describe one particular traditional QNS method that utilizes
CPMG sequences. Given a total evolution time of T', we consider the filter function arising
from applying M CPMG sequences — in this case, the controls consist of instantaneous o”
gates at time T'/(4M),3T/(4M),5T/(4M), ..., (4M — 1)T/(4M). The analytic form of the

resulting filter function is

16 wl'\ . wl\ . wT’
Fy(w,T) = 2 sec? (m) sin? (7) s1n4<m) , (7.26)

and the resulting filter function is shown in Fig. 7.6.

A key feature of Fy;(w,T') is that it has a large peak at some w* that depends on M, and
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the width of this peak scales inversely with 7. Thus, given the signal (¢), we can evolve
a qubit under 7(t) and the M CPMG sequences for a time 7" and measure the expectation
value of ¢”. This will yield the value of the overlap between the Fy/(w,T) and S(w). By
performing this protocol for many different values of M, we can estimate w; and wy based
on when these expectation values are maximal. However, the resulting resolution along the

w-axis only scales as 1/T, so that T" must scale at least as 1/Aw as Aw — 0.

Subsection 7.6.2: Classical methods

Throughout this work, we have considered the signal (¢) given in Eq. (7.2). A superresolu-
tion protocol begins with the quantum state |+), evolves with the Hamiltonian in Eq. (7.5)
for a time 7, and then measures in the o™ basis. This protocol is repeated N times, where
the a = (Ay, As, By, By) in v(t) are different i.i.d. random normal coefficients for each of
the N runs. Such a procedure is applicable the scenario when the coherence time of the
signal is small, so that one is not able to make multiple measurements of the signal with the
same a coefficients. In this section, we consider the case when the coherence time is long
enough such that one is able to make M measurements of v(¢) with the same coefficients.
This procedure is then repeated N/M times, resulting in N measurements of the signal. We
want to determine what is the best possible accuracy a classical algorithm can achieve in its
estimate of Aw when given access to these N measurements.

Before performing the analysis, we summarize the results. When M = 1, the Fisher
information vanishes, so that there is no algorithm that is able to achieve any accuracy in
estimating Aw. Note that our quantum superresolution protocols also operate in the M =1
regime and make N measurements; however, the key difference is that although the quantum
procedures only measure once for a fixed realization of the a coefficients just as the classical
procedure, the quantum protocol can have nonzero Fisher information because the qubit is

subjected to time evolution corresponding to the signal for all times from 0 to k7 with a
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Figure 7.7: We plot FI /N for the M = 4 measurement block with Lorentzian noise with
FWHM W = 1/10 and strength g, w. = 1, and x = 1. For this plot, the measurement
times were chosen to be t,,, = (m — 1)k7/M for m = 1,2,3, 4.
fixed a.

On the other hand, we also consider the case when the coherence is long enough so that
M > 1 measurements are able to be made with a fixed realization of a. We show that if
M > 4 and there is no noise (A(t) = 0), the classical Fisher information scales as ~ 2 as
Aw — 0, and hence a classical procedure is able to estimate Aw arbitrarily well as Aw — 0.
We therefore see that the quantum superresolution protocols are best suited for when the
coherence time is short (so that M > 4 is not practically achievable) and Aw is small.

Finally, we also consider the classical M > 4 case when subjected to Lorentzian noise. We
find that the Fisher information scales as ~ & for large Aw and as ~ NAw? as Aw — 0,
which is in fact the scaling that the quantum superresolution protocols achieve despite them

only having access to a single measurement per realization of a. The Fisher information as

a function of Aw can be seen in Fig. 7.7 for various values of the noise strength.

Fisher information analysis

Because the Fisher information is additive, we can simply consider N = M, and then multiply

the end result by a factor of N/M. Given N = M, we consider measuring the signal v(¢) at
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times 0 <t <ty < --- <ty < k7. The result is a vector s = (sy,...,s)) of measurement
outcomes. Specifically, from Eq. (7.2), in the noiseless case, we will have s = gDa, where D

is the M x 4 matrix

COS(Wltl) COS(WQtl) sin(wltl) SiIl((,UQtl)
D — : : : : . (7.27)

cos(witys) cos(watys) sin(wity) sin(watyy)

In the presence of noise A\, we instead have s = gDa + g\, where A = (Aq,...,A\y), and
grx A 1is the value of the noise at time t,,.

In order the calculate the Fisher information, we are first interested in the probability
density p(s|Aw) that quantifies the probability of measuring a given s over the random values
of a and the random values of A. The probability distribution over a is simply a zero-mean,
unit-variance independent Gaussian distribution on each factor, while the distribution over
A is zero-mean multivariate Gaussian distribution with M x M covariance matrix V=1 with
entries (V1);; = exp[-Wr [t; — t;]]. Thus, letting §™) denote the Dirac delta function on
M elements, we have that

\/dtV
p(s|Aw) = ‘ ¢ / / dA
R4 RM

(9\2(0-\M/2
*(27) (7.28)

1
X exp {—i(aTa + )\TV)\)l S (gDa + g\ — s) .

We compute the Fisher information in two cases, M =1 and M = 4. When M =1, a
straightforward Gaussian integral shows that p(s|Aw) is independent of Aw even if gy = 0.
Therefore, the Fisher information is zero for all Aw and N. Intuitively, this is due to the
randomness in the a coefficients; measuring the signal N times with N different a yields a
sequence of random measurements with no information about the underlying signal.

Next, we consider the M = 4 case. We assume that tq,...,%, have been chosen so that
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D is an invertible 4 x 4 matrix. For example, ¢, = mk7/4 yields an invertible D unless k/w,
is an even integer. In this case, the §* function exactly cancels the integral over a, and
the A integral can be performed as a standard multivariate Gaussian integral. We then find
that p(s|Aw) is the probability density function of a multivariate zero-mean Gaussian with
covariance matrix X1, where ¥ = o — gio(V + g30) ‘o and o = (D~ 1T D1

The Fisher information for a multivariate Gaussian distribution whose covariance matrix

depends on an unknown parameter is well-known and takes the form [291, Eq. (6)]

FI:E
8

Tr[2(EHYE(E)], (7.29)
where (X7!) denotes the entrywise derivative of ¥ =1 with respect to Aw, and we put back
the factor of N/M. Using that for any matrix A, (A1) = —A71A’A~1, we can substitute for
L (V+4+g30) " and -0 = = (D~'"D") in order to arrive at a numerically computable
form of the Fisher information. The result is shown in Fig. 7.7.

In fact, in the noiseless case when g, = 0, the exact Fisher information can be computed

using a computer symbolic algebra software. For example, when x = 1, we find that

Nr? TAw N
FIn:l = 8w2 (2 CSC2< ) — 1) = m + 0(1) . (730)

To see why the Fisher information diverges as Aw — 0 in the noiseless case, we consider
a simple protocol when N = M = 5. Note that of course the Fisher information can
only increase with increasing M, and therefore the M = 5 Fisher information must also
diverge as Aw — 0. To be concrete, we will let kK = 1, and by assumption there is a single
realization of a. We measure the signal at times 0,7/5,27/5,37/5,47/5. Then the signal
that we measure will be s = Da. This time, because M = 5, D is 5 x 4; As Aw — 0,
D = Dy + AwD; + Aw?Dy + O(Aw?). Hence, for small Aw, after measuring the signal five

times and getting s, we have a system of five equations for five unknowns (Aj, Ay, By, By
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and Aw), Dya + AwD a + Aw?Dya = s. From here, we can simply solve for the unknowns
in order to determine Aw. As Aw — 0, the Taylor expansion of D becomes more and
more acccurate, meaning our estimate of Aw will also become more and more accurate.
Therefore, in this limit, we can achieve arbitrarily good accuracy in our estimate with only
five measurements. Recall the Cramér Rao bound says that the optimal estimation error 2
behaves as ﬁ Because it is possible to achieve arbitrarily good accuracy (i.e. ¢ — 0) with
N = M =5 as Aw — 0, we see that the Fisher information must diverge in this limit.

In conclusion, we see that if the coherence time of the signal is long enough that multiple
measurements of the signal are able to be made with a single realization of a, then simple

classical methods will outperform quantum superresolution protocols. On the other hand,

in the short coherence time setting, quantum protocols are the better choice.

Section 7.7: Conclusion

In this work, we studied quantum superresolution for frequency resolution and estimation.
We found explicit conditions on the filter function defined solely in terms of the control
Hamiltonian for a protocol to exhibit superresolution. Using these conditions, we find many
such protocols, as well as show how to numerically optimize control sequences to find controls
that exhibit superresolution and satisfy other conditions, such as robustness to a specified
noise model, smoothness of controls, etc. We further showed that any superresolution pro-
tocol can be improved with entanglement. We compared quantum superresolution methods
to standard QNS methods and other classical methods in order to understand the regime in

which quantum superconducting protocols will outperform other methods.
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Appendix A: Technical details for Chapter 2

Section A.1: Preliminaries

In this preliminary appendix, we will establish some notation and equations that will be
used throughout the rest of the appendices. In particular, in Appendix A.1.1, we review
bosonic Gaussian states and describe our setup. In Appendix A.1.2, we describe integration
over the unitary group with the Weingarten calculus. Finally, in Appendix A.1.3, we restrict
our attention to the case when all initial squeezing strengths are equal and derive a series

formula for the Rényi-2 entropy that is used in many of our proofs.

Subsection A.1.1: Bosonic Gaussian states

Here, we describe the setup and fix the notation required for the proofs of our main results.
We consider a very similar setup as the one described in Ref. [33] and use much of the same
notation as them. For a review of bosonic Gaussian states, we recommend Ref. [138]. Since
we are only interested in entanglement properties, the first moments — displacements — of
the Gaussian states will be irrelevant, and we will ignore them.

We consider a system of n bosonic modes. Each mode 1 <1 < n is initially in a squeezed
state with squeezing strength s; € R. Define the diagonal matrix Z = diag(e®, ..., e*").
The initial state can be represented by the covariance matrix oy = Z @ Z~!. Define A =
WZ—-Z"and B=1(Z+2z™).

The set of all passive Gaussian unitaries — that is, energy-conserving unitaries — acting
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on n modes is Sp(2n) N O(2n) which acts on the covariance matrix by conjugation. Here
O(2n) is the orthogonal group of 2n x 2n matrices, and Sp(2n) is the real symplectic group

of 2n x 2n matrices defined with respect to the symplectic form

OTLX’/L ]I’an

Q= : (A1)

_ann Onxn

Let n: U(n) — Sp(2n) N O(2n) be the isomorphism

Re(U) Im(U)
n(U) = : (A.2)
—Im(U) Re(U)
We evolve the initial state with covariance matrix oy by a passive Gaussian unitary, which
corresponds to a U € U(n). The resulting state is 5(U) == n(U)oon(UT) = n(U)oen(U)T.

Define the k£ x n matrix P and the n x n projector II as

]Ik:xk ka(nfk)
"= (]Ik;xk ka(n—k)) , M= = Tk @ Onkyx(n—y- (A-3)

On—t)xk  O(n—k)x(n—k)

Then let P := P& P and I = [1 & II. The covariance matrix corresponding to the reduced
state on the first k& < n modes is o(U) = P&(U)PT. Denote the element-wise complex
conjugate of the unitary U by U, and the conjugate transpose by U'. By simply doing the

matrix multiplication, one finds that

1 [ P{UBU'+UBU" + UAU' + UAU'| P*  —iP [UBUT — UBU'" — UAU' + UAU'| PT

iP [UBUT — UBU'+ UAUT — UAUT| P* P [UBU'+ UBU' — UAU' — UAUT| PT
(A4)

Note that o(U) is a covariance matrix on k£ modes and is correspondingly a positive 2k x 2k

matrix. Throughout this paper, we define r := k/n. One can derive from Eq. (A.6) that the
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average over the Haar measure is Ey UBUT = Ey UBU' = %H

nxn, Whereas all the other
terms have expectation value 0 since they do not contain an even number of U’s and U'’s.

Therefore,
Tr B
E o) =—
UeU(n)

Lok x 2k - (A.5)

The symplectic eigenvalues of o(U) are the positive eigenvalues of iQo(U). There are
k symplectic eigenvalues labeled as v; for 1 < ¢ < k. Let the von Neumann entropy of
the reduced state be S1(U), and the Rényi-2 entropy of the reduced state be So(U). Then
S;(U) = Zle h;(v;), where hy(z) = £ log 2+ — £t log 21 and hs(z) = logz [138]. The

Rényi-2 entropy of the reduced state takes a particularly nice form in terms of the standard

1

eigenvalues of o(U), namely Sy(U) = 1logdeto(U) = 1 Trlogo(U). The dependence of

S1(U) and S3(U) on r, n, and s is implicit.

Subsection A.1.2:  Weingarten calculus

Since we are interested in average entanglement, we will be averaging over the unitary group
U(n) with respect to the unique unit normalized Haar measure. To do so, we will use the
Weingarten calculus [146, 147]. For a matrix U, let U;; denote the entry in row ¢ and column

7. Then,

UEIE(n) Uiljl PN UiqjqUillj{ PN Ui;j{] = E (5111;(” ce 51(11;((1)(5]1];(1) PN 6]qj;<q)Wg(aT ,n), (AG)
0,TESy

where S, denotes the permutation group on ¢ elements. Wg is called the Weingarten function.

In our proofs, we will need the asymptotic form of the Weingarten function, which is given

by
1
nQ'HU‘

We(o,n) = H(—l)‘q‘—lqm_l +O(n e 772) (A7)
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where |o| denotes the minimum number of transpositions needed to generate the permutation
o, Cpn = (2m)!/m!(m + 1)! is the m'™ Catalan number, and o is a product of cycles ¢; of

length |¢;].

Subsection A.1.3: Series formula for the Rényi-2 entropy

In this subappendix, we Taylor expand S»(U) = 1 Trlogo(U) and derive a series formula
for the Rényi-2 entropy when all the initial squeezing values are equal. Hence, for each
1 <i<n,wesets; =s. Crucially, the resulting formula is a series in the squeezing strength
s, and the effect of the unitary U is separated from that of the squeezing strength s.

We would like to apply the Taylor series for the matrix logarithm, and hence must first

consider its convergence. We find that

(U = Topearll = || (U (70 — Tawrz) m(U) P (A8)

= |[F0(©) (90 — Tonczn) (@) 117 (A.9)

< ([0 (00 ~ Do) 7| (A.10)

= |[n(U) (00 — Tanxzn) n(U)" || (A.11)

= |loo — Lanxanl| (A.12)

= max{!e% — 1], e — 1‘} (A.13)

=2l 1, (A.14)

and therefore the Taylor series for log,
logo(U) = — f: (_].1)j (0(U) — Lygxar)’ (A.15)
j=1

converges for all |s| < R := 1log2. Since o(U) is a positive, real symmetric matrix, this

expression is indeed real and nonnegative. To make this work for all s € R, we can let N > 1
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and consider

1
Se(U) = élog deto(U) (A.16)
1 2k a(U)
=3 log (N det N (A.17)
1 1
=klog N + 5 Trlog (NJ(U)) : (A.18)

which follows from the fact that the determinant of products is equal to the product of
determinants. For any given s € R, we can choose N large enough such that H%U(U ) — ]IH <
1 and therefore the Taylor series for log can be used. We therefore find that for large enough

N,

So(U) = rnlog N — S Try" (—;)J (%a@ _ ]1Mk> | (A.19)

j=1
When all s; = s, A simplifies to A = sinh(2s)l,,«, and B to B = cosh(2s)l,x,, and
therefore o(U) simplifies to o(U) = cosh(2s)Iagxar + sinh(2s) M, where
PRe(UUNHPT  PIm(UUY)PT

M = B B : (A.20)
PIm(UUTN)PT —PRe(UUT)PT

With Eq. (A.19),

1 (=17 (]1 1 g
So(U) = nrlog N — 5 Trjz1 ( ; ) ([N cosh(2s) — 1] Top o + i smh(ls)M) (A.21)

= nrl N—lTi(_l)ji J i‘h€(2) E h(2)—1HMf (A.22)
= nrlog B r - é NKSln S NCOS S .

j=1 J =
J

0o j
= nrlog N —Tnz ( 1 {% cosh(2s) — 1]
—
e » (A.23)
1TZ(_1)]XJ:‘7 ! inh’(2s) ! h(2s) e
—-Tr — sinh"(2s) | — cosh(2s) — r
2 =\ N N
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_ 5N A ' ¢ 1 a ¢
= nrlog N + nrlog(cosh(2s)/N) — 5 ; ; ( >— sinh®(2s) [N cosh(2s) — 1] Tr M
(A.24)
1 h(2s) 1§:1 h'(2 TMfZ ! h(2s) 1H
= nrlogcosh(2s) — = Y — sinh"(2s)Tr — cosh(2s) —
& 2 24N N
(A.25)
= nrlog cosh(2s) — 1 f: L sinh’(2s) Tr Mé( L' (N sech(2s))" (A.26)
24~ Nt / '
= nrlog cosh(2s) — li (=1 tanh’(2s) Tr M*. (A.27)
2 14

~
Il

1

Of course, S3(U) is independent of the choice of N, and hence the N dependence has dropped
out.

The only thing left to compute is Tr M*. Since we are now only dealing with traces, we
can replace P with II in M. This nicely simplifies some formulas, since II is a square matrix,

and indeed a projector, whereas P is a rectangular matrix. Henceforth, we will therefore let

RN  IIITI
M= 7 (A.28)

711 —I1RII
where R = Re(UUT) and I = Im(UU"). Then, doing the matrix multiplication,

ITRIIRIT + IIJTIJIT IIRIIIIT — IIJTIRII
M? = . (A.29)
IIJITRIT — ITRIIJIT IIRITRIT 4 ITIIITII

D FE
We then notice that M? = , where D = Re(W), E = Im(W), and W =
—F D
o [ b, E
HUUTIUUTL. 1t is then easy to verify that M?% = , where D; 1 = D;D—E}E,
—E; D;j
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Eis.=D;E+FE;D, Dy =D, and E; = E. It is then also easy to verify that this recurrence
relation is solved by D; = Re(W?) and F; = Im(W7). Finally, Tr M% = 2Tr D;.
Using this recurrence, we can do the matrix multiplication M**! = M?% M to find that

Tr M**+1 = (. Hence, we only need to worry about even powers of M, giving

1 1
Sy(U) = nrlogcosh(2s) — = > — tanh*(2s) Tr M*. (A.30)
2 = 20
We then use that Tr M%* = 2Tr D; to find that
1
So(U) = nrlog cosh(2s) Z _g tanh?(2s) TrRe W*. (A.31)
/=1

Furthermore, since W is Hermitian, Tr W/ = Tr W7. Therefore, we arrive at

— 1
S9(U) = nrlog cosh(2s) Z _g tanh?(2s) Tr W* (A.32)
/=1
> tanh?(2s) 1 .

(=1

where in the last step we used the Taylor expansion of logcosh(arctanht) in the variable
t = tanh(2s).

Egs. (A.32) and (A.33) hint at why equal initial squeezings simplify the problem of
studying averaged entanglement properties. Specifically, the contribution from the squeezing
strength and the contribution from the unitary are separated. Thus, to determine averaged

entanglement properties, we only need to deal with the matrix W = IUUTHUUTTL.
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Section A.2: Rényi-2 and von Neumann entropies — Proof of Propo-

sition 2.2.1

In this appendix, we prove Proposition 2.2.1. We derive the maximum of the Rényi-2 and
von Neumann entropies, and the former will be of use later when we derive the Rényi-2 Page
correction. Furthermore, we prove that the von Neumann entropy can be bounded by the
Rényi-2 entropy. In this way, our results on the Rényi-2 Page curve can be used to bound
the von Neumann Page curve.

We begin by proving that the maximum of the Rényi-2 entropy is

max Se(U) = nmin(r,1 — r)log cosh(2s). (A.34)
UeU(n)

Proof. Recall that W = F'F, where F' = IIUU'IL. Therefore, W is a nonnegative operator,
and Tr W* > 0. The proposition then immediately follows from Eq. (A.32) if we can show
that for every r < 1/2, there exists a unitary such that W = 0. The case when r > 1/2 is
taken care of by the fact that the Rényi-2 entropy is symmetric under » — 1 — r since the
global state on the n modes is pure. Therefore, we now assume that » < 1/2, and we show
that there are unitaries U € U(n) such that W = 0.

Since F''F is nonnegative, we need to prove that there exists a unitary such that F =

[IUUL = 0. Hence we must prove that there exists a U such that (UUT);; = 0 for all

1 <i,57 <k = rn. Equivalently, we can conjugate the expression, giving (UUT) i =
22:1 UiaUja = 0. Therefore, we just need to find a set of & = rn orthonormal vectors
S={|11),...|[¢n)} in C" such that (¥;]h;) = 0. Let |¢;) = |R;) +1i|I;) for real vectors |R;)

and |I;). Since S is orthonormal, we find that

bij = (Wily) (A.35)
= ((Ri| =1 (L)(IRy) +1ilI;)) (A.36)
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= (RilRj) + (LilL;) + 1 ((Ril L) — (L] Rj)) - (A.37)

The condition that (1;|1);) = 0 implies that

0 = (ilt)) (A.38)
= ((Ril +1 (L) (|1Ry) +1il15)) (A.39)
= (Ri|Rj) — (L] L) +i((Ri| L) + (L|R;)) - (A.40)

Hence, we just need to find k vectors |R;) € R™ and k vectors |I;) € R™ satisfying
L (Ri|R;) + (Li|1;) = 645,
2. (Ri|R;) — (Li|I;) = 0,
3. (Ri|I;) + (L|R;) = 0, and

4. (Rilly) — (L|R;) = 0,

for all i,7 € {1,...,k}. This is trivial since k¥ < n/2, and we give one construction
here. Let R = {|R:1),...,|Rk)} be an orthogonal set satisfying (R;|R;) = d;;/2. Since
dim[span(R)*] = n — k > k, we can choose another orthogonal set Z = {|I,),...,|I})}

satisfying (;|1;) = 0;;/2 such that span(Z) Nspan(R) = {0}. This immediately means that
condition 3 and 4 are satisfied, because (R;|I;) = 0 for all 7 and j. Furthermore, condition
1 is satisfied because (R;|R;) + (L;|I;) = d;;/2 + 0;;/2 = J;;. Finally, condition 2 is satisfied

because <RZ|R]> — <Iz‘[]> = 5”/2 — (SU/Z = 0. ]

Next, we use Eq. (A.34) to prove that the maximum of the von Neumann entropy is

max S1(U) = nmin(r,1 — r)h;(cosh(2s)). (A.41)
UeU(n)
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Proof. From Ref. [150], the Rényi-a entropies for o« > 1 are all increasing with increasing
det 0. Therefore, when S, increases, so does S,. It follows that the unitary that maximizes
Sy also maximizes S;. Then, when r < 1/2; Eqgs. (A.20) and (A.34) together imply that
S1 is maximized when o = cosh(2s)la;xor and thus when v; = cosh(2s) for each i, yielding
maxy S1(U) = nrhi(cosh(2s)). The case when r > 1/2 is taken care of by the symmetry
of the von Neumann entropy when r — 1 — r since we are dealing with a bipartite system

13]. O

Finally, we prove the bound
S1(U) < S3(U) + nmin(r,1 —r)(1 —log2), (A.42)

which was first derived in Ref. [136, Eq. 15].

Proof. Recall that S; = Zle h;(v;), where v; > 1 are the symplectic eigenvalues of the co-

variance matrix o, ho(x) = log x, and hy(x) = xT“ log % — 2= ]og IT_l (see Appendix A.1.1).
We will prove that hy(z) < ho(z) + 1 — log 2, which proves the claim. We do this by not-
ing that hq(z) — he(z) is monotonically increasing, so that for any z, hi(x) — hao(z) <

lim, o0 (h1(y) — ha(y)). A simple calculation shows that this limit is equal to 1 —log2. O

Section A.3: Rényi-2 Page curve

In this appendix, we prove our main results on the Rényi-2 Page curve. In Appendix A.3.1,
we prove that asymptotically in n, Eycywm) S2(U) = na(s,r) — A(s,r) + o(1). We then
derive the exact formula for the linear term a(s,r). Then, in Appendix A.3.2, we simplify
a(s,1/2) and use the result to prove a simple expression for the Rényi-2 Page correction at
r = 1/2. Finally, in Appendix A.3.3, we derive a formula for the constant term A(s,r) up

to constant factors a'”. We then derive the formula for a'¥), simplify it for £ € {1,2,3,4, 5},
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and conjecture the exact value of a® for all ¢.

Subsection A.3.1: Linear term — Proof of Theorem 2.5.1
Theorem 2.3.1 concerns the expectation value of S3(U) over U(n) when all the initial squeez-
ing values are equal. From Eq. (A.32), we see that it only remains to compute Ey Tr W
Writing the matrix multiplication of W* = (IIUUTTIUUTI)? in terms of the matrix entries
of U and II and simplifying, we find that
k k n n
RLAESD DD SEED DEND D

150tz =1 47 .30, =1 J1,J20=1 51,...,55,=1

51'/2[,1'151'/1,1261/2,1361& [7EE 61"2@,171'22 (A43)
X 531 32 531 J§6]3,J4533 g4 6j22717j225jég,17jég

X Uiy gy - Uiy o Uit g1 - Uiy

ing:dag

We note that this is a simple result of matrix multiplication. The restriction on the i and ¢’

indices to {1,...,k} is a result of the fact that II,, = 0 for all @ > k. Applying Eq. (A.6),

we immediately find that

UGII[?( TrWt = Z Z Z Z Z We(or ! n)

15esb2e=1 4%, b, =1 J1,.,J20=1 1 ,....jb,=1 0, TES2

Oy

1,02

O,

1213...

J

Joe—1,J2¢ 5j§g,17j§g

%

lgg_1si2e

X 0,

oy, i1
(A.44)

X 0y g2 0 gt - - -

X 0;

Zl» (1) : 57"2[71';.(2[)
X 6]1:];(1) t 5j2é»j./,.(2[)'

Simplifying Eq. (A.44) at first seems impossible, but it will turn out that we do not need to.

All we need to learn from it is the following lemma.
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Lemma A.3.1. Fix a positive integer £. There exist coefficients a((f) forde {{+1,0+4+2,...,2(}
such that

1
folr) = lim Uelg,( “TrWt = Z alrd, (A.45)
d=0+1

Proof. The proof will proceed as follows. First, we will prove that Tr W* contains a term
proportional to n and no terms proportional to n® for any a > 1. Therefore, f,(r) is indeed
independent of n. Next, we will prove that fy(r) has no terms r* for a > 2¢ and a < /.
Throughout this proof, we interpret the delta functions in Eq. (A.44) as constraints on the
summations. Different permutations on the indices result in a different number of constraints
and hence terms with different powers of n and k.

Recall that W = F'F where F = IIUU'II. Therefore, Tr W is equal to the Frobenius
norm || F||%, which is the sum of the square absolute values of the entries of F. Thus,
by removing the projector IT from W (i.e. setting it to I), the trace cannot decrease. It
follows that the presence of II cannot increase the trace Tr W*. Getting rid of the II from
W and using the cyclic nature of the trace, we see that Tr W* < n. Furthermore, consider
Eq. (A.44) with 0 = 7 defined by o(1) = 2¢, 0(2) =1, 0(3) =2, ..., 0(2() = 2¢ — 1. Then,
o7~ ! is the identity, Wg(o771,n) contributes a factor of n=2¢. With this o, the sum over
the ¢ and ¢ yields a factor of k*. Finally, with this chosen 7, the sum over j will yield

O

]1j2'

0y

Jze—pjézdjivﬂée VNI

0

: ., :
ibpdse - Lhen summing over j, we get a single factor of n.

Hence, the term with the specific permutation described above yields a term of the form
nk2n-20 — np2t

We have shown that there is a term proportional to n and that there are no terms pro-
portional to n?, n3, etc. Since we are working asymptotically in n, we can therefore ignore all
terms proportional to n% for every nonnegative a. This proves that lim,,_,.. Eycu(m) % Tr W*
is independent of 7 and only depends on r, which justifies the definition of the function f,(r).

41

The only thing left to show is that f,(r) has only terms r*! through r%. So we only need

to show that there are no terms r* for a > 2¢ and a < £. We begin with the former.
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To look at powers of r, it is sufficient to look at the powers of k. We therefore restrict

our attention to the sum over i and ¢’ in Eq. (A.44). The sum over iy, .7

i, -1, will give either

a factor of 1 or a factor of k& depending on how the index #; is constrained by the Kronecker
delta functions, and similarly for ¢ through 79,. In order to get the highest power of k, we
require the fewest constraints on i and ¢’ (i.e. the fewest distinct Kronecker deltas). Hence,

we require o to be the permutation satisfying
Oy

! i 0i1 501t i -

)

i/227172‘2£ - 51'1,1' <A46)

;(1) e 5i2£7i;(2e)'

This permutation is (1) = 2¢, 0(2) =1, 0(3) = 2, ..., 0(2¢) = 2¢ — 1. With this o, we see
that a sum over ¢ and 4’ will give a factor of k*. Hence, 2/ is the highest power of k that
can be achieved.

Next we need to show that ¢ 4+ 1 is the lowest power of k that can be achieved. The

sum over j and j' can give at most a factor of n. This is because the first line of delta

.0

functions, 9;, ;,0 iae—1,d2¢05,_ b, T€duces the sum over 2¢ indices j and 2¢ indices j

3135
down to just a sum over ¢ indices j and ¢ indices j’. The second line of delta functions,

0

]17j7/'(1> '

)

[ cannot be made equivalent to the first line by any choice of 7; in fact, the

second line imposes all new constraints. Therefore, this line further reduces the sum over ¢
indices j and ¢ indices j/ down to just a sum over ¢ indices j (or ¢ indices j’, but not both).
Hence, the highest power of n that we get from the summations over j and 5 is nf. Putting
this together with the fact that asymptotically Wg(m, n) is at most n=2¢, we find that any
term coming from Eq. (A.44) is at most n~¢ x (dependence on k). Therefore, any powers of
k that are less than ¢ + 1 can be ignored; if the sum over i and 7' yields a term that is k®
for some a < /, then that term will be constant or decreasing with n. But from above, we
already have terms that are proportional to n resulting from Eq. (A.44), and so terms that

are constant or decreasing can be ignored. O
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As alluded to in the proof of the lemma, the asymptotic form of Ey Tr W* will be a
term linear in n times a function of r, plus a term constant in n times a function of r, plus
terms that decay to zero asymptotically with n. Hence, Eyy So(U) = na(s,r) — (s, ) +o(1).
In this section, we are interested only in the linear term «(s,r) because we are computing
Ey S2(U)/n. However, in the next section, we prove Proposition 2.3.3 which provides the
form of A(s, 7).

Actually computing ozgf) from Eq. (A.44) seems challenging. However, there is a nice
workaround that uses what we know about the Rényi-2 entropy being symmetric under

r+— 1 —r, as the total state on the n modes is pure.

Lemma A.3.2. Let ay) be as in Lemma A.3.1. Then

O o jvara (201 l 20 —d+1
a =AY (6—1><d—€—1 (d—1)d (A.47)

Note that this corresponds to the sequence A062991 on OEIS [292].

