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Recent experimental progress in controlling open quantum systems enables the pursuit of mixed-
state nonequilibrium quantum phases. We investigate whether open quantum systems hosting mixed-
state symmetry-protected topological states as steady states retain this property under symmetric
perturbations. Focusing on the decohered cluster state—a mixed-state symmetry-protected topologi-
cal state protected by a combined strong and weak symmetry—we construct a parent Lindbladian that
hosts it as a steady state. This Lindbladian can be mapped onto exactly solvable reaction-diffusion
dynamics, even in the presence of certain perturbations, allowing us to solve the parent Lindbladian
in detail and reveal previously-unknown steady states. Using both analytical and numerical methods,
we find that typical symmetric perturbations cause strong-to-weak spontaneous symmetry breaking
at arbitrarily small perturbations, destabilize the steady-state mixed-state symmetry-protected topo-
logical order. However, when perturbations introduce only weak symmetry defects, the steady-state
mixed-state symmetry-protected topological order remains stable. Additionally, we construct a quan-
tum channel which replicates the essential physics of the Lindbladian and can be efficiently simulated
using only Clifford gates, Pauli measurements, and feedback.
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1 Introduction

Dissipation is typically viewed as detrimental to quan-
tum information, but recent advances in experimental
control have begun to harness its potential to create
well-controlled nontrivial open quantum systems [1-
7]. This raises an intriguing question: can an open
quantum system host exotic quantum phases that are
inherently mixed and nonthermal [8]7 Namely, are
there phases that cannot be understood within the
typical equilibrium framework, where the phases are
described by either a pure state or a Gibbs thermal
state? This question becomes particularly compelling
if the mixed-state phase leads to a degenerate steady-
state manifold, offering potential for classical or quan-
tum memory [9-14]. In such cases, the stability of the
phase would ensure the preservation of the degener-
acy.

Recently, mixed-state symmetry-protected topolog-
ical (SPT) states [15-29] have emerged as promis-
ing candidates for inherently mixed-state phases.
Mixed-state SPT phases consist of short-range en-
tangled density matrices which cannot be connected
to density matrices in other phases by symmetric
two-way dissipative evolution [8]. The related top-
ics of anomaly [30-32] and intrinsic topological or-
der [33-36] in mixed states have also been investi-
gated in several recent works. Tensor network de-
scriptions of mixed-state SPTs have also been used
recently [19, 23, 37].

When considering open quantum systems or den-
sity matrices, the notion of symmetry is augmented
compared to the pure state setting, which leads to
two types of symmetries [12, 13, 38, 39]. Specifically,
if the density matrix needs to be conjugated by a uni-
tary of a symmetry group from both the ket and the
bra sides to get back the same density matrix, then
the symmetry is called a weak symmetry. On the other
hand, if we can also get back the density matrix by
applying different unitaries on the ket and the bra
sides, then the symmetry is called a strong symmetry.
As pointed out in Refs. [8, 40], there are no nontrivial

mixed-state SPT phases if only weak symmetry is im-
posed. However, a mixed state can exhibit SPT order
if the imposed symmetry is strong, although this or-
der is captured by some pure-state SPT phase. The
aforementioned mixed-state SPT order, requiring a
combination of strong and weak symmetry, provides
an opportunity for an inherently mixed-state phase.

The distinction between strong and weak symme-
tries also introduces a novel type of spontaneous sym-
metry breaking unique to open quantum systems,
where the strong symmetry is spontaneously bro-
ken down to weak symmetry, dubbed strong-to-weak
spontaneous symmetry breaking (SW-SSB) [27, 28,
41, 42]. Detecting SW-SSB requires measuring quan-
tities that are nonlinear in the density matrix, a task
achievable in quantum devices but not in conventional
condensed-matter systems. It has been suggested that
a spontaneously broken strong symmetry can lead to a
degenerate steady-state manifold [13], which implies
that it should be interesting to explore the steady-
state manifold of SW-SSB.

Most studies on mixed-state phases, including
mixed-state SPT order and SW-SSB, have focused on
the “quasilocal finite-depth quantum channel” frame-
work [8], akin to that used for defining gapped phases
of ground states of closed systems [43, 44]. However,
given the interest in potential steady-state degener-
acy in mixed-state phases, our work focuses on the
steady-state phase of an open quantum system. Find-
ing the steady states of an open quantum system can
be mapped to finding extremal eigenstates of a non-
Hermitian superoperator. Since ground states are ex-
tremal eigenstates of a Hamiltonian, the steady-state
phase viewpoint provides a different analogy. While
in the gapped ground-state scenario, the “quasilocal
finite-depth quantum circuit” and “gapped ground-
state phase” definitions are two sides of the same
coin, the relationship between the “quasilocal finite-
depth quantum channel” and “steady-state phase” is
unclear. Our focus on the “steady-state phase” per-
spective therefore complements previous works.

Motivated by these considerations, we investigate
the stability of mixed-state SPT order of steady-state
phases of open quantum systems, using the deco-
hered cluster state—a simple mixed-state SPT order
protected by a combined strong and weak symme-
try [15]—as a test bed. Our main results are summa-
rized in Fig. 1. We first employ the matrix product
density operator representation to analyze its mixed-
state SPT order characteristics, such as bulk-edge cor-
respondence, nontrivial string order, and edge states.
We then construct a parent Lindbladian that hosts
the decohered cluster state as a steady state with the
required symmetry.

Similar to the pure cluster state [45, 46], the deco-
hered cluster state can be disentangled by a depth-
two circuit of controlled-Z gates, yielding the corre-
sponding trivial mixed-state SPT order. This duality
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Figure 1: Summary of the main results of this work. a)
In Section 4, we study the steady-state phase diagram of a
Lindbladian £ which interpolates between L¢, whose steady
states exhibit mixed SPT order and L¢, whose steady states
are trivially ordered. Rather than a finite phase of either
order, we find that the entire intermediate region exhibits
SW-SSB. b) We show in Section 4.3 that there exists a spe-
cial class of perturbations to which the steady-state mixed
SPT order is stable. c) In Section 5, we study a parameter-
ized quantum channel £, which approximates the dynamics
of £ while being amenable to efficient classical simulation.

allows us to map the open system dynamics to an ex-
actly solvable reaction-diffusion model [47], enabling
a thorough analysis of the Lindbladian, including the
degeneracy of the steady-state manifold, previously
unknown steady states, and the mixing time of the
system.

We also study an interpolation between the parent
Lindbladian of the decohered cluster state and that
of the trivial mixed-state SPT order, analogous to the
pure-state case [48, 49]. Surprisingly, we find that the
steady states at any point in this interpolation are
neither nontrivial mixed-state SPT nor trivial mixed-
state SPT orders. Instead, they exhibit SW-SSB,
which destroys the mixed-state SPT order. The map-
ping to the reaction-diffusion model suggests that the
proliferation of point-like defects affecting the strong
symmetry destroys the mixed-state SPT order, lead-
ing to SW-SSB, which is typical for symmetric pertur-
bations. However, for perturbations that only affect
weak symmetry, the mixed-state SPT order and its
associate steady-state degeneracy remain stable. Fi-
nally, we propose a quantum channel-based dynamics
that replicates the essential physics of our findings.
We are able to classically simulate this channel effi-
ciently since it consists of Clifford gates, Pauli mea-
surements, and feedback [50].

The structure of the paper is as follows. In Sec-
tion 2, we introduce the decohered cluster state and
describe its classification and characteristics, aided by
tensor network representations. In Section 3, we con-

struct a parent Lindbladian which hosts the state we
introduced in Section 2 as a steady state, and solve for
the full spectrum of the parent Lindbladian, including
all of the steady states, by mapping to an exactly solv-
able Lindbladian. In Section 4, we consider different
types of perturbations to the parent Lindbladian and
analyze the resulting steady states numerically via
density matrix renormalization group (DMRG) and
analytics, where possible. We find that the mixed-
state SPT order of the steady state is unstable to
SW-SSB for a wide class of symmetric perturbations
to the Lindbladian. In Section 5, we consider a quan-
tum channel which replicates the essential physics of
the parent and perturbed Lindbladians and admits ef-
ficient Clifford simulation. We summarize the paper
and give an outlook in Section 6.

2 Decohered cluster state

We begin by introducing the “decohered cluster
state” [15], a certain type of cluster state in the
presence of decoherence. We review its symmetries
and classification within the framework of mixed-state
SPT phases as discussed in Refs. [8, 15, 16]. Us-
ing tensor network diagrammatics or matrix product
density operators, we show that the decohered cluster
state exhibits non-trivial string order and bulk-edge
correspondence.

2.1 Cluster state and decoherence

The well-known pure cluster state on a closed chain
of 2N qubits [45] can be expressed as

Vo) =g 3 1Py, 1)

{z;==%1}

where

Vi) = Z=2) | X=2n2)|Z=2) - | X=2y2)

(2)
are decorated domain wall states [51]. Here, we define
|Z = £1) (]X = =+)) to be the eigenstates of Z (X)
with eigenvalues £1. Note that we denote the eigen-
states of X with eigenvalues £1 by |£) in this paper.
The decorated domain wall states |Wy..y) are con-
structed by first specifying a configuration {z;} which
determines the Z charge on the odd sites, and then
“decorating” each domain wall with a state charged
under X. More specifically, when z; # z;41, the in-
terceding even site 27 is fixed to |—), and to |+) oth-
erwise.

The decohered cluster state is defined by taking the
equal-weight incoherent mixture of the decorated do-
main wall states shown in Eq. (3), rather than their
coherent superposition. Defined on a closed chain of
2N qubits, the decohered cluster state reads [15]

1
pe=gr D 1PeaX¥iy

(3)

Accepted in {Yuantum 2025-10-20, click title to verify. Published under CC-BY 4.0. 3



As we will see later, it is exhibits nontrivial mixed-
state SPT order.

2.2 Symmetry

We hereby discuss the notions of weak and strong
symmetry applicable to mixed states [12, 13, 38, 39].
In particular, a weakly G-symmetric matrix M satis-
fies UgMU;r = w(g)M for all ¢ € G, where G is an
Abelian symmetry group and w(g) € U(1). On the
other hand, a strongly G-symmetric matrix M satis-
fies UgM = siet(9)M and MUJ = spra(g)M for all
g € G, where Sket(9), Sbra(g) € U(1). When M is
Hermitian, sket(g9) = Sbra(g)*.

Consider the following operators in the Hilbert
space of 2N qubits on a closed ring,

S= 1] x w=1]] x:. (4)

i€even ic€odd

The decohered cluster state p¢ is a mixed-state SPT
order under the direct product of a strong Zs sym-
metry and a weak Z, symmetry, as classified in
Refs. [15, 16], where the strong Zs; symmetry (de-
noted as Z5 from now on) is generated by S, while
the weak Zo symmetry (denoted as ZY from now on)
is generated by W. We will use Sket, Sbra, and w (with
argument g suppressed) when we are referring to the
charges under the strong symmetry S and weak sym-
metry W.

For the decohered cluster state pc defined in
Eq. (3), we find that WpcWT = pe and Spe = pe ST =
pc, so that pe lies in the (Sket, Sbra, w) = (+1,+1, +1)
symmetry sector. There is an intuitive way to under-
stand why W acts as a weak symmetry while S acts
as a strong symmetry. Note that S counts the par-
ity of the number of domain walls in each decorated
domain wall state. With periodic boundary condi-
tions, the system’s topology enforces an even number
of domain walls in every state, S |Ur.y) = [Vi..y).
This will be the case for both the bra states and the
ket states in pc. We therefore see that pc must be
strongly symmetric with Sxet = Spra = +1. On the
other hand, W acts on the decorated domain wall
states as W Wy y) = [Vizy), where Z7 := —2;. This
transformation is only a symmetry if it acts simultane-
ously from both the bra and the ket sides, indicating
that W can only be a weak symmetry.

2.3 Classification as a mixed-state phase

One physically motivated approach to define mixed-
state phases is to define an equivalence class relation
among the states, where the equivalence is defined
by a short-time physical processes. This mimics the
definition of ground states being in the same phase
if they can be adiabatically perturbed to each other
rapidly. This definition was put forward by Ref. [§],
and we review their definition more rigorously in Sec-
tion A. Informally, it states that for two mixed states

p and o to be in the same phase, there has to ex-
ist two time-independent, symmetric geometrically lo-
cal Lindbladians £; and £, such that ||e“1*(p) — o
and [[e“2!(o) — p||; are small, where t is some short
time (“fast-driven”) and where || X||; := Tr[VXTX] is
the trace distance. By geometrically local, we mean
strictly geometrically local here, although the defini-
tion can be expanded to include quasi-local Lindbla-
dians in certain situations [8]. Note that the smallness
of the trace distance implies the closeness of all the ob-
servables O between p and o, i.e., |Tr[pO] — Tr[c0]| <
llo— ol - |O]lop by Holder’s inequality, where || - ||op
is the operator norm. Furthermore, this “fast-driven”
condition implies stability of local observables to local
perturbations in the Lindbladian terms [8, 52, 53].

One can also define the equivalence-class relation
through quantum channels, analogous to the Lind-
bladian equivalence-class relation. That is, if there
exist two symmetric finite-depth local quantum chan-
nels [15, 16] & and &; such that ||E1(p) — o1 and
I€2(c) — p|l1 are small, then we say p and o are in
the same phase. Note that in both the Lindbladian
and quantum channel equivalence-class relations, the
bi-directional “fast-driven” condition is important, as
the Lindbladian evolution and the quantum channel
are usually not reversible.

Building on the quantum-channel equivalence-class
relation, Refs. [15, 16] show that if the strong-string
order parameter (an order parameter used to diagnose
SPT orders, see Section 2.5) in the state o is zero, then
there does not exist a symmetric finite-depth channel
€ such that the string order parameter of (o) is of
order one. That is to say, if p has a string order pa-
rameter of order one, then ||£(c) — p|l1 can never be
small. We know from Refs. [15, 16] that pc has a
nonzero string order parameter (see also Section 2.5
for more explanation on this). Thus, p¢ is in a non-
trivial mixed-state SPT order protected by Z5 x Z¥,
as stated in Refs. [15, 16].

Here, we complement the above result by showing
that pe has nontrivial SPT order protected by Z5 x
ZY symmetry under the Lindbladian equivalence-
class relation as well. Using Lieb-Robinson bounds
[54, 55], we show that ||e“(c) —p||; can never be small
for a symmetric Lindbladian £ within some short time
t. The detailed statement and its proof are presented
in Section A.

The above results can be interpreted as follows—
the nontrivial SPT order of Z5 x ZY is hard to build,
which forbids a “fast-driven” symmetric Lindbladian
or a symmetric finite-depth quantum channel from
bringing a trivial state o close to pc, which is a non-
trivial SPT state. On the other hand, it is interesting
to know if p¢ can be brought close to a trivial state
in a short time or in a short depth. In Section B,
we show that the string order parameter correspond-
ing to the Z5 x ZY symmetry defined in Eq. (4) is
easy to destroy. In particular, we show that a simple
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trace channel and the corresponding trace Lindbla-
dian can destroy the string order in depth one and in
a short time, respectively. Interestingly, the destruc-
tion of the string order is accompanied by the “strong-
to-weak” spontaneous symmetry breaking, which has
received a lot of attention recently [27, 41, 42].