Proof. From Lemma A.3.1, asymptotically Eyy Tr W*¢ = nfi(r) for a polynomial f, that is a
sum over terms of degree £ + 1 through 2¢ in . From Eq. (A.33), we know that
1 > tZZ
lim E —5,(U) = — (r— fu(r)), (A.48)

n—oo U N 20
(=1

where —1 < t = tanh(2s) < 1. This whole function must be symmetric under r — 1 — 7 at
every order in t. The reason it must be symmetric at every order is as follows. Suppose we
choose s such that ¢t € O(n~"/?). Then Ey S>(U) = snt*(r — fi(r)) + o(1). Hence, r — fi(r)
must be symmetric since S5 is symmetric. We then choose s such that t € O(n‘l/ 4) and
consider Ey; [So(U) — int?(r — f1(r))], which will be equal to int*(r — fo(r)) + o(1). Since
Sy is symmetric and r — fi(r) is symmetric, it follows that r — fo(r) is symmetric. We then

continue inductively like this to prove that r — fy(r) must be symmetric for all /.
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We therefore find that for all ¢, f,(r) must satisfy r — fo(r) =1 —r — fi(1 — 1), or

fo(r) = fo(1 —r)=2r — 1. (A.49)

We then plug in the form of fy(r) = Zd 041 ozd . Eq. (A.49) must hold for every r, and
therefore we can equate the coefficients in front of each r? term to get a system of equations

that can be solved for the values of ad We then find that

20

2r—1= Y oy (r'—(1—-r)) (A.50)

d= €+1
2/ d d '
— Z al f) d _ aéé) Z (,)(—T)] (A‘51)
d=(+1 d=+1 =0 \J
20 2/ d
= Z o/) d Z (—r)! Z ag)() (A.52)
d=0+1 j=0 d=max(j,0+1) J
20 2/ .
= Z o/) d Z —r)? Z ozy) (‘7) (A.53)
d={+1 d=0 j=max(d{+1) d
. 20 20 .
- _Z Z ><2> + ) <a§f> — (=" " al? (2)) . (AB4)
J=t+1 d=t+1 j=d

Equating the degrees in r, we see the following conditions;
_ U 0
L 1= Zj:e+1 oG,

20 L
2. 2= Z] @-i—ljag )7

0
7 Y

3. For2<d<(,0=%%", ()a

4. For (+1<d<20, 0y =(-1)4 3%, ())al?.

Note that one can derive equivalent conditions by requiring that the polynomial (z +1/2) —
fe(x 4+ 1/2) is even in x. Condition 2 and condition 3 together constitute a linear system

of ¢ linearly independent equations. To verify this, one must show that det C' # 0 where C
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is the ¢ x ¢ matrix with entries C;; = (L;T) As noted by Benoit Cloitre in OEIS sequence
A000984 [292], det C' = (Zf). For a proof, see Ref. [293].

Since we have ¢ linearly independent equations for ¢ variables «, if there is a solution to
the four conditions then there is a unique solution. One can then verify that a solution to
the four conditions, and therefore the solution, is given by Eq. (A.47).

When verifying the four conditions, one finds that the right hand side of all four of the

conditions can be simplified in terms of the hypergeometric function 5[} defined as

— m\ (c— Dl a+b—1)!
Fi(=m,bie;r) = 3 (—1)° “ A.55
2Fi(=m.bieir) QZ:O( ) (a)(b—l)!(a—i—c—l)!r ( )
when m is nonnegative [141-144]. For example, condition 4, written as (—1)¢ = Z?i J (fi) (ay) / ozgf)),
reduces to (—1)% = Fy(d — 2¢,d — 1;d — ¢;1). Define the Pochhammer symbol as (), =

Nﬁ(—?. When a € N, oF(—a,b;¢;1) = % [141-144]. We therefore find that

JFi(d—20,d —1:d — 0;1) = E;:gzzz (A.56)
_Td-0r(1—d+ 1)
 T(OT(1 -0 (A.57)
Ld-0OIr(1—=0)(=d+0)(—=d+¢—-1)...(1—14)
B T(OD(1 - 0) (A.58)
_ (_1>1+(1—€)—(—d+€)r(d B €)<d B g)(d —/ + 1) s (f - 1)
)
(A.59)
I'(d—0)(¢—1)!
(_1)drE€)(d z(e - 13! (A-60)
= (1), (A.61)
hence proving condition 4. Conditions 1, 2, and 3 are similar. ]
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Plugging in this result, we find that

1 20— 1\ = 0 0—i
= _ETtW'=2(" — )it _ A.62
Jelr) = 2 ETr <£—1>;( Jr )+l +it 1) (4.62)
=IO P (1 — 0,004 2;7), (A.63)
where o F} is the hypergeometric function and C, := 6%1 (Qf) is the /** Catalan number. The

simplification from the first to second line follows from the definition of the hypergeometric

function given in Eq. (A.55). Plugging this exact formula for fi(r) = lim,_, Ey = Tr W*

into Eq. (A.32), and swapping sums, we arrive precisely at Theorem 2.3.1. We have therefore

completed the proof.

To get a sense for f,, we list a few here.

fi(r) =r*

fo(r) = —r* + 203

fa(r) = 2r° — 6r° + 5r*

fa(r) = =5r® + 200" — 287°% 4 14¢°

f5(r) = 147" — 70r° + 135¢% — 120r" + 42r°

fo(r) = —42r'? 4+ 2527t — 616110 + 770r° — 495r® 4 13277

f(r) = 132r™* — 92473 + 2730712 — 4368r" + 4004r'° — 200277 + 429r®

fs(r) = —429r'6 + 3432r'° — 118807 4 231007" — 2730072 4 196561 — 8008710 + 143077,

Recall that we required Gy(r) = r — fi(r) to be symmetric under » — 1 —r. We show
some of the resulting plots in Fig. A.1. Intuitively, one can understand G,(r) as being an
approximation to the function m(r) := min(r, 1 — r); as ¢ increases, this approximation gets
better and better.

More specifically, we can interpret the polynomials G,(r) in multiple ways. Once the form
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Figure A.1: The plots of G¢(r) := r— fo(r) for various values of £. f,(r) is given in Eq. (A.62).
In our proof, we crucially used that G,(r) is symmetric under r — 1 — r.
of f(r) is fixed by Lemma A.3.1, we showed in Lemma A.3.2 that G is uniquely determined
by the symmetry requirement that Gy(r) = Gy(1 — r). In the proof of Lemma A.3.2, we

showed that G, is uniquely determined by conditions 1, 2, and 3. Each of these conditions

has a simple interpretation. Condition 1, 1 = Z?ig 1 a;g)7 is the condition that G,(1) = 0.
Condition 2, 2 = Zjie 1) gg), is the condition that the derivative G(1) = —1. Condition

3,0= Z?ieH (7) ay) for each 2 < d < ¢, is the condition that the d'™ derivative Géd)(l) = 0.
Hence, condition 1, 2, and 3 are imposing that ng)(O) = m@(0) and Géd)(l) = m@(1) for
all 0 < d < (. Indeed, from the derived form of f,, we find that G,(r) is an approximation
from below to m(r), and it is an especially good approximation near the endpoints r = 0
and r = 1. We show some examples of this in Fig. A.1.
We will call G4(r) the ' order approximation to m(r). From Eq. (A.33), limy. Ey £55(U) =
1 %Gg(r). Thus, ¢ = tanh(2s) is weighting how relevant each approximation is. For
small squeezing, most of the weight is concentrated on low-order approximations. The low-
est order approximation is G1(r) = r(1—r) resulting in a parabolic shaped Page curve. When

the squeezing is very large, more and more weight is placed on high-order approximations so

that the Page curve begins to resemble the triangle Go. (1) = m(r). We see a manifestation
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of this interpretation as

lim lim E _SQ(U) 2r(1 —r), (A.64)

s—=0n—o0 UcU(n) s2n

lim lim E ng(U) = 2min(r,1 —r), (A.65)

s—oon—o0 UeU(n) SN

where the latter comes from the full expression in Theorem 2.3.1. Meanwhile, the maximal
Rényi-2 entropy is maxy +S5(U) = m(r)logcosh(2s) from Eq. (A.34). As stated, near the
endpoints 7 = 0 and r = 1, Gy(r) is a very good approximation to m(r). Thus, regardless of
the squeezing strength, when the subsystem size k = rn is small (or when its complement is

small), the average entanglement is very close to maximal.

Subsection A.3.2:  Maximum value — Proof of Corollary 2.5.2

In Appendix A.3.1, we derived the exact formula for the Rényi-2 Page curve as an infinite
series. Here we will show that the series can be completely simplified when r = 1/2. Bailey’s

theorem says that [141-144]

. [(c/2)T((1 +¢)/2)
oFi(a,1 —a;c;1/2) = Tt /205 e/ (A.66)

Plugging this into the Page curve in Theorem 2.3.1 at r = 1/2 and simplifying with the

duplication formula I'(¢ 4+ 1/2) = % [294],

n—oo UeU(n) N 12

1 1 20
lim E —S5(U)= log cosh(2s) — = Z (tanh®(2s) /4 ( ) (A.67)
4= /
We find that the second term is f(f/4 @ dz, where t = tanh?(2s) and f(x) is the generating

function of the central binomial coefficients f(z) = 3,2, (2@@) x%. Via the generalized binomial

theorem, one finds the generating function evaluates to f(z) = (1—4z)~'/2—1[292, A000984].
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Performing the integral, we find the second term to be ilog(‘;f \%j), which simplifies to

%log cosh(2s) — log cosh s. Subtracting the second term from the first yields logcosh s as
desired.
Finally, using Eq. (A.34) at » = 1/2, we find the Page correction to be 3 logcosh(2s) —

log cosh s, which simplifies to 3 log(1 + tanh® s).

Subsection A.3.3:  Constant term — Proof of Proposition 2.3.3

In Appendix A.3.1, we found that when all the initial squeezers are equal to s, Ey So(U) =
na(s,r) — A(s,r) + o(1), and we explicitly computed «(s,r). In this section, we determine
A(s,7) up to a set of constants and conjecture an explicit value of the constants.

In Appendix A.3.1, we found that, asymptotically in n, Ey Tr W*¢ = nfy(r) + go(r) +
o(1), where f, and g, are functions of r. From Eq. (A.32), it follows that A(s,r) =
Py %etanh%(%)gg(r). Furthermore, in Lemma A.3.1, we found that f, takes the form
fe(r) = Z?zig 1 oz((f)rd. Indeed, the proof of Lemma A.3.1 applies almost identically to g,(r),
except that because we are interested now in the constant term in Ey Tr W instead of
the term linear in n, g, takes the form g,(r) = Ziié C(f)rd. The extra term o< r* in the
polynomial g, does not occur in f;.

The Rényi-2 entropy must be symmetric under r +— 1 — r at every order in s and n,
since the full state on the n modes is pure. Therefore, A(s,7) must be symmetric under

r+— 1 —r at every order in tanh(2s), meaning that g,(r) = g¢(1 — ). The following lemma

will therefore be useful here, and we will also find use of it in Appendix A.4.

Lemma A.3.3. Fiz a polynomial g,(r) = Z?f:z C(f)rd. If go(r) = go(1 — 1), then go(r) =
B (1) (r(1 = )"
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Proof. Simplifying g;(r) — ¢;(1 — ) = 0 with the binomial theorem, we find

0= 8" ("= (-7 (A.68)
d:i_l 20 @ j 20 © ) o j
__d:O(—T) jz:;@j (d) +d2:;r ( . —(=1) ;ﬁj (d)) (A.69)

Equating all degrees of r, we find
1. For0<d</{—-1,0= Z?ifﬁj(g)(é);
2. For ¢/ <d <20, Bg) = (=1)¢ Z?id BJ@ (Zz)

Condition 1 is a system of /¢ linearly independent equations. To verify this, one must show
that det D # 0, where D is the (¢ + 1) x (¢ + 1) matrix with entries D;; = (ljﬁl) for
1<i</l+1and 1< j </ and entries D; 41 = 0;¢41. In other words, the rightmost
column is all zeros except for the entry on the diagonal. Inserting this rightmost column is
equivalent to adding one new equation to the linear system, where this new equation simply
fixes the value of one of the variables. Since the rightmost column is all zeros except for the
(¢ + 1,0+ 1) entry, we use Laplace’s expansion to find that det D = det D', where D’ is the
¢ x ¢ upper left submatrix of D. One can prove that det D’ # 0 in a similar way as shown
in Ref. [293]. Alternatively, one can use Corollary 11 from Ref. [295], which shows that the
matrix with entries (jcfl) has zero determinant if and only if there are indices i # j such
that a; = a;. For the matrix D', a;, = ¢ +i — 1, and therefore the determinant is nonzero.

In summary, we have a system of ¢ linearly independent equations for ¢ + 1 variables.
We can therefore uniquely express the solution by fixing one of the variables. Suppose
we know the value of Bé?. Then one can verify that conditions 1 and 2 are satisfied by
ﬁﬁ)z = (—1)" (f) Béi), for 0 < ¢ < ¢. With the binomial theorem, this simply becomes
9e(r) = B3 (=1 (r(1 = )"

When verifying that the two conditions are satisfied by @S_?Z = (—1)t (Z) é?, one finds

i
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that the right hand side of both conditions can be simplified in terms of the hypergeometric

function via Eq. (A.55). For example, condition 2, written as (—1)? = Z?i . () (ﬁj@ / By)),

reduces to (—1)¢ = oFy(d —20,d+ 1;d — ¢ + 1;1). As in the proof of Lemma A.3.2, we find

that

(—0)20-a
(d—0+1)y_q
_T(d—t+1)I'(4—d)
- T(=OT(+1)
 T(d—t+1)I(—4)

(—d—1)({l—d—2)...(-0)

(A.70)
(A.71)

(A.72)

(
T(—OT(C+1)
rteast) (o DA =0+ 1) (d+1—0)(d+2—10)...(0)

= (-1
(=1) L+1)
(A.73)
I'd—-¢+1)0
pu— —_ d A.; 4
S (VI (A.74)
= (-1), (A.75)
which proves condition 2. The proof of condition 1 is similar. O
For convenience, we define a¥) = 55?. It follows from Lemma A.3.3 that
A(s, 1) = i (_1)£a(f) tanh?(2s) (r(1 —r))". (A.76)
’ — 20
Note that if ) = (—1)*4*"1, then the Taylor series of log implies
1
A(s,r) = ~3 log(1 — 4r(1 — r) tanh?(2s)) , (A.77)

which is precisely Proposition 2.3.3. Hence, the only thing left to prove is the following

lemma.

Lemma A.3.4. For all{ € N, a¥) = (—1)/4'"1.
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To make progress on Lemma A.3.4, we write the formula for a(¥. Recall that ﬁélé) is the
coefficient in front of the r* term in g,(r). Looking at Eq. (A.44), we see that the only
way to get an r% term (i.e. a k* term) is if o is the permutation o(1) = 2/, 0(2) = 1,
0(3) =2, ..., 0(20) =20 — 1. Therefore, we are interested in the constant term (the term

asymptotically independent of n) in the following term of Eq. (A.44):

n? Z Z ZWg(UT’l,n)

J1sedoe=1j],...,jh,=1 TES2

(A.78)
X 05120315 - Ojae—1,2e 0135
B 5]17];(1) T 5j2£7j;.(2£>7
which simplifies to
n n
=2 E E E Wg(171,n)
JryenJoe=141,...,5%,=1 TES
(A.79)
X 0513205 - -+ Osae—1.ze Oty st
X 6j17j7/.(2g> 6]27.7;.<1>6]37.7;<2> e 5j227j;.(2g,1)
n n
= n? E E E Weg(7,n)
J2:J45-J20=1 ji,....5%,=1 TE€S2
(A.80)
x 63'1% o '5j§e71’j§z
X 5j27j7/.(22) 5j27j;(1)6j47j;<2) 6]4:];.@) e 6.7'227]';.(2@,2) 6]'227.7';.(2@,1)
n
= n% E g Weg(7,n)
Jlsendne=1TES2¢
(A81)

X 0ir

J1ada '53'54717]5@
51';(24)’3';(1)5j;(2)’j;(3) o '5j;(2e—2)7j;(2e—1)'

Note we used that Wg(r,n) = Wg(r7',n) from Eq. (A.7). Let #(7) be the number of

cycles in the disjoint cycle decomposition of 7 and let {cET) |ie{1,...,#(7)}} be the cycle
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Y al®
1 -1 =—-1
2 —4CECY + 4C,Cy =
3 —9C{C, + 15C2CE — C3 +18C3C, — 6C,C1Cy — 9CECy =—16
4 —16C’§Cl + 80(75‘012 — 4OC§C§ + 4808(12 — 11208’0102

+16CC3Cy + 8CECE — 48(]3(]3 +24C3C1C3 + 16CEC, =64
5 —25C8Cy + 250C5C% — 380C5C5 + 8()C§C’il - C? + 1000502

—600C3C1Cy + 440C3C2Cy — 20C,C3Cy + 130CAC2
—5002C1C2 — 150C8C; + 320C4C,Cy — 60C2C2C; — 40C3CHCx
+100CEC, — 60C3C,Cy — 25CACs = —256

Table A.1: A table showing the first five values of a'¥ from Eq. (A.88), which matches
Lemma A.3.4.

decomposition. Then, from Eq. (A.7), asymptotically,

(1)
-
Wg(T, TL) = W H(—l)‘ il IC|CZ(.T)|71’ (A82)
=1

where recall C,, is the m' Catalan number. Therefore, a®) is the constant term independent

of n in

(T)‘—l
C
Z Z nm H e )—1

J1se-J20=1 TES2,

(A.83)
X 6]1 J2 e '5j2£71,j2z
X 517(24)’1}(1)53%(2);]%(3) . '53}(22—2)7]}(22—1)'
Define £: Sy — N such that
&(r) — . . . . . . A
n - Jl 2 J3 Ja e 5]22—1,J22 X 537(2@7%(1)5]7(2)»%(3) T 5]7(2#2)7]7(2571) (A84)
----- Joe=1
n

- Z 6](7'(2@)/2W Jr(1)/2] 53(7(2)/21 Jrr(3)/21 5]'[7'(%*2)/21 Jrr(2e-1)/21° (A85)

Note that the definition of ¢ is independent of the value of n, and so we can equivalently

188



define £ as

2
5(7—) = 10g2 E : 5j(T(2z)/21 e (1)/2] 5]‘&(2)/21 Jrr(3y 21 e 5]%(2@72)/2} Jrr(2e—1)/21" <A'86)
Jisesje=1
&(m)
To get the constant term, we need “r— = 1. Therefore,

#()
7]
= 3 L0 (A.87)

TESyy s.t. i=1
£(r)=I7l

Finally, since the sum of the lengths of the cycles of a permutation 7 € Sy, is always 2/, we

find
#(7)
a0 — Z (—1)#™) H C\CET)FY (A.88)
TESy s.t. i=1
£(r)=l7|

From this equation, we can exactly compute a®

on a computer for small values of /.
Table A.1 shows the first five of these, which all match Lemma A.3.4 saying that a() =
(—1)%4~1. Note that if we change the condition of £(7) = |7] in Eq. (A.88) to £(7) = |7] +1,

then this gives us the term that is linear in n and hence is the equation for ag? from

Lemma A.3.2, which is S5 (271).

To complete the proof of Lemma A.3.4, we need to evaluate Eq. (A.88) for all ¢ € N.
This is done in Ref. [149] using objects called breakpoint graphs that arise in the study of
gene orders in bioinformatics [148|. Roughly, ¢ has an interpretation in terms of cycles of

breakpoint graphs.
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Section A.4: Variance of the Rényi-2 entropy — Proof of Theo-
rem 2.4.2
In this section, we shift our attention away from Ey So(U) and instead to Vary S(U) =

Ey So(U)? — (Ey So(U))?, and we will prove Theorem 2.4.2. We are again interested in the

case where all the initial squeezers are equal to s. Using Eq. (A.32), this becomes

o0

_ 1 20420/ ¢ AN ¢ 4
Var $:(U) —le 50 i 29) (Ig(TrW NTe W) (IgTrW) <IET1"W ))
(A.89)
oo d—1 1
_ 2d ¢ d—0y ¢ d—t
— gtanh (2s) > @D (Ig(TrW )(Tr W) <IgTrW ) <IgTrW )) .
(A.90)
As a direct consequence of Lemma A.3.1, we find that asymptotically
<I([}1 Tr W£> (Ig Tr We,) = 02pe (r) + 1o (r) + toe(r) +o(1), (A.91)

where p;p is a polynomial of degrees ¢ + ¢’ 4 2 through 2¢ + 2¢" in r, g, is a polynomial of
degrees ¢ + ¢’ 4+ 1 through 2¢ + 2¢' in r, and ¢, is a polynomial of degrees ¢ + ¢’ through
20 + 20" in 7.

Furthermore, we find an analogous result for By (Tr W¢)(Tr W*). Let L = 2¢+2¢'. Using
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Eq. (A.6), we find that

UEIIEJ:(n)<TrW£ )(TeW") . Z Z Z Z > Welo

A= 111 zL:1j1 .JjL= 1‘71 —IO'TESL

X 8 4104 iy0in s - O

CYRRECY)
X 51'3371'244-15i'22+1,i2£+26i/24+27i24+3 : 5Z’L 1L
(A.92)
5]1 Jz(sji Jg 6]’2#17]'2@5355_17]5[
X 5j22+17j2[+25jég+17jég+2 - '5J'L—1,JL(SJ'L 1L,
X 5i17i;(1) e 5iL7'i:,(L>
X 0;

g0,
I 71y JL:Jr (1)’

and the asymptotic form of Wg function is given in Eq. (A.7). In a similar proof to
Lemma A.3.1 but with Eq. (A.92) instead of Eq. (A.44), we analogously find that asymp-

totically

S E, (TWO(Tr W) =n*Poy(r) + nQuu(r) + Toe(r) + o(1), (A.93)

where Py is a polynomial of degrees ¢ + ¢’ 4 2 through 2¢ 4 2¢' in r, Qy is a polynomial
of degrees ¢ + ¢’ 4+ 1 through 2¢ + 2¢' in r, and T} ¢ is a polynomial of degrees ¢ + ¢’ through
20420 in r. For completeness, we prove this result for the P, term in the following lemma.

The proofs for the @y and T} terms follow from trivially tweaking the final part of the

proof.

Lemma A.4.1. Fiz positive integers £ and {'. There exist coefficients Bc(lul) forde {{+0+2,...

such that
1 20420 )
Prp(r) = lim — E(TeW*)(Tx wh= Y gt (A.94)
n—o0 n
d=0+0'42

Proof. Much of the details of this proof are the same as in the proof of Lemma A.3.1. We will

use the asymptotic form of the Wg function, which is written in Eq. (A.7). The proof will
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proceed as follows. First, we will prove that (Tr W*)(Tr W*) contains a term proportional to
n? and no terms proportional to n® for any a > 2. Therefore, Py (r) is indeed independent of
n. Next, we will prove that Py, (r) has no terms r* for a > L and a < ¢+ ¢'+1. Throughout
this proof, we interpret the delta functions in Eq. (A.92) as constraints on the summations.
Different permutations on the indices result in a different number of constraints and hence
terms with different powers of n and k.

Recall that IT can only decrease the trace. Getting rid of the IT in W and using the cyclic
nature of the trace, we see that (Tr W) (Tr W*) < n?. Furthermore, consider Eq. (A.92)
with ¢ = 7 defined by o(1) = 2, 0(2) = 1, ..., 0(2() = 20 — 1 and 0(20 + 1) = L,
o(20+2) =20+1,...,0(L) = L—1. Then, or ! is the identity, and so Wg(o77!, n)
contributes a factor of n=%. With this o, the sum over the i and ¢’ yields a factor of k%.
Finally, the sum over j yields

5j/ -/54/

1172 .737].4/1 :

S0

71t 030t Ot - - -

J

Y] (5-/ -/(5-/ -/ 6/ -/ .
J200320—1 " I20419L " I2042:72041 JpJp—1

(A.95)

Then summing over j', we get two factors of n. Hence, the term with the specific permutation

2Ly~ — p2pL

described above yields a term of the form n

We have shown that there is a term proportional to n? and that there are no terms pro-
portional to n* for a > 2. Since we are working asymptotically in n, we can therefore ignore
all terms proportional to n® for every a < 2. This proves that lim,, n—12(Tr W (Tr W) is
independent of n and only depends on r, which justifies the definition of the function P4 (7).
The only thing left to show is that Py« (r) has only terms r+**2 through %+ = r£. So
we only need to show that there are no terms r* for a > L and a < £+ ¢ + 1. We begin with
the former.

To look at powers of r, it is sufficient to look at powers of k. We therefore restrict our

attention to the sum over ¢ and ¢’ in Eq. (A.92). In order to get the highest power of k,

we require the least constraints on ¢ and ¢’ (i.e. the least distinct Kronecker deltas). We
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therefore require o to be the permutation so that

) .0

d 52"1@ i i _150L

5513 * = 51171'; <A96)

. ., . g . . . . . . 05 .
290521 12g71’7'2457’[/a12[+1512@+1’Z22+257‘2g+27122+3 (1) 52L’ZU(L)

This permutation ¢ is exactly the o described above that gave the term proportional to
n?rt. Hence, L is the highest power of r that can be achieved.

Next we need to show that ¢ + ¢/ + 2 is the lowest power of k£ that can be achieved. The
sum over j and j/ can give at most a factor of n‘**. This is because the first line of delta

0.

Jivjé

J

JL—1,JL

0.

functions, 9, i, .4, » teduces the sum over the L indices j and the L indices

1,J2
j' down to just a sum over £ + ¢ indices j and ¢ + ¢’ indices j'. The second line of delta

functions, ¢; , cannot be made equivalent to the first line by any choice of 7;

Vil Ol
in fact, the second line imposes all new constraints. Therefore, this line further reduces the
sum over the ¢+ ¢ indices j and the £+ ¢ indices j’ to just a sum over the ¢+ ¢ indices j (or
the ¢ + ¢ indices j’, but not both). Hence the highest power of n that we can get from the
summations over the j and j’ is n“*¢. Putting this together with the fact that asymptotically

n~=2-2" we find that any term coming from Eq. (A.92) is at

Wg(m,n) is at most n=t =
most n~~ x (dependence on k). Therefore, any powers of k that are less than ¢ + ¢ + 2
can be ignored; if the sum over i and ¢’ yields a term that is k% for some a < ¢+ ¢ + 1, then

that term will scale linearly or less with n. But from above, we already have terms that are

proportional to n?, and so terms that are linear or less in n can be ignored. O]

Therefore, from Eq. (A.90), we find that asymptotically

Ué/g(rn) Se(U) = Ztanth(Zs) (n®pa(r) + nga(r) + ta(r)) + o(1), (A.97)
d=2

where py is a polynomial of degrees d + 2 through 2d in r, g4 is a polynomial of degrees d + 1
through 2d in r, and t; is a polynomial of degrees d through 2d in r. The variance must be

symmetric under r» — 1 — r at every order in s and n. Therefore each py, q4, and t; must
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themselves be symmetric under r — 1 — r. It then immediately follows from Lemma A.3.3
that t4(r) = w@ (r(1 —r))? for some constants w(®. In the following lemma, we show that

pq and gg must be the zero polynomial.

Lemma A.4.2. Let d be a positive integer, and f(r) = Z?dzdﬂ i If f(r) = f(1 =),

then f(r) = 0.

Proof. Expanding with the binomial theorem, we find

0=f(r)—f(1-r) (A.98)
2d
- 'Z v (r = (1 = 1)) (A.99)
]_2d+ ‘ 2d J ‘ .
_ Y - Y %‘Z(—TV@ (A.100)
j=d+1 j=d+1 =0
R SR T I o S (Z) (A.101)
j=d+1 i=0 j=max(i,d+1)
d . 2d i 2d ; ; 2d i
=3 3 () Fy (%- W Es (j)) . (A102)

This must be true to all orders in r, and hence we equate each degree of r to zero. This

gives us the conditions:

1 For0<j<d 0=%",,%();

J

2. Ford+1<j<2d, v = (=1) X0 %))

Choosing any d of the equations from the first condition gives a linear system of d linearly
independent equations. To verify this, one must show that det C' # 0, where C' is the d x d
matrix with entries Cj; = (d;”) This was shown in the proof of Lemma A.3.2.

Therefore, we have d linearly independent equations for d variables. Hence, if there is
a solution, then there is one unique solution. We easily see that v; = 0 is a solution, and

therefore it is the solution. This gives f(r) = 0, completing the proof. O
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Since p; and ¢4 are zero, we have therefore found that

lim Var Sy(U) = iw(d) tanh?@(2s) (r(1 —r))?, (A.103)

n—oo UeU(n) =

proving the first part of Theorem 2.4.2. Equating this equation to Eq. (A.90), we find that

d—1

1
(d) — 1 _ —d 4 d—4y l d—~
9 o 0SS e (pmwimwe) — () ()
(A.104)
d—1 1
= nh_)I{.IO (?“(1 — T>>_d Z m UQ{?XL) (TI' WZ, Tr Wdie) y (A105)
/=1

where Cov is the covariance, and we know that w® is independent of r and n. From our
expressions for Tr ¥ in terms of the Weingarten calculus, it follows that w® € Q. Recall
that W has two factors of U and two factors of U. Hence, we can exactly compute w®
by integrating over fourth moments of the Haar measure on the unitary group. To do
this, we use the Mathematica package RTNI that symbolically computes expressions over the
Haar measure [296]. This Mathematica package precomputes the symbolic expressions for
Wg(o,n) for ¢ € S;. From this, w® is a sum over powers of TrII = k with coefficients
depending on n. One can then simplify this expression and take the limit n — oo to find

that w® = 1/2. Our Mathematica code for this calculation is provided on GitHub [145].
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Appendix B: Technical details for Chapter 3

Section B.1: von Neumann Entropy

In this section of the appendix, we show derivations of our results regarding the von Neumann
entropy. We cover the derivation of the von Neumann entropy presented in Theorem 3.3.1,
show squeezing limits as s — 0 and s — oo, (Theorem 3.3.2 and Theorem 3.3.3), and discuss

a potential avenue for solving the unequal squeezing case.

Subsection B.1.1: Page Curve for the von Neumann Entropy

Here, we derive the von Neumann entanglement entropy between the subsystems with £ and
n — k modes, in terms of the partition size ratio r = % and the squeezing strength s. We
use much of the notation from Ref. [2], and the background on bosonic Gaussian states and
operations can be found in Ref. [138].

Consider a system of n bosonic modes, where each mode 1 < ¢ < n is prepared in a
single-mode squeezed state with squeezing strength s;. This n-mode Gaussian state is acted
on by a passive linear optical unitary U € U(n).

We divide the output modes into two groups, with one group bearing 0 < k£ < n modes.
Let o be the 2k x 2k covariance matrix of the reduced state on these &k modes. As shown in

Refs. [138, 152, 178], the von Neumann entanglement entropy S;(U) of the whole system is
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given by

1) o+
1 1 Sy’ = logdet (5=
S(U) = =80 4 559 with { (%) , (B.1)

2
S£2) = Tr(coth™ ' (iQ0)iQ0)

where coth™'(z) is the inverse hyperbolic cotangent function, and the symplectic form €

equals

OTLX’FL ]ITLXTL

0= : (B.2)

_ann 0n><n

We aim to derive a formula for Sy solely in terms of r,n, and s using Eq. (B.1).