2.4  Tensor network representation

It is instructive to express pc as a matrix prod-
uct density operator, as it helps us expose the edge
modes on an open chain, extract the projective rep-
resentation, and calculate the string order parame-
ters. We first define two families of matrices in the
virtual space spanned by |vg) = (1,0)T and |v;) =
(0,1)T. These matrices are two-index tensors given
by A57 = 11,6, . and Bor = XI_TZ(SWE/, where
I, := 6.—41|vo){(vo| + 02=—1]v1)(v1]| . We can then
define two four-index tensors:

O+Z/5 L= [Az’z/}a,ﬁ = [Hz(sz,z’]a’ﬁv (5)

z

# =[] =[], ©

x

where z,2/,z,2’ € {+1,—1} are the physical in-
dices, a,8 € {0,1} are the virtual indices, and
as above Z|Z=2) = z|Z=2) and X |X =2) =
z|X =x). Abbreviating the configuration A
(z1,21,++ ,2N,ZN), we can then write pc
> pe(A, ) AN, where

pe(A,A') = Tr[A* AL BPUT1 ... AN 2N BENEN] ()

The sums over A and A’ in the definition of p¢ each
go over all 22V possibilities, while the restriction to
decorated domain wall states is taken care of by the
coefficients pc (A, A’). Pictorially, we write

pc = ;o (8)

where we have used periodic boundary conditions.
When tensors appear without indices explicitly de-
noted, we assume they are summed over with the cor-
responding bras and kets.

It is worth noting that the tensors defined
in Egs. (5) and (6) have the following “pulling-
through” relations:

Z Z
%:4{%‘7 (96)
X
&}:ﬁ&ﬁ. (o)

Using these relations, it will be easy to show that the
symmetry Z5 x Z¥ forms a projective representation
on the virtual space.

Let us briefly review the relationship between SPT
order in 1d and projective representations. Pure-state
SPT phases in 1d protected by a global symmetry
G are characterized and classified by edge modes:
while the ground state is unique when the Hamilto-
nian is placed on a ring, it becomes degenerate when
the Hamiltonian is placed on an open chain. Intu-
itively, this occurs because a non-trivial symmetry
action arises at the edge which would cancel out if
the edges were joined together. Algebraically, each
symmetry operator Oy labeled by g € G acts on the
ground state space as 05057 where 05 has support
only near the left edge and 05” has support only near
the right edge. While the global symmetries {O4}
form a linear representation (i.e. O40; = Oyp), the
edge modes form only a projective representation (i.e.
Oé/ROf/R = w(g, h)OgLf{R, where w € U(1) is a phase
factor.) The inequivalent assignments of phase fac-
tors w(g, h) form a group under multiplication, which
is called the second cohomology group H?(G,U(1)).
This is precisely the data which classifies 1d pure-state
SPTs protected by G symmetry in bosonic systems.

In Ref. [15], it was shown that mixed-state
SPT phases protected by a combination of a
strong K symmetry and weak G symmetry are
also classified by a cohomology group, namely
@12):1 H?7P(G,HP(K,U(1)). In the present case of
the decohered cluster state, we have G = K =
Zo, so that the above classification evaluates to
HY(Zy, HY(Z2,U(1))) = Zs. This means that there is
a single nontrivial mixed-state SPT phase with sym-
metry Z5 x Zy', with respect to the definition given
in Ref. [15]. And indeed a nontrivial SPT order can
be constructed from the domain-wall construction be-
tween the strong Zs and the weak Zs symmetries such
as pc.

To see that the decohered cluster state indeed real-
izes the Z5 x Z¥ symmetry projectively at its bound-
ary, we first construct the following family of density
matrices on open boundary conditions:

a B
paﬁ:: >—+—<%—+—<%+—<%—4 ,

(10)

B
where #— = (va|, —@ = |vg) and «, 8 € {0,1}. The
states in Eq. (10) span a 4-dimensional linear space
with complex coefficients, where the physical density

=
=3
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matrices correspond to the convex space of Hermitian
matrices with unit trace. This space can encode two
classical bits of information.

We then act with the symmetry operators on pqg.
Akin to the pure state case, we see via the pulling-
through relations Eq. (9) that the global symmetry
factors to a product of operators acting on each vir-
tual edge state:

WPOLBWT =

X

i

. X‘.
@ X
SpaB: o
_aZ Z B
a B
o = M%
X X
7ozZ Z B

We have found that the symmetries reduce to an ef-
fective action on the edge Hilbert space, namely
WpasW' = pargr,
[var) [vgr) = X ® X |va) [vg) s
Spap = papSt = parpr,
[varr) [vprr) = Z @ Z |va) |vg) -

(11)

As in the pure state case, these operators commute
globally, but anti-commute if either edge is taken in
isolation:

XX, Z®Zl=0, {X,Z}=0. (12)
The matrices X and Z obtained by pulling
the symmetry to each edge generate the algebra
{1,X,Z,XZ}, which forms a projective representa-
tion of the group Zs x Z,. This is precisely what we
mean by the statement that the Z3 x ZY symmetry
is realized projectively at the edge.

2.5 String order parameters

While conventional SPT orders do not spontaneously
break symmetry and therefore do not admit local or-
der parameters, they can be characterized by non-
local string order parameters [56-61]. In particular,
it is necessary to measure a set of string order param-
eters labeled by the elements and irreducible repre-
sentations of the group to obtain a list of zero and

nonzero expectation values, which is known as the
“pattern of zeros” [40, 59]. We here briefly review the
definition of a string order parameter in the pure state
case. Suppose we have an Abelian on-site symmetry
G realized by symmetry operators, each of which is a
tensor product of single-site operators:

Ug= Q) UW. (13)

sites ©

In general, a string order parameter that detects a
nontrivial projective representation of the G' symme-
(2)

try consists of a finite string of Uy’ operators in a

region R with operators (’)((IL/ R) appended to the left
and right ends of the string. Importantly, the oper-
ators (’)((XL/ R) transform under conjugate irreducible
representations o« and a* of the other symmetry,
which are simply complex numbers because the sym-
metry group is Abelian. We are then able to define

The string operators S, let us define the string or-
der parameter for a pure state |¢), which is simply
(4615, -

One natural generalization of the string order pa-
rameter from pure states to mixed states is to mea-
sure the expectation value of the strong-string opera-
tor S2  (defined below) in the state p:

Clnm = (Sam)p = Tr [pSim] (15)
where
S,fm = ZanJranJrS o Xm3Xm-1Zm y (16)

for odd n and m. The Roman numeral I appearing in
the subscript indicates that the correlator is linear in
the density matrix (i.e. Rényi-1), and distinguishes
it from other correlators which are quadratic in the
density matrix, as we will define shortly. Notice that
the string correlator S5, consists of a truncated sym-
metry operator spanning from sites n+1 to m—1 and
that the endpoint operators anticommute with the X
symmetry on odd sites, consistent with the construc-
tion in Eq. (14). This definition has been used in prior
works, and it has been shown that it is an order pa-
rameter for the Z35 x ZY mixed-state SPT order [16].
If we try to define an analogous order parameter for
the weak-string operator S}f’/m = S§+1,m+17 then we
find that it is trivially one because the weak-string
operator acts from both the ket and the bra sides and

(8")? = 1, more specifically Tr [SW, pSW ] = 1.
One way of generating a useful string correlator cor-
responding to the weak symmetry is to map density

matrices to vectors in a doubled Hilbert space with
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twice the number of qubits and consider the string
correlators in this doubled space [27]. The mapping
of density matrices to vectors in the doubled Hilbert
space is as follows:

= piliNil = D i li)ulidg =5 1p) . (17)

where the subscripts L and R denote the left and the
right Hilbert spaces and i) and |j) denote some com-
putational basis.

In the doubled Hilbert space, the symmetry opera-
tors become S ® 1, 1 ® S for the strong ket and the
strong bra symmetries, and W ® W for the weak sym-
metry. Here the first factor of the tensor product acts
on the left (ket) Hilbert space and the second factor
acts on the right (bra) Hilbert space. We denote the
expectation values of an operator M in the doubled
Hilbert space by

_ (pMlp) _ Tr [p" M [p]]
Mhes= "0 = i 0 Y

where M [] is a superoperator that corresponds to
the operator M in the doubled Hilbert space. For
example, (p|A ® B|p) = Tr [pt ApBT].

Now, by substituting the various symmetry opera-
tors in the definition of the string operator, Eq. (14),
we find the various string correlators that we need. If
Ug(l) = (S®1)® on the even sites, and the end point
operators are (’)&L/ B) _ 7 on the odd sites m and n,
then we get the following correlator which we call the
Rényi-2 strong string correlator:

where S is defined as in Eq. (16) and the Ro-
man numeral II reflects the fact that the correlator
is quadratic in the density matrix, or Rényi-2. Note
that (W @ W) (Z,/m @ ) (W QW) = —Zy ), @ 1.
Thus this choice of the end-point operators can in
principle be used to detect nontrivial SPT order.

If we take the symmetry to be the weak symmetry
in Eq. (14), that is, US” = (W @ W)@ on the odd
sites, and the end-point operators (’)gL/ R) — 7 on the
even sites n and m, then we get the Rényi-2 weak
string correlator:

where )Y, = Sfﬂ’mﬂ as defined earlier. Note that
(S ® I]-)T(Zn/m Y Zn/m)(s ® I]-) = 7Zn/m ® Zn/m~
Next, we construct two more correlators by taking
the end point operators to be 1. These are the Rényi-2
trivial strong-string correlator and the Rényi-2 trivial

weak-string correlator:

21

where Sfm has the strong symmetry operators in the
bulk and 1 as the end point operators with n,m re-
stricted to be odd, while S has the weak symmetry
operators in the bulk and 1 as the end point operators
with n, m restricted to be even.

While for a generic density matrix, the Rényi-1 and
Rényi-2 type of correlators are independent, Ref. [27]
shows that they are related to each other if the state
is short-range entangled. The patterns of zeros used
to diagnose Z5 x ZY trivial and nontrivial SPT orders
are summarized in Table 3.

Now we show, using tensor network diagrams, that
C’fnm = CISan = Cﬁ‘f(nfl)y(mfl) =1 for n,m € odd
in the state pc. Acting on pe with each of the string
operators, we find

w w
Snmpcsnm
Z X X X Z
Z X X X Z
Ze x x 0Z
Z Z
- pC7
s Z X X X Z
Snmpc = v
= pc,
S _
pCSnm
Z X X X A
Z Z
Z Z
= Ppc-

Because pc is invariant under the action of the strings,
the string order parameters will be identically one
whether we chose to contract the physical legs of p¢
according to the Rényi-1 or Rényi-2 conventions.

Using the pulling-through relations Eq. (9) and
the definition of p¢ [see Eq. (3)], we can show that
C’f?nm = C’Islmn = C'IVIV nm = 0in the decohered cluster
state.

3 Parent Lindbladian

In the study of quantum phases of pure states, we
traditionally begin with a Hamiltonian that depends
on a set of parameters. Quantum phases are then un-
derstood to be finite volumes of Hamiltonian param-
eter space in which the ground state(s) of the Hamil-
tonian display qualitatively similar features, such as
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long-range order and degeneracy. These features can
be diagnosed by measuring local and/or nonlocal or-
der parameters whose values stratify Hamiltonian pa-
rameter space into distinct phases. In an effort to
generalize this perspective to the mixed state case,
we will construct a parent Lindbladian for the deco-
hered cluster state and map out the phase diagram
in its vicinity by measuring local and nonlocal order
parameters.

If a Hamiltonian is in a nontrivial SPT phase, then
it is known that the phase is stable to symmetric per-
turbations. Specifically, if one adds a symmetric per-
turbation to the Hamiltonian, then the ground state
degeneracy does not change (in the thermodynamic
limit) and ground states of the perturbed Hamilto-
nian will have a nonzero string order parameter, re-
flecting a nontrivial projective representation. Our
alm in this section is to test if this analogy carries
over to mixed states and Lindbladians. We construct
a local Lindbladian whose steady state is the deco-
hered cluster state pc. We then add symmetric local
Lindbladian perturbations and study the properties
of the new steady states. This raises the questions of
whether there is a way of defining mixed state phases
of matter which focuses on parent Lindbladians rather
than density matrices, and whether this perspective
reveals anything new. Toward this aim, we will con-
struct a Z35 x Zy-symmetric parent Lindbladian L
which hosts pe as a NESS, i.e. Le(pe) = 0.

3.1 The model

We define the parent Lindbladian on an open chain
of 2N qubits labeled by 1,2,...,2N as follows:

N-—1
Le(p) == Z D[Lo2;](p) + D[L2,2j-1](p)
N

+ ZD[LI,Qj—l](p)a (22)

j=1

where D[A](p) := ApA' — L{ATA, p} denotes the
standard Lindblad dissipator for a jump operator
A [62, 63]. For periodic boundary conditions, we add
the terms D[Lg 2;](p) and D[Ls2j-1](p) for j = N to
Eq. (22), where the site label i + 2N := . The jump
operators L, ; are

1
Loy = 5Xjr1 (L= Zj1X;Z541) (23a)
L. ; =2, (23b)
LQJ' = Zj_1Xij+1. (23C)

Since all the jump operators commute with S, the
Lindbladian £ has the Z35 symmetry, while it is easy
to check that D[L ;] renders the W symmetry weak.
Thus, our parent Lindbladian has the Z§ x ZY¥ sym-
metry introduced in Section 2.2. Each of the terms

Lo j, L1, Lo ; plays a distinct role in driving an ar-
bitrary density matrix in the same symmetry sector
as pc to the steady state pc.

The jump operators have the following physical
meanings. Lo ; for even j is designed to stabilize
the domain-wall configurations. If the configuration
is violated, we have (1 — Z;_1X;Z;41)/2 = +1, and
we fix the configuration by applying X;;;. Note
that this configuration can also be fixed by apply-
ing X;_1, ZjZjy2, Z;, etc. However, applying Z; is
forbidden as it breaks the strong symmetry Z5; we
choose to apply X;1 because the resulting jump op-
erator has the lowest weight. Now within the domain-
wall configuration space, L, ; is designed to decohere
the “off-diagonal” domain-wall configurations, leaving
only |\Il{zi}><\ll{zi} |, while Ly ; makes the probability
of getting all the configurations equal.

Note that pc is a steady state for any values of the
rates of the jump operators, but we will choose these
rates to be equal. We have verified that changing the
rates does not change the physics qualitatively.

Recall that the decohered cluster state is a mixed-
state SPT state protected by a Z§ x ZY symme-
try, and the parent Lindbladian L has the same
75 x 7Y symmetry. The strong symmetry of the
Lindbladian forces there to be at least one steady state
in each syet = s}, physical strong symmetry sector.
The argument is as follows. Because the Lindbladian
is strongly symmetric, it conserves strong symmetry
charge. That is, Sp = Syetp and pS = sprap implies

SL[p] = LISp] = L[sketp] = sketL[p] , (24)

and similarly when acting from the bra side.

One can then consider the dynamics where one
prepares an initial state with the symmetry charge
Sket = Sty and evolve it with the strongly symmetric
Lindbladian. At an infinite time, such an initial state
has to evolve into some state with the same strong
symmetry charges, hence forcing the Lindbladian to
have at least one steady state in the corresponding
strong symmetry sector.

On the other hand, it is not guaranteed that a
steady state will exist in the strong symmetry sec-
tors Sket # Spy, OF With a nontrivial weak charge.
The above argument breaks down since one cannot
prepare a physical initial state in the said symme-
try sectors, as a state in the said symmetry sec-
tors is traceless. More specifically, in the strong
case, Tr[p] = Tr[SpST] = (SketSbra)Tr[p], which im-
plies SketSphra = 1 or Tr[p] = 0. In the weak case,
Tr[p] = Te[WpWT] = wTr[p], so w = 1 or Tr[p] = 0.

Since p¢ is in the Skt = Spra = +1 sector, it is
interesting to examine what is the state in the sye; =

Spra = —1 sector. As we will show, the corresponding
steady state in the sket = Spra = —1 sector is p_
ZjEeven ijCZ]"
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Figure 2: An illustration of the Ucz circuit appearing

in Eq. (25).