Define the k£ x n matrix P and the n x n projector II such that

Pi= (Hkxk 0k><(n—k)>7 (B.3)

]Ikxk ka(nfk)
IT .= = [pxr @ O(n—k)x(n—k)- (B4>

Otm—k)yxt  O(n—k)x(n—k)

From Ref. [2]|, when s; = s; Vi,j € {1,2,...,n}, the covariance matrix ¢ of the reduced
state after the application of U can be expressed as

PRe(UUN PT  PIm(UUT) PT
o = cosh (2s)I + sinh (2s)M, where M :=

PIm(UUT) PT —PRe(UUT) PT

, (B.5)

and U, UT, U represent the conjugate, transpose, and conjugate transpose of U, respectively.
Two useful and easily checkable properties of M are that QM = —MQ and Tr(QM7) =
Tr(M?~1Y) =0, Vj € Z".
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Using Eq. (B.5) and the properties above, Sfl) from Eq. (B.1) is expressed as

Sfl) =Tr log(a —EIQ> (B.6)
_ i (—1)7*1 T (0 +iQ I[)J
= 2
=, (1
= - r((cosh(2s) — + sinh(2s +1
Z; B Tr ((cosh(2s) — 2)I h(2s)M + iQ)’
j:
= Trio: (= ZJ: (‘7> (sinh(2s)M +iQ)" (cosh(2s) — 2)7~*
j=1 2y =0 t

-y e (2k(cosh(2s> 2 + ey @ (sinh(2s)M +1Q)" (cosh(2s) — 2>H>

/=1

B cosh 2s = . 0 = (—1)j J j—t
= 2k log ( 5 ) — Tr; (sinh(2s)M +i2) ; oy (6 (cosh(2s) — 2)
h?2 — (—1)*
= 2klog (0052 S) — Trz ( 6) (sinh(2s) M + iQ)" cosh™(2s)
=1
cosh 2s =1 -\ 2¢ —20
= 2k log 5 — Tr Z 27 (sinh(2s) M + i2)™ cosh™(2s)
=1
cosh 2s =1 ) . 19 9 ¢
= 2klog 5 —Tr Z Y] cosh™(2s) (sinh®(2s)M* +1)". (B.7)
=1

As discussed in Ref. [2], let W = HUUTHIUUTIL. Then, Tr(M%*) = 2 Tr(W?) Vi € Z*. We
emphasize that the dependence on U and r is implicit in W. Importantly, though, there is
no s dependence in W. We also note that, since now everything is written in terms of traces,

we are able to replace P with II so that all matrices are square. Incorporating this definition

into Eq. (B.7), we have

L

h2
S = 2k 1o <C°S2 S) - 22 o cosh ™ (28) (5) sinh® (2s) Tr W7 (B.8)
J
7=0
cosh 2s 90 9
= 2klog 5 -2 Z 57 cosh™ " (2s) | k + smh 7(28) Tr W4
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cosh 2s > » = 1 V4
—2klo + klog[tanh?(2s)] — 2 ) sinh®(2s) Tr W7 —()
g( ) ) g[tanh?(25)] —2) sinh® (2s) Tr ;%Coshy(%) ;

j=1
1
2 2(
= klog[cosh?®(s) sinh*(s)] — 2 ; sinh® (2s) Tr WJW
sinh?(2s) 1 ,
=klog| ———| — =Tr W7, B.
k og{ 1 } ;j r W (B.9)

We use a similar approach to simplify S§2). Notably, we use the Taylor expansion

—2] 1

for |z| > 1. (B.10)

coth™ i
=0

The || > 1 condition is met, as the eigenvalues of iQ2o come in positive-negative pairs, each

with magnitude greater than (or equal to) 1. Thus,

S{Q) = TI‘(COth_l(iQO’)iQO')
Tr ( (1Q0)” >
(@)

UL i ((cosh (2)1 + sinh (25)30)) %)

gﬂg

.
Il
o

(lTr
_|_

I
EME%
&
—_

I
[]e
&

+

=

<
I
=)

(,_1)j Tr ((cosh (25)§2 + sinh (QS)QM)_2j>

I
e
&

+

-

i
o

i Tr ((Sinh2 (25)M? — cosh? (2s)I) _j> : (B.11)

Il
INgE
8|7
+ | =
H\./

<
Il
=)

We use the negative binomial theorem to expand Eq. (B.11). For non-negative integers j

and real numbers x and a, we have

m—i—a

S k—1
Z (n * )xka_"_k, (B.12)
—0
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as discussed in Ref. [297]. This equation can be extended to matrices if z and a commute.

Using « = sinh® (25)M? and a = — cosh? (2s)1, we have

5P = ok 4 i 1Y (i(—l)" (j i 1) sinh? (2s) M2 (— cosh2(23))_j_i> (B.13)

2j+1 i=0 !
ok S (ST (T e (26)sech® (25) T(M)
Zo\2j+1 &\

— 2k cosh (2s) tanh ™! (sech(2s)) + itanh%@s) Te (M) i sech? (2s) (j o 1)

i=1 j=1 2j+1 ¢

= 2k cosh (2s) tanh™" (sech(2s))

2 o S 2i 3 -9 2 i (B.14)
+ gsech (2s) ;tanh (2s) o F} Y 1+, §,sech (2s) | Tr(W?*).
Therefore,
k sinh?(2s) =1 ,
E =_—log| ———=| = Y —ETrW/
UeU(n)Sl(U) 2 og[ 4 } ]21 25U rW
+ k cosh (2s) tanh ™" (sech(2s)) (B.15)
sech?(2s) — o 3 .9 2 i
+ —s ZZ:;tanh (2s) o F} 2 1+, §,sech (2s) Ingr(W )
1 inh*(2
=nr (5 log {W} + cosh(2s) tanh_l[sech(Qs)])
o B.16)
sech?(2s) 9 3 .5 9 3 cosh?(2s) ; (
—I—T; {tanh (2s) o F} 5,1+z,§,sech (2s) - IngrW

= Z [2% - %sech2(23) tanh®(2s) o [} (g, 1+1, g, sech2(23))} (nG;(r) — H;(r) + o(1)),

=1

(B.17)

where the step from Eq. (B.16) to Eq. (B.17) arises from substituting Ingr Wi = nr —
(nG;(r) — Hi(r)+o(1)) as derived in Ref. 2] and the subsequent cancellation of the constant

term. Finally, dividing by n and noting the vanishing behavior of H;(r) and o(1) as n — oo,
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the von Neumann Page curve is

o0

lim E —51 = Z {— — —sech (2s) tanh®(2s) o I} <§

n—o0 Ucl(n) - 2’
1=

1+q, g, sech2(23)>} Gi(r),

(B.18)

which is given in Theorem 3.3.1 in the main text.

Subsection B.1.2: Limit as s — 0

In this section, we show the validity of Theorem 3.3.2. Moreover, we elucidate the odd
behavior of the von Neumann Page curve scaling with s*log(1/s?) instead of the traditional
s? seen in the other Rényi-a entropies with integer o@ > 2. We also give our motivation for
investigating the s*log(1/s*) dependence.

For small squeezing strengths, one might expect the Rényi entanglement entropy to scale
with the number of bosons in all modes. Furthermore, since the total expected number of
bosons in the state of n modesis >, sinh? s ~ ns?® for equal squeezing, one may guess that
all Rényi-a Page curves scale with s2.

However,

lim lim E —S (U) = 0. (B.19)

s—0n—oco0 UeU(n) s%n

One difficulty arises in evaluating the limit as s — oo of the first term in Eq. (B.16).

Notably,

252 4 2 T3 550 +2835 a5’ Taerrrst T

(B.20)

11 {sinhz@s)} logs 2 4 64 ¢ 32 6 1024
—_— 0 =
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1 _ _ _
_logs N 1—6logs N 53 6Ologss2 251 25210g384
52 3 90 2835

1 _
= cosh(2s) tanh ™" (sech(2s)) =

(B.21)

Summing Eqs. (B.20) and (B.21) yields a complicated series involving log s, which di-

verges as s — 0. Therefore, we try evaluating lim,_,q lim,,_,cc , I[EJI( )m&([f ) in hopes
ceU(n

of achieving a convergent result. Using the entanglement entropy expression derived in

Eq. (B.16),

1 r 1 sinh?(2s)
lim li E ——— =————— | zlog| ——— h(2 h™'[sech(2
30 n 0 Ul (n) (s?log 1/32)n51(U> s?log1/s? (2 og{ 4 } + cosh(2s) tanh sech( 8)])

sech®(25) < 9 3 ) 9 3 cosh?(2s)
— tanh® (2s) oF7 | =, 1 —,sech®(2s) | - ————=
+3821Og(1/82>;[an (25) o 4 5 +Z,2,S€C (2s) 5

G Py (1 — iy + 2 7).

(B.22)

log(1/52) 1

Eq. (B.22), approaches r as s — 0. Now, we need to find the limit as s — 0 of the second

Note that m—=— - 7 <%10g[M} + cosh(2s) tanh_l[sech(Qs)]> , the constant term in

term in Eq. (B.22):

, 1 sech?(2s)
= lim
s—0 s2log(1/s?) 3

) ' 3 5 3cosh?(2s)]
X ; [tanhm(ZS) 21 (5, 1+1, é,sechQ(gs)) _ %(8)1 P o Fy (1 — i34 + 2:7)
(B.23)
> 1 1 ) . 5 5 2 :
— EL%W (gsech (2s) tanh™(2s) o F} (§, 141, é,sech (23)> — 2_2)
X T’H—lci 2F1(1 — 'L’ Z,’L + 2’ T)
o im —— (—-1-(28)2Z2F1 <—71+i,—,(1—252)2) __.)
;HO s*log(1/s%) \3 2 2 2i (B.24)

X PO (1 —dsdd + 2;7).
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Note that, in the i = 1 case, letting F(s) = m% -1-(25)*, the left-hand derivative

dde = —o00, while the right-hand derivative deF = 00. This behavior deviates from all
s=0" s=0
other values of ¢ > 1, where ‘fi—f = 0 evaluated at s = 0. Combined with the dependence

of oF1 (2,1 +14,2,(1 —25%)?) on i, one can explicitly calculate that Eq. (B.23) evaluates to

—r?, as the i = 1 case yields —r? and subsequent ¢ yield 0 in the sum. Thus,

1
lim li E S1(U)=r(1—r). B.25
sl—r>r(l)nl—>n<>loUeU(n)(5210g(1/52))n () =r(l=r) ( )

It can easily be seen from Eq. (B.16) that the result is the same if we swap the limits, so

that by the Moore-Osgood theorem [29§],

1

li E =7r(l—r). B.2
L oo (Pogi7n () =T (20

as displayed in Theorem 3.3.2 in the main text.

Subsection B.1.3: Limit as s — oo

In a similar vein as Appendix B.1.2, we also compute the von Neumann Page curve for equal

squeezing as s — o0o. The Page curve scales with s in the limit s — oo, so we compute

lim, o0 lim, oo [E %Sl(U ). We once again use the expression found in Eq. (B.16) in our
Ue

U(n)
evaluations.

1
lim lim E —S;(U)= lim A; + lim A,
§—00

s—o0o n—o0 UeU(n) SN 500

1 inh?(2
where A; = g (— log {M} + cosh(2s) tanh_l[sech(2s)]) :

2 4
I, o 3 5 ) 1
Ay = S; {3sech (25) tanh?(2s) o F} (2,1+z, 5 sech (25)) 22} fi(r),

fz(T) = Ti+1Ci 2F1(1 — Z, 272 + 2, 7").

(B.27)
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It turns out that

lim A, = lim (iélog {%D + lim (f - cosh(2s) tanh_l[sech(2s)]> (B.28)

S—$00 s—o00 \ S 4 s—00 \ S
T 1 sinh?(2s)
—p i (glog[TD o
= 2min(r,1 —r). (B.29)

Since the Page curve is symmetric about r = 1, Eq. (B.29) contains a min(r,1 — r) term

(as opposed to a simple r-dependence). Next, we calculate limg o, As:

_ 11 ; 3 5 1
Sll)rgo Ay = sli)rgo B Z {gsech2(23) tanh® (2s) o F (57 1+1, 3 sech2(2s)) — Z] - fi(r)
(B.30)
1R 3.5 1
= 0. (B.32)
Therefore,
: 1 :

lim E —S5(U)=2min(r,1—r), (B.33)

Zj}gg UeU(n) SN

where we again used the same discussion as around Eq. (B.26)

Eq. (B.33) is verified in Fig. B.2, alongside other Rényi-a Page curves in the limit as
s — oo. Note that both the von Neumann and Rényi Page curves approach the same limit of
2min(r,1 —r) (see Appendix B.2.3 for the relevant derivation). This indicates that, at large
squeezing values, the von Neumann entropy behaves similarly to the larger class of Rényi

entropies.
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Section B.2: General Rényi-a Entropies

In this section, we extend our derivation in Appendix B.1 from the von Neumann entropy to
all general Rényi-a entropies, where « is a positive integer greater than 1. We find a closed
formula for the Rényi-a Page curve as a function of equal squeezing strength s and partition
ratio r in the asymptotic limit n — oo. Similar to the von Neumann case, we calculate
squeezing limits of the Rényi-a entropies as s — 0 and s — oo and then discuss typicality

of entanglement based on the variance.

Subsection B.2.1: Page Curve for the Rényi-aw entropy

Here, we present our full derivation for the Page curve of the Rényi-a entropy, where « is

an integer great than 1, in terms of the partition ratio r and equal squeezing strength s.
Our starting point is the general expression relating the Rényi-a entropy with the sym-

plectic eigenvalues v; of the covariance matrix o (recall that o is precisely the second moment

of p [138]):

klog 2
aros= (B.34)

a—1"

Salp) = —— > logl(v; + 1) = (v — 1)%] -

If « is a positive integer, then this function has a — 1 singularities. We can solve for those

singularities explicitly:

- 274

(+1D)*=w—-1)"=>v+1= (-1, (B.35)

¢
— = —icot =, (=1,...,a—1. (B.36)
(6%

Note that we exclude the ¢ = « case as Eq. (B.35) does not have a root in that case. Thus,

the polynomial (v; + 1)* — (v; — 1)® can be rewritten in terms of a product of factors as
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follows:
(v, + 1) = (; — 1) = 2ar$ (V7 + cot? m), (B.37)
a

where we define ( := 1 — (o mod 2). The Rényi entropy is in turn given by

125t & k 2
1 ™m ¢> iy logv; klog
Sa(ﬂ) = E E 10g<1/]2 + COt2 7) + 2<]Oé — 1) ! a—1

a—1

— klog2. (B.38)

m=1 j=1
To work with the log 1/]2 terms, note that the squares of the symplectic eigenvalues of ¢ are
precisely the eigenvalues of (i€20)? by matrix properties. Furthermore, since the eigenvalues
of i€20 come in plus-minus pairs but the symplectic eigenvalues only consider positive num-
bers, the factor of 1 in Eq. (B.38) arises. Taking (iQ20)* = (iQ(I cosh(2s) + M sinh(2s)))? =

cosh?(2s) — M?sinh?(2s) into the above equation, we thus have

L25*)
1 ™n
= Trl p— h?(2s) — M? sinh?(2
Sa(p) o= 1) mgl rlog(cot ” + cosh”(2s) sinh?(2s))
¢ 2 2 i 12 klog(a)
——Trl h*(2s) — M h*(2 ————= — klog?2. B.
+ o —1) rlog(cosh”(2s) sinh?(2s)) + P og (B.39)

Let us now expand all the logarithmic functions in the sum in Eq. (B.39) in orders of
M?. Noting that M? < 1, one could show that each of the following series always converge

(for any integer /£):

sinh?(2s)

Trlog(cosh?(2s) — M?sinh?(2s)) = 4k log cosh(2s) — oo (25) b2 (2)
cos s

(=1

TH(M),

(B.40)
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Trlog(cot? ™ cosh?(2s) — M?sinh?(2s)) = 2k log(cot? @ + cosh?(2s))
«

% 20
Z T smh (2s) Te(M?).

2 ™m\/¢
p= cosh®(2s) + cot? ™)

(B.41)

Note that the product in Eq. (B.37) vanishes when substituting o = 2. Therefore, one gets
from Eq. (B.38) that Sy = Z?:l log IJJZ. Combining the expansion in Eq. (B.40), we get
that Sy = klogcosh(2s) — > 2, tanh (2s) Tr(M?%). This expression for S, is utilized in the

20

following steps to formally express the Rényi entropy with a positive integer « as

2. log(cot? 22 + cosh?(2s)) N k(’log cosh(2s) + log «

alp) =k ~ klog2 B.42
Salp) 2 o — og (B.A42)
_ i ij sinh*(2s) N sinh?(2s) | Tr(M?%)
a-lo 1= ((cosh?(2s) + cot? Z2)¢ ~ ° 2 cosh*(2s) 2

log (cot> ™2 + cosh®(2s))  kloga ¢
- — klog2
kz Oé—l +Oé— k‘Og +Oé—182
i Lasz sinh?(2s) Tr(M%)
2 o (B.43)
— 14| 2= {(cosh”(2s) + cot? 7)* 2
¢ 1 K| e sinh%(Qs) .
=12t o k—Te(W9],  (B4d
a—17""a—1 ; 1;::1 {(cosh?(2s) + cot? T)! [ x(W)] ( )

where @ = [251] = 2==¢. We have used Tr M* = 2Tr W* in Eq. (B.44). The step from

Eq. (B.43) to Eq. (B.44) utilizes the relation presented in Eq. (B.41), where M is substituted
with the identity matrix. We can then use the expression for Eycyg,) Tr W* from Ref. [2] to

derive the Page curve.
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Subsection B.2.2: Limit as s = 0

We now analyze the Rényi-a entropy as the squeezing strength approaches zero. This time,
due to the analyticity of the Rényi entropies for integer o > 2, the Page curve scales with the
number of bosons ~ s? instead of the s?log(1/s?) dependence explained in Appendix B.1.2.

Recall that G,(r) is a function symmetric about r = % defined as r — r**1Cy o Fy (1 —
0,00+ 2;7). Using Eq. (B.44) and substituting & — Tr(W*) = nGy(r) to investigate the

s — 0 limit,

T | IR TR 2 (T~ ¢ _
%,}L%EIES(U)—%%_l;z@S) Gf“)m:l(”c"t () +aoqzaen)
(B.45)
—hmi (25)*G1(r) g (cot2 <@>+1)_1+ ¢ 2r(l —r)
s—0 52— 1 ! — ! a—1
4 . o (T -1 ¢
—a_l(l—r)zl(cot (7)+1> +—==2r(1—7)

TS__I (42 (cotZ( ) 1)_1+2g>
_ TS__I) (<_ cse (g) sin (27”; ”) +2a+ 1) + 2g> . (B.46)

Next, we use that a = | (a — 1)/2| = (o — 1 —()/2. Then

1 r(1—r) N _ sin(7¢/a)
iy Yim, s’n IE SalU) = a—1 < 6 sin(7 /) ) (B47)
- ai —r(L ). (B.48)

As in the other cases, this results holds as a double limit limnsi%o. Evidently, the Rényi-
a Page Curve with small squeezing approaches r(1 — ) - s? as a — oo. We demonstrate

Eq. (B.48) numerically in Fig. B.1.
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0.4” ________________ ()4:3
________________ a=4
03— - a=2>5
=== o =15
! ! ! ! ! S

Figure B.1: The Rényi-a Page curves, for o € {2, 3,4, 5,15}, divided by s?, as a function of
the squeezing strength s. These functions are displayed as the solid lines. The Rényi-a Page
curve limit as s — 0, presented in Eq. (B.48), is shown by the dashed lines in corresponding
color. As expected, the Rényi-a Page curve approaches —#57(1 —r) in order 52, where we
take r = 0.5 and n = 400.

Subsection B.2.3: Limit as s — o0

Now, we investigate the squeezing limit s — oo.

We have

a

i % sinh?(25)Gy(r) (cot2 (@) + cosh2(28)> —¢

[0
/=1 m=1

1
lim lim —ES,(U) = lim —

s—oon—oo SN U s—o00 S v — 1

(B.49)

.1 2a > tanh?(2s) ¢ :
N slggoga -1 (Z TGAT) Tz 12 min(r, 1 =)

{=1

2
= a_a12 min(r,l—’r’)—l—%Z min(r,1 —r)
~da+2(

o —

= 2 min(r,1 —r). (B.50)

min(r, 1 —r)
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Figure B.2: Plots of the von Neumann, Rényi-2, and Rényi-3 Page curves divided by s, as
a function of the squeezing strength s. These functions, which are presented more generally
in Theorem 3.3.3 and Theorem 3.4.2, are shown by the solid red, blue, and brown lines,
respectively. The von Neumann and Rényi Page curves in the limit as squeezing strength
approaches infinity, derived in Appendix B.1.3 and Appendix B.2.3, have coinciding values
of 2min(r, 1 — r) displayed as the black dotted line. We take r = 0.5.

As in the other cases, this results holds as a double limit limrgi%o.

We numerically validate Eq. (B.50) and Eq. (B.33) in Fig. B.2 below. As shown, both the

von Neumann and Rényi-a entropies indeed approach 2min(r,1 — r) in order s as s — oc.

Subsection B.2.4: Variance and typicality of entanglement

In this section, we prove weak typicality of entanglement described in Section 3.4.4. We

consider the general expression for the Rényi-a entropy as found in Eq. (B.44):

¢ 1 |+ sinh?(2s) .
Salp) = 775 k— Te(W B.51
2 a—17 " a1 ; ; {(cosh?(2s) + cot? T)! [ x(W)] (B.51)
1 < < sinh?(2s) sinh?(2s)
- k—Te(W9], (B.52
a—1 ; Zl ((cosh?(2s) + tan® T2 * <2€ cosh?(2s) [ (W), (B:52)
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with the same definition a := L‘“T_IJ = %H More specifically, the o = 2 Rényi entropy is

given by

o0

Z sinh™(25) [k — Te(W)]. (B.53)

— 20 cosh% 25)

From Ref. [2], we know that the following covariance is a non-zero constant independent of

n:

g(d — E) (TI(WZ) Tr(Wd_K) - TI“(WE) ) Tr(Wd_é))- (B.54)

Then the variance of S,—2(p) can also be proved to be a constant. Letting the fluctuation in

the Rényi entropy be defined as 6S,—2 = Sp=2(p) — Sa=2(p), we get Var S,—2(p) = (582 _o as

d—1

0S2_, =~ Ztanhw (25)) 7 ( dl_ 0 (Tr(W¢) Te(We=f) — Te(WF) - Tr(Wd=f))  (B.55)
(=1

= dz tanh®®(2s)V;,. (B.56)

On the other hand, we can also expand the Rényi entropy as

o5+

e i el C 1) (B.57)
:i E
)\ BT G (o)
m=1 (=1 COsh2(28)+Cot2(%)> / 52 anh*"(2s) #
(B.58)

where

R sinh?(2s) ‘ [k — Te(W*)] B a—1
_Zl<cosh2 25) + cot? (2 )) 7 , m—1,2,...,{ 5 J (B.59)
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Note that all quantities C,,(«) are well-defined and converge for all integers m, «, and s,
and, by definition, Co(a) = Sp=2(p). Further, for each C,,(a), if we introduce its fluctuation
ICm(a) = Cp(a) = Cpp() , then

00 . dg—1
— 1 sinh?(2s)
5C2(a) = - S (W) T(I7=0) = T (W
m(@) 4; (cosh2(23)+cot2 m ) — ‘(d r(W) Ta( ) = T (W) - T ( )
(B.60)
1 & sinh?(2s) ’
inh*(2s
= - V B.61
4 dX_: (cosh *(25) + cot?(Z2 )) 4 (B.61)
1o 2d
< ZZ tanh=*(2s)Vy,

IS9
[|
N

meaning that each C,, has smaller variance than that of Cj. Furthermore, by the Cauchy-

Schwarz inequality, we have that

a—1

5, ) < 1/6C(a) . 5Cor (@)3C (@) Vm,m’eO,l,...,L J (B.62)

so that covariances of the form §C,,(a)dC, () ¥Ym,m’ must also be bounded by a constant
as n increases. Finally, since we have found the variance of C,,(a)) and S2(p) to be constant

in n, we can prove the concentration of Rényi entropy with integer o > 2:

25t
Salp) = —— 3 Cul) +

a—1

m=1

E 182(p) = 0852 = const. (B.63)
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Appendix C: Technical details for Chapter 4

Section C.1: Pointers to Appendix C

In Appendices C.2 to C.6, we provide proofs of our main results and summarize relevant
background material on continuous-variable (CV) information theory. Appendix C.2 covers
relevant definitions from measure theory and properties of projectors onto the symmetric
subspace of a separable Hilbert space. Appendices C.3.1 and C.3.2 review finite-dimensional
simplex and torus designs. Appendices C.3.3 to C.3.5 review complex-projective designs and
their relationship to simplex and torus designs. Using simplex and torus designs, we develop
a design formalism for constrained complex-projective integration in Appendix C.3.6. To
the best of our knowledge, the formalism developed in Appendix C.3.6 is novel. Similarly,
to the best of our knowledge, Definition 4.3.1, Theorem C.3.9, and Proposition C.3.11 from
Appendix C.3.2 are new, though we prove in Appendix C.6 that Definition 4.3.1 is equivalent
to a previous definition given in Ref. [189]. A relationship between simplex, torus, and
complex-projective designs was described Ref. [189]. We further extend on this relationship
in Appendices C.3.3 to C.3.5.

Readers who are familiar with finite-dimensional complex-projective designs may wish
to begin directly from Appendix C.4. Appendices C.4 and C.5 discuss the main results of
this paper. In Appendices C.4.1 and C.4.2, we prove that CV state and unitary t-designs
do not exist for ¢ > 1. In Appendices C.4.3 and C.4.4, we define and construct rigged and
regularized rigged designs, which are generalizations of CV state designs. In Appendix C.4.5,

we discuss an alternative characterization of CV, rigged, and reguarized rigged designs based
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on integration over infinite-dimensional Gaussian measures. In Appendix C.4.7, using regu-
larized rigged designs, we propose a new definition of an approximate CV unitary ¢-design.
In Appendix C.5.1, we develop the formalism for CV shadows based on rigged designs. We
then define the average fidelity of a CV channel based on regularized rigged designs in Ap-
pendix C.5.2. Finally, in Appendix C.6, we establish a relationship between torus 2-designs
and complete sets of mutually unbiased bases that, to the best of our knowledge, had not

been previously established.

Section C.2: Preliminaries

In this section, we summarize some definitions and prior results relevant for the rest of the
appendix. We point readers to [138, 237] and [299] for background on continuous-variable

information theory and measure theory, respectively.

Throughout this manuscript, N and Ny denote the sets of positive and non-negative
integers, respectively. A t¢-fold Cartesian product Ny x --- x Ny will be denoted by Nf. Z,

will be the integers modulo d, Z4 = {0,...,d — 1}.

States: We will consider continuous-variable states (normalized vectors) in the separable
infinite dimensional Hilbert space H = L*(R). Separable Hilbert spaces, by definition, have
a Schauder or Hilbert Space basis; any vector in a separable Hilbert space can be written
as y o, n|v,) for some Schauder basis {v,} which is always guaranteed to exist [300,
ch. 17.1]. For concreteness, when discussing an explicit basis, we will use the standard Fock

basis on L*(R), denoted by {|n) | n € Ny}. In the position representation, a Fock state |n)

is ¥, (z) = (z|n) = \”/;%e_”ﬁ/gﬂn(:1:)7 where H,, is the n'® Hermite polynomial. We will also
consider d dimensional qudit states, where the Hilbert space is C?. We will fix an orthonormal
basis of C? and denote it as {|0),...,|d —1)}. Qudit states belong to complex-projective

space CP?~!, which is described more in Appendix C.2.1.
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m-torus and m-simplex: The m-torus is denoted by 7™ = [0,27)™ = (R/27xZ)™. The

unit-normalized Lebesgue measure on 7" is given by d¢ = W d¢; . ..d¢,,. Moreover, the

m-simplex is defined as

Am:{(po,---mm)e [0,1]’”*1\21;1-:1}_ (C.1)

Any integration over A™ can be defined using the unit-normalized Lebesgue measure on

A™ as follows:

f(p)dp=m!/ fo, -, pm)0(1 —po— -+ —pp) dpo - . . AP, (C.2)
Am [071}m+1

where ¢ is the Dirac delta function and f(p) is any function over p.

Subsection C.2.1: Measure theory

In this section, we summarize definitions and key theorems from measure theory. We point
readers to [299] for more details. For a concise introduction to basic concepts in measure
theory, we recommend video lectures in [301], which serves as much of the inspiration for
our summary below.

For a finite set X, the most natural way to assign a measure (i.e. “size” or “volume”) to
subsets of X is by cardinality. However, for many applications, this method breaks down for
infinitely large sets. Intuitively speaking, measure theory is a way to generalize the notion
of determining the size of a subset to infinitely large sets. To begin, fix a possibly infinite
set X. We will denote the power set of X by P(X).

To assign generalized “volumes” to subsets of X, we are looking for a map p: ¥ — [0, 0o,
where ¥ C P(X) is some collection of subsets of X. For a subset A C X, let A € ¥. We
assign the volume, or measure, of A in X to be u(A). Notice that the codomain of u is the

positive extended real line [0, oo], which we define to be [0, 00) U{oo}. This notation signifies
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[0,00) as the standard nonnegative part of R, and {oo} as the set containing the symbol
oo. In other words, we include oo in the codomain of the measure p. For all r € [0, oo, the

symbol oo is defined by the following three rules:

0 ifr=0
T+ 00 =00, re00 = oo — oo undefined . (C.3)

oo otherwise ,

The domain X of pu is the collection of all measurable subsets of X, where a measure is
assigned to each element of ¥ by . In particular, the collection of measurable sets should

satisfy:
1. ,X € X, i.e., a volume can be assigned to the empty set and the whole set X.

2. If A € ¥, then the complement of A, A° = X \ A, should also be in X, ie., if A is

measurable, the complement of A should also be measurable.

3. If a countable collection of sets A; are in ¥, then their union (J, A; should also be in

Y.

A set ¥ C P(X) satisfying these aforementioned properties is called a o-algebra.
Given a set X and a o-algebra X on X, one can then formally define a measure p: > —
[0, 00]. p should generalize the properties of volume, and therefore must satisfy the following

two conditions:
1. (@) =0, i.e., the empty set has zero volume.

2. For any countable collection of pairwise disjoint sets A; € X, u(U; 4;) = >_; u(4;),

i.e., the volume of a region is the sum of the volumes of its constituents.

The triplet (X, X, p) is called a measure space. A measure p on X is called o-finite if X is

the union of at most countably many subsets of finite measure. In other words, if their exist
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a countable collection A;, Ay, - -+ € ¥ such that | J; A; = X and each A; satisfies u(A;) < oo,
then p is o-finite. For example, consider X =R, and 4; = (j—1.1,7+0.1)U(—j—0.1, —j +
1.1). The length of each A; is 2.4 which is finite, and the countable union U;A; = R. Hence,
R with the measure u((a,b)) = b — a is o-finite.

One can show that for many cases of interest, not all subsets can be measurable (i.e. ¥ #
P(X)) if the measure is desired to satisfy certain properties. For example, in the case of
X = R, we desire the measure to have the properties u(r + A) = p(A) for all r € R
and A C X, and p([a,b]) = b — a. One can prove that such a p: P(X) — [0,00] cannot
exist. Hence, in general, one must restrict the o-algebra > to not be the entire power set.
The most important g-algebra on R is the Borel o-algebra, which is the smallest o-algebra
that contains all open sets in R equipped with the standard topology. The most important
measure on R is the Lebesgue measure, which satisfies the two properties above. Given
the product of two o-finite measure spaces, one can define a unique product measure space.
Using this construction, one can construct the Lebesgue measure on R?, and this can be
reinterpreted as a Lebesgue measure on C.

A crucial feature of measure spaces is the concept of p-almost-everywhere, often abbre-
viated p-a.e., or just a.e. if the measure is clear. A property is said to hold p-a.e. if it is
true everywhere except on a subset that is contained inside a subset of measure zero. For
example, the rationals Q are contained within a measurable subset of measure zero in the
reals R with respect to the Lebesgue measure. In fact, Q is itself measurable. Therefore,
the property that “r € R is irrational” holds a.e. with respect to the Lebesgue measure. One
important property that will show up often is f < g a.e. for two measurable functions f, g.
This means that the set {z € X | g(z) > f(x)} is contained within a measurable set with
measure zero.

Between two measure spaces (X1,2q, 1) and (Xo, X9, o), a map f: X; — Xs is called

measurable if the preimage of measurable sets is measurable, meaning that f~1(Ay) € X
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for all Ay € ¥y. For X5 = R with the standard Lebesgue measure, if a map f: X — R is
measurable then for every r € R the preimage f~'({r}) = {z € X1 | f(z) = r} is measurable
[299, p. 359-360]. Intuitively, in order to integrate over a function, we must be able to
determine the measure of the domain for which that function takes a certain value. For
example, in the case of a bump function f: R — R where f(r) = ¢ whenever r € A and
zero otherwise, the integral of f is defined as cuy(A) = cuy(f~1({c})). Therefore, we must
require that f~'({c}) be measurable.