3.2 Dual perspective and steady states

In fact, we can partially solve and understand the
parent Lindbladian £ by mapping the system to a
dual model. This is akin to understanding the one-
dimensional pure cluster state and its parent Hamil-
tonian by conjugating them via a depth-two circuit
composed of CZ (controlled-Z) gates [45]. Recall that,
for the pure cluster state defined in Eq. (1),

2N
Ucz |We) = [)®Y, Ucz =[] CZj1, (25

j=1

where CZ;j j41:=(1+Z;)/2+ (1 — Z;)Zj41/2 is the
controlled-Z two-qubit gate and j + 2N := j. The
circuit is illustrated in Fig. 2. Note that CZ; ;41 is
invariant under j <— j + 1 and UCZZ]-U(TJZ = Zj.
Since Ucz X;Ul, = Z; 1X;Z;j 1, the operators S and
W are invariant under the conjugation by Ucyz. In
the following, we apply the Ucy circuit to map p¢
to a tensor-product state pc and L¢ to the Lindbla-
dian L, allowing us to solve for the steady states and
some of the eigenpairs (eigenvalues and corresponding
eigenvectors) of Le.

First, let us examine the state pc = UczchéZ.
Recall that pc can be written as in Eq. (3), which is
an ensemble of the domain wall configurations Wy 1)
given in Eq. (2) It is easy to see that

Ucz Vi) = |Z=2) [X=+1) [Z=29) - [X=+1) .

Summing over all the possible configurations of z; on
the “Z”-qubits, we have

o= Q5 @ i, @)

i€odd jEeven

which is a tensor-product state with the same Z3 x Z3V
symmetry realized by S and W.

We obtain the jump operators defining L£¢ by con-
jugating the original jump operators by Ucz, giving
us

i 1
Loj = 5Z;Xj+1Z54+2(1 = X;)

) (27)
Loy = X5,

where j is on all the even sites for Lo ; and on all the
odd sites for Ly ; and Lo ;.

3.2.1 Periodic boundary conditions

The Lindbladian £¢ with periodic boundary condi-
tions can be solved as follows. First, considering the
Lindbladian 2127]- = ELj + 227]- on the odd sites,
we have L9 ;(p) = Z;pZ; + X;jpXj — 2p. The steady
state can be easily solved as 1;/2 and is unique, with a
Lindbladian (i.e. dissipative) gap (i.e., the eigenvalue
of [:12,j with lowest nonzero real part) A; = 2. Since a
physical Lindbladian always has eigenvalues with non-
positive real parts, we can try a potential steady state
ansatz with the odd sites being ®j€0dd %J Within

this subspace, the jump operators of £y on the even
sites become

. 1
Loj = 52 Zj+2(1 = X;)

() DR+ =0 HDie

where j is on the even sites. It can be seen that this
jump operator annihilates @) ;¢ en [+){(+];; s0 we in-
deed have pe as a steady state. In fact, if we inter-
pret @ coyen [1) (+; as the vacuum and [—)(—|; as a
quasiparticle or a defect on the even site j, then the
effective jump operator is describing the processes of
a particle hopping to the next empty even site on the
right or annihilating with the particle on the next even
site on the right if occupied.

From this perspective, it is then also easy to guess
and check that p— = (1/N)3 ;coven ZjfcZ; is a
steady state in the Sket = Spra = —1 symmetry sec-
tor. Note that, since the Z; operator commutes with
Ucyz, a steady state in the syet = Spra = —1 symme-
try sector of L¢ is p_ = %Zjeeven ZjpeZ;. Since
the Lindbladian cannot create a |—) particle, we ex-
pect the two states pc and p_ to be the only steady
states of the Lindbladian when subject to periodic
boundary conditions, which we confirmed numerically
by exact diagonalization and density matrix renor-
malization group (DMRG) calculations, as discussed
in Section 4.

It is natural to consider whether p_ is also a mixed-
state SPT state. We answer this question in the af-
firmative by showing in Section C that it has unit
expectation value of the string order parameters used
to analyze pc.

(28)

3.2.2  Open boundary conditions

The Lindbladian in the case of open boundary condi-
tions (OBC) can also be solved analogously. However,
to keep the symmetries the same in the dual picture,
we need to use the same Ucy = H?fl CZ; j+1 even
for open boundary conditions. The ansatz for the
steady state is constructed again by projecting the
Lindbladian onto the steady-state subspace of Lo .
Note that, fOI‘j = 17 2127]'(;)) = ijZj — P, which
has the steady-state subspace spanned by {11, Z;}.
The steady-state subspace on the odd sites is there-
fore spanned by ®,coqq 5 and Z1 @, coqq - Note
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Charge Sket Sbra W

Steady State
8 pe +1 41 +1
A P -1 -1 +1
pc =pootpn| +1 +1 +1
Zipc =poo—pnn | +1 +1 -1
ZonpeZan =por+pwo| -1 -1 +1
8 Z1ZanpcZany =por—po | —1 -1 —1
© Zanpe =pho+pin | -1 +1 41
ZiZonpe =poo—Pu | -1 +1 0 -1
pcZan =pot+p | +1 -1 41
ZipcZan = por —Po | 1 -1 —1

Table 1: The steady states of the parent Lindbladian L¢ un-
der periodic boundary conditions (PBC) and open boundary
conditions (OBC) and their corresponding symmetry sectors.
As discussed in Section 3.2.2, the last four OBC steady states
are accidental, and can be lifted by adding a symmetric per-
turbation.

that these two states form a classical bit on the site
ji=1

After projection onto the above steady-state sub-
space on the odd sites, the effective Lindbladian Lg is
formed by the jump operators Eq. (28) but with terms
j=13,...,2N —3. This again describes a particle
hopping (to-the-right) and annihilation process, but
with the hopping that ends on site j = 2N.

Again, one can see that pe in Eq. (26) is still a
steady state, since EO, ; annihilates pc. We also notice
that, since |—);, cannot “hop” across the boundary,
Zanpc, pcZan and ZaonpeZan are also steady states.
Note that these four states form a qubit on site j =
2N. The other four states can be easily obtained as
Zipe, Z1ZaNpe, Z1pcZan, and Z1ZanpeZan. Since
Ugz commutes with Z;, we find that the steady states
of Lc are spanned by the eight states listed in the
OBC row of Table 1. We have numerically confirmed
that these eight states are the only steady states of
Le.

In order to better understand the OBC steady
states, we can use as a basis the states p,s defined
in Eq. (10) and p;ﬁ ‘= ZoNpPag. We may now express
all of the OBC steady states as linear combinations
of pap and pl, 5- These alternative expressions for the
steady states are also tabulated in Table 1.

Notice that, for open boundary conditions, there is
one steady state in each charge sector of the symme-
tries Sket, Sbra, and w. As we discussed in Section 3.1,
only states with the same strong charge on the ket
and bra and with trivial weak charge are physical, in
that all other density matrices are traceless. How-

ever, the unphysical steady states still contribute to
the physical steady-state degeneracy because they can
be added to physical steady states, resulting in new
physical states which are beyond the span of the orig-
inal physical states.

Recall from Section 2.4 that the four states p.s
naturally arise from the projective representation of
the symmetry on the virtual space. These states only
span a four-dimensional linear space, however, so it is
possible that our excess degeneracy is accidental. If
we add an additional Lindbladian D[X;=on], which
has the X;_on jump operator on the rightmost site,
we find that only the states p,s in Table 1 remain
steady states of the modified Lindbladian. We ex-
pect a degeneracy of four is the minimal steady-state
degeneracy of a Lindbladian on open boundary con-
ditions hosting this nontrivial mixed-state SPT order,
due to the nontrivial projective representation. The
states we find also satisfy the requirement imposed by
strong symmetry, namely that there is a steady state
in the (+1,41,4+1) and (—1,—1,+1) sectors of the
(Skets Sbra, W) Symmetry.

3.3 Lindbladian gap and mixing time

The particle hopping-annihilation interpretation of
the effective Lindbladian also allows us to solve the
spectrum and analyze the mixing time. Since the
Lindbladian Elg’j is gapped, we again consider the
subspace where the odd sites are in the 1/2 state, and
only consider the effective Lindbladian £y formed by
the jump operators Eq. (28) projected onto this sub-
space. Furthermore, we consider the “diagonal (clas-
sical) subspace” on the even sites p = >~ _ p(o)|o) (o],
where o = (02,04, ...,01) and 0; = 4+, — on the even
sites. For convenience, we map |o){o| to |o) and treat
p—1|p) =2, plo)lo) as a vector.

Within this subspace, the master equation of the
density matrix reduces to a master equation for the
probability distribution 9;|p;) = M|p:), where M =
25050 s + oo + (1= ) oy = [H)(=j,
Uj = |=)(+];, and n; = |=)(—|;. The effective
Lindbladian in the diagonal subspace therefore be-
comes the famous “reaction-diffusion” process [47, 64],
which can be mapped into a quadratic fermion prob-
lem using the Jordan-Wigner transformation.

The spectrum of M for periodic boundary con-
ditions can be further solved via Fourier transfor-
mation (see Appendix G for more details), giving
us the single-particle “excitation” dispersion & =
(1 — cosk) — isin(k), where k ~ 1/N for large sys-
tem sizes. We therefore see that the Lindbladian gaps
scale as ~ N~2 in both even and odd parity sectors.
Furthermore, the mixing time, or the time scale for a
system to reach the steady state, will scale as ~ N2,
which is also expected from the “reaction-diffusion”
dynamics.

On the other hand, for open boundary conditions,
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the corresponding quadratic fermion problem is not
diagonalizable but can be put into a Jordan canonical
form, which has an eigenvalue one, and the size of the
Jordan block scales as V. Such a Jordan block indeed
suggests that some initial state (in fact, a state with
the particle on the left end) will take time t ~ Q(N)
to approach the steady state. Interestingly, even if we
modify our parent Lindbladian so that the particle
can hop both to the left and the right directions in
the effective dynamics (such that the corresponding
quadratic fermion problem becomes diagonalizable),
the gapped nature of the Lindbladian and the Q(N)
relaxation time still hold. Though in this case, the
Q(N) relaxation time is due to the exponential local-
ization of the steady state towards one end of the sys-
tem, with the particular side of localization set by the
relative amplitudes between the leftward and right-
ward hopping rates. Our Lindbladian, under open
boundary conditions, therefore provides an example
wherein the mixing time does not necessarily scale as
the inverse of the Lindbladian gap.

3.4 Conserved operators

We have discussed at length the steady states of L¢,
which are its right eigenvectors with eigenvalue zero
when taken as a superoperator. However, L¢ is not a
Hermitian superoperator, so its left and right eigen-
vectors need not coincide. Note that the left eigen-
vectors may also be thought of as the right eigenvec-
tors of EE, wherein the superoperator D appearing
in Eq. (22) is replaced with

DIA|(0) = ATOA - %{ATA, 0} . (29)

The left eigenvectors with eigenvalue zero are known
as conserved operators because they are invariant un-
der time evolution according to the following equation

of motion: 40
o= L10] = 0. (30)

Using Eq. (29), it is clear that the identity matrix 1
and the strong symmetry operator S are conserved,
as they each commute with all of the jump operators
defined in Eq. (23). If the chain is placed on open
boundary conditions, then Z; and Z;n additionally
become conserved operators because the jump opera-
tors with which they failed to commute extend beyond
the boundaries and are discarded. In total then, the
conserved operators are

PBC: 1, S,
OBC: 1, Zy, Zon, Z1Zan, S, SZ1, SZyn,  (31)
SZ1Zs5n.

Notice that there are as many conserved operators
in each case as there are steady states, which is re-
quired of zero eigenvalues of a non-Hermitian (su-
per)operator.

4 Perturbed Lindbladian and strong-
to-weak SSB

It has been established that the quantum phase of
the ground state(s) of a gapped Hamiltonian is stable
against small symmetric local perturbations. Analo-
gously, we ask whether adding a small local symmetric
perturbation to the Lindbladian, whose steady state
is pc¢, would result in a new steady state in the same
phase (according to Definition 1) as p¢ or not.

We might hope to address this question by treat-
ing the Lindbladian as a non-Hermitian operator in
the space of density matrices and performing non-
Hermitian perturbation theory. However, the con-
ventional stability argument does not extend to this
context. One typically argues that states in the SPT
ground state manifold can only be connected by sym-
metric perturbations that extend from one end of the
system to the other. Assuming local perturbations,
this only occurs at an order of perturbation theory
that is extensive in the size of the system. The de-
generacy is therefore stable in the thermodynamic
limit. This breaks down due to the non-Hermiticity
of the Lindbladian. Because the Lindbladian is non-
Hermitian, its perturbation series involves matrix ele-
ments between left and right eigenvectors. While right
eigenvectors cannot be coupled to one another at finite
order in perturbation theory, they can be coupled to
left eigenvectors. This tells us that perturbation the-
ory can no longer guarantee the stability of the SPT
phase to small local symmetric perturbations.

We therefore turn to numerics’ via density matrix
renormalization group (DMRG) to investigate the sta-
bility of the steady-state SPT phase. We use the trick
of “operator-state mapping” from Sec. 2.5, namely,
vectorizing the density matrix and the Lindbladian,
resulting in a non-Hermitian matrix which is used as
an input into DMRG in the ITensor library [65]. We
discuss the details behind the DMRG implementation
in Section D. In this construction, we map density ma-
trices to pure states in the doubled Hilbert space (with
the ket space denoted by L and the bra space denoted
by R) by the mapping in Eq. (17). The Lindbladian
superoperator with a Hamiltonian H and jump oper-
ators L; becomes

L=iloH —iH®1

1 1 T
+ Z:Li ®Li—5LiLie1-318 (LjLi)
(32)

Recall that in the (pure) cluster state scenario,
we can use Ucz to map the state and its parent
Hamiltonian from the nontrivial SPT state |¥¢) to
the trivial SPT state |[+)®V. Tt is then natural
to study the phase diagram interpolating between

ICode to generate most of the results of this paper can be
found at https://doi.org/10.5281 /zenodo.17451966
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the nontrivial-SPT Hamiltonian and the trivial-SPT
Hamiltonian [48, 49].

Motivated by the above consideration, here we also
study the steady-state phase of the perturbed Lind-
bladian for A € [0, 1]:

Ly=(1-)NLe+ N, (33)
interpolating between the nontrivial SPT Lindbladian
Le [see Eq. (22)] and the trivial-SPT Lindbladian L
[see Eq. (27)]. We study the steady state of the inter-
polating Lindbladian £ using DMRG and calculate
various steady state properties, namely the steady-
state degeneracy, string order parameters and two
other correlators that diagnose strong-to-weak spon-
taneous symmetry breaking. If there were only one
phase transition between the trivial and non-trivial
SPT phases, we would expect this transition to take
place at the self-dual point A = 1/2. However, as
we will show, the instability to SW-SSB leads to a
different situation.

4.1 Mixed-state SPT order

To examine the nontrivial mixed-state SPT order, we
calculate the Rényi 1 and Rényi-2 strong-string order
parameters, Inm [Eq. (15)] and C’H wm 1EQ- (19)],
as well as the Rényi-2 weak-string order parame-
ter, Ol [Eq. (20)], for the steady state px of
L. Recall that, under conjugation by the CZ cir-
cuit, X; — Z;,_1X;Z;11 and the string operators
map as S5+ S5 and SV — SV . We refer to
(C’I nm,C'H nm,C’IVIVnm) as the nontrivial string order
it m: O,

Inm) as the trivial

parameters and (CI i
string order parameters.

Upon conjugation by Ucyz, £ — L1_. Thus the
steady states of £y and L£;_) are related by conju-
gation with Ucy, or Uczp,\UéZ = p1_». Hence, cal-
culating the nontrivial string order parameters in the
steady states of £ for all A € [0, 1] allows us to readily
obtain the trivial string order parameters.

For A\ = 0, the steady state in the (Sket, Sbra, w) =
(+1,41,+1) sector is pc, which is a nontrivial SPT
state having (C,,.,C{i 1, Clt ) = (1,1,1) and
(OI nm? C(II nm? C(H nm) - (07 07 O) for any ‘Tl - m| 2 2.
On the other hand for A = 1, the steady state in
the same symmetry sector is ¢ [see Eq. (26)], and
its nontrivial string order parameters are (0,0,0) and
its trivial string order parameters are (1,1,1). Recall
that a single string order parameter does not deter-
mine if the state is in the nontrivial SPT phase or
the trivial phase, rather it is the pattern of the string
order parameters that determines the phase [40, 59].