We will now briefly describe the intuition for Lebesgue integration. For a measurable set
A € X, the indicator function ll4(x) is defined to be 1 if z € A and 0 otherwise. A simple
function is any function of the form fg,, = 221 a;ll,, for each a; € R and A; € ¥. The
Lebesgue integral of fgy is defined as [, fumdp = 31", aipu(A;). Let S denote the set of
all simple functions. For a non-simple, nonnegative function f, the Lebesgue integral of f is

defined as a supremum over all simple functions

/ fdu:= sup / fsim dpe. (CA4)
X fsim€S X
fsimgf a.e.

Finally, for a general measurable function f, the Lebesgue integral of f is defined in terms
of the integral of nonnegative functions by [ fdu = [, max(0, f)du — [, max(0,—f) du,
and is hence defined only if both max(0, f) and max(0, —f) are integrable since oo — oo is
undefined.

A measurable function f is said to be integrable if | « |fdu is finite. One basic fact about
Lebesgue integration is that if f < g almost everywhere, then fX fdu < fng;L. Also, the
integral is linear, so that [, (f +¢)du = [, fdu+ [, gdu. Oftentimes, we will include an

integration parameter for clarity. We define the notation

[ t@duta) = [ rau. (€5)
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The space L'(X,X, i) is the set measurable functions (identified if they agree almost
everywhere) f: X — R for which [, [f|"du < oco. Define the t-norm to be |f||, =
(fx |f|tdu)1/t. With respect to the t-norm, L'(X,X, ) is a Banach space. L*(X,X, p)
is a Hilbert space with respect to the inner product (f,g) = [, fgdu in the real case, and
similarly in the complex case but with ¢ — g. A bounded sequence in L'(X, ¥, u) is a
sequence of measurable maps (f;)ien for which || f;||, < M for some finite number M € R.
When the o-algebra and measure are clear from context, we denote L*(X, X, ) as L*(X). For
example, when L?(R) is written, the o-algebra and measure are assumed to be the standard

Borel g-algebra and Lebesgue measure on R.
Theorems and lemmas

We now state and discuss various theorems that are used in our proofs. First, we review
the Lebesgue Dominated Convergence Theorem, which provides a condition under which a

limit can be brought inside of an integral.

Theorem C.2.1 (Lebesgue Dominated Convergence Theorem [299, Chapter 18.3|). Let
(X, %, 1) be a measure space and (f)nen a sequence of measurable functions on X for which
fn — f pointwise almost everywhere on X and the function f is measurable. Assume there
is a nonnegative function g that is integrable over X and dominates the sequence (fy,)nen on

X in the sense that | f,| < g almost everywhere on X for alln. Then f is integrable over X

and lim, oo [y fodp = [, fdp.

As a simple example of the Lebesgue Dominated Convergence Theorem, consider the
sequence of functions f,(z) = e " on R. (f,)nen converges pointwise to the zero function,
because for every fixed z, lim, o fo(2) = 0. Every f, is bounded above by g(z) = e~ for
all z, and the integral of g over R is finite. Hence, lim,,_,, fR fodu = fR lim,, oo frndp = 0.
If we instead just compute the integral, we find that fR frndu = \/m, which indeed goes

to zero as n — oo.
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Next, we state the Riesz Weak Compactness Theorem, which forms the backbone of our

proof that continuous-variable state t-designs do not exist for ¢ > 2.

Theorem C.2.2 (Riesz Weak Compactness Theorem [299, Chapter 19.5]). Let (X, 3, ) be
a o-finite measure space. Let 1 < t < oo and t' such that 1/t + 1/t = 1. If (p;))2, is a
bounded sequence in L'(X) = L'(X, %, u), then there exist a subsequence (p;, ) of (pi)2

and a function q € L*(X) for which

Vh e L'(X): lim pz‘khd,u:/ qghdp. (C.6)
b be

k—o00

Indeed, this theorem will be the main ingredient in our proof of the non-existence of
continuous-variable ¢t-designs. Notice that this theorem does not hold for ¢ = 1, but rather
t > 1. This will ultimately be the reason why our proof of non-existence of continuous-
variable state t-designs only holds for ¢ > 2. This is a nice sanity check, since Example C.4.4
shows explicit examples of continuous-variable state 1-designs. The proof of the Riesz Weak
Compactness Theorem uses that L'(X) is a reflexive Banach space for all 1 < t < co. For
each such ¢, L¥(X) is naturally isomorphic to the dual space of L*(X). However, L'(X) is
not the dual of L>°(X). Since the Riesz Weak Compactness Theorem is so important for

this work, we present a simple example to help understand the theorem.

Example C.2.3. Suppose (f,,)nen is a sequence of functions f,,: [0, 1] — R defined by f, =
Vvl 1/m € L*([0,1]), where the indicator function 1lj, () on an interval [a, b] is 1 for any
in the interval, and 0 elsewhere. The norm of f,, is || f, |7 = f[O,I] | ful? dpp = npu([0,1/0]) = 1.
Hence, (f,)nen is a bounded sequence in L*([0, 1]). Therefore, there is a subsequence ( fy,, )xen

and a function g € L*([0, 1]) for which

k—oo

VYh e L*([0,1]): lim fon b dp :/ qhdp. (C.7)
[0,1] [0,1]

Consider the constant function h = 1 € L*([0,1]). We can explicitly compute the left-
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hand side to be limy_, f[0,1] Vo1 /n,) = limg o0 /N /7, = 0. Similarly, one can consider
functions hqp = ) for any a < b € [0, 1] and compute the left-hand side to be zero for all
choice of a and b. Therefore, it must be that f[o,u qllgp dpe = 0 for all a and b, meaning that
g must be zero almost everywhere.

One says that the subsequence (f,,) converges weakly to 0 in L?([0,1]). This is to be
contrasted with strong convergence. If (f,, ) were to converge strongly to 0 in L?([0,1]), then
limy_ oo f[O,l] | fr, — 0|2 dp = 0, which is clearly not the case. It is not hard to see that the
full sequence (f,,) also converges weakly to 0.

Consider instead the sequence (f,)nen defined by f, = (—1)". The sequence is bounded
in L*([0,1]). Therefore, there is a subsequence (f,, )xen that converges weakly to a function
q € L?([0,1]). This example shows why the Riesz Weak Compactness Theorem only proves
that a subsequence weakly converges to ¢, as opposed to the whole sequence. In this case,
one can take the subsequence of even n so that f, = 1 or odd n so that f, = —1. These
subsequences then converge weakly (and strongly) to 1 and —1 respectively, but the full

sequence (f,)nen does not converge weakly to anything in L2([0, 1]). o

Notice that the Riesz Weak Compactness Theorem requires a o-finite measure space.
Thus, in order to use the theorem, we will need to be able to ensure that our measure space

is o-finite. The following lemma will allow us to do this.

Lemma C.2.4 (|299, Ch. 18.2, Prop. 9|). Let (X, %, u) be a measure space and f: X —
[0, 00] a nonnegative integrable function on X. Then f is finite almost everywhere and the

set {x € X | f(x) > 0} is o-finite.

Haar measure

Suppose (G, -) is a compact Hausdorff topological group. Let ¥ be the Borel o-algebra
on (G; that is, the smallest o-algebra that contains all open sets of G. A measure p is called

left-invariant if pu(A) = u(gA) for all ¢ € G and A € ¥. The Haar measure on G is the
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unique left-invariant measure satisfying p(G) = 1. The finite dimensional unitary group

G = U(d) is compact, as therefore can be equipped with the measure fip,,, satisfying

[ ) =1 ) ) = [0 ) = [ SOV (V)
(C.8)
for any V € U(d).

The Haar measure on U(d) induces a unitarily invariant measure on complex-projective
space CPP?~!. The construction is summarized as follows |72, 239, 302]. The unitary group is
defined on C? with respect to an inner product. The unit sphere S?*~! € C? can be viewed as
an embedding into C?, and consists of all unit normalized vectors in C¢. The inner product
on C? remains defined on S?*~!. The set of all quantum states in C? is CP?~! := 5241 /U(1).
Modding out by U(1) represents the irrelevance of a global phase factor. In particular, S?¢~1
can be viewed as a fiber-bundle, with CP4~! the base space and U(1) the fiber on top of each
point in CP?~!'. The bundle projection m: S?¢~! — CP?~! induces a map between the tangent
spaces m,: 1,521 — Ty (,) CP** (the pushforward map). With some care, 7, can be used
to construct a Hermitian metric on TCP?~! via the inner product on S$2?~!. The real part
of such a metric defines a Riemannian metric g, which can then be used to define a volume
form, called the Fubini-Study volume form, on CP?~! in the usual way. By construction, the
Fubini-Study volume form is unitarily invariant with respect to the definition of unitary via
the inner product on S?¢~!. In particular, 7 is a Riemannian submersion and the resulting
metric is the unique unitarily invariant metric up to scaling. In this way, we have defined
a unitarily invariant measure on CP4~!. Integrals with respect to this measure are denoted
Jopa—1 f(¥) d¥. By unitary invariance, [.pas f(U)) dt) = [opay f(¢) d¢) for all U € U(d).

A (nonfinite) Haar measure can also be defined on non-compact groups provided that
they are locally compact. We will not discuss this fact much here, other than to say that
the unitary group on L%*(R), U(L?(R)), does not have a Haar measure since it is not locally

compact [242, sec. 5|. Hence, there is no natural way to integrate over all unitaries acting
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on the space of continuous-variable quantum states.

Subsection C.2.2: Projector onto symmetric subspace

In this section, we summarize the analytical form of projectors onto the symmetric subspace
of a separable Hilbert space H, either finite- or infinite dimensional. Let S; denote a group of
permutations of ¢ elements. For any o € S;, let W, : H® — H®! denote a unitary operator

that transforms the Fock basis as follows:
Wolni) @+ @ [ne) = [no-11)) ® -+ @ [no-1(1)) - (C.9)

Let II;: H® — H®' denote the projector onto the symmetric subspace of H®!, i.e., the
subspace isomorphic to the quotient space H®'/{v — W,v | v € H®' o € S;}. Using Wy, II,

can be defined as follows.

Claim C.2.5. For each t € N, let II; denote a projector onto the symmetric subspace of

HEt Then
1
II, = — W, . C.10
t |St| Z ( )

For completeness, we outline an algebraic proof of II;. It can also be proven using group-
theoretic tools, as is shown in e.g. [45, sec. 2|, and using linear algebra, as shown in [240,
prop. 1]. For a complete discussion on the symmetric projector, we refer to Harrow’s “The

Church of the Symmetric Subspace” [240].

Proof. We denote the set of permutations of a vector v € H® as P(v) == {W,v | o € S},
where W, is given by Eq. (C.9). Let B={|i) | i € {1,...,dimH}} be an orthonormal basis
of H, and B®? the corresponding orthonormal basis of H®!.

As an example, suppose t =4 and v = [1)®[2) ®|1)®|1) € B®'. We will use the notation

v! to mean v! = 3!- 1!, since |1) occurs three times and |2) one time. Similarly, suppose ¢t = 5

223



and v = |5)%° © [1)®?. Then v! = 3! - 2!. One can then verify that

/

1
— W,v|veB*, | (C.11)
e }

is an orthonormal basis of the symmetric subspace of H®'. For any v € B® and u € B, the

following holds:

| vl ,/“—i if u € span(P(v))
<U|U> - |‘ZS},_t|5uEspan(P(v)) = 5 (ClZ)

0 otherwise.

Using one dimensional subspaces spanned by the basis vectors in B/, the projector onto

the symmetric subspace of H®* can be represented as

=) fu)(ul . (C.13)

ueB’

Next, we determine the matrix elements of II; in the basis B. Let v,w € B. Then

(0 Ty [w) =~ (vu) (ulw) (C.14a)

ueB’
Volw!
= Z 5u€span(P(v))5u€span(P(w)) (C 14b)
|5t
ueB’
v!
= @%ep(w). (C.14c)

Finally, consider the matrix elements of \Tld > ves, Wo'

1 1
(o (W > m) ) = 1 {0l W ) (C.15a)

o€St ogESt
v!

— m(stP(wh (Cl5b)
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which proves the claim. O
We now define some more notation for the matrix elements of the symmetric projector.

Definition C.2.6. For any tuples a,b € N§, define

I (a;b) = My(aq, ..., a3 01, ..., bp) (C.16a)
= <® <ai’> IT; ( |bz>> , (C.16b)

and define
A(a) = Ai(aq, ... ar) = i(a;a). (C.17)

For this appendix, we will need some properties of A. Clearly, A¢(a) > 0 for all tuples
a € Nj. Similarly, Ay(a) = Ay(o(a)) for any o € S;. Additionally, Ay(aq, ..., a;) = Ay(ar +
1,...,a; +1). Finally, for a tuple b € N; ' and a number i € Ny, denote the direct sum as
the tuple b ® (i) := (b, ..., b,_1,1). For any fixed b € Nj ', there exists an N € N such that

for all m,m’ > N: Ay(b® (m)) = A(b@ (m')). This means that, for example

lim A40,...,0,m) > 0. (C.18)

m—0o0

To get a handle on these definitions and properties, consider the example for ¢ = 2.

Example C.2.7. In the case of t = 2,

|
(W +Waz) = 5 ([+5), (C.19)

I, = 5

N | —

where S is the SWAP operator. We used cyclic notation for permutations, so that (1)(2) is

the identity permutation and (12) is the other permutation in Ss. One can also find Il by
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summing over projectors onto an orthonormal set of symmetric states, as

Iy = |0) [0)(0[ (0]

N <|0> |1>\v/L§|1> |0>) (<0l <1|\;r§<1| <0|>

(C.20)
+ 1) 1) (L] (1]
N (\0> 2) +12) |0>) (<0| (2] + (2] (0!) N
V2 V2
Therefore,
1
HQ(ala ag; b17 bQ) - 5 (5a1b16a2b2 + 6a1625a2b1) ) (021)
and As(ar, az) = 5 (1 + ayay)- o

Section C.3: Finite dimensional designs

Subsection C.3.1: Simplex designs

A simplex t-design, more commonly referred to as a (positive, interior) simplex cubature rule
in the literature [185, 187-190, 303], is a set of points on the simplex and a weight function

that exactly integrates polynomials of degree ¢ or less.

Definition C.3.1 (Simplex design). Let P C A™ be a finite set, and u: P — Ry be a
weight function on P. Let dp denote the standard unit normalized Lebesque measure on

the simplex. The pair (P,u) is called an m dimensional simplex t-design if, for all tuples

a:(al,...,at)E{O,l,...,m}t,

> ow(@) ][ ge = /meai dp. (C.22)

qeP i=

The pair (P,u) defines a probability ensemble, and we will therefore define Eoep g(q) =

qupw(q)g(q) for any function g.
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Since the coordinates of a point on the simplex sum to 1, by summing over one of the a;
on both sides, we find that a simplex ¢-design is automatically a simplex (¢ — 1)-design. The
measure dp is proportional to 6(1 —py — --- — p,)dpo . . . dpy,. For B € Nyt and p € A™,
define p? = Hgopfi. For example, if m = 2 and 8 = (0,2, 1), then p’ = p?p,. Then one

can compute the moments from the Dirichlet distribution [185]

m

81 m! .
/mp = (m+ﬁo+---+ﬁm)!gﬂl!' (C.23)

We will list various simplex t-designs. We will use the notation

f=1(0,...,0,1,0,...,0), (C.24)
—_—— —

so that f;i) = 0;;. In this way, a point p € A™ is written as p = Y ", p; f. Denote the

centroid of the simplex by ¢ = —- 57" | f(),

Theorem C.3.2 (Extremal points of the unit m-simplex form a one-design). Let P be the
set P={f"]i€{0,...,m}}, and u the constant map w(f)) = 1/(m+1). The pair (P, u)

15 a simplex one-design.

Proof. We must prove that mLHZ;’iOg( f9) = n![,.g(p)dp for any linear polynomial
p) = p;. e lett-hand side 1s then —— » .~ 0;; = m + 1), and the right-hand side 1s
g ;. The left-hand side is th mil mo0y =1 1 d the right-hand side i

—— by Eq. (C.23). O

Theorem C.3.3 (Centroid of the unit m-simplex forms a one-design). Let P be the set

P ={c} and u the map u(c) = 1. Then the pair (P,u) is a simplex one-design.
Proof. Clearly g(c) = 1/(m + 1) for any linear polynomial g(p) = p,. O

Theorem C.3.4 (Extremal points plus the centroid of the unit m-simplex form a two-de-

sign). Let P be the set P = {c}U{ " | i € {0,...,m}}, and u the map defined by u(c) = mt

and u(f9) = m Then the pair (P,u) is a simplex two-design.
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Proof. 1t suffices to prove that

Z i ;g(c) 7 1)1(m T 2) Z g(f7) =ml / g(p) dp (C.25)

for any quadratic polynomial g(p) = p;px. By Eq. (C.23), the right-hand side equals
L0 The left-hand side is

(m41)(m+2)
m+1 1 S (4) 1 ! 3
m+2g(c)+(m+1)(m+2>;g(f S DY) (m+1)(m+2); o
(C.26a)
1+ 5jk
_ C.26b
(m+1)(m+2)’ ( )
as desired. -

Theorem C.3.5 (Simplex two-design [187, thm. 2|, [188, cor. 4.1]). Let r = 1/v/m + 2. Let
v@ =7 f0 + (1 —r)c. Let P be the set P = {v |i€{0,...,m}}, and u the constant map

w(v®) = 1/(m +1). Then the pair (P,u) is a simplex two-design.

The simplex 2-design in Theorem C.3.5 utilizes m + 1 points in A™, which is in fact the

best that can be done [303, tab. 1].

Subsection C.3.2:  Torus designs

We define torus designs analogously to simplex designs. We let T' = [0, 27).

Definition C.3.6. Let S CT™ be a finite set, and v: S — Ry be a weight function on S.
Let d¢ denote the standard unit normalized Lebesgue measure on the torus. The pair (S, v)

is called an m dimensional torus t-design if, for all tuples a = (ay,...,a;) € {1,2,... ,m}t
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and b= (by,....b) € {1,2,...,m},

t

t
Z v(0) H ei(0a; =0,) _ / H ell®ai=v,) 4, (C.27)
"i=1

oeS i=1

The pair (S,v) defines a probability ensemble, and we will therefore define Egegs g(elt, ... elfm) =

> pes v(0)g(e%, ... e for any function g.

It follows from the definition that a torus t-design is always a torus (¢t — 1)-design. For
example, suppose t = 2, and let a = (1,j) and b = (1, k) for any j and k. Then it is clear
that the 2-design (S, v) also satisfies the 1-design condition. By definition, a torus ¢-design
must match integration on polynomials g(s) = g(sy, . .., $,,) that are degree t in s and degree
t in degree 5. One could generalize the definition to match integration on polynomials that
are degree t in s and degree t' in 5. We call the corresponding sets (¢,t’) torus designs. In
this way, a torus t-design is a shorthand notation for a (¢, ¢)-design.

The definition of a torus t-design closely resembles the definition of a trigonometric
cubature rule [303], however they are not equivalent. To the best of our knowledge, the
notion of general torus cubature was first proposed in Ref. [189], where it was formulated
as a generalization of trigonometric cubature rules in terms of algebraic tori. Our definition
of a T™ t-design corresponds to the definition in Ref. [189] of an order ¢ cubature rule on
the maximal torus T(PSU(m + 1)) = T™ with an algebraic structure given by a faithful
orbit of its linear action by conjugation on the vector space of (m + 1) x (m + 1) complex
matrices. Here, PSU(m + 1) is the projective special unitary group, which is the special
unitary group SU(m + 1) modulo its center. In Appendix C.6, we show the equivalence
of the two definitions, as well as comment on the relationship to standard trigonometric
cubature and to complete sets of mutually unbiased bases.

We now construct various torus designs.
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Theorem C.3.7 (1-design on the m-torus). Let S be the set

S ={(0,2nq/m,2m2q/m, ..., 2n(n — 1)qg/m) | ¢ € Zn}, (C.28)

and v the constant map v(¢) = 1/m. Then the pair (S,v) is an m-torus 1-design.

Proof. 1t is sufficient to check for g(s) = s,5p.

1 , .
E Z e?maq/me—27r1bq/m _ Z e?mq a—b)/m __ = ,p. (029)
Meanwhile,
. . 1 -
ipa —ip do = i(pa—op) d d =& . C.30
/me e 10} @) /T?e G doy, ab ( )
O

Theorem C.3.8 (t-design on the m-torus (concatenation of ¢-designs on each factor of S*)).

Let S be the set

S={(@2rd/(t+1),2ndy/(t + 1),...,27d,,/(t + 1)) | d € Z, }, (C.31)

and v the constant map v(¢) = (t + 1)~™. Then the pair (S,v) is an m-torus t-design.

Proof. 1t is sufficient to check for g(s) = sS4, - - - Sa,Sb; - - - Sp,-

t—I—l t+1

2771 927ri 1 if a is a permutation of b
i 3 | B o o) e [+ )] = |
€Lt 0 otherwise.

(C.32)

Meanwhile,

. . 1 if a is a permutation of b
/ eilGar+rdar) g —ildn +t ) § g — ' (C.33)

0 otherwise.
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Theorem C.3.9 (Efficient 2-design on the m-torus). Define p to be the smallest prime
number strictly larger than max(2,m) (by the prime number theorem, p € O(m + logm)).

Let S be the set

S ={(0.27(q1 + @2)/p, 27 (201 +4g2) /p, ..., 2n((m — V)au + (m — 1)*q2)/p) | @1 € Zyp, a2 € Ly}

(C.34)
and v the constant map v(¢) = 1/p*. Then the pair (S,v) is an m-torus 2-design.
Proof. 1t suffices to prove that
/ ol (Pitdj—dr—d1) do = i? Z ol (0i+0;—0,—=061) (C.35)
" P s
The right-hand side is
1 i 1 i s i . .
E Z 61(0i+€j—€k—€l) — E Z e%th(H—j—k—l)e%q2(12+32_k2_l2) <C36a>
6es q1,q1€Zyp
- i+j,k+l(5i2+j2,k2+12 <C36b>
1 ifi=IANj=kori=kNj=1
— (C.36¢)
0 otherwise,
where we used Lemma C.3.10 in the last line. The left-hand side is
/ el(@itei—dr—d1) do = 1 - / el(bitei—dr—d1) doy ... ddm, (0.37a)
Tm (27T) [0,27r]m
1 ifi=IANj=kori=kNj=I
_ (C.37b)
0 otherwise,
which is equal to the right-hand side. O

The torus 2-design in Theorem C.3.9 utilizes what Ref. [304] calls the “ax? + bz construc-
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tion” that is utilized in constructions of complete sets of mutually unbiased bases. From
Ref. [41], it is known that such sets form complex-projective 2-designs. Hence, we can now
understand the “ax? + bz construction” as a torus 2-design. The “ax? + bz” construction

utilizes the following Diophantine system.

Lemma C.3.10. Let I, be the finite field with p elements for an odd prime p. Let F' be
either F, or Z, and let addition, multiplication, and equality be with respect to F' (e.g. for

F =T,, a="0is the same as a = b (mod p)). The Diophantine system of equations

a+b=c+d, a®+V=c+d (C.38)

1s solved only by solutions of the form

(a=c)AN(b=4d), or (a=d)A(b=c). (C.39)

Proof. Plugging the first equation into the second equation, we find that (¢ +d — a)* + b* =
c? + d?. Simplifying yields ab = cd. If b = 0, then either ¢ or d must equal zero, so that the

solution is of the desired form. If b # 0, then

ab+b* = bc + bd (C.40a)
cd 4+ b* = be + bd (C.40b)
(d—"b)(c—1b)=0. (C.40c)
Therefore, either b = ¢ or b = d. Along with a + b = ¢ + d, this proves the claim. O

Theorem C.3.9 can be generalized to the case where we allow p to be any positive integer

power of a prime, because Lemma C.3.10 can be generalized to the case of any Galois (finite)

field.
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An m-torus 1-design trivially requires at least m elements. To conclude this subsection,

we show that an m-torus 2-design requires at least m(m — 1) + 1 elements.
Proposition C.3.11. Let (S,v) be a T™ 2-design. Then |S| > m(m — 1).

Proof. The torus 2-design condition can be expressed as follows. Let

r={0,...,0),(1,—1,0,...,0),(1,0,—1,0,...,0),...,(=1,1,0,...,0),...,(0,...,0,—1,1)},
(C.41)
so that || = m(m — 1) + 1. Let each ¢ € S label a basis element of V := C/*l so that
{I#) | ¢ € S} is an orthonormal basis of V. Then for k € T', define [k) = > ¢ Vo(9)el? |p).
The 2-design condition is summed up by (k|k’") = dpr. Hence, {|k) | £ € I'} must be orthonor-

mal in V', meaning that |I'| < dimV = |S|. O

Subsection C.3.3:  Complex-projective Haar integral

For integration over the set of d dimensional qudit states CP?~!, one finds [43, 45]

ot ;"
Lo, ™ 0= s (C42)

where di) denotes the unitarily invariant Fubini-Study volume form on the complex-projective
space CPY!, and IT\¥: (C)®t — (C?)® is the projector onto the symmetric subspace of
(CH®! defined in Definition C.2.6 [72, sec. 4.5, 4.7, 7.6] 239, ex. 8.8]. We will begin by
showing this equality.

Each |¢) lives in the finite dimensional Hilbert space H = C¢. For any integer ¢, the
tensor product H®! splits up into a direct sum of the symmetric and antisymmetric subspaces
of H®!, so that H® = HP™ @ H™™. Consider the representation of the group of unitaries
acting on H, p: U(H) — U(H®"), defined by U — U®'. The subspaces H;*™ and H;™™ are

invariant under p. One can see this by noting that for any unitary U, p(U )”Hﬁa)sym = H§a>sym

233



since U®" acts symmetrically on the tensor product factors. Therefore, the representation p
can be decomposed into a direct sum of irreducible representations on H;*™ and H;™™.

We can now invoke Schur’s lemma, which states that if a nonzero operator M on an irrep
space commutes with every element of that irrep, then M is proportional to the identity on
that irrep space. In our case, M = [ ps (J1)(1]) db. The irrep space of interest is H;'™.
The elements of the irrep are unitaries U®'. Due to the unitary invariance of the Fubini-
Study metric, one finds that M commutes with all unitaries of the form U®'. Therefore,
by Schur’s lemma, M must be proportional to the identity on H;*™, which is precisely H,gd).
Finally, the Fubini-Study volume measure is normalized such that the volume of CP?! is
unity. Hence, Tr M = 1, meaning that the proportionality constant must be 1/ Tr Hgd).

Next, we discuss integration over CP™ with respect to the Fubini-Study volume form
where m = d — 1, and show that it can be expressed as integration over a flat simplex and a
flat torus. For a formal treatment of this fact, see [72, sec. 4.5, 4.7, 7.6] [239, ex. 8.8]. One
first constructs the Fubini-Study volume form (see Appendix C.2.1). Then, one constructs
a coordinate transformation mapping the simplex cross the torus to a coordinate patch of
CP™. Pulling back the volume form along this coordinate transformation yields the volume
form on the simplex cross the torus.

Here, we will instead give an informal treatment. Define po = 1 — > ", p; and ¢y = 0.

Then the p; and ¢; parameterize a quantum state |/pg [0)+> 1, \/Eeid’i

i). To define a valid
state, the p are elements of the probability simplex A™ = {p = (po, ..., pm) € [0, 1] | 37" pi =1}
and the ¢ are elements of the torus 7™ = [0,27)™. We'll denote the Lebesgue measure on

A™ by dp =[], dp;, and on T™ by d¢ = [[;~, d¢;. One can easily perform the integration

m!

G dpde¢ is a normalized volume measure such

over the simplex and torus to find that
that vol(A™ x T™) = 1. Consider a quantum state in C™*! parameterized by a; € C as
[v) = >, ay |n), the natural measure is d®ay...d%a,,. Applying the polar coordinate

transformation a,, = /pne'®" and keeping track of Jacobian factors, the measure becomes
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proportional to dp de.

In conclusion, we have determined that

m!

L™= gt [ (o) p.o)™ oo, (©13)

where

p.6) = Vi 10) + D Ve 1) (C.44)

Subsection C.3.4: Complex-projective designs from simplex and torus designs

For finite d, an ensemble £ over CP?~! is a complex-projective t-design if

E00)™) = [ (wwn™a. (45

Cpd—1

Again let m = d — 1. The characterization of the integral over CP™ given in Eq. (C.43) mo-
tivates the construction of complex-projective designs via constructions of simplex and torus
designs. Such a construction was also noted in [189, thm. 4.1]. In particular, Eq. (C.43) con-
sists of a product of integrals of the form m! [,,, \/T 2%, p;, dp and W Jpm exp[i30_1 (05 — 5.0)] o
The latter integral can be evaluated by a t-design on the torus, and is equal to 1 whenever
S (5 — ¢j,.,) = 0 regardless of ¢, and zero otherwise. In other words, it is only nonzero
when the j;’s are paired. But when the j;’s are paired, the term \/Z?il pj, becomes a mono-
mial of degree t in p. Hence, the resulting integral can be evaluated with a simplex t-design.

We summarize with the following theorem.

Theorem C.3.12. Let P be a t-design on the m-simplex A™, meaning that P is an ensemble

over A™ such that

E [9(q)] = /mg(p) dp (C.46)

qeP

for any polynomial g(p) = g(po, - - -, Pm) of degree less than or equal to t. Similarly, let S be
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a t-design on the m-torus T, meaning that S is an ensemble over T™ such that

0esS

E [g(e”,....e%)] = / g€, ... %) de (C.47)

for any polynomial g(s) = g(s1,...,Sm) of degree t in s and degree t in 5. Then D = P x S

is a t-design on CP™, meaning that

Bl a)p o)™ = [ ()™ av, (C.18)

(p,)ED

with |p, @) == Z;‘n:() pie% |7).

We can state this in terms of weight functions as follows. Let (P, u) be a A%~! ¢-design,

and (S,v) be a T? t-design. Define D == {|p,¢) | p € P,¢ € S}, and

w(|p, ¢)) = u(p) Z v(¢'). (C.49)
pralo)

Then (D,w) is a CP*! t-design. Morally, w(|p, ¢)) is essentially u(p)v(¢). However, the
map (p, ®) — |p, @) is not bijective; specifically, if p is on the boundary AL, then for any ¢
there are many ¢’ satisfying |p, ¢) = |p, ¢’). Therefore, the definition of w must be modified

accordingly, as is done in Eq. (C.49).

We will now construct explicit complex-projective designs by concatenating simplex and
torus designs given in Appendices C.3.1 and C.3.2. For this subsection, we will use the
following notation for complex-projective t-designs. Fix a set D C CP™ of points in CP™,
and let w: D — Ry be a weight function. The pair (D, w) is a complex-projective t-design
if

> w(l&) (16 Eh™ —/ ([) (w))™" dy. (C.50)

€)eD crm

Construction 1: Combining the simplex 2-design from Theorem C.3.4 and the torus
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2-design from Theorem C.3.9, we find that for any m € Ny, the pair (D, w) is a complex-
projective 2-design, where p is the smallest prime number strictly larger than max(2,m), D

is the set
D={]i)|ie{0,....,m}}U{lq, @) | 1,9 € Zp}, (C.51)

and w: D — R.q is the map defined by w(]i)) = Wl(mﬁ) and w(|q1,q2)) = %. By

the prime number theorem, p € O(m + logm). Here |q1, ¢2) = \/%H > e2mi(@itei®)/p |5).
When m + 1 is prime, this reduces to the well-known complete set of mutually unbiased
bases given in [39] (indeed this can be generalized to whenever d = m + 1 is a prime power).
For prime d, this complex-projective design is uniformly weighted. However, for non-prime

d, the weights are not uniform.