If the nontrivial mixed-state SPT order is stable
at A = 0, then we expect that after adding a small
perturbation £, the nontrivial string order parameters
will continue to remain nonzero while the trivial string
order parameters will continue to remain zero in the
limit of long string lengths. In Figs. 3a and 3b, we

I,nm>

show the nontrivial string order parameters evaluated
in the steady state in the syet = Spra = w = +1 sector
for a system of 2N = 400 qubits for various values
of \. In Figs. 3a and 3b, we plot the two strong
nontrivial string order parameters C’fn and C’I

I,nm
for n = 181 and m € {183,185,...,239}, which are
chosen to minimize the boundary effects. We find

that, for all A other than A = 0 and A = 1, the strong-
string order parameters Cf ~ and C’H nm both decay
exponentially in the string 1ength |n— m| [see Figs. 3a
and 3b]. For 0 < A < 1, the trivial strong-string
order parameters C’ " m and s nm also decay to zero
exponentially, which can be inferred from the Ucy
conjugation.

On the other hand, we find that the nontrivial
and trivial weak-string order parameters C}y, =~ and

C’H »m are independent of the string length and de-
pend only on A as shown in the inset of Fig. 3c.
The result is calculated with n = 182 and vary-
ing m € {184,186,...,202}, and we also plot
CIVI‘fnm as a function of A in Fig. 3c. We see
that CIVK nm Temains nonzero for all 0 < A < 1.
To summarize, the pattern of string order parame-
ters is (Cms Cii i Clinm) = (0,0, nonzero) and
(C’I nm,C’H nm,C’H W) = (0,0,nonzero) for 0 < A <
1. This matches with the patterns of zeros neither for
the nontrivial SPT order nor for the trivial SPT or-
der (see Table 3). This is the first indication that the
steady state py at any 0 < A < 1 cannot be classified
according to the mixed-state SPT state classification,
suggesting that the state p) is neither a nontrivial nor
a trivial mixed-state SPT state.

Examining the steady-state degeneracy using
DMRG, we find that there is an eight-fold degeneracy
for all A\, where each symmetry sector Sket, Shra, W €
{#+1, -1} hosts one steady state. In the Hamilto-
nian case, the ground state degeneracy is robust to
small symmetric perturbations. However, in the case
of steady states of Lindbladians, we find that adding
a symmetric perturbation with a single jump opera-
tor Xson, which acts only on the rightmost qubit, re-
duces the degeneracy to four. Adding another jump
operator X; further reduces the steady state degen-
eracy from four to two. From Section 3.1, we know
that a steady state degeneracy of two is guaranteed
by the strong symmetry Z3, and indeed, the remain-
ing two steady states reside in the symmetry sectors
(Skets Sbra, w) = (+1,41,41) and (—1,—1,+1), re-
spectively.

I,nm

4.2  Strong-to-weak SSB

We have seen that the strong-string order parameters
all decay exponentially to zero for any 0 < A < 1,
while the weak-string order parameter is nonzero for
0 < XA < 1. This suggests that the steady state py
(or |pa)) is not short-range entangled. Furthermore,
the trivial strong-string order parameter C’fnm can
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Figure 3: (a) Rényi-1 strong-string correlator Cl‘?nm as a function of the length of the string. C’fnm decays exponentially with
|m — n| for any A > 0. The curve for A\ = 1 is not visible within the limits of the plots because C{,,, = 0. (b) Log of the
Rényi-2 strong-string correlator C’,‘Enm as a function of the length of the string. C,‘Enm decays exponentially with |m —n|. The
curve for A = 1 is not visible within the limits of the plots because C,“ﬁnm = 0. (¢) Rényi-2 weak-string correlator C,Yf/nm as a
function of the length of the string. C,‘,/Ynm remains nonzero for all 0 < A\ < 1.

also be interpreted as a “disorder” order parameter
for the strong symmetry Z5, whose exponential de-
cay with |n — m| indicates the strong symmetry is
spontaneously broken.

In the following, we present evidence for the strong
to weak spontaneous symmetry breaking (SSB) of Z5
[27, 41, 42] when 0 < A < 1. We use the following con-
nected correlators to probe strong-to-weak SSB (SW-
SSB). For n and m even, the connected correlators
are

Al = ZnZm) = {Zn)(Zm) (34)

Attnm = (ZnZm @ 1) = (Zn @ 1) {(Zm ® 1)) , (35)

BII,nm = <<Zan ®Zan>> - <<Zn ®Zn>> <<Zm ®Z7&1>> )7

36
where (M) = Tr[pM] for a density matrix normal-
ized as Tr[p] = 1, ((---)) is defined in Eq. (18), and
the first (second) factor of the tensor product acts
on the ket (bra) Hilbert space. For convenience, we
provide a summary of these correlators and the string
order parameters introduced in Section 2.5 in Table 2.
Their values in the various phases studied in this work
are given in Table 3.

To see how these correlators probe strong-to-weak
SSB, recall that the strong symmetry Z5 = Z5™ x
75t = 75 x 78 is in fact two Zy symmetries with the
symmetry generator S operating on the bra or the ket
side independently. In the vectorized |p) perspective
(namely, doubled Hilbert space), it is generated by
S;,®1g and 1 ® Sg. The possible symmetry break-
ing patterns are Z*g — Z1 (broken down to the triv-
ial group) or Z5 — Z¥ . where Z¥ = {I,5(-)St} =
{I,S;, ® Sg} (namely, broken down to a weak sym-
metry).

We therefore see that the above correlators have
the following physical meaning. Since the superoper-
ator Z,(-)1 is charged under (namely, anti-commutes
with) S(-)1 and S(-)ST, we see that Aj,m, is used
to detect Z5 — 7Z; and the corresponding long-range
correlation in p. Similarly, Z,, ® 1i anti-commutes
with S; ® 1 and S, ® Sg, s0 Ar1,nm is used to detect

75 — 7, and the corresponding long-range correla-
tion in |p), namely, a long-range correlation quadratic
in p. On the other hand, Z, ® Z,, anti-commutes with
S ®1p (and 1, ®Sgk) but commutes with S;®Sg, so
Bi1,nm is used to detect Zg — Z‘Q/V (but cannot detect
if ZY is further broken) and the corresponding long-
range correlation in |p). These patterns of zeros are
summarized in Table 3. We note that, in Ref. [41], a
fidelity correlator has been proposed as another more
robust diagnostic for the strong-to-weak SSB.

0.75 i
0.50 - —o—0.0 —o—01 2 0.5 —%—0.9 —+—10 E
o 0.03 0.3 0.7 ——0.97
g 10 pr g
m’—‘ g 0 5 i SO0 00— :
0.25 L / m— ’ oo 0 o 0o o 0 o o 4
/ 0.0 bLesoro 0 0.0, 0,0 0
¢ 5 10 15 20 "
/ [m — n| \
0.00 b4 j . . . LE
0.0 0.2 0.4 0.6 0.8 10
A

Figure 4: Connected correlator Bji ., for the Lindbladian
that interpolates between the parent Lindbladian L¢ and its
CZ dual, L¢ shown in Eq. (33). We find that this correlator
is nonzero for 0 < A < 1. This, taken together with A ., =
Ajl.nm = 0, indicates that the strong symmetry on the even
sites is broken to the weak symmetry. In the inset, we show
Bii,nm as a function of |m — n| for various values of A. We
find that Biinm is independent of |m — n|, but depends on
A, as shown in the main figure.

We calculated the correlators Ap,m, Airnm, and
Brinm of the steady state py in the skt = Spra =
w = 41 symmetry sector for a system size 2N = 400
for various perturbation strengths A, fixing n = 190
and varying m € {192,194,...,210}. We find that
Atnm = Allnm = 0 (not shown in the figures), while
Bil nm is a nonzero constant, independent of |m — n|
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for all 0 < A < 1. In Fig. 4, we plot Biipnm as a
function of A\. Bir pm is symmetric about A = 1/2 as
expected since the operator Z,, 7, is invariant under
Ucz conjugation while py maps to pi—x. Arpm =0
and A nm = 0 imply that the weak symmetry on
the even sites ZY (which is a subgroup of the strong
symmetry on even sites Z3) is not broken. On the
other hand, By nm # 0 for 0 < A < 1 implies that the
strong symmetry on even sites is broken. Taken these
two facts together, we conclude that the £ perturba-
tion leads to a strong-to-weak SSB Z5 — Z on the
even sites.