Construction 2: We can construct a uniformly weighted complex-projective 2-design
for all m that uses p?(m + 1) points by combining the simplex 2-design from Theorem C.3.5

and the torus 2-design from Theorem C.3.9. Define » = 1/y/m + 2 and the state

14+rm . 2 1—7r o
/¢ — ] 2mi(qul+q20%)/p | g / E 2mi(q1i+4257)/P | 5 C.52
|a91,Q2> m+1e |>+ m—i-lj#e |.]>’ ( )

the set

D:{|‘€7QI7Q2> |€e{07"'7m}7QI7q2€Zp}7 (053)

and the constant map w(|¢,q1,q2)) = (n + 1)"'p~2. Then the pair (D,w) is a complex-

projective 2-design.

One can also construct a complex-projective > 3-design for all n by combining the simplex
designs given in [189, 190] with the torus design given in Theorem C.3.8.

We note that if one relaxes the requirement that the weights be nonnegative, then one
can construct signed complex-projective designs by using signed simplex and torus designs.

For example, simple and explicit simplex signed t-designs are given for all odd ¢ in [305,
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thm. 4]. We leave this for future work.

Subsection C.3.5:  Simplex designs from complex-projective designs

In this subsection, we will discuss the opposite direction to Theorem C.3.12; namely, that

complex-projective t-designs give rise to simplex t-designs via the projection 7: CP™ — A™

defined by [1p) = (J(O[)[7, ..., [(m|i)]?). Such a construction was also pointed out in [189,

306]. This will be the first step in our proof of the nonnexistence of continuous-variable

(t > 2)-designs. We will show that a continuous-variable design gives rise to an infinite

dimensional analogue of a simplex design via a lemma analogous to Lemma C.3.13, and then

show that such infinite dimensional simplex designs do not exist for t > 2. Hence, it is useful

to discuss the finite dimensional case first.

Lemma C.3.13. Let D be a t-design on CP™. Then ©(D) is a t-design on A™.

Proof. Since D is a design on CP™, which satisfies by definition

E 0060 = [ (o) aw

cpm

_ / (Ip, 6)(p, 6])®" dp dg,
A™ X T™

where the last line comes from Eq. (C.43). Sandwiching this equation by (a]
lai) ... |at), we find

E [ail€)- .. [(ale)]] =/ P -+ - por dp o,
Am xTm

l§)eD

and hence

E [qal...qat]:/ Day - - - Pa, Ap.

qen(D)

(C.54a)

(C.54b)

... {ay| and

(C.55)

(C.56)

Therefore, the ensemble 7(D) matches the integral over A™ for degree ¢ monomials, and thus

by linearity matches for all polynomials of degree t or less.
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In terms of weight functions, we can write this as follows. Let 7! denote the preimage

of m. If (D,w) is a CP™ t-design, then (7w(D),u) is a A™ t-design, where

u: (D) = Ry

pe Y w®).
)

per—i(p

(C.57)

Lemma C.3.13 tells us that

1
/pwuw@:¥ﬁ@@ywwm%@”mg
g . (C.58)

= AP A1y, 0y),
@ ( !

where recall that Agd) and Hgd) are defined in Definition C.2.6. One can then define an infinite
dimensional simplex design analogously to how we define continuous-variable designs in
Definition C.4.2. In particular, to get something well-defined in the infinite limit, we remove

the Tr II; normalization, and we replace the E by an integral over an arbitrary measure space.

Definition C.3.14 (Infinite dimensional simplex t-design). Let (X, X, 1) be a measure space,

and fiz an integer t € N. Let p = (p;)ien, be a sequence of measurable maps p;: X — [0, 1].

If

sz(flf) =1 p-a.e in X, (C.59)
i€Np
and
t
wEm;/IMM@@@:m@, (C.60)
X i

then [(X, X, 1), p] is an infinite dimensional simplex ¢-design.

In this definition, A, is defined in terms of IT;: H® — H®! given in Definition C.2.6, and
H is a infinite dimensional separable Hilbert space, e.g. L?(R). In the next subsection, we

will show in Lemma C.4.6 that without loss of generality, the measure space for an infinite
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dimensional simplex-design design can be taken to be o-finite. Then in Lemma C.4.7, we

will show that no infinite simplex ¢-designs exist for any ¢ > 2.

Example C.3.15 (Infinite dimensional simplex 1-design). When ¢ = 1, we have that Ay (a) =
1 for any a € Nyg. We have many infinite dimensional simplex 1-designs. For example, let
X = Ny, ¥ = P(X), and p be the standard counting measure p(A) = |A|. Finally, for
x € X, let po(z) = d4p. Then

/X Pa(@) du(z) = 3 bow = 1 = A (a), (C61)

€Ny

as desired. o

Subsection C.3.6: Constrained complex-projective integration

We now briefly describe one consequence of the formalism developed so far. This subsection
is essentially unrelated to the rest of the paper, but interesting nonetheless. We will sketch
the consequence with an example using the number operator, though we note that it can be
generalized.

Define the number operator 7 by 7 |n) = n|n). Consider the constraint on |¢)) € CP4~?
that (| n|y) = N for some constant A. Since the constraint is diagonal in the chosen
basis, it only acts on the simplex part of CP?~!. In particular, while integration over CP¢!
involves integration over the simplex A9~!, integration over CP4~! with the constraint that

n — N involves integration over the simplex A42, where
(] 7 |y) g p ,

n=0

d—1
A2 = {p € AT ann = N} : (C.62)

Recall from the Krein—Milman theorem that any compact convex subset of Euclidean space
is the convex hull of its extremal points. The simplex A%~ is the convex hull of its d extremal

points (1,0,...,0), (0,1,...,0), ..., (0,0,...,1). The simplex A2 ig also the convex hull
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of its d — 1 extremal points, but its extremal points are more complicated and depend on N

In particular, we let 5@ denote the i*" extremal point of A2, so that b(®) = (béi), . bgll).

Then it is easy to check that the extremal points are

(1= 25) 6j0+ 2565011 ifi+1>N

b = (C.63)
(1= 455) Gin + 55040 i+ 1SN,

where i € {0,...,d —2} and j € {0,...,d — 1}.

It then follows, analogously to Theorem C.3.12, that a t-design on the constrained CP?~!
space can be constructed from ¢-designs on A2 and T?. Furthermore, the simplex A2
can be parameterized via baryocentric coordinates in terms of the standard simplex A%2.
In particular, a point in A% 2 defines a particular convex combination of the extremal
points of A%2 which gives a point in A%2. Therefore, one can compute the integral
Jopa-1 (|) () (N = (b 72 [0)) dep up to proportionality by using simplex and torus de-
signs. We note that such a construction does not work if the 6(N — (¢| 72 |[))) constraint is
replaced with O(N — (¢ 1 [1))), where © is the Heaviside step function. This is for a slightly
subtle reason. The & constraint results in a measure on A%2 that is, up to proportionality,
the standard Lebesgue measure. On the other hand, the © constraint results in a more
complicated measure, and indeed this measure mixes the contributions of the torus and the
simplex in the integral. As such, the resulting integral is no longer over a simple product of
a simplex and torus, but rather over a more complicated combination of the two.

The § constraint that fixed (|7 1)) = N is interesting nonetheless. By using any of the
simplex 1- and 2-designs from Appendix C.3.1 and any of the torus 1- and 2-designs from

Appendix C.3.2, we can compute the following integrals, up to proportionality, in terms of

241



the extremal points b(*):

L, @I =l a < o= Z (C.64)

/Wl(!ww\)@zaw— (W] 7 |46)) deb ox ﬁ Z_: (14 6,) {

d—1 d—1
> b0 (k) o) (la | ol + 1) o) (ol (r|) + > 0765 (k) () (k| (K| |
k1,ko=1 k=1
(C.65)
If we, for example, fix N' = 1, then the result is
H, 1
[ wwisa-wiaisas (1= 2 oo S e, co
k=1

where Hy_y = 320" 1/k is the (d — 1)* harmonic number.

Section C.4: Continuous-variable designs

In extending the definition of complex-projective designs to the infinite dimensional case of
continuous-variables, one encounters the issue that Tr1l; is not finite. Hence, in accordance
with the definition of continuous-variable designs given in [79], we remove the trace in the
denominator of II;/ TrIl; and replace the equality with a proportionality. By a simple
rescaling of the ensemble, the proportionality constant can be made arbitrary. Thus, we can
in fact keep the equality. We are therefore tempted to define a continuous-variable t-design

as an ensemble & satisfying

E[([4) ()] =11,.” (C.67)

However, since Tr I, is infinite, it follows that the ensemble £ must not be compact, making

E¢ ill-defined. We therefore replace the expectation value with an integral over an arbitrary
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measure space (X, X, u). Here X is a set, ¥ a o-algebra on X, and p: ¥ — R5o U {oco} is a
measure on X. Finally, we arrive at the precise definition of a continuous-variable ¢-design

on L*(R).

Definition C.4.1 (Continuous-variable state t-design). Let X C L*(R), (X, %, u) be a
measure space, and fix a positive integer t € N. Let II;: L*(R)®* — L*(R)®' be as in

Definition C.2.6. If
/X (1) () du(y) = 10,, (C.68)

where we use the weak (Pettis) integral, then (X, %, 1) is a continuous-variable state t-design.

Hence, we require a design to satisfy

t

/X (H(ai|¢><w|bi>) dp(p) = y(ay, ... a by, ..., by) (C.69)

i=1
for all tuples a,b € NE.

The motivation for this definition of continuous-variable state designs is summarized in
Fig. 4.1. An alternative characterization of continuous-variable state designs is given in
Appendix C.4.5. If one is familiar with weighted complex-projective designs, as defined
in e.g. Ref. [43], then one can imagine that the measure u is a Lebesgue-Stieltjes measure
coming from a weight function. For the purposes of designs, the weak (Pettis) integral is more
natural than the strong (Bochner) integral because we are generally interested in averaged
functions of . Ultimately, we will prove that continuous-variable t-designs do not exist for
t > 2, which immediately implies the result for the case of the strong integral as well.

By parameterizing states in L?*(R) with polar coordinates, one can arrive at an equivalent

definition of continuous-variable t-designs.

Definition C.4.2 (Continuous-variable state t-design). Let X be an arbitrary set, (X, %, i)

be a measure space, and fix an integer t € N. Let p = (p;)ien, and ¢ = (¢;)ien, be sequences
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of measurable maps p;: X — [0,1] and ¢;: X — R satisfying ) ey, pi(z) = 1 for almost all
z € X. Define the state |p(x), ¢(z)) € L*(R) by

p(x), d(x)) =Y Vpal)e® @ [n). (C.70)

neNg

Let I1;: L*(R)®" — L*(R)®" be as in Definition C.2.6. If

/X (Ip(2), d(2))(pla), $(x) ) dpu(zr) =TI, (1)

where we use the weak (Pettis) integral, then [(X, 3, ), p, @] is a continuous-variable state

t-design. Hence, we require a design to satisfy

t

/X (H(aﬂp(m), o(x))(p(z), ¢($)|bz>> du(z) = y(aq, ..., a0, .., by) (C.72)

i=1
for all tuples a,b € Nb.

Definition C.4.2 will be a more operationally useful definition for our purposes, but we
emphasize that Definitions C.4.1 and C.4.2 are equivalent definitions, where the latter is

simply a different parameterization of the former.
Proposition C.4.3. Definitions C.4.1 and C.4.2 are equivalent definitions.

Proof. For any [|¢) coming from the first definition, we get the sequences p and ¢ for the
second definition as p, = |(n|y)]> and ¢, = arg(n|t)). One can then normalize each p; by
pi(r) = pi(x)/ Y, pi(x), and then absorb a factor of (37, pi(z))’ into the measure.
Conversely for any measure space and sequences p and ¢ coming from the second defini-
tion, we get the measure space (X C L*(R), Y, i) for the first definition since the parame-

terization defines states in L*(R). O

We include Definition C.4.1 since it closer matches the standard definition of a weighted
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complex-projective design. In light of Proposition C.4.3, henceforth we will use Defini-
tion C.4.2. To become better acquainted with this definition, consider the following example

of a continuous-variable state 1-design.

Example C.4.4 (Continuous-variable state 1-designs). Consider the measure space where
X = Ny, X is the power-set P(X), and p is the standard counting measure on Ny. Let

Pn: T+ Opg, and ¢, : x — 0. Then

/XIP(JJ)7¢($)>( (), ¢(x)| dp() = Y |n = a)(n = | =11, (C.73)

€N

where note that I1; = I. Hence, this is an example of a continuous-variable state 1-design.
Similarly, consider Ry with the standard Borel o-algebra and Lebesgue measure. Con-

sider also [0, 27) with the normalized Lebesgue measure. Let (X, X, 1) be the unique product

measure space for X = R.g X [0,27). For an element z € X, notate x = (r,6), for r € R.q

and 0 € [0,27). Let p,: (r,0) — e "r"/n! and ¢, (r,0) — On. Then

ﬁp (), $(x)| dpu(z)

2m i0( n/2+m/2
1 n m 77’ . 4
_27r m]/ dr/ dd e Yl (C.74a)

n,meENg
=> |n) nl/ dre s (C.74b)
TL.
neNg
— Z In)(n| =TI, (C.74c)
n€ENg

giving another example of a 1-design. This 1-design is more commonly written as

[l 2 -1 ©15)

where d?a = dReadIlma and |a) is a coherent state. Namely, coherent states form an

overcomplete frame. o
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We emphasize that this definition completely sidesteps the issue that one cannot define
a finite Haar measure on U(L?(R)) since it is not a compact group, and indeed not even a
locally compact group [242, sec. 5]. See Fig. 4.1 for a visualization. The issue is sidestepped
by never considering the integral over all states in L?*(R). Instead, we note that the integral
over all states for a finite dimensional Hilbert space gives a finite dimensional II;, and we ex-
tend the definition of a design to the infinite dimensional case by extending II; to the infinite
dimensional space L?(IR). This is exactly the approach that was taken in |79, 153]. Alterna-
tively, in Appendix C.4.5, we do explicitly consider integration over the infinite dimensional

space C* D L*(R).

Subsection C.4.1: Non-existence of continuous-variable state designs

It has been shown that no set of Gaussian states can form a continuous-variable 2-design
[79]. We extend this result to show that there do not exist continuous-variable ¢-designs for
any t > 1. We emphasize that our proof in fact works for any separable Hilbert space H,

not just L?(R), since it only assumes the existence of a countable orthonormal basis.

Theorem C.4.5. No continuous-variable state or unitary t-designs exist for any integer

t>2.

Theorem C.4.5 is an immediate consequence of Lemma C.4.6 and Lemma C.4.7 below.
Fig. C.1 provides an overview of the proof. We recommend reading this section first keeping
in mind the specific example of t = 2, where the explicit form of Il and Ay are given in
Example C.2.7. After understanding this case, the extension to arbitrary ¢ > 2 is straight-
forward.

To begin, we will show that existence of continuous-variable state ¢t-designs implies exis-

tence of simplex t-designs.

Lemma C.4.6. If a continuous-variable t-design exists, then there exists a o-finite measure
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Continuous-variable de- Lemma D.6 Infinite dimensional simplex
signs, Definition D.2 designs, Definition C.14

gence Theorem, Theorem B.1 Theorem, Theorem B.2

~ | -

‘ Infinite dimensional sim- |

‘ Lebesgue Dominated Conver- ’ ‘ Riesz Weak Compactness

plex (t > 2)-designs do
not exist, Lemma D.7

Figure C.1: An outline of the proof of the non-existence of continuous-variable t-designs for
t>2.

space (X, %, 1) and a sequence p = (p;)2, of measurable maps p;: X — [0, 1] satisfying

sz(:c) =1 p-a.e inX, (C.76)
and
Va € N : /X [T (@) duta) = Aula) (C.77)

Proof. Suppose a continuous-variable state ¢t-design exists. Then Eq. (C.72) holds for all
tuples a,b € N}, and p satisfies Eq. (C.76) by Definition C.4.2. Indeed, Eq. (C.76) is
simply the requirement that the quantum states be normalized. Plugging in ¢« = b and

Ai(a) = Iy(a; a) by definition, we get

Aifa) = /X <H<az!p(fc),¢(S€)><p(fv),¢(f€)|ai>> dp() (C.78a)

_ /X [T Haslote), o)) du) (C.78b)

- /X [T 7o) dnta). (C.78¢)

Therefore, the measure space and sequence p satisfy Eq. (C.76) and Eq. (C.77). The only
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remaining thing to show is that X can be o-finite.

Consider the function f = p! whose codomain is clearly [0,1]. By Eq. (C.77), 0 <
[ fdu < oo. Hence, by Lemma C.2.4, the preimage f~*((0,1]) = p; '((0, 1]) is a o-finite set.
Since a countable union of o-finite sets is o-finite, it must be that Y = (J;°, p; *((0,1]) is o-
finite (also recall that any o-finite set is measurable). The set X \Y is equal to (o, p; ' ({0}).
Eq. (C.76) is required to hold almost everywhere in X. This means that the set of points for
which it does not hold is contained within a measure zero subset of X. Clearly, Eq. (C.76)
does not hold when x € X \ Y. Therefore, X \ Y is contained within a measure zero subset
of X. Thus, if Eq. (C.77) holds on X, then it also holds on Y, and of course the same is
true for Eq. (C.76).

Hence we have determined if Eqgs. (C.76) and (C.77) are satisfied by the measure space
(X, %, i), then they are also satisfied by the measure space (Y, Y|y, p|y), where |y denotes
the restriction to the subset Y C X. To see that (Y, X|y, p|y) is a valid measure space, recall
that we have already shown that Y € ¥. Then one can straightforwardly check that X|y is
a o-algebra of Y and puly is a valid measure with respect to X|y, so that the restriction of
(X, 3, 1) to Y is a measure space (see e.g. [299, Ch. 17.1, exercise 6]). We have also shown
that (Y, X|y, u|y) is o-finite. In summary, we have shown that if a continuous-variable ¢-
design exists, then there exists a measure space satisfying Eqs. (C.76) and (C.77). We then
showed that the existence of this measure space implies the existence of a o-finite measure

space satisfying Egs. (C.76) and (C.77), hence completing the proof. ]

As we commented in Lemma C.3.13, a complex-projective design gives rise to a simplex
design. At a high level, Lemma C.4.6 is extending this fact to the continuous-variable regime.
Similar to how we extended the definition of a complex-projective design to infinite dimen-
sions, the analogous extension of a simplex design to infinite dimensions is the conditions in
Egs. (C.76) and (C.77), as in Definition C.3.14. The extra bit about X being o-finite is just

a technical point needed so that Theorem C.2.2 can be used in the next lemma.
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Given Lemma C.4.6, we immediately see that if no o-finite measure space and sequence
p can satisfy Eqs. (C.76) and (C.77), then no continuous-variable ¢-designs can exist. This

is what we show in the following lemma.

Lemma C.4.7. No (X, %, u) and (p;)2, exist satisfying the conditions of Lemma C.4.6 for

any t € N>s.

Proof. Assume by way of contradiction that such (X,3, ) and (p;) exist. Because of
Eq. (C.76), it must be that for almost all x € X, lim; .., p;(x) = 0. Since the sequence
(p;) converges, it must be the case that every subsequence (p;, )32, of (p;) also converges
to the same point; limg o p;, (£) = 0 for almost all . For any tuple j € Ni define
9(z) = [T, pji(x), which is in L'(X) = LYX,%, p) (ie. [, gdu < oo) by Eq. (C.77).
Consider the sequence (f;, )72, where f;, (z) = p;, (2)g(z) for any j € Ni. Then f;, converges
pointwise to the zero function f(z) = 0 almost everywhere as k — oo, and f is obviously
measurable. Since the codomain of p;, is [0, 1], it follows that f;, < g for all ;. Therefore,
(fi,) is a sequence in L'(X) and is dominated by a nonnegative integrable g. Hence, we can
apply the Dominated Convergence Theorem C.2.1 to swap the limit and the integral and

find that limy_,« || fi, — f||; = 0, giving

vieNp: Jim [ (o) [[pale) duta) <o (C.79)

=1

Next we consider the sequence (p;)$°,, which is a bounded sequence in L!(X) since
S X pidp < oo by Eq. (C.77). Therefore, we can apply the Riesz Weak Compactness Theorem
from Theorem C.2.2 to find a subseqgence (p;, )72, and a function ¢ for which for all A €
LY (X),

lim Xpik(az)h(x) du(a:):/Xq(a:)h(x) du(z), (C.80)

k—o00

where ¢/ = t/(t — 1). Now we must prove that ¢ is zero almost everywhere.

First we show that ¢ must be nonnegative almost everywhere. Heuristically, this is
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because ¢ is being substituted for a limit of probabilities, which themselves are always non-
negative. More technically, let 14 be the indicator function, so that la(z) is 1 if x € A,
and zero otherwise. Since X is o-finite, there exists a sequence (A;) where A; is measurable
Aj € %, p(Ay) < oo, and X = [, A;. Since A; has finite measure, lls; € LY (X). Plug-
ging h = 1, into Eq. (C.80), we find that [, q(z)ll4,(x)dpu(z) > 0 for all j. Therefore,
fA gdp > 0 for every A € ¥ of finite measure, and we can build up X from such A’s. This
tells us that ¢ > 0 almost everywhere.

Next we show that ¢ must be the zero function almost everywhere. For some j € N, we
plug h(x) = [[,_, p;(z) € L' (X) into Eq. (C.80). Using Eq. (C.79) for the left hand side of
Eq. (C.80), this tells us that

vieNp: [ o) [[pate) duta) <o (C.81)

Along with the fact that ¢ must be nonnegative almost everywhere, this implies that ¢(z)
must be zero almost everywhere whenever p;(x) # 0 for any j. As such, ¢ must be zero
almost everywhere on the set |J;2, pj_l((O, 1]). But we showed in the proof of Lemma C.4.6
that X\ UjZ, p; '((0,1]) is contained within a measure zero subset of X.

We have shown that ¢ is the zero function almost everywhere on X. Hence, Eq. (C.80)

becomes

Vhe L'(X): lim [ pi,(2)h(z)du(z) = 0. (C.82)

k—00

Plugging h = pf* (which is in L' (X) by Eq. (C.77)) into Eq. (C.82), we arrive at limy_o [ ph P dpt =
0. But Eq. (C.77) tells us that limy_eo [y Py 'ps, dit = limy_oo A¢(0, ..., 0, ix), which, from

the definition of A; in terms of II;, is strictly positive as shown in Eq. (C.18). We’ve reached

a contradiction, hence completing the proof. O

The non-existence of state designs statement of Theorem C.4.5 follows as an immediate

corollary of Lemmas C.4.6 and C.4.7. The non-existence of unitary designs follows straight-
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forwardly from the non-existence of state designs, as we explain in the next subsection.
Furthermore, Theorem C.4.5 still holds even in the case when one allows (X, %, i) to be a
signed measure space by a simple appeal to the Hahn Decomposition Theorem [307]. Indeed,
using this theorem, one simply splits the signed measure space into two nonnegative measure

spaces and then proceeds with the proof of Theorem C.4.5.

Subsection C.4.2: Non-existence of continuous-variable unitary designs

Theorem C.4.5 extends the results from [79], where it is shown that the set of Gaussian
states does not form a state 2-design, and the results from [153], where it is shown that the
set of Gaussian unitaries does not form a unitary 2-design. The non-existence of continuous-
variable state t-designs for ¢ > 1 immediately implies the non-existence of continuous-variable
unitary t-designs for ¢ > 1, since any unitary design gives rise to a state design by twirling
a fiducial state. To be clear, we consider the definition of a continuous-variable unitary

2-design given in [153]. Namely, a unitary 2-design is any ensemble & of unitaries satisfying
1
Jg[(U ® U)AU @ U)'] 5 (ITr[A] + S Tr[SA]) (C.83)

for any operator trace-class operator A, where S is the SWAP operator that swaps the
elements of the tensor product space. Since this should hold for any A, we can substitute
A = (|p)(4|)¥? for any fiducial state |@) (e.g. the zero Fock state |0)). We can then define a

new ensemble over states &' = {U |¢) | U € £}. The result is

E[(h) ()] o< 5 (T+5) =T, (C.84)

which precisely matches the definition of a continuous-variable state 2-design given in 79|,
and the definition we use in Definition C.4.2. Hence, by contraposition, if a state design does

not exist, then a unitary design necessarily does not exist.
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This result holds generally for the definition of continuous-variable unitary ¢-designs given

in [153, footnote 89]. Specifically, a unitary ¢-design is an ensemble & satisfying

E[U®AUT #] o @ > W, T (W, A) (C.85)

cESt

for any trace-class operator A. Substituting A = (|¢)(4|)*" for some fiducial state |¢). Then

define a new ensemble over states &' = {U |¢) | U € £}. The result is then

E[(1) @)™ o o S 12 o= (C.86)

oESt

meaning that £’ is a continuous-variable state t-design according to Definition C.4.2. By the
nonnexistence of continuous-variable (¢t > 2)-designs then, such a unitary design does not

exist for ¢ > 2.

Subsection C.4.3: Rigged continuous-variable state designs

The result of Theorem C.4.5 is that no continuous-variable (¢t > 2)-designs exist. The main
hindrance to the construction of continuous-variable state (¢t > 2)-designs is the requirement
that the states be normalized. In particular, the proof did not rely on exactly what the states
were normalized to, only that lim; ,., p; = 0. Hence, the requirement that the states belong
to L?(R) inhibits the existence of continuous-variable designs. This motivates the approach
taken in this section, where we construct rigged continuous-variable state designs by relaxing
the normalization condition, thus allowing unphysical states such as the infinite superposi-
tion state ) .y, [n). Specifically, the we will use elements of the standard rigged Hilbert
space on top of L?(R) to reconstruct IT;. These elements are called tempered distributions
(see below); some familiar tempered distributions are the position eigenstates |z) and the
momentum eigenstates |p). In the next section, we will reintroduce normalization via a soft

energy cutoff, hence making the rigged continuous-variable designs a type of approximate
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continuous-variable design.

When we remove the normalization condition on the states, many of the finite dimensional
complex-projective designs still do not naturally extend to the continuous-variable regime.
For example, consider the complex-projective design given in Eq. (C.53). We begin by
making the states |m, i, ¢2) non-normalizable by multiplying through by v/n + 1, and then
take the n — oo limit. In this limit, » = 1/v/n +2 — 0, and hence v/n + 1|m, q, ) =
Vn+1|m', q, ) for all m and m’. One can straightforwardly check that these states do not
reconstruct Il,. In particular, these states only form a 1-design as the underlying simplex
design is only a 1-design.

However, some finite dimensional complex-projective designs do extend to the continuous-
variable regime when normalization is removed. For example, consider the following CP4~! 2-
design, when d is prime, given in Eq. (C.51), which also happens to be a maximal set of mutu-
ally unbiased bases [39, 41]. Define the state |q1),, = |¢1) = \/ig S exp[ 2 (qin + gan?)] |n).

One can straightforwardly show that for each go, {|Q1>q2 |1 €{0,....d— 1}} is an orthonor-

mal basis, and that

1 d—1 ) 1 d—1 2
He =53 (@)™ +5 Y (uladal,) - (C.87)
n=0 q1,92=0

The phases involved in this design utilize the so-called “az? + bx construction” described in
[304]. In the language of our paper, the “axz? + bx construction” is alluding to a particular
torus 2-design construction, namely given in Theorem C.3.9.

This design cannot be extended to a continuous-variable design because the states |ql)q2

are unphysical when d is infinite. If we relax the normalization condition, however, we can

reconstruct the infinite dimensional symmetric projector with an analogous design.
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Theorem C.4.8. Define the non-normalizable state

0), = ,10) = \/% Z expli (0n + ¢n?)] n).

Then

1
=5 3 ()n))® /_dep/ a0 (lo)l,)

n€eNg

Proof.

/ "y / " 404al6), (b10), 816) , (61a)

- ﬁ /Tr d¢ /7r dgeie(a+b_c_d)ei¢(a2+b2_02_d2)
™2 ) »
(

1 ifa+b=c+danda®+ b =c*+ d?

0 otherwise
\
.

0 otherwise
\

= 5a06bd + 5ad5bc - 5ab5ac(5ad
= 2II5(a, b; ¢, d) — dapdaclad

= 2ly(a,byc,d) — > (aln)(b|n)(n|c)(n|d).

neNg

Strictly speaking, Eq. (C.89) should say Il @)

since the (0],

(C.88)

(C.89)

(C.90a)

(C.90b)

(C.90c)

1 ifa=c#b=dora=d#b=cora=b=c=d

from Lemma C.3.10

(C.90d)
(C.90e)
(C.90f)

(C.90g)

]

are only defined on

Schwartz space S(R) C L?*(R). However, its action can be uniquely extended to all of

L*(R). This will be formalized later on in this section.

We can find analogous results using cos and sin states from [199]. We note that looking
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at the |0) ,», non-normalizable states was motivated by lifting the finite dimensional complex-
projective design to the continuous-variable case. These states are Kerred phase states,
which form a continuous projection-valued measure (PVM) [199]. From these states, we are
then motivated to define the |cosf)  and [sin®) , states, which are defined in [199], since
they are similar to the Kerred phase states, but nicer in many ways. In particular, for each

©, they form an generalized orthogonal basis.

Theorem C.4.9. Define the non-normalizable state

|cos0), = |cosO) = \/g Z ¢ sin((n + 1)0) |n) . (C.91)

n€Ng

Then
1
HQ:ZL Z (|n)(n))® /ﬂdgp/ d9 ,lcos 0) (cos 0] ) (C.92)
n€eNp
Proof.
/ dgp/ d6({a| cos ), (b| cos 0), ,(cosbc) (cosb|d) (C.93a)
—m 0

_ % / "y /O " 9 @) i (0 1 1)9) sin((b + 1)6) sin((c + 1)6) sin((d + 1)6)

(C.93b)
= §5a2+b2,62+d2 /7r dfsin((a + 1)0) sin((b + 1)8) sin((c + 1)0) sin((d + 1)6)
(C.93c)

1 K
:—(5a2+b2,62+d2/ df[cos(0(a+b+c+d+4)) —cos(@(—a+b+c+d+2))
n 0

—cos(f(a—b+c+d+2)) —cos(@la+b—c+d+2))+cos(@(a—b—c+d))

—cos(@(a+b+c—d+2))+cos(@(a—b+c—d))+cos(@(a+b—c—d))]
(C.93d)

255



= 024022402 [ sinc(a + b+ c+d+4) —sinc(—a+b+c+d+2) —sinc(a — b+ c+d +2)
—sinc(a+b—c+d+2)+sinc(a —b—c+d) —sincla+b+c—d+2)
+ sinc(a — b+ ¢ — d) + sinc(a + b — ¢ — d)]
(C.93e)

= 5a2+szc2+d2 [ - 5a,b+c+d+2 - 5b,a+c+d+2 (C 93f)

- 5c,a+b+d+2 - 5d,a+b+c+2 + 5a+d,b+c + 6a+c,b+d + 5a+b,c+d} ;

where we used that [ cos(zf) df = wsincz, and sincz = % when = # 0, and 1 when
x = 0. One can easily verify that there are no integer solutions to the Diophantine system

a?+b=c4+d>anda=0b+c+d+2. Thus,

/Tr dp /7r d{al cos 0),(b| cos 0), ,(cosb|c) (cosb|d) = b2 412 c21a2 (Oatdpte + Oateprd + Oatbera) -
o (C.94)

We now focus on the three terms individually. The third term is solved in Lemma C.3.10 a

02402 2 +d20a+b,c+d = OacObd + OadObe — OapOacOad- The first term is only nonzero when a,b,c,d

solve

a4+ =c+d*, and at+d=b+c (C.95)

Plugging a = b+c—d in, we find (b+c—d)*+b* = >+ d?, or equivalently (b+c)(b—d) = 0.
Therefore, the first term is only nonzero when b = d and a = ¢. A similar analysis holds for

the second term, where we find that it only nonzero when b = ¢ and a = d. Hence, we find

that
/ dy / 46(al cos ) (b| cos 0), , (cos 0]c)  (cos b]d) (C.96a)
-7 0
= 6acébd + (5ad5bc + (5ac§bd + (Saddbc - 5ab5ac(sad) (C96b>
= 2<5ac(5bd + 6ad5bc) - 5ab6a65ad (0960)
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= dlly(a,bye,d) — > (a|n)(b|n)(n|c)(n|d), (C.96d)

neNp

proving the result. O]

Theorem C.4.10. Define the non-normalizable state

sing), = |sin6) == el#n (el g SADE=TY |y (C.97)

Then
1 ®2
I, = 1 Z (|n)(n))® / dgp/ o |sm9 (sin 0| ) (C.98)
n€eNy
Proof.
™ /2
/ dgo/ df(a|sin 0),(b| sin 9>¢@<sin 0lc) ,(sind|d) (C.99a)
-7 —m/2
dgp d9 el“" a?+b2—c?— ( i(a+1)6 e—i(a+1)(0—7r)) (ei(b+1)0 . e—i(b+1)(0—7r))
—7/2
( —i(c+1)0 1c+1)(9 7r)> ( —i(d+1)0 e(d+1)(977r)>
(C.99b)
1
= §6a2+b2702+d2 [ ((—1)a+bicid + 1) sinc ((a +b—c— d)/2)
+ (=1 ((=1)* "4 L 1) sinc ((a — b+ c—d)/2
(=" ((=1) ) sine (( )/2) (C.99¢)
+ (=) (=)t + 1) sine ((a — b — ¢+ d) /2)
+ terms that are always zero when a? + b* = ¢* + dQ]
= 5a2+b2,02+d2 (5a+b7c+d + (—1)bic(5a+c7b+d —|‘ (_1>a705a+d,b+c) . (ngd)

From here we continue exactly as in Theorem C.4.9, and find that

T /2
/_ dgo/_ , df({a| sin ), (b[sin 0),, ,(sinb|c) (sinb|d) = 41ls(a, b; c, d)—Z(a]n)(b|n><n]c)(n|d>

(C.100)
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completing the proof. O

We now state some facts about the non-normalizable states used above, the proof of
which can be found in [199, sec. 6]. Our definition of these states differs from the definition
in [199] in that we have added an additional phase factor ¢"” but this does not affect any
of the following facts. For the following, we will use d to denote the Dirac delta function on

the interval [—, 7], namely 6(0) = 0_»(0) = 5= ez oifi

o{cos O cos ), = (0 — ) (C.101a)
L(sin 0| sind’), = (0 —¢) (C.101b)
/07r slcos0)(cos b, df =1 (C.101c¢)
/Oww|sin ) (sin 6], d9 =1 (C.101d)
/07r¥)|9>(9]¢ d6 =1 (C.101e)

From these, we see that the cos and sin states form a generalized orthogonal basis for each
©, and the cos, sin, and @ states form a continuous PVM for each ¢. More generally, one

can consider y-rotated sine/cosine states

1 = ipn? i(n —i(n —
10),., = 7 Zes" (im0 — o7 EDO=)) |y | (C.102)
n=0

where [0) = |cos @) and |0) = [sin®) . Similar to above, for any fixed v, summing over
Fock states and integrating the |6) - States over 6 and ¢ yields a rigged 2-design.

Next, we restrict our attention to the |cos @) - since a similar analysis holds for |sin ) o
and |0) . Let a and a' be the standard annihilation and creation operators so that i = a'a.
The elements of {|cos ) o | & € (0,m)} are generalized eigenvectors — or more precisely
tempered distributions — of the operator c&@(p = 1a(n 4+ 1)71/2e#" ) 4 hc., where

h.c. denotes the Hermitian conjugate of the first term. This can be concisely expressed in
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terms of the Susskind-Glogower phase operator [198, 202] oif = > nen, 7+ 1)(n|, yielding
cos(f), = Lee#2 D) L Tic.,

The standard position state (z| is to be understood as a distribution in that it is a
continuous linear functional on a subset of L2(]R) that will be described below. It is defined
via the relation (z|¢) : = [p(a")d(2" — ) da’. Similarly, the momentum states (p)

is understood as a distribution defined by (p]w \/ﬂ Jpe P (x) da

The (p<cos 6| can be understood analogously; namely, SO(COS 0| is defined by

HlcosO[y) = \/j Z sin((n + 1)0)e " (n|y), (C.103)

neNp

where (n|¢) is the standard inner product [, ¢, (z)¢(z) dz with ¢, (z) = (z|n) the Fock
state wavefunctions.

We now formalize this intuitive understanding of the (cos6)| , states as distributions.
References for this discussion are [244] for a formal treatment, and [80, 245] for a broad
overview. We have found that the combination of Fock states with [cos6) , [sinf) , or |0),
distributions is enough to reconstruct Il,. We call such designs rigged designs, since the
latter states live in the rigged Hilbert space on top of L*(R).

The standard rigged Hilbert space of the harmonic oscillator is the Gelfand triple S(R) C
L*(R) € S(R). S(R) is called Schwartz space, and as a topological vector space it has
a continuous dual space. S(R)" is called the space of tempered distributions, and is the
continuous dual space of S(R). For physical quantum states, we often desire that they have
finite position, momentum, and energy moments. The first part of the Gelfand triple is the

set of all such states, which for the harmonic oscillator is hence

S®R)= () D@E*p’), (C.104)
a,B€Ng

where D(M) denotes the maximal domain of the operator M. Since the domains of & and p
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are dense in L?(R), it follows that S(R) is dense in L*(R).
S(R) is a Fréchet space, meaning that it is a topological vector space with a topology
induced by a countable family of seminorms |||, ; defined by

48 f

¢ —=
daf

1flla = Sup (C.105)

An equivalent condition for a function f to belong to S(R) is that | f||,,; < oo for all
a, f € Ny. The topology induced by the seminorms is equivalent to the topology induced by

the metric [244, pg. 29|

1f = 9llas
d(f,g)= > 277 S (C.106)
a,8eNy 1+ ||f_g||a,ﬂ

Equipped with the metric, we can check continuity of a map 7': S(R) — C in the usual way.
T is continuous if for all sequences (fy)nen, fo —— f implies T(f,) —— T(f). Strictly
speaking, this is the definition of sequentially continuous, but continuity and sequential

n—oo

continuity are equivalent on metric spaces. Here f, —— f means that Ve > 0,dN € N
such that Vn > N: d(f,., f) <€, and T(f,) — T(f) means similarly but with the metric
on C.

We are now interested in characterizing the continuous dual of S(R), denoted by S(R)’,
which is a subset of the algebraic dual. Hence, we restrict our attention to linear maps
T: S(R) — C. When T is linear, T(f) — T(g) = T(f — g). We also notice that d(f,g) =0
if and only if ||f — g,z = 0 for all o, 8. Therefore, the condition that 7" be a tempered

distribution, meaning that 7" € S(R)’, is that it is linear and satisfies

(Y08 € No: I [[fullos = 0) = (Jim [T(f)] =0) (C.107

for any sequence of functions (f,)men C S(R).
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As described above, a rigged Hilbert space is a triplet S(R) € L*(R) Cc S(R). S(R)" is
the “bra space” of tempered distributions. One can analogously construct the “ket space” of
antilinear continuous functionals on S(R). This space is often denoted as S(R)*.

We will now revisit the (cos | ,, (sin 6|, and (f] , states and show that they each belong to
S(R)’, while their ket counterparts belong to S(R)*. As before, we will restrict our attention
to the (cosf|, states, as the others are analogous. By construction, (cosf|, is clearly linear.

We now show that it is continuous. We use Eq. (C.107), and compute

mh—IEéO {cos 0|fm>‘ = WIL1_r)nOO \/g Z e " sin((n + 1)0)(n| fn) (C.108a)
n€Ng
< lim Y [{nlf)l (C.108b)
n€Ng
: 1 n
= n}gmoogm 710l 1) (C.108c)
= nlblgloo Z NG R@bo(x) (m + %) fm(2) dz (C.108d)

<pm ¥ — < [ 1) dx) (sgp \ (a: ; di) fnl2) ) (C.1080)
x 'nll—r}(l)o sup ’ (a: + %)” fm(2) (C.108f)
—0. (C.108g)

The last line comes by assumption from Eq. (C.107). The second to last line comes from
the facts that >, 1/v/n! < oo and that [;[¢o(z)|dz < oo, where ty(z) is the position
representation of the lowest Fock state as described in Appendix C.2. Hence, (cos| o182
tempered distribution.

From Theorem C.4.5, we know that CV 2-designs do not exist. However, Theorems C.4.8
to C.4.10 show that rigged CV 2-designs do indeed exist, where we define a rigged CV design

analogously to a standard CV design with the additional feature that tempered distributions
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are allowed.

Subsection C.4.4: Reqularized rigged state designs — making rigged state de-
signs physical

Suppose we have a construction of II, in terms of unphysical states, so that IT, = [, (|x){(x|)® dx,
where X is some measure space with measure p. We use y to denote possibly non-normalizable
states, and 1 to denote properly normalized states. Define a Hermitian operator R which
we'll call the regularizer. For example, R could be e #" where 7 is the number operator

diagonal in the Fock basis 7 |i) = i|i). Then,

™ .= R, R (C.109a)

- /X (RO B dp. (C.109b)

As long as the amplitudes of each |x) do not grow too fast (indeed their growth is constrained
by the condition that |y) be a tempered distribution; see below), the states R |x) will be

normalizable. Define the normalized state corresponding to the tempered distribution y as

[¥) = R]x) /IR Then

o = /X () WD 1R )| d. (C.110)

One can then define a new measure v which is y weighted by the positive factor || R [x)||* / Tr TI{

(one can imagine using a Lebesgue-Stieltjes measure construction), thus giving

"

= /X (1) (W) dv. (C.111)

The first thing to note is that by taking the trace of both sides one finds that v(X) = 1.

Hence the measure space defined by X and v is a proper probability space. Next, suppose
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that R = e #". The parameter § is an inverse energy. 1/3 fixes an energy scale of the
states involved in the design. As 1/ — oo, the energy of the states becomes infinite, and
HgR) looks more and more like II; = Hg). When ( is exactly zero, the equation becomes
uninteresting since IT;/ TrII; is just the zero operator.

Nevertheless, [ is a parameter that one can tune that enforces a soft energy cutoff. The
smaller one tunes 3, the more the ensemble resembles a continuous-variable state t-design.
The soft energy cutoff e #" was chosen to ensure physicality of the resulting states. In
particular, e #" will always take a tempered distribution to a state in L?*(R), whereas, for
example, a soft-cutoff of the form (7 + 1)7° for some b > 0 will not always achieve this.
We therefore use e " to make any rigged design into an approximate design composed of

physical states. This is formalized in the following proposition.

Proposition C.4.11. If|x) is a tempered distribution, then e P" |x) is a state in L*(R) for

any B > 0.

Proof sketch. From [308, Thm. 3|, any tempered distribution can be expressed as |x) =

> neng @n 7). We first calculate the norm of e |x);

(e ) =Y an|* e, (C.112)

n€eNg

We therefore find that e #"|y) € L%(R) as long as |a,| grows with n asymptotically slower
than exponential. Hence, to prove the proposition, we need to show that if a, grows ex-
ponentially or faster in n, then |y) is not a tempered distribution. This is proven in [308,
Thm. 3|. For completeness, we show it here as well. We will use Eq. (C.107) to show this.

Fix some sequence (f,)men of states f,, € S(R) satisfying

Vo, B € No: lim || finll, 5 = 0. (C.113)
m—o0 ’
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Specifically, let |f,,) =e™™ > oy, e " |n) for some arbitrarily small ¢ > 0. Then, assuming

the best case where a,, grows exponentially as a,, = e!?»e’™ for some v > 0,

lim |[{x|fm)| = lim E ape” " (C.114a)
= lim e™™ g e nen=9)| (C.114b)
m— 00
n€ENg

Since € can be arbitrarily small, we can always choose it so that v —e > 0, and therefore the

sum diverges no matter the choices of the phases 6,,. Hence,

T [0 fudl £, (c1y
proving, by Eq. (C.107), that [¢) is not a tempered distribution. O

This proposition justifies our choice e ™" as the soft energy cutoff, since a cutoff such as
(1 +n)~° does not satisfy the proposition for any b. However, there do exist rigged designs

for which (1 + 7)~° is sufficient. For example, the |0) o» |cost) . and [sind)  are all tem-

o
pered distributions that generate rigged 2-designs, and (1+7n)~> 10), ., (1+ n)~2 |cos 0),.(1+
n)~2 |sin 0) o € L?*(R). Hence, one may suggest that for these rigged designs, one should use
(1+7)7" as a soft energy cutoff in place of e=?". However, one desirable property of physical
quantum states is that all position, momentum, and energy moments are finite. In other
words, one may desire that the states belong to S(R) C L*(R). One can straightforwardly
show that, for example, (1 + n)~° 0), ¢ S(R) for any b, whereas e 0), € S(R). This is

another justification for the use of e #".

Example C.4.12. Consider, for example, the rigged design given Theorem C.4.8. Sand-

wiching the design with R results in the normalized states /1 — e~ 283 _ e~#ntifntion® ),

n€Ng

Each of these states has energy coth(5)/2 —1/2. The design also still consists of the original
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Fock states |n), but the weight in front of each Fock state decays exponentially with n as
~ e7P". Thus, despite the fact that the design uses arbitrarily high energy states (i.e. |n) for
all natural numbers n), the weight factor in front of these high energy states is exponentially
small in the energy. Therefore, the design effectively uses states finitely upper bounded in
energy, where the bound is tuned by 5. We refer to [246, sec. 5| for a review of these states,

which are related to so-called phase coherent states. o
We consider now an R-regularized rigged t-design G, which satisfies

e

(|1/1><¢D m

(C.116)

By tracing out e.g. the last factor, we find Eyeg(|¥0) ()¢ oc Tr Y. Recall from
Appendix C.2.2 that II; = %ZUE s, Wo. Consider a permutation o € S; that leaves the last
factor fixed. Let m € S;_1 be the permutation with the same cyclic decomposition as ¢. For
example, when ¢ = 3 and 0 = (12)(3) is the permutation swapping 1 and 2 and leaving 3 fixed,
then we set 7 = (12). We see that for such a o, Tr,(R®'W,R®!) = (Tr R?) R®(— VW, R2(-1),
Hence, the sum over all such permutations results in (Tr R?) > o REEDW, RS —
(Tr RQ)H . For all other permutations 7 that do not leave the ¢* factor fixed, Tr; W, does
not pick up a factor of (Tr R%). We have hence found that Eeg(|1) (]) 2D ~ (Tr RO +
(terms without (Tr R?)). Assuming that the regularizer R is close to the identity so that
(Tr R?) is large and applying the above arguments to both the numerator and denominator

of Eq. (C.116), we have thus found that an R-regularized rigged t-design G satisfies

. )
E () w) D= Trn?q (1+0(1/ T R?)). (C.117)

It is in this sense that an R-regularized rigged t-design is almost an R-regularized rigged
(t — 1)-design up to factors of 1/ Tr R%.

In the special case when R = P; = ZZ;B In)(n|, a P;regularized rigged t-design G is
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simply a CP?~! ¢-design, and hence it is also ezactly a (t — 1)-design. However, when R is

an invertible operator, the result is only a (¢ — 1)-design up to terms of order 1/ Tr R?.

Frame potential

In this section, we will generalize the well-known frame potential from finite-dimensional state

designs [41] to regularized rigged designs. Specifically, for a positive definite regularizer R,

we define the frame potential of an ensemble G (i.e. a probability space over unit vectors in
L3(R)) to be

VPG = E R )" C.118

M(G) = B W R6)] (C.118)

We prove the following proposition regarding R-regularized rigged t-designs and the frame

potential.

Proposition C.4.13. Let R be positive definite. For any ensemble G,

(R) 1
Vir(g) = L) (C.119)

with equality if and only if G is an R-reqularized rigged t-design.

Proof. This proof is a modification of that of Ref. [41, Eq. (3)]. Let E = Eyeg(|20)(])®" and
£ = (RYH®'E — Hg\/ﬁ)/ Tr HER). By recalling the definitions of regularized-rigged designs
and of the symmetric projector (C.10), we see that G is an R-regularized rigged t-design if

and only if £ = 0, or equivalently, Tr &2 = 0. We find that

0<Tré? (C.120a)
Tr| (1Y R)?
=Tr[(RH*ER HE] + [ : }— 2 g EHE*/E)(R*)@] (C.120b)
( @\* Tl
Tr I1¢ ) :
(R)
=v(g) Ll - Tr[ETL] (C.120¢)

(Tr HER))2 T HER)
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1 2

_ /(B
=V, "V (G) + TI® - T (C.120d)
o ®ey L

with equality if and only if G is an R-regularized rigged ¢-design. In the second to last line,
we used that EIl; = F and that Tr £ = 1. O

If R is instead only positive semi-definite and not invertible, then we can modify the
definition of the frame potential to utilize the Moore-Penrose inverse RT in place of the
inverse R~!. The proposition then still holds as is, with the addition of the assumption that
RR*G = G, where recall RR* is a projector onto the support of R.

Notice the presence of the R~! in the definition of the frame potential. We will also
see such a presence in Appendix C.5.2 when generalizing fidelity quantities to infinite-

dimensional spaces.

Subsection C.4.5: Alternative characterization of continuous-variable, rigged,

and reqularized rigged designs

To generate a random state 1)) € CP?~1 one can equivalently choose d amplitudes {a; € C | i
where each «; is drawn independently from the unit variance normal distribution A/(0,1).

The state iai\i>” is then a random state drawn from CP? 1,

_2aili)
(|3 i)
Motivated by this and by Ref. [309, Sec. 4.1|, we consider integration on the Frechét
space C*® = HiGNO C with the product topology. Define §,: C* — C to be the projections
d;(z) = z;. Let ¥ be the smallest o-algebra on C*> such that 0, is measurable for every
7. Note that this corresponds to the Borel o-algebra; that is, the product topology and the

o-algebra are both generated by sets of the form A =[], A;, where each A; is an open

i€Ng
subset of C and only finitely many A; are proper.

Let N(0, ;) be the Gaussian measure on C with mean 0 and variance );. Define the
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measure ji: 3 — [0,00] by p1 = @cn, N(0, ), where each \; € (0,00). The construction

for such a measure is as follows. For A = []._y A; where all but finitely many A; satisfy

A; = C, define u(A) =[]

i€Np
ieng NV(0, M) (A;). For every i for which A; = C, N'(0,A;)(A;) = 1.
Hence, i is well-defined on such sets A since the product is finite. From its definition on
such sets A, p can be uniquely extended to all of ¥ [276, Thm. 10.6.1].

Let {|n) | n € Ng} be a basis for L?(R). For z € C=, let |2) = Zn [n).  Any

n€eNy

tempered distribution can be expressed as |z) for some z € C™ satisfying certain conditions

[308, Thm. 3]. We therefore define the following subsets of C*:

S={ze€C>||z) e S(R)} (C.121a)
(2(No) == {z € C* | |2) € L*(R)} (C.121b)
S'={2eC”||z) € S(R)'}. (C.121¢)

Lemma C.4.14. Suppose that \; =1 for all i € Ny. Then pu(S") = 1 and therefore pu(C> '\
S") = 0.

Proof. Note that

1 2 1 ) 1
du(z) =S ——— Lduz) =S ——— <. (C.122
) a0 = 3 o [l e = 3 g <o (€122
Therefore, ‘n%l |,2)H2 < oo for almost all z. For any z € C*, if Hn%l |2)|| < oo, then
|z) € S(R)" [308, Thm. 3|. Hence |z) € S(R)" u-a.e. O

Through an analogous calculation with the integrand being |Hz>|]2, one finds that if
D ieng Mi < 00, then p(€2(Np)) = 1 [309, Rem 4.1.2]. Define R to be the diagonal matrix

with diagonal entries \;. If R is the identity, then pu(S") = 1, while if R is trace-class, then

(2 (Ng)) = 1.

It follows that if R is the identity, integrals over the measure space (C>, %, i) are equal
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to integrals over the restricted measure space (S’,X|g, t|sr). Similarly, if R is trace-class,
integrals over the measure space (C*, X, 1) are equal to integrals over the restricted measure
space (2(No), ls, pls:)-

Next, we show that when R is the identity, (S, X|s/, ut|s/) is a rigged t-design for any t € N,
and when R is trace-class, (¢%(Ny), Ele2 o) #lez ) is an R-regularized rigged ¢-design for
any t € N. !

Given the construction of our measure space over C*, integrals over polynomials in z
reduce to simple finite-dimensional Gaussian integration. For the purposes of designs, we

are only interested in such polynomials. Consider

/wH a;|2) (z|b;) dp(z / Hzalzb dp(z (C.123)

for a,b € Nf. Since the integrand depends only on at most 2t elements of z, we can use
Fubini’s theorem so that the integral reduces to an integral over C* with the measure
QN (0, \;). Then, one can easily check by induction (or just by using standard properties

of Gaussian integrals) that the integral equals I (a b), and therefore

| TLi eIt = ™ (C.124)

in the weak sense. When R is the identity, (5, X|s/, pt|s/) is a rigged t-design (for all ¢ € Ny),
and when R is trace-class, ((Z(Ny), 3| 2(No): Hleeg)) is a v R-regularized rigged t-design (for
all ¢ € No).

More accurately, the image of (S, ¥|s/, u|s/) under the map z + |z) — which is a measure space over
S(R)" — is a rigged t-design, and the image of (¢2(No), S|e2(w,), #le2(v,)) — which is a measure space over
L?(R) - is a regularized rigged t-design.
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Subsection C.4.6: Displaced Fock states as megative-weight approximate de-
s19ns

The projection onto the two-body symmetric subspace is (see Appendix C.2.2)

I, — <H+eig(“T_bT)(“_b)> : (C.125)

DN | —

where the second operator in the parentheses is the SWAP operator, and a (b) represents
the lowering operator for the first (second) mode. To simplify calculations, we apply the

beam-splitter operation

a 1 [a+Db
U= exp[z (aTb — abT)} , acting as Ut U=— , (C.126)

4 b V2 p—q
which is equivalent to partitioning the two-mode Hilbert space into a tensor product of a
center-of-mass L?(R) factor whose corresponding coordinate is symmetric under SWAP and

an anti-symmetric factor whose coordinate is anti-symmetric |79, Sec. III]. In the Fock-space

picture, this results in

1 +eiﬂbTb
T _
ULV =T@ —— = > nynl @ > [2p)(2p] (C.127)

neNp pENg

which now projects onto the entire symmetric factor and the even Fock-state subspace of
the anti-symmetric factor.

We now determine what happens if one sums up two copies of all displaced versions of
a particular Fock state |¢). Using the fact that SWAP acts on displacements as UD®?UT =

D, ® I and the fact that displacements form a unitary 1-design, we have
d*a s ®2 \ 77t d*a t(pt
U —DZ=) (U D2 | U = | — (D, @ T) U |0)(¢4|U (Da ® JI) (C.128a)
s s
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= Tr, (Ue6)(ee|UT) (C.128b)

where Try is the partial trace over the first factor.

We next write out U as a direct sum of irreducible representations of SU(2), with each
representation acting on a sector of fixed total occupation number. Irreducible representa-
tions of SU(2) are known exactly in terms of the Wigner-D matrices [310], and the matrix

elements we will need are

T 2 (20 —2n)!(2n)!
= (2 D! = . 12
(20 = nfU16OF = Do (0.-5,0) [ = {5 (C.129)
Plugging this in yields
&2 ‘
U ( / 2 pe2|gp) (€€|D®2) Ut=1® ) dP2n)(2n|. (C.130)
n=0

When ¢ = 0, we have c(()o) = 1, corroborating the result from |79, Sec. III]. For general ¢, this
result yields nonzero coefficients ¥ for all Fock states < 20 in the anti-symmetric factor.

We now linearly combine instances of Eq. (C.130) with ¢ from zero to some /(. and

(£)

compensate the ¢’ using weights b, in front of each Fock state. This yields

(fbg/—p |££><M|DT> Ut :H®§|2n)(2n|, (C.131a)

n=0

o p=L+1 “PL
by = G , (C.131b)
(4

which yields Il up to the Fock state 2¢ in the anti-symmetric factor. However, some of
the b,’s are negative, meaning that the right-hand side of Eq. (C.131a) cannot be treated
as an expectation value of operators sampled according to a probability distribution. The

ensemble can be formulated in terms of a measure space with a signed measure, and there
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may be schemes to sample from such an ensemble [311]|. Thus, displaced Fock states form a
hard-energy regularized 2-design with a signed measure.

One may be tempted to take ¢,,,, to infinity. In this case, the coefficient b, — oo,
showing that this regularized design does not yield a CV design and corroborating the no-go

Theorem C.4.5 (recall we extended Theorem C.4.5 to the case of signed measure spaces at

the end of Appendix C.4.1).

Subsection C.4.7:  Approximate continuous-variable unitary designs

In finite dimensions, a unitary design reconstructs the superoperator

Z W) (W, ||. (C.132)

JESt

In this way, when acting on a fiducial state p = |¢)(¢|, one finds

Pillp™) _|er”W Y (Wollp™) (C.133a)
gES}

S > W) Tr [W, o] (C.133b)
| ’ oESt

Z W) (C.133¢)
JGSt

= 1I,. (C.133d)

From above, we have states in L*(R) that construct the normalized symmetric projector

HgR) = R®II,R®. In a similar way, let’s normalize the superoperator P,. Define

pH = St > | REW W (REW,|. (C.134)

‘ oESt
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Then, when acting on a fiducial state p = |¢) (|, one finds

1
P = g 2 IRZ W (RWo ™) (C.135a)
oESt
1
= = > [ REW)Te[ R W, p] (C.135b)
|St| oESt
= Tv[(Rp)® 11" (C.135¢)
o 119, (C.1354d)

With this, we now define an approximate continuous-variable unitary ¢-design to be a

collection of unitaries U;: L*(R) — L*(R) that satisfy

> (Uil =P (C.136)

7

As with rigged state designs, the parameterization i of the unitaries, represented here heuris-
tically as a sum, may constitute a measure space. We leave determination of existence of

such designs to future work.

Section C.5: Applications of rigged and regularized rigged designs

Subsection C.5.1:  Continuous-variable shadows

In this subsection, we use rigged designs to construct infinite-dimensional classical shadows
of a quantum state p. With these shadows, one can for example efficiently compute the
expectation value of many observables. Ref. [52] phrased shadow tomography from Ref. [50]
in terms of informationally-complete POVMs. We will generalize their discussion to infinite

dimensions.
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Specifically, suppose that the measure space (X, 3, i) is a rigged 3-design. In other words,

/X ()P dpa(x) = auTl, (C.137)

for each ¢t € {1,2,3}, where a1, as, a3 € (0,00) are some numbers. We assume without loss
of generality that ay = 1 (if not, just rescale the measure). Recall that we will use |x) to
denote tempered distributions and [¢) to denote physical quantum states.

Let v: ¥ — P(H), where P(H) denotes the set of nonnegative operators on an underlying

separable, infinite dimensional Hilbert space H, and define

b(4) = / 1) Gl da) - (C.138)

This map is a positive operator-valued measure (POVM) because it satisfies the axioms

2. v(0) =0, and
3. v(UJ; Ai) = >, v(A;) for countable collections of disjoint A; € 3.

The first axiom is satisfied since X is a rigged 1-design with ay = 1. The second axiom is
trivially satisfied. The third axiom follows from the o-additivity of the measure pu.

We can therefore measure a state p with respect to the POVM v. As usual, associated
to the POVM is a standard probability measure y' defined by u/(A) = Tr[pr(A)]. When
measuring the state p with the POVM v, we sample outcomes labeled by y € X from
the probability measure y'. Indeed, we have the freedom to label the outcomes however we
choose. In particular, suppose that to each tempered distribution (i.e. non-normalizable, and
therefore unphysical, quantum state) |x) € X, we associate a physical state [¢,) € #H of unit

norm. Then the measurement channel representing the POVM v is p — [ [1hy) (1| dp/(x)-
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In the realm of shadow tomography, however, we have even more freedom than this.
Once we measure from the POVM, we store a shadow on a classical computer and never
need to physically prepare the shadow. Therefore, we do not need to associate physical states
|9,) to the measurement outcomes of the POVM; we are free to associate the unphysical
tempered distributions |x) to the measurement outcome corresponding to x. The resulting

map representing the measurement process is then

M(p) = /X 1) (xl i (). (C.139)

Since 4’ is a probability measure, we will define the notation Eyex/(-) == [, (-) dp/(x). Hence,

M(p) = E_Dixl. (C.140)

xEX'

M is not a physical quantum channel; indeed, Tr M(p) is not finite. However, M represents
the process of measuring p with respect to the physical POVM v and storing the result
classically. This part of the formalism, namely associating the infinite-trace operator |x){x|
to the measurement outcome Yy, is the only part that differs from the finite dimensional case.
In the finite dimensional case, the designs contain only physical states |¢)), and a physical
density matrix [¢) (| is associated to the measurement outcome . Ultimately, since this
part of the procedure is being done classically, this difference is inconsequential, and we
continue exactly as we would in the finite dimensional case.

Using the fact that X is a rigged 2-design, we can evaluate

M(p)=/X|x><x|du’(x) (C.141a)
_ /X 1) Gl Telp ) () da) (C.141b)
. {oa o) [ (W0 dut) (C.1410)
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= ap Ty [(p @ D11 (C.141d)

= S Inl(pe I8 1+9)] (C.141e)
- %(]1 +p), (C.141f)

where S is the SWAP operator. Hence, p = E,cx/ [a% IxX) (x| — ]I—, and therefore for any
observable O,

©) =10) = E | (2ot -1) 0. (C.102)

XeX’
Suppose that we make N measurements. The output of the i*" measurement is a label ;.
We store the classical shadow p; = a% Ixi)(xi| — I on a classical computer. Therefore, after
N measurements, we have a classical collection {p1,...,pn}. Given sufficient information

about our design and the observable, one can classically compute Tr(p;O). Define

N
o1 R
0=+ ;1 Tr(p;0). (C.143)
By construction, E[o] = (O), where the expectation is taken over possible measurement

outcomes. By Chebychev’s inequality, Pr[|6 — E[0]| > €] < Var(6)/e?, where

Var(o :Z\/ar< Tr[p; ]) (C.144a)

- Z;Varmmon (C.144)

-, ) (1| ol o] - o) (C.1440)
- vi( t| 2 oo] - mo) (C.1444)
-3 E (Tr L% ] (9} — T 0)2 - (o (C.14de)
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) %XE (Tr L% o O] + (T O) =21 L% ) (x| O] (Tt (9)) _ % O

ex’

(C.144f)

4
~ Na3

+%(TrO)Z/XTr(p\xHx!)du(X)

/X Tel) (] OF Te(p 130 (x]) dpe(x)

(C.144g)

—Ni%(Tr(’))/XTer)(MO] Tr(p [x) (x]) dp(x)

L2
- (0",

Using that X is a rigged 1-, 2-, and 3-design, we find

R 4o 1 1
Var(6) = N;% Trl(p® O @ O)s) + (Tr 0)? — - (TrO) Tr[(p @ O)5] — (0)?
(C.145a)
2
- 315‘;2 [(TrO)? +2(Tr 0) (0) + Tr 0% + 2(0?)] (C.145b)
2
1 9 1 2
+ N(Tr 0)* — Neg (TrO)(Tr O + (0)) — N (0)
2
om0y (01659
It then follows that
N (Tr[0])
Consider computing the expectation value of M observables Oy, ..., Oy using the same N

shadows p; as above, and let 0; be the same as 0 from above but corresponding to O;. Then,

applying the union bound, we find

(C.147)

M (Tr 10,2
Pr|max|o; — B[6]| > ] € o( e (IO ) .
! €

Hence, to achieve a failure probability of at most §, we need N € O(%W)
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Using median-of-means

We can do much better than this by using the median-of-means estimator as described in
[50, Thm. 1] where we compute the median of K sample means and each mean is taken with

N samples. Indeed, their theorem applies immediately, and we instead find that
1
N e O<€_2 mia,X(Tr |OZ|)2) and K € O(log(M/d)) (C.148)

suffices to estimate each (O;) to maximum additive error e with success probability at least
1—0. Thus, the total number of samples from p needed to accurately predict (Oy) ..., (Oy)
scales as log M.

Unfortunately, we have not yet found a useful rigged 3-design (a rigged 3-design is de-
scribed in Appendix C.4.5, but it involves infinite-dimensional integration). The 3-design
condition was used to compute the variance Var(o).

One may wonder how well a rigged 2-design works for shadow tomography. Since the
variance calculation requires three copies of |y)(x/|, the variance depends on the specific
rigged 2-design that is used. Here we will compute the variance with respect to the rigged

2-design that uses the Kerred phase states; namely,

1
2m +1

2T dod
S+ g [ (0 T = (C.149)

n€ENg

for ¢t € {1,2}, where &y = 1 and ay = 1/(m + 1/2). The only term in the variance that is

different is

/X Tel|) (x] O12 Tr(p ) (x]) dpa(x)

= ST (] O n)? ) pln) +

2r +1 e

2
2 + 1 /[0,%]5#9'0 10),)2 (6]p|6), A0 dy

(C.150a)
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1 1
= 02 n,n 7o . aN/o 2 On m On ma Pns,m
27T _I_ 1 Z TL,?’Lp ; + (27_(_ + 1)(27_(_)3 Z Z 1,Mm1 25 2p 3,13

n€Ng n1,n2,n3€Ng m1,m2,m3€Ny

v / el (n1tn2tng—mi—mao—ms) Jip(ni+ni+nf—mi-mi-m3) 19 dy
[0,27]2

(C.150b)
1 1
= o+ 1 Z Oi,npn,n + m Z Z Onl,m10n27m2pn3,m3
neNg n1,m2,n3€Ng m1,m2,m3€Ng
X 5711 +n2+ng,mi+mat+ms 5n%+n§+n§,m%+m§+m§ .
(C.150c)

Unfortunately, there is no obvious closed form simplification. We can however investigate
specific cases. For example, consider the case when O is diagonal in the Fock basis {|n)}.
Then this term simply becomes 3 (O?) 4 ;= (TrO)2. Hence, if we have a collection of M
observables Oq,...,O); that are each diagonal in the Fock state basis, then one needs only
~ log(M) max;(Tr |O;])? measurements of p from the POVM defined by the rigged 2-design
to estimate (O1),...,(Own).

Perhaps a more interesting case is when O = |a)(b| + |b)(a| for positive integers a and b.

Assume that b > a and define A := b — a > 0. In this case, the term above becomes

1
N (271' + 1)27T Z Z O”h’ml Onz,m2pn3,m3

nl,ng,ml,mze{a,b} n3,m3ENy (C15la>

X 5711 +na2+nz,mi+ma+ms 571% +n2+n2 m24+m2+m?

1
= Griier D (O P msOoains 2btms 0202 4n3,262-4m2
n3,m3ENg
(C.151b)

2
+ Ob,apns ms3 52b+n3,2a+m3 621;2 +n2,2a2+m3

—+ 2Oa7bob,apn3,m3 6“3 7m3}
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1
= m[ Z png,?(a—b)-i—ng62a2+n§,2b2+(2a+n3—2b)2

n3€Ng
" Z Pns 2(6=a)+n3 0262 403 202+ (20413 —20)? (C.151c)
n3E€Np
+2Tr p]
1 1
- n3,n3— 0 a2+n T2 —
7(2mr 4+ 1) + (2r +1)27 [R;AP 3,m3—2A0202 402 262+ (ng—2A)?
h (C.151d)
+ Z an’n3+2A52b2+n§,2a2+(n3+2A)2]
n3E€Np
1 1
- 0 a5 “ e a— a— —a C.151
m(2m +1) * (27 + 1)27 P=e2e=b [P(36-a)2,3a-0)/2 + P3a—b)/2,(35—a) 2] ( e)
1
= rEr 1) T Oszadsaz Re(p-aya o C.151f
w@n-%1)( + O3p2a03020 Re(P(ab-a)/2.(30-1)/2)) ( )
2
STer+ D C.151
= rn 1) (151

Hence, if we have a collection of M observables of the form O; = |a;)(b;| + |b;){a;|, then we
can accurately determine each (O;) with only ~ log M measurements of p using the rigged

2-design.

Using Hoeffding’s inequality

Again motivated by Ref. [52], we consider using Hoeffding’s inequality and only using the 2-
design property. Hence, this section applies to rigged 2-designs, of which we have constructed
several. Specifically, suppose that we again consider estimating (O;) with N shadows by
0j = + Zi\;l Tr(p;,0;). If —oo < ¢ < Tr(p;0;) < d < oo almost surely for each shadow p;,

then Hoeffding’s inequality immediately implies that

(C.152)

2Ne?
Pillo, - o) 2 ¢ < 2exp| - o]

(d—¢)?
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Then, applying the union bound,

. . 2N¢?
Pr mjax|oj —E[o,]] > €| < 2Mexp = (C.153)
Therefore, to achieve a failure probability of at most 9§, we need
2M Y\ (d — c)?
N >log| — 154
> o 2 ) 10 (154

to compute the M observables to additive accuracy e.

For instance, we consider the example from above where the observables are O; =
la;)(b;| + |b;){a;| and we perform the shadows procedure with the rigged 2-design given
in Eq. (C.149). One easily finds that —2/m (7 +1/2) < Tr(p,0;) < 2/n(m+1/2). Hence, we
can determine the expectation value of the M observables with error € and failure probability

at most ¢ with only N > log(%) m measurements.

Worked example

We now work through a simple, explicit example of using shadow tomography with the rigged
2-design in Eq. (C.149) to determine the expectation value of M observables with log M
measurements. We let each observable be O; = |a;)(b;| + |b;)(a;| + |¢;){c;| for arbitrary
nonnegative integers a;, b;, c;. Suppose that we have access to a blackbox quantum device
that prepares p, but we know nothing else about it.

Generate shadows. The first step is to describe a procedure to generate a classical
shadow. Recall that single-qubit “local Clifford” shadows [50] consist of choosing randomly
between measuring in three different POVMs — the three Bloch-sphere axes — each yielding
a binary outcome. In our case, for a single mode, we choose between measuring in either
the discrete Fock-space POVM or a continuum of phase-state POVMs which differ by how

much they have evolved under the Kerr Hamiltonian (quantified by ¢). Each POVM has an
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infinite number of outcomes: the Fock-state POVM admits a countable infinity of outcomes
indexed by Fock-state occupation number n, while the phase-state POVMs have a compact
continuous set of outcomes indexed by phase-state index 6.

From Eq. (C.149), we generate a shadow as follows. First we draw a random number x
between 0 and 1. If v < 1/(27+1), then we measure p in the Fock state basis {|n) | n € Ny}.
The result will be an integer n € Ny and the classical shadow is then a classical label
representing the operator p™ = (27 + 1) |n){n| — L. If, on the other hand, x > 1/(27 + 1),
then we draw a random number ¢ between 0 and 27 and measure p with the continuous
POVM defined by the operators {_|0) (0], | & € [0,27)} and the measure df. The output of
such a measurement is an angle 6 € [0,27) and the classical shadow is then a classical label
representing the operator pl%®) = (27 + 1) H10) (0], — L

Classically compute expectation values w.r.t. shadows. For the shadow p™, we

easily see that
TH0;] = Tel(2r + 1) [n) (o] ~O;] = 27+ Dy, — 1. (C.155)

For the shadow p%#) we compute

Telp "9 0;] = Te[ (27 + 1) I6)(0], — DO, | (C.156a)
27T + 1 i0(n—m)+ip(n?2—m?
== D e ) (m] O;|n) —1 (C.156b)
n,meNy
_ 27r2—|— 1 <ei9(aj—bj)+iap(a§—b?) + ei@(bj—aj)—&-igo(b?-—a?) + 1) _1 (C.156c)
™
1
= (24 1/m) cos(0(a; — bj) + p(aZ — b)) + 7 (C.156d)

Choose the number of shadows to generate. We see that for every possible shadow

p and every observable O;, —2 — 1/7 + 1/2m < Tr[pO;] < 2. Therefore, from Eq. (C.154),
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we set

oM\ (2m+2+1/7—1/27)?] 36 [2M
N = {log( 5 > 52 %6—210g < ) (C.157)

Estimate expectation values w.r.t. state. With all this in place, we can now classi-
cally compute each (O,) to a maximum additive error of € with success probability at least
1 — 4. First, generate N shadows with the procedure described above. Then, with those N
shadows, classically compute the mean expectation value of each observable O; over the N
shadows using the expressions derived above for Tr[p™ ;] and Tr[p**)O;]. With probabil-
ity at least 1 — 4, all of these M means will be within € of the true expectation values with

respect to p.

Subsection C.5.2: Fidelity calculations

In this subsection, we derive the calculations shown in Section 4.6.3. Throughout this sub-

section, we let £ denote an R-regularized rigged 2-design, meaning that £ is an ensemble

™
Tl

R is positive semi-definite. Recall then that II{” = (R ® R)II(R ® R), and II, = sI+59).

over unit-normalized quantum states satisfying Eyce (|¢0) ()% = We assume that

Therefore, 2 Tr HgR) = (Tr R*)? + Tr R*. From this characterization, one easily computes

that

E Wl A) [9) (] =T |(AeT) B [9)(¢]® )] (C.158a)
= WTrl [(A®1) (R*® R* + (R*® R)S)] (C.158b)
_ W [R*Tr(RAR) + R*AR?] (C.158¢)

_ R*Tr(RAR) + R*AR?

(Tr R?)?2 + Tr R4 (C.1584)

283



Furthermore,

E WA Blg) =Tr| B E (Y[ A4) [) (Y] (C.1592)
_ BR’Tr(RAR) + BR*AR?
=T Ry T R (C.159b)
_ Tr(RBR) Tx(RAR) + Te(RBR*AR) (C.1500)

(Tr R?)?2 +Tr R4

We now study definitions of fidelity. We now assume that R is diagonal in the n basis.

We define a continuous-variable version of a maximally-entangled state as [13§]

1 1/4 1/4 - n n
68) = (R BRI Y ) o). (C.160)

When R = e ™" |¢p) is a two-mode squeezed vacuum state; when R = Py, |¢r) is a finite

dimensional maximally entangled state. Define its reduced state on one mode by

pr = Tra |¢r){dr| = R/ Tr R. (C.161)

Let D be a quantum channel with Kraus operators K so that D(p) = >, KpK'. In

analogy with the finite dimensional case, define the entanglement fidelity as

F(D) = <¢R| (Z® D)(¢r) |0r) (C.162a)
(Tr 7 O 2 (nl @ (ol ) I ® K)(Im) @ B2 m)
K nm.gik (C.162b)

< ((jl @ (I RV?) (I @ KN)(|k) @ R k)

(TrR 53> (n| RM2KRY? n) (5| RV KTRY? | ) (C.1620)
K ny
=D _[Tr(prK)[*. (C.162d)
K
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Furthermore, in analogy with the finite dimensional case, we define two “average fidelity”

quantities,

—=(R) .y . Tt R*+ (Tr R?) + +
FD) = o o B (W BT DR ), (C.1634)
F(D) = E (D) ). (C.163D)

We again emphasize that these definitions are independent of which R-regularized rigged
2-design & is used since they involve only two copies of |¢)) and two copies of (¢|. Notice
that when R = P, since the Moore-Penrose inverse R' of a projector is itself, we find that
=T,

By Eq. (C.159¢), we immediately find that

Tr R* + (Tr R?)?

7B iy _ + tpt
B ) = Fm o e Z E (] BYK [¢)(6] KTRY [v) (C.164a)
 TrR'+ (Tr B?)? < Te(RKTR*R) Te(RR* K R) + To(RKTRYR*R* K R)
 TrR2 + (Tr R)? (Tr R?)? + Tr R*
(C.164D)
>k v Tr(RKTRYR) Tr(RRY K R) + Te(R*R*RYD(pg2))
— , (C.164c)
dg +1
where we define an effective dimension dr = (Tr R)?/ Tr R%. Since we are assuming R

to be diagonal, RRT™ = RTR. Furthermore, by definition of the Moore-Penrose inverse,

RRT™R = R and R"RR* = R". Therefore,

— d Tr(prK)|* + Tr(RRYD(ppe
F(p) = L2 [Tl C;}L il HERTDlpw)) (C.165a)
_ dpF?(D) + Te(RR*D(pg2)) (C.165b)
dr +1 ’ .
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We perform a similar calculation for F;R),

(VR)

Fy (D) = Igg W K [) (0] KT v) (C.166a)
Tr(RY2KTRY?) Tr(RY?2K RY?) + Tr(RY?K'RK R'/?)
= Z : (C.166b)
(TrR)?+Tr R

_ ZK [Te(RK)[* + 3 Te(KRKTR) (C.1660)

(Tr R)? + Tr R? '
_ dr X | Tr(prK)[* + dr 3o Tr(K prK ' pr) (C.166d)

B dr +1 '

R
dR +1 ' '

When R = P, is the projector and D is trace-preserving on the restricted d-dimensional
subspace, both relations reduce to the finite dimensional relation. When R is invertible, such

as the case when R = e #" we find

dpF" (D) +1
dr + 1 .

FY(p) = (C.167)

Loss channel

We now compute the various average fidelity quantities for the pure-loss channel £* defined

in Section 4.6.3 and shown in Fig. 4.2. From [249, eq. 4.6|, the Kraus operators for L are

K, = i (mﬂ) (1 — &2)726™ [m) (m + i (C.168)

m=0

for i € No.

We begin with U (E“). Let |a) be the coherent state specified by a € C. Then, as

coh

calculated in [232],

—(& 1 9,
o — / e 7 (o] £5(|ad{al) o) Pa (C.169a)
™™ Jo
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1

= o (C.169D)

Next, we consider the entanglement fidelity F.'" (ﬁ“) Let |pr) =

s (RYV'@RY) 350 [n)@

|n) and assume that R is diagonal in the |n) basis. Then from Eq. (C.162d),

(e 9]

FU(£r) = (Tr%)? > (R (C.170)

When R = Rz = e P" one easily finds this to be EZZ:?; Recall that in Section 4.6.3 we
required that dg, = (Tr Rz)?/ Tr R = 1+ 2. Solving for §, we find that e’ = 1+1/n, and
therefore

o) (£r) = (1 4+ a(1 — k)72, (C.171)
On the other hand, when R = P; = ZZ;B |n)(n|, we find

(1)

Pd)(ﬁﬁ) = (1 — /<;)2d2'

(C.172)

From Eq. (C.167), F ﬁ)(ﬁ"‘) is the same as F, ﬁ)(ﬁﬂ) up to an offset. However, F( ﬁ)(ﬁ*’”)

is not as simple. Indeed, from Eq. (C.166¢), we must compute

TY[L(pr,)pon,) = TR Rﬁ ZTr (K;RgK] Rg) (C.173a)
(1=e" ZZ —Batd) (q] K; [b)(b| K |a) (C.173Db)
— (1 _ e—5)2 ; e—ﬁ(a—l—b) (b E a) (1 . Ii2)b_ali2a (0‘1730)

ef —1
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Therefore, from Eq. (C.166e),

(Ro) (e dr (Rap)  pny , € — 1
B (£ ) = Wil |:ng[3 2B (ﬁ ) eﬁ T /{2:| (C].?4a)
1 (e —1)2 e -1

= 174b

dpy, +1 [(625 — K)? * e2P + K2 (C.174b)
1 (e —1)2 e -1

= . C.174

tanh 5 + 1 [(625 — K)? =Y + K2 ( °)

Requiring that dg, = 1+ 27 yields ¢’ =1+ 1/n, giving

(2n+1)((1 — k)*n +2)
20(1—r)n+1)2((k2+1)n+1)

) (omy = (C.175)

Finally, we compute F (E“) = F (/l") ;Pd)(ﬁ"i). From Eq. (C.165b), it only

remains to compute Tr(L"(P;/d)P;), which is

oo d—1
1
Tr(L(Pafd)Pa) = >N (al K b) (] KT |a) (C.176a)
=0 a,b=0
d—1
1 ( b ) 2\b-a, 2
= - (1 — kK=" k™ (C.176b)
d S b—a
—1. (C.176¢)

Indeed, this is 1 since £" does not take a state that is defined in the subspace P, out of that

subspace. Using d = 1 + n, we find

(1— Hﬁ+1)2 1
(—rPa+)@m+2)  at2 (C.177)

Fif(er) =

The plots of all of these fidelities as functions of x are shown in Fig. 4.2.
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Section C.6: Torus designs, trigonometric cubature, and mutually

unbiased bases

In this section, we prove the equivalence between our definition of a torus ¢-design (c.f. Defi-
nition C.3.6) and the definition given in Ref. [189]. In Ref. [189], Kuperberg defines a general
notion of torus cubature that generalizes the more established theory of trigonometric cu-
bature [269, 303]. We will be interested in one of the cases of his definition; namely, our
definition of a T t-design is equivalent to his definition of a positive degree ¢ cubature rule
on T(PSU(n+1)). After showing this, we will compare a torus design to the more standard
trigonometric cubature rules and find that a torus ¢-design lies somewhere between a degree ¢
and degree 2t positive trigonometric cubature rule. Finally, we prove a relationship between

torus 2-designs and complete sets of mutually unbiased bases.

Subsection C.6.1: FEquivalence to Kuperberg’s definition

We begin by describing Kuperberg’s definition. Consider a group 7 that is isomorphic to
the torus 7 =2 T™ = (S1)". Suppose p: T — GL(V) is a free linear representation, with V a
real vector space V =2 R¥. Since p is free it follows that there is one or many faithful orbits
O. Suppose u € V such that O = {p(g)u | g € T} is a faithful orbit. Since O is faithful, 7
can be identified with O via T 3 g <> p(g)u € O. With this identification, 7 inherits an
algebraic structure, since it is well-defined to consider addition such as p(g)u + p(h)u € V
for every g,h € T. With this structure, along with the unit normalized Haar measure on
T (since T is compact), we can define cubature on 7 as follows. A set S C T and weight

function v: S — Ry is a (positive) cubature rule of degree ¢t on T if

S (k) £ (p(h)u) = /T £ (p(g)u) dulg) (C.178)

heS
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for any polynomial f: V — R of degree t or less. Since V = RY we can therefore view f
as a being a function of the entries of the vectors p(g)u. Kuperberg also states that this
definition is independent of u for generic choices of u as long as the resulting O is faithful 2.

We now apply this to 7 = T(PSU(n + 1)). PSU(n + 1) is the projective special unitary
group of (n+1) x (n+ 1) matrices defined by SU(n+1)/U(1). Then T = T(PSU(n+1)) is a
maximal torus (maximal, compact, connected, abelian Lie subgroup) of PSU(n + 1), which
is the group of diagonal unitary matrices with determinant 1 modulo the center of SU(n+1)
(i.e. modulo global phases). For a unitary U € T, let U;; denote the entry in the i*" row
and j™ column. The determinant condition implies that U, 11,41 is uniquely determined by
Uy for e = 1,...,n. We therefore see that 7 = T™. We can also take an alternative view
of T; we can view 7T as the group of diagonal unitary matrices with U, 11,41 = 1 modulo
the center. This is the view we will take. Below we will consider the adjoint action of this
group, and therefore we do not have to worry about modding out the center; ultimately, we
will just end up integrating out global phases.

We let N = 2(n + 1)? and identify V with the vector space of (n + 1) X (n+ 1) complex

nt)x(n+1) - We consider a linear action of 7 defined by conjugation on V; in

matrices C(
other words, p(g) is defined by A — gAg'. As mentioned, we can pick any u € V as a base

point as long as the resulting orbit,
ei¢l e_i¢1

0= ' u ' | ér,.. . dn € [—m,m) y,  (C.179)
eitn e~ ifn

1 1

\ 7

2Personal communication with Greg Kuperberg.
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is faithful. We pick u to be the matrix of all 1’s, u = [+ *-. : |. One can then easily

check that
O = {v where v;; = @) | by € [—T,T), Pppr = 0} ) (C.180)

A degree t positive cubature rule on T is a set S C T and weight function v: S — R that
satisfies

S ottt = [ flough S (C181)

hes [—m,m)™ (27T)n
is a polynomial of degree at most ¢ in the entries. By linearity, we can consider f to be a
poly g Yy Yy

monomial. From O, we consider monomials of degree < t in the variables
(@) |4, j=1,...,n+1} (C.182)

where recall that ¢, = 0. It follows that an equivalent definition of a degree t positive
cubature rule on 7 is as follows. Let S C [—m,7)" and v: S — R.o. Hence, for each ¢ € S,

¢; € [-m, ), and we define ¢, 1 = 0. Then (S, v) must satisfy

vjla cee 7jt7 klv ey k:t S {17 o n + 1} : Z U(Q)ei(9j1+"'+0jt_6kl_"'_9’“) = / ei(¢j1+m+¢jt_¢k1_"'_¢kt)%

0cs [—m,m)" (
(C.183)
Notice that this takes care of all monimials of degree t or less. For example, consider the
monomial e?*. This is taken care of by setting j; = land jo = -+ = jy =k = -+ = ky =
n+ 1.

We easily see that the right hand side (i.e. the integral) does not change if we integrate
over ¢, 1 instead of just fixing it to be 0. Similarly, on the left hand side, for every 6 € S,

we can shift each 6; by a constant 6, — 6; 4+ ¢ without changing anything. Therefore, we
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can remove the definition that 6,,; = 0, and instead allow 6, to be arbitrary. Thus, we
arrive at an equivalent definition of a degree t positive cubature rule on 7 as follows. Let

S C [—m, 7)™ and v: S — Ryg. Then (S, v) must satisfy

t

ZU(Q) 1(6] ki) /m H ) d¢127r)gf{l+l‘ (C.184)
. ,

0esS i=

Notice that this is exactly our definition of an (n + 1)-torus ¢-design per Definition C.3.6.
In conclusion, our definition of a 7™*! t-design is equivalent to Kuperberg’s definition of

a degree t positive cubature rule on T(PSU(n + 1)).

Subsection C.6.2: Comparison to standard trigonometric cubature

A degree t positive trigonometric cubature rule (S,v) on T™ must satisfy

> o(0 Hew‘“ /H %% d¢ (C.185)

0esS i=1

whenever > " | |a;| <t. We see that our 7" t-designs lie somewhere between a degree ¢ and
degree 2t trigonometric cubature rule. To see the former, we show that a torus ¢-design must

also be a degree t trigonometric cubature rule. From the definition of torus designs,

t
> w() [J %% = / [ @) dg. (C.186)
"i=1

0eS i=1

Suppose we consider a monimial [];_, €%, If 3. |a;| < ¢, then we can generate the mono-
mial via a choice of a; and b;. Indeed, recall that without loss of generality we can assume
that 6, = 0. Consider as an example ¢t = 3, n = 4, and the task of generating the monoimal
defined by a = (2,0, —1,0). Then we set a; =1, az =1, a3 =4, by = 3, and by = by = 4.
Then []_, /®ai=0) = i0r+01+04—05-04=01) " which is exactly [, e*% since 6, = 0. Hence,

by a proper choice of a; and b;, any monomial of degree ¢t or less can be generated by
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H§:1 e'%ai=%;) and hence a torus t-design is also a degree t trigonometric cubature rule.
On the contrary, if we allow ) |o;| > ¢, we find that there are some monomials that
cannot be generated by a sufficient choice of a; and b;. So even though a torus ¢-design
involves monomials of degree up to 2t, it is not in general a degree 2t trigonometric cubature
rule. However, since torus t-designs only involve certain monomials up to degree 2t, a

trigonometric cubature rule of degree > 2t is a torus t-design.

Subsection C.6.3: Relation to MUBs

We begin by recalling the definition of a complete set of mutually unbiased bases (MUBSs)
[238].

Definition C.6.1 (Complete set of MUBSs). Suppose that By, ..., B, are each orthonormal

bases of C". B; and B; are called mutually unbiased if

V[y) € B |¢) € By: |WI6) = 1/n. (C.187)

The collection By, ..., By, is called a complete set of MUBs if the bases are pairwise mutually

unbiased. This can be equivalently stated in term of the phases 9;-7,6 involved in the bases (see

below);

i

1. (Orthonormality). Vi, j, k € {0,...,n —1}: % ;:01 050k = ks

j 2

2. (Mutually unbiasedness). Vi # j,k,m € {0,...,n—1}: |37 O =0mD|" = p.

We now show the relationship between complete sets of MUBs and torus 2-designs. Recall

the matrix II, that, for any orthonormal basis {|0),...,|n — 1)}, has matrix elements

1
Iy(a, b;c,d) == (a| ® (b| Tz |c) ® |d) = 5(5%5&[ — OadObe)- (C.188)
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By simply doing the integration, one finds that S is an equal weight (i.e. v(0) = 1/|S|) T'

2-design if and only if

& Ze Oat00=0:=04) — 9Ty (a, b; ¢, d) — Sapdaclad. (C.189)
0eS

Here we show a connection between equal weight torus 2-designs and complete sets of MUBs.

Lemma C.6.2. The phases of a complete set of MUBs on C™ form an equal weighted n-torus

2-design of size n>.

Proof. Without loss of generality, we can assume that one of the bases is the computational

basis. So assume that By = {|0),...,|n — 1)}. Then in order for [(¢|j)| = 1/y/n for each
j€A{0,....n—1}, |¢) € B;, and i € {1,...,n}, it must be that each other basis B; must
only involve uniform superposition states over the computational basis. With this in mind,

define [¢}) so that
B= {0y |j € {1....n}}. (C.190)

Define G;k so that

Ui \/_ Z ek | (C.191)

From [41]|, we know that the complete set of MUBs forms a complex-projective 2-design.
Therefore, D = {]0),...,|In = 1)} U{[¢}) | i,5 € {1,...,n}} is a complex-projective 2-

design. We therefore find that

n—1 ) l 9
(; (1) (k)% + Z i) ) = mng. (C.192)

i,7=1

Let a,b,¢,d € {0,...,n — 1}. Applying (a| ® (b| on the left hand side and |¢) ® |d) on the
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right hand side, we find

1 " i(9° i _pi _pi
Satacdad + — > ettt 00 = 2l0y(a, bs e, d). (C.193)
ij=1
Per the definition of an n-torus 2-design from above, we see that the angles H;k form an

n-torus 2-design with size n?. O

Furthermore, Theorem 3.3 from Ref. [312] states that if By, ..., B, are each orthonormal
bases of C" and | J, B; is an unweighted complex-projective 2-design, then m = n only if the

bases are mutually unbiased. The following lemma therefore follows.

Lemma C.6.3. If an equal weighted n-torus 2-design exists such that the phases in the

design define n orthonormal bases, then there exists a complete set of MUBs in C™.
Therefore, we have an if and only if.

Corollary C.6.4. There exists a complete set of MUBs in C" if and only if there exists
an equal weighted n-torus 2-design such that the phases in the design define n orthonormal
bases. Concretely, there exists a complete set of MUBs in C™ if and only there exists angles

0%, such that
1 Vij ke {0,...,n—1}: L3 el — g

L g et i g 1 if(a=candb=d) or (a=d andb
2. Ya,b,e,d € {0,...,n—1}: # ZZ]‘;O (05,405 =05 0 ) _

0 otherwise

In summary, the definition of a complete set of MUBs has two conditions: orthonormality
and mutually unbiasedness. We have shown that the mutually unbiased condition can be

replaced with the condition that the phases must form a torus 2-design of size exactly n?.
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Appendix D: Technical details for Chapter 6

Section D.1: Singer sets

In this appendix, we review Singer’s construction of Sidon sets of size p™ + 1 for cyclic groups
of size (p™)? + (p™) + 1 with p a prime [89, p. 380-381] [270, Sec. 3.5] [271]. The existence of
these Singer sets implies that there is a P(T™) 2-design of size (n—1)*>+n =n?—n+1,i.e., a
minimal one, whenever n—1 is prime-power. More generally, we review Singer’s construction
of B; (mod m = %) sets (¢f. Lemma D.1.2), which yield P(T™) t-designs of size m
whenever n — 1 is a prime power for any t. We emphasize that everything in this appendix

is review. We also provide code for constructing Singer sets [278].

Let 6 be the generator of IF(Xn_l)tH, and then let

T, :={0tU{a€[(n—1)"" —1]| (6" —0) € F1 C Fpy1yr+1}. (D.1)

The inclusion F,,_; < F(,,_1)+1 is done by identifying the generator of F(anl) with 9%,
which makes sense as for any finite field I, |qu| =q—1,and F is cyclic.

Further, note that F(,_qy- is a (t + 1)-dimensional F,,_;-vector space. Thus, {6°};_, is

a [, _1-basis of F,_qy+1. This means that all ¢ = Z;‘fzo k;0° for some unique k; € F -1

)tl

However, if %W we know all ¢ > 1 have k; = 0.

Then, let

_ 1)+l
Si((n—1),0) := {l € L y+1, | 1 =amod ((nl)—l) ,a € Tt} (D.2)

n—2
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t"'lfl

be the residues of T, mod %

5— We now recount proofs of some of S;((n — 1),0)’s

properties.
Lemma D.1.1. |S;((n —1),0)| = n.

Proof. First we note there are n distinct elements of F(,,_;ye+1 of the form 0 + 4, v, € Fy
by the IF,,_;-linear independence of § and 1. As all elements of F(,_;y+1 equal §¢ for some
unique a € [(n — 1) — 1], we see that |T;| = n. Now, we must show that every element of

T; has a different residue modulo %

(n—1)tt1_1

Suppose a,a’ := a + k% €T, k€ Zs Then r :=0%/0* = 0¥ =2 € TF,_;.

But by definition of T}, 8% = 0 + 7,, % = 6 + .. But
0% = r0® = r0 + r,. (D.3)

Thus, r = 1, meaning (n — 2)|k, which means that only a can be in [(n — 1) — 1], and thus

that no two elements of T; can have the same residue modulo ("_i)# O

Lemma D.1.2. Si((n —1),0) is a B; (mod w) set.

n—2

Proof. Recall that {#'}!_ is a F,_1-basis of F(,_1y+1. In other words, there exist no non-

elementwise-zero tuples (¢;)!_, € Ft*% such that

t
D et =0. (D.4)
=0

Equivalently, # cannot be the root of any polynomial of degree <t with IF,,_;-coefficients.
Now, consider two multisets A, B, |A| = |B| < t, taking entries from S;((n—1),6). Then,

by the definition of S;((n — 1),0) and T}, we see that for alla € AU B

0% = aa<9 + f)/a) (D5>

297



for some a, € F,_;. Now, consider II4 := [[,c, 0" and IIg := [[,cp 0°. Tt is clear that

a€A

[Ip/I4 € F,_; and only if

ZaEZb mod (”‘i)ﬁ (D.6)

-2
a€A beB

Thus, II4 — Baplls = 0 for some B4 p5 € F,_; if and only if Eq. (D.6) holds. However,
for any g € F,,_1, we see that 114 — Bllp is a degree-t polynomial equation in 6 with F,,_,
coefficients, meaning it cannot have any solutions, meaning the B, (mod %) condition

is satisfied. n

Subsection D.1.1:  Fxplicit ezample of dense modular Sidon set

In this appendix, we work through an explicit example of the construction of the Sidon
set Si—a((n — 1),0) for n = 5 = 22 + 1. We begin by constructing T;. Consider the field
F(n_1y+1 = Fys = Fas. With the irreducible polynomial f(z) =1+ z° + 2° € Fy[z], we work
in the polynomial representation Fas = Foz]/(f(2)).

One can check that the generator 6 of the multiplicative group FJ; is « in this representation—
in other words, [{z™ mod f(x) | m € Zg3}| = 63. We identify F,,_; = Fy2 C Fys via generat-
ing FJ, with

(n—1)tt11

y=zx 2 =z (D.7)
so that Fp: = {0} U {y* | k € Z3}. Then
Tieo ={0}U{a €Zsp_1\{0}| (2 —x) (mod f(x)) € Fp}. (D.8)
Clearly, 1 € T;—,. With that out of the way, we can rephrase this as

Tieo ={0,1}U{a € Zyp 1\ {0,1} | Tk € Z3: 2° —z=y" (mod f(z))}. (D.9)
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One can straightforwardly numerically verify that T, = {0,1,14,25,58}. To ensure un-
derstanding of the construction, we work through why 14 € T5. We need to show that
2 — 2 = y* (mod f(x)) for k = 0,1 or 2. It turns out that k = 2 satisfies this equation. In

particular,
(2™ —2) (mod f(z)) =2* +2*+2° =9* (mod f(z)) = 2" (mod f(x)), (D.10)
where recall we're working with polynomials over the field Fy. Similarly, for 25,
(@ —z) (mod f(z)) = 1+2%+ 2t +2° = ' (mod f()) =2* (mod f(x)), (D.11)

and for 58,
(2 —2) (mod f(z)) =1=19" (mod f(z)). (D.12)

Hence, we have found that T, = {0,1,14,25,58}. To get our Sidon set, we compute the

+

residues S = T5 mod % = T; mod 21, giving

Sy ={0,1,14,4,16} = {0, 1,4, 14, 16} . (D.13)

One can easily confirm that this is a Sidon set mod 21. In particular, the set of all sums
a—+bmod 21 for a,b € S is {0,1,2,4,5,7,8,9,11, 14, 15,16, 17, 18,20}, which has size 15 =

(”Jrf*l) = (g), which is the maximal possible size.

Section D.2: Pullback of the Fubini-Study volume form

It is shown in Ref. [72, Sec. 4.5, 4.7, 7.6] that the volume measure on complex projective
space is the product of the flat measure on the simplex and the flat measure on the torus.

For completeness, in this appendix, we show the same result via a different method.
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Let [Zy : -+ : Z,] be homogeneous coordinates on CP". Consider the coordinate patches
Co,...,Cp on CP" where C; = {[Zy: -+ : Z,] | Zi # 0}. The volume of CP¢~1\ C is zero,
and therefore for the purposes of volume integration we can restrict our attention to Cy. On
Cy, we use the coordinates z; = Z;/Zy for i = 1,...,n. The (unnormalized) Fubini-Study

volume form w can then be written as

1
w = dzy Adz A ... dz, A dZ,. (D.14)

(L4205 [z?)m

We can write Z; = \/Eei(f’i fori =0,...,nand > p; = 1. In other words, p is a point
on the simplex p € A" == {p € [0,1]" | >,;p; < 1} (with pp :=1—>"" p;) and ¢ is a
point on the projective torus ¢ € P(T"*!) (e.g. we can choose a representative with ¢y = 0).

Therefore, z; = ,/ I’j—éei¢i_i¢0.

Consider the map m: A" x P(T"1) — Cy, where A" is all p € A" satisfying py > 0. The

map is 7' (p, ¢) = | /Bei?i %0,

Proposition D.2.1. The pullback 7w is
mw = (—1)"2dp; A ... dp, Adpy A ... dé,. (D.15)

It follows from this proposition that the unit-volume normalized volume measure on CP"
is equal to the product of the Lebesgue measure on the simplex A™ and the Lebesgue measure

on P(T"1) (where recall the latter is equal to the Lebesgue measure on T").

Proof of the proposition. We can without loss of generality fix ¢y = 0. We can rewrite
w=ppttdzy Adz AL dz, AdZ,. (D.16)

Therefore,

mw = ppttdet(J) dpy A ... dp, Adgy A ... dé, (D.17)
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where

A B
J = (D.18)
C D
is the Jacobian with
o’ o' ot o’
J 8¢] J apj J a¢j J apj ( )
We can check that
87ri 1 . (5@‘ 1 ) 87Ti . .
= —ﬂ'l D, — + — , —_— = 152"7'('1 D, (b . D20
L 6 I % (D.20)

Therefore, A and C are diagonal and thus commute, meaning that det(.J) = det(AD — CB).
The matrix elements are (AD — CB);; = plo <5ij + 1’;—;).
By the matrix determinant lemma [313], det(M + wv™) = det(M)(1 + v M~'u) with

M;; = plo%‘ and u; =1/py and v; = p;/po, we find that

det(J) = (p%)n (1 + Xn; %) - (pio)npio - %. (D.21)

The proposition follows. O]

Section D.3: Approximate projective toric designs

Throughout this appendix, we are concerned with uniform finite P(7™) t-designs; that is,
P(T") t-designs X that are finite and the measure space (X, = P(X),v) is such that
v(A) = |A|/|X]|. We restrict to finite n. We define approximate projective toric designs and
prove a loose bound on the number M (t,e,0) of uniformly random points needed to form
such a design.

For p € NZ, let f,(¢) denote the monomial [, e’®?i. Notice that fy(¢) = fo(—¢) =
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f-p(9)-

Definition D.3.1. We say that C C P(T™) is a (uniform) e-approximate projective toric

t-design if, for all p € Pt(n),

1
mprw»—/

<e. (D.22)

- ‘ﬁprw) o

fp d/vbn—l
) $eC

Here, Pt(n) is the set defined in Eq. (6.12),

Pt(") = {q —r

q.r € Ny, zn:qi:zn:ri:t}. (D.23)
i=1

=1

Note of course that with e = 0 we recover the definition of an (exact) projective toric
design. There is redundancy in Pt("). Indeed, if Eq. (D.22) is satisfied for p, then it is
automatically satisfied for —p. Furthermore, Eq. (D.22) is trivially satisfied for any C' when
p = 0. Hence, we are in fact interested in the set St(") defined by St(n) = (Pt(") \ {0})/Zs,
where Z, denotes the group action p — +p. Therefore, C C P(T") is an e-approximate

t-design if and only if, for all p € S™,

ﬁ me‘ <e (D-24)

peC

Define the probability space Cy; to be the ensemble over subsets of P(T™) of size M.
Specifically, to draw a random C' C P(T™) from Cy;, we simply draw M uniformly random
points from P(7™) with respect to the Haar measure. We often denote a subset C' C P(T™)
of size M by C' = {¢W, ... ¢} where each ¢ € P(T™).

Definition D.3.2. Let M(t,e,0) denote the minimum M such that a random C' drawn
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from Cyy is an e-approximate P(T") t-design with probability 1 — 0. In other words,

M(t,e,0) = min M
Men (D.25)

s.t. Pr [C is an e-approx t-design on P(T")] > 1 — 0.
CeCy

In the following, we find an upper bound on M(¢,e,6). This tells us that for any M >

M(t,e,0), C € Cp is an e-approximate t-design with probability > 1 — 4.

Theorem D.3.3. M(t,e,6) < G"‘Qgg)_l, where G,,—1(t) given in Eq. (6.13).

Proof. Recall that |P™| = 2|S™| + 1, and from Eq. (6.14) |P\™| = G._1(t). We will

(n)
therefore prove that M(t,¢e,6) < IS(;E—Ql Define the following notation:

B JO= [ Fd (D.262)
1

E 0= %f(cb) (D.26b)

= E : (D.26¢)

CECM {¢)(1) ~~~~~ ¢(M>}€P(T”)M

For p € S, define

A(C,p) = ¢ecfp(¢) _¢61£[%Tn) fo(9) ¢]£:Cfp(¢) (D.27)
We compute the mean,
1 M
_ = OV (p)
B BCP =30 o lrermu 2 o0 (D.28n)
1 - _
— 7 [V B @R -0 (B 5le)) (5, 50))
(D.28b)
1
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Meanwhile, we have that

Pr [C’ is an e-approx t-design on P(T”)]

CeCy
=P [ ™A < 2}
CGCI'.M vp € St (07 p) >¢€
— 1 _ (n) 2
=1 CECrM [Elp €S,V :AC,p)>¢ ]
(union bound) > 1 — CPr [A(C,p) > £7]
ECm
pESﬁ")
’o s . ECECM A<Cv p)
(Markov’s inequality) > 1 — Z =
pes™
_, 18"
Me?~

Thus, we require that

I
1- M€2\S§ 1>1-4
(r) (n)
It follows that any M > ‘?52' satisfies, so that M(t,¢e,0) < litEQ 5
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(D.29f)
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Appendix E: Technical details for Chapter 7

Section E.1: Filter function formalism

Subsection E.1.1: Review of instantaneous control filter functions

In this section, we review filter functions [285-288] for instantaneous controls in order to
derive Eq. (7.6). We are considering a qubit coupled via the Hamiltonian in Eq. (7.5) when
the controls ¢(t) are instantaneous. Specifically, suppose that we initialize the qubit in the
|+) = \/iﬁ(|0> + |1)) state and subject it to the Hamiltonian H(t) = (y(t) + A(t))o® while
applying instantaneous o” gates at times t; < --- < tj;. Define {5 = 0. For notational

convenience, define y(t) := y(t) + A(t). Then the state after a time ¢t > ¢,/ is

1

S A N / i t' p ’
|1 (1)) — oy TW)odt H (a:”e Jij 13 dt) 4) (E.1a)
j=M
1
Lo A e SN (0t <) ()0 ar 11 ( 2t i, 3o dt/) +)
j=M—2
(E.1b)
1
= ORI SO W O T (g L)
j=M-2

(E.1c)
_ (E.1d)

t M ot
~ exp|—i / St At +13 ) (—1)M / S(#)o* dt' | |4) (E.1e)

2% j=1 tj—1
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where in the last line, we used that if M is odd, we can still sandwich that term with o*

since 0” [+) = |+). Finally, we define the switching function f(t) b

1 iftyy <tort;_; <t<t;for M —jeven,
f(t) = (E.2)
—1 iftj_1<t<tijI'M—ded.

Then
() —exp{—l/ FE)(E)o dt] +) . (E.3)

The probability P(t) = |(+]¢(t))|* of measuring 1 in the ¢* basis at time ¢ is then

£) = cos® ( /O CHEs) dt’) | (E.A)

We recall that (t) is a random variable. The expectation (P(t)) of P(t) is

(P0) = 3 + 1 (28707000 4 (el swrerar’)) (E50)
_ % n %e—z Iy I3 @@ ) at v (E.5b)
_ % N %e—2 i B3 S S OW A"+ ON W ) e (E.5¢)
_ % n %e—z J3 I3 5 SO ~)+CA (0,47 —1")) d’ d” (E.5d)
= L e R 00 (E.5e)
_ % n %e—; % (S(@)+5) (@) ) do (E.5f)

where we defined the C' and C), to be the correlations for the Gaussian processes v and A,
used that (y(t)) = 0 and that for any Gaussian random variable X, (e**) = X+ (X2)/2,

Finally, we defined the filter function [285-288§]

t/) eiwt’ d t/
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We define x(t) = = [ S(w)F(w,t)dw, and similarly define x,(¢), so that (P(t)) = % +
%e_X(t)_X*(t), thus reproducing Eq. (7.6) as desired. The key point of the filter function
formalism is that the details of the signal 7 are entirely encoded by S(w), the noise A by
Sx(w), and the details of our control sequence are entirely encoded by the filter function
F(w,t).

(P(t)) encodes the parameter Aw. Then we can determine the Fisher information
Flao((P(t))) of (P(t)) with respect to Aw. The Fisher information tells us how accessi-
ble the information about the parameter is given access to the distribution. The Fisher

information in the noiseless case is

POV 1 (90— (PO
o000 = 1o (“oms ) Ty (C omo ) B
9 (P(1)) !
( 0hw ) PO I (PO (E.7H)

; (cothy(t) — 1) (gXT(fj) | (E.7c)

Given the spectrum given in Eq. (7.7) for the signal v(t),
X(t) = g% (F(wi,t) + Flwz,t) + F(—wi,t) + F(~wp, 1)) . (E.8)

With this signal, we are interested in the parameter Aw = wy — wy. Assuming Aw is small,

this can be expanded around the centroid w. = (wy + wy)/2 as
1
x(t) = ¢* (4F(wc,t) + §Aw2F”(wc,t)) + O(g°Aw?), (E.9)

where we used that F'(w,t) = F(—w,t), and we denote by F” the second derivative of F’
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with respect to w. It follows that

G F" (we, t) + O(Aw?) if F(w,t)=0
Flau((P(1))) = :
s F" (we, t)? [coth(4¢° F (we, t)) — 1] Aw? + O(Aw?*)  if Fw,,t) #0

(E.10)

Recall that we formally defined a procedure to exhibit superresolution if lima,, 0 Fla, ((P(t))) >

0. We have therefore found a characterization of superresolution in terms of only the con-
trols (i.e. the filter function). A sequence of control o gates characterized by the switching
function f(t) gives rise to superresolution if and only if the filter function vanishes as the
centroid, F'(w.,t) = 0. In summary, our goal in designing a superresolution protocol is to
design a control sequence such that F(w,,t) =0 and F"(w,,t) is maximized.

We immediately find such superresolution protocols by consider free and CPMG evolu-
tion. Define the characteristic timescale 7 := 27 /w.. In the free evolution protocol, we apply
no controls, so that the switching function fre.(f) = 1 for all t. From Eq. (E.6), the filter

function is therefore

4
Firee(w, £7) = —; sin’ (MW> : (E.11)

w? We
In the CPMG protocol, we assume that x is an even integer, and our control is a sequence of
k/2 CPMG sequences; that is, we apply o” gates at times 7/2,37/2,57/2,...,(2k — 1)7/2.
The switching function is thus fepmc(t) = sgncos(mt/7), where sgn is the sign function.

From Eq. (E.6), the filter function is

K

-1
FCPMG<W7 I€T> =— (1 i elw7/2) + (elw(2/€71)7—/2 . elwm—) + (—1)](61‘0(%71)7—/2 . elw(2]+1)r/2)

w

—_

<

(E.12a)

1
_ 10 sin® [ =2 ) sec? [ =2 ) sin? | T (E.12b)
w2 2wc wc wc

= 4Fpee(w, £7) sin® (;M > sec? (B) : (E.12¢)
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We therefore see that the free evolution protocol exhibits superresolution when x € Z and
the CPMG protocol exhibits superresolution when k € 27 because F,(w,, x7) = 0. We then

find that the Fisher informations are exactly as in Eq. (7.14).

Subsection E.1.2:  Concentration of the probability distribution

Recall that P = cos? ¢, where ¢ = [ f(¢')y(t') dt’. Furthermore, from Eq. (7.6), (¢*) = 3x.

aX> = e(X)+aX(X*)/2 we have

Therefore, using that for any Gaussian random variable X, <e

301 0 1y, 1 1
(P?) —(P)* = <§ + Z—Le*zld’ + Ze“ + 1—66’4@ + 1—664‘¢> —(P)® (E.13a)
_ 34 Lo | Lcaen oy (E.13b)
8 2 8 '
3 1 1
= g b ge - (P)? (E.13¢c)
3 1 1 1+4+ex\?
— T4 Za X Zax
3 + 26 + 86 ( 5 ) (E.13d)
1
=3 (1+e ™ —2e7%) (E.13e)
= 2(P)? (1 — (P))* (E.13f)

This concentration equality is important to derive the conclusion around Eq. (7.13) that
superresolution procedures are practically unaffected by the fact that the analyses assume
sampling from (P) whereas the procols are in fact sampling from P for different realizations

of the random variables Ay, A, By, and Bs.

Subsection E.1.3: Review of continuous control filter functions

In Appendix E.1.1, we reviewed the filter function formalism for a qubit coupled to a time-
dependent signal and instantaneous o m-pulse controls. Using the Magnus expansion from

Ref. [289], we will now analyze the case when controls are allowed to be more general. For
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simplicity, we will consider the noiseless case A\(t) = 0 in this derivation. We discuss the
addition of noise at the end.

z

As before, our signal plus noise is coupled to a qubit via Hy(t) = v(t)o*. We suppose
furthermore that we supply a control Hamiltonian H.(t) = ¢(t)o®, so that the full Hamilto-
nian is H(t) = Ho(t) + H.(t), as in Eq. (7.5). In the case of instantaneous controls as above,
c(t) is simply a sum of delta functions. Our goal is, as before, to find P(t) := |(+| U(t) |+)]%,
where U (t) Texp[ fo H(t) dt’}, with Texp denoting the time ordered exponential. We

introduce the control propagator
t t
U.(t) = exp (—/ H.(t) dt’) = cos(0.(t))I — isin(6.(t))o", 0.(t) :/ c(tydt', (E.14)
0 0
meaning that U(t) = U,(t)U(t), where

U(t) = Texp {— /O H(t) dt’} . H(t) = U(t) Ho(t)U,(t) = 7(t) (cos(26.(t))o* + sin(26,(t))o¥) .

(E.15)
Define the vector a(t) = a(t)a(t), where @ is a unit vector, such that U(t) = e *®at)o
Then we have
P(t) = [{+| U()U (1) |+)* (E.16a)
= [(+U®) [+ (E.16b)
= |cosa(t) —isina(t)a(t) - (+| o [+)[* (E.16¢)
= |cosa(t) —isina(t)a,(t)? (E.16d)
= cos” a(t) + a,(t)? sin? a(t), (E.16¢e)

where we defined a(t) = (a,(t), a,(t), a.(t)).

Thus, the remaining task is to calculate a(t). We use the results from Ref. [289] to
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compute a(t). With a first order Magnus expansion, we find that

aW(t) = /O A(t') (0, 8in(20,(t')), cos(20.(t'))) dt. (E.17)

The second order term in the Magnus expansion yields

a?(t) = /Ot dt /Otl dty v(t1)7(t2) (sin(26.(t1) — 26.(t5)) , 0,0) . (E.18)

Thus, up to order g*, we have that '

(P) = 1— (@(t)) + 3 (a(®)) + (s (O%a(t)) = 1~ ([aV ) — (|a2) + %<Ha(1)||4>

3

(E.19a)
_i- / at, / it (1(t1)1(t)) c08(20,(t1) — 20,(t2))
B / dt, / s / dt; / "ty (2011 (82)7 1) (02)) Sn(20(01) — 20.(02) sin(200(t5) — 20, (1)
s / at, / dt, / s / A4 ((1)7(12)1(£3) 7 () OS(260(t2) — 20, (t2)) co(26,(t5) — 20c(t4))

(E.19D)

INote that odd order terms have vanished because v has zero mean, and we ignore all terms of order g8
or smaller.
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t t
=1- / dtl/ dtQC(O, tg — tl) COS(QHC(tl) — 290(t2))
0 0

t t1 t t3
—/dtl/ dtg/dtg/ at,
0 0 0 0

(C(0,ty —t1)C(0,tg — t3) + C(0,t3 — t1)C(0,t4 — ta) + C(0,t4 — t1)C(0,t3 — t2))

sin(20..(t1) — 20.(t2)) sin(26.(t3) — 20.(t4))

/ dt, / dt / dty / s

(C(0,t2 —t1)C(0, 4 — t3) + C(0,t3 — t1)C(0,t4 — t2) + C(0, 24 — t1)C(0, 3 — t2))
c0s(20,(t1) — 20.(t2)) cos(20.(t3) — 20.(t4))
(E.19¢)

1 t t )
1oL [ dwsw) / dt, / At~ cos(20,(t1) — 20, (t2))
27 0 0

t t1 t t3
—/dtl/ dtg/dtg/ dat,
0 0 0 0

(C(0,ts — 1)C(0, £y — t3) + C(0,t5 — £1)C(0, ty — ta) + C(0, s — 1) C(0, t5 — t))

(t1) — 20.(t2)) sin(20..(t3) — 20.(t4))

29
/ o, / i, / 0, / 44,00, — 1), >[

c0s(20..(t1) — 20.(t2)) cos(20.(t3) — 20.(t4)) + cos(20.(t1) — 26.(t3)) cos(26.(t2) — 20.(t4))

sin(

+ c0s(20c(t1) — 26c(t4)) cos(20.(t2) — 29c(t3))]

(E.19d)
1
=1- Py dwS(w)FP(w,t) — 193 /dwl/dwgS (w1)S (w2) F (wy, wa, 1),
(E.19¢)
where we defined
t t )
FO () = / dt, / 61 cos(20,(11) — 204(t2)) (F.20a)
0 0
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2
+

2

t t
/ cos(20,(1')) "' dt / in(20,()) ¢ dt (E.20D)
0 0

as in Eq. (7.18), and

t t t t
F(4) (wl, Wa, t) = —/ dtl / dtg/ dtg/ dt4€iwl(tz_tl)eiMQ(t4_t3) [
0 0 0 0

cos(20.(t1) — 26.(t2)) cos(20.(t5) — 20.(t4)) + cos(20.(t1) — 20.(t3)) cos(20.(t2) — 20.(t4))

+ cos(20.(t1) — 20.(t4)) cos(20.(t2) — 29,:@3))]

t t1 t ts3 . .
Jr3/ dtl/ dtz/ dtg/ dt el 2=t giwa(ta—ts)
0 0 0 0

sin(20..(t1) — 20.(ts)) sin(26.(t3) — 20.(t4)) + sin(26.(t1) — 20.(t3)) sin(20.(t2) — 26.(t4))
+ sin(20..(t1) — 20.(t4)) sin(26,.(t2) — 206(153))] .

(E.21)

The upshot is then Eq. (E.19¢), which Taylor expands to Eq. (7.17).

We can now see that this indeed reproduces the instantaneous case from above; when
the controls are instantaneous, c(t) takes the form c(t) = 7 SOM 8(t—t;). In this case, 6,(t) =
Z(num of pulses before time ¢), so that sin(26.(¢')) = 0 and cos(26,(t')) = (—1)mum of pulses before time ¢
Note that cos(20,(t')) is exactly the switching function f(t). We see that F®(w,t) exactly
matches Eq. (E.6), as expected. Similarly, F')(w;, wy,t) = 3F® (wy, t)F® (wy, t).

Finally, we consider adding a nonzero noise A(f) # 0. Exactly as in the instantaneous
control case, the lowest order addition to Eq. (E.19¢) is simply o& [ dwSy(w)F®@ (w,t). At
higher order, we have 172 [ duw; [ dwa Sy (w1)Sx(w2) F® (wy, ws, t) along with the cross term

o [ dwy [ dwaS(w1)S(wa) F (w1, wo, t).
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Subsection E.1.4: Local optimality of instantaneous controls for superresolu-
tion
In this short section, we show that optimizing the Fisher information by tuning the filter

functions results in instantaneous controls being local optima. In particular, we would like

to minimize the Lagrangian

—F@"(w,, k7) + A\F®(w,, k7) (E.22a)

/ dt, / At ((ts — £1)7 + A) cos(walts — 11)) cos(20,(ts) — 20.(1),  (E.22b)

where we are assuming that we are in the regime where F® can be ignored, and X is
a Lagrange multiplier enforcing that the filter function vanishes at the centroid w = w..
Because $6.(t) = c(t), we can consider minimizing £ with respect to §.(t). Performing a

variation 60.(t), we find

6L = /0 dtl/o dta ((ta — t1)* + A) cos(we(t2 — t1)) _—
[c08(20,(t2) — 20u(t1) + 200, (t2) — 200.(t1)) — cos(20.(ts) — 20.(11))]
- / dt, / Aty ((t2 — 1) + N) cos(walts — t1)) sin(26.(t2) — 20.(0)) (0c(t2) — 56.(t1))
(E.23b)
_ 9 /0 " /0 Tty ((ts — 1)+ A) cos(walts — 1)) sin(26,(t2) — 26.(11)) 56.(t)
+ 2 /Om dt, /Om dta ((ta — t1)* + ) cos(we(ta — 1)) sin(20,(t2) — 26c(t1)) 660 (t1)
(E.23c)
= -2 /Om dt; /Om dty ((t2 — t1)* 4+ ) cos(we(ta — 1)) sin(20,(t2) — 26.(t1)) 00, (t2)
+2 /Om dt, /Om dta ((t2 — 1) + ) cos(we(ta — 1)) sin(20.(t1) — 26.(t2)) 00, (t2)

(E.23d)
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_ 4/m ” /rf dta ((ta — 1) + ) cos(we(ta — 1)) sin(20,(t1) — 26c(t2)) 06.(t2)

(E.23e)

_ 4/m i, [/HT dt, ((t2 — t1)2 + )\) cos(we(te — 1)) sin(20.(t1) — 20.(t2)) | 00.(t2).

(E.23f)

Therefore, in order for the controls ¢(t) to be a local optimum, we need F'(w,., k7) = 0 and
vit: / dty ((t — 1) + ) cos(welt — 1)) sin(20,(t1) — 20,(2)) = 0. (F.24)
0

The latter condition is always satisfied for instantaneous controls, because for instantaneous

controls, 20.(t) € nZ for all ¢.

Section E.2: Robustness of the superresolution criteria

In this section, we show that there is no measurement basis or initial state such that su-
perresolution can be achieved without F'(w., k7) = 0. In other words, the superresolution
criteria that the filter function vanishes at the centroid is robust.

Suppose we have an instantaneous protocol defined by the switching function f(¢), and

suppose that the noise is A(t) = 0. From Eq. (E.3), the state at time 7 is

(k7)) = exp[—igo”]|+), (E.25)

where ¢ = [ f(')y(t')o* dt’. We pick a measurement basis defined by |0, ¢) = cos |+) +

e?sin @ |—) and any vector orthogonal to it. We then consider

(Po(r7)) = ([(0, 0o (k7)) ") (E.26a)
= <|cos€cos¢ — ie7 sin f sin ¢‘2> (E.26b)
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= cos” 6§ (cos” ¢) + sin® § (sin” ¢) — sin ¢ cos @ sin 0 (sin(2¢)) (E.26¢)

= sin” 6§ + cos(26) {cos® ¢) — sin ¢ cos O sin 6 (sin(2¢)) . (E.26d)
We proceed as in Eq. (E.5) to find that
(Py.4(kT)) = sin @ + cos(20) (Py (k7)) , (E.27)

where P, (t) is, as before, |(+]t(t))|>. Repeating the calculation done at Eq. (E.7) and below,
we again find that the Fisher information does not vanish as Aw — 0 only if F/(w,, k7) = 0.
If on the other hand, we had considered P = |(6, 0| exp[—igo?] |6, 0)|*, then we find (P) =

sin?(26) + cos?(20) P, (k7). And again we can only achieve superresolution if F(w,, x7) = 0.

Section E.3: Error analysis of noisy superresolution protocols

In this section, we fix the noise A(f) to have a Lorentzian spectrum as in Eq. (7.15) with
strength g, and full width at half maximum (FWHM) W. The corresponding contribution

of this noise is x»(t) = £ [ Si(w)F(w,t) dw. This section also serves as a rigorous analysis of

the noise-free case by setting g\ = 0.

We consider the free Xg\free) and CPMG XS\CPMG) protocols. Define W = W /w.. Using a

sequence of change of variables, we find that

8 ¢2
(k) = =2 f (E.28)
where
) 2 2
fllee) _ S () g, < T (E.29a)
wW —oo W2 (4w? + W2) 2W
f(qug) 4 > sin*(w/2) sec?(w) sin?(kw) i < f(CPMG) (E.201)
I@W o w2<4w2 + WQ) — F\?,O . .
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(CPMG) _

Note that f(fr?e) goes to oo as W — 0, whereas f(C~ ) does not. For example, fow
fQ((J)PMG /6, f4CPMG — /3, and f6CPMG) /2.

Recall that (P) = 5 + %e_X(’”)_X*(’”). For this analysis, we assume direct access to the
probability distribution (P) because, as shown around Eq. (7.13), sampling from realizations

of P rather than (P) introduces negligable error for superresolution protocols. We can easily

check that
am?g?r? Aw? 4g/\W

P=1- fow +0(AW). (E.30)

w? 2
where a(f®®) = 2 and o(CPMG) — g,
In our superresolution protocols, we sample N times from the binomial distribution

defined by P in order to estimate P, and we estimate Aw as Aw = «/nglp The

resulting bias is

b(Aw) = #ﬁf/wﬁ — Aw — b(AA:j) =VI+W-1+0(Aw?), (E.31)

where we defined R
i \/g % e W= YV “’zﬁ*w. (E.32)

Then, using Chebyshev’s inequality,

Pr[ Aw Aw‘ > b(Aw) + 6] = Pr[ Aw— Aw — b(Aw)‘ > 5] (E.33a)
< Va;&; (E.33b)
- 4oz7r2;s<;125_2£)z]\;)/w§ (E-33¢)
- 4Nom291/£252/w§7 (E.33d)

where we used that the variance of the binomial distribution after N measurements is P(1 —

P)/N and that Var f(P) < (f(E P))?>Var P. Hence, with probability at least 1 — p, our
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estimate of Aw will be within b(Aw) + m of Aw.

In Figs. 7.2 and 7.5, in order to compare the different protocols on equal footing, we
4

- > measurements. Using this results in, with probability

always use N = Npee = FEepper ey

at least 1 — p, the relative error bound

Error - b(Aw) o _ JIFW -1+

)
+
Aw = Aw pa/2 Vpa/2

+ O(Aw?). (E.34)

Plugging in the values for W and « yields

Error(free) 1)
— <, /1 2 14—+ 0(AW? E.35
Aw — +r9x + \/2—9 + ( W ) ( a)
Error(¢PM6) \/ W feo )
— A | 2 2B 14— Aw?) . E.
Ao < +rs ST + NG + (9( w ) (E.35b)

To recover the error bounds for the noise-free case, ry, and W can be set to 0. We note that
the O(Aw?) terms become important for large Aw; the resulting error is due to the Taylor
series estimation no longer being a valid approximation.

As Aw — 0 and when k = 2, we see that CPMG outperforms free evolution by a factor
of more than \/W . This result is very intuitive. In particular, CPMG outperforms
free evolution because of the FWHM W, not because of the strength gx. The smaller W/w,
is, the less overlap the CPMG filter function has with the noise. The effect of g, on the error
shows up in the same way in both CPMG and free evolution. When w, =1 and W = 0.1,
we see that CPMG should achieve a lower relative error than free evolution by a factor of
more than &~ 12 as Aw — 0, which we indeed see in the numerical simulations presented in
Fig. 7.2.

Subtracting off the bias. Suppose we somehow know (even ezactly) the noise strength
g» and FWHM W. Can we then subtract off the noise and regain perfect superresolution

even as Aw — 07 The answer is no, as we show now.
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1—P—89§mew/wg

am?g?k? fwh

. It follows

Given that we know the noise, our estimator Aw becomes \/
that the bias b(Aw) goes to zero as Aw — 0. Then, proceeding as in Eq. (E.33) and working

only to order Aw?, we have

— Aw
PrHAw - Aw‘ > 5] < Va; ~ (E.36a)
< P - P)/N (E.36b)
dam?g?r?e*(1 — P = 8G3W [,y /w?) Jw!
an?g?k? Aw? 8g§VT/
+ fei
< we wi ol (E.36¢)

B 4Naﬂ292m262(%)/w§‘

It follows that in order to estimate Aw to a relative error of § = ¢/Aw with high probability

1

as Aw — 0, we need N ~ <.
w

Thus, we see that even if we knew the noise exactly, subtracting off the noise gets rid
of the bias but does not strictly allow us to regain superresolution. This comes down to
sampling from the binomial distribution defined by P = a — bAw?, as discussed in the main

text. When a ¢ {0, 1}, the variance of the binomial distribution prevents superresolution.
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