We also study a more general parametrization of
the Lindbladians given by

Lo A A2) = > (1= Me)Li+ MLy, (37)

ke{0,1,2}

where L) is composed of the jump operators Ly ;
[see Eq. (22)], and Ly is composed of the jump op-
erators Ly ; [see Eq. (27)]. Note that £y = L£(\,\, ).
We calculate the steady state of L(Ag, A1 = Ao, A2) for
Aos A2 € [0,1] in the Skt = Shra = w = 1 symmetry
sector, obtaining the six string order parameters and
the three connected correlators that probe SW-SSB
in the steady states. This gives us the phase dia-
gram shown in Fig. 5. We find that the steady state
of L(Xo, A, 0) is in the nontrivial SPT phase for all
Ao € [0,1). We discuss this in more detail in the next
section (Section 4.3).

In addition to the L£¢ perturbation, we have
also considered a Hamiltonian perturbation with the
Hamiltonian proportional to Zz Z9;Z2i+2 and Lind-
bladian perturbations with jump operators Zs; Zo;42,
Xaigr, and |=) (+]y, @ [=) (+Hlyprp In all of these
cases, we find that both Cfnm and C’ISLnm decay ex-
ponentially to zero, CIVK nm 1S @ nonzero constant in-
dependent of |m — n|, Arpm = 0, Airnm = 0, and
Bir,nm approaches a nonzero constant as |n —m| is
increased. We show these plots in Section E (Figs. 12
and 13). This suggests that SW-SSB of the strong
symmetry Z5 on the even sites is a generic instability
of the steady-state mixed-state SPT under our con-
sideration.

We remark that, because of this strong-to-weak
SSB, the steady state in the +1 eigenvalue sector of
S is not an injective matrix-product state. Thus the
procedure to extract the projective representation de-
scribed in Ref. [59] is not applicable.

4.3 Stability against weak-string-order defects

We have seen that adding L¢ results in the destruc-
tion of the nontrivial SPT order. The instability of
the SPT order as a steady state might be expected for
the following reason. Recall that, in the dual picture,
we can understand the establishment of the strong-
string order by the reaction-diffusion process. That

Nontrivial
SPT

O N =1
(0,0) (1,0)

Figure 5: Phase diagram of the steady state of the Lind-
bladian £(Xo, A1, A2) given in Eq. (37). The nontrivial SPT
order is stable against weak-string defects, introduced by the
perturbation Lo. However, introducing any strong-string de-
fects such as L leads to strong-to-weak SSB. Note the brown
dashed line is the interpolated Lindbladian £y in Eq. (33).

is, it would take Q(N?) time to annihilate the strong-
string order defects (namely, the local configurations
of Z;_1X;Zj11 = —1 for even j). Therefore, we ex-
pect that, if there is a term in the Lindbladian ef-
fectively introducing the strong-string order defects
at a constant rate, then the strong-string order in the
steady-state will be destroyed. Indeed, we see that the
jump operator Lo; [defined in Eq. (27)] effectively in-
troduces the strong-string order defects. We note that
a recent work [18] proposed to alleviate the above in-
stability by heralding the strong-string defects. How-
ever, the unexpected and surprising result of our work
is that the destruction of the nontrivial SPT order
leads to strong-to-weak symmetry breaking, instead
of going to a trivial mixed-state SPT phase.

On the other hand, we ask if the steady-state
mixed-state SPT order can be stable against weak-
string-order defects. To answer this question, we ex-
amine the Lindbladian £(Ag, A1, A2) in Eq. (37) with
the parameters on the purple line of Fig. 5. This can
be parameterized as L£(Ag, \g,0) for Ag € [0, 1], cor-
responding to the perturbations consisting of jump
operators f)oyj on even j and f/l,j on odd j, with an
equal perturbation strength \g = A\;. For Ay = 0,
the steady state is pe¢ given in Eq. (3). The jump
operators f/o’j with j € even and I~/1’j with 7 € odd
introduce domain wall defects on the odd sites, so we
expect that the strong-string order parameters C’fnm
and Cf

1nm Will remain unity in the perturbed steady

states, and the weak-string order parameter CIVK nm
will change. As shown in Fig. 6, C’IVI‘T nm T€Mains a
nonzero constant for all values of \g € [0, 1], where
the calculation is done for a system of 2N = 400
qubits with the steady state of L(XAg, Ag,0) in the
Sket = Sbra = w = +1 symmetry sector. We fix
n = 182 and vary m € {184,186,...,202}, finding
that CJy,,,,, is independent of |m—n| for all Ag € [0, 1].

Inm
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Diagnoses

Symbol Defined In
Ar/itnm | Egs. (34) and (35
Bit,nm Eq. (36)
CIS/Ian Egs. (15) and (19
I"I‘fnm Eq. (20)

)

)

75 x 7Y — 7, x 7Y SSB
75 x 7Y — 7Y x 7Y SSB
Mixed-state SPT
Mixed-state SPT

Table 2: Summary of the various correlators and the orders they detect. The subscript 1/1l indicates whether the correlator
uses quantities that are linear or quadratic in the density matrix, where applicable.

Phase Ay Ay Bn | CF cf o Cf Ci oy

Z5 x ZY¥ trivialSPT | 0 0 0 | 0O 0 0 + + +
75 x 7Y SPT o o0 o |+ + + 0 0 0
ZY x 7Y SSB o 0 + ][0 0 + 0 0 +
Zy x ZY SSB + 4+ +]0 0 + 0 0 +

Table 3: Summary of the Z5 x ZY -symmetric phases discussed in this paper, along with the values of the correlators in each
of the phases. The “+" sign indicates that the correlator saturates to a nonzero value in a given phase, while the 0" indicates
that the correlator is zero. The correlators to the left of the dividing line are connected correlators which diagnose SSB, while
the correlators to the right of the line are string order parameters which together form the “pattern of zeros” diagnosing SPT

order.
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Figure 6: The weak-string order parameter C,Yf/nm for the
steady state of Lindbladian £(Xo, Ao, 0) [Eq. (37)]. While
not shown in the figure, the strong-string order parameters
C,“?nm = C,inm = 1. Therefore the steady state exhibits
nontrivial mixed-state SPT.

For Ay € [0,1), we also calculate the nontriv-
ial strong-string order parameters C’fnm and Cﬁ’nm,
finding that they are one for all Ag € [0,1) and for all
string lengths as expected. The trivial strong-string

correlators Cfnm and éislnm decay exponentially to

zero while C'I"Ivnm =0 for all |m — n| and Xy € [0, 1).
This pattern of string order parameters matches with
the nontrivial mixed-state SPT as summarized in Ta-
ble 3. We also find that A; nm = At1,nm = Bitnm =0,
indicating that there is no SSB. Thus we find that the
mixed-state SPT is stable to perturbations which in-
troduce only weak-string defects.

We comment that £(Ao, Ao,0) with Ag = 1 is a

pathological point, since the steady-state degeneracy
is exponential is N. We left such pathological cases
as undefined, labeled with open circles in the phase
diagram Fig. 5.

4.4 Exactly solvable perturbations

As discussed in Section 3.3, the dynamics generated
by the unperturbed Lindbladian L¢ in the CZ dual
picture [c.f. Eq. (27)] can be decomposed into popula-
tion dynamics (namely, the diagonal part of the den-
sity matrix in the Xs; eigenbasis) on the even sites,
the effect of which can be mapped to a non-Hermitian
free fermion Hamiltonian, as well as dephasing on all
the odd sites. This motivates the possibility of con-
sidering the perturbations which are exactly solvable
via such a free fermion mapping, potentially further-
ing our understanding of the instability of the steady-
state mixed-state SPT toward the SW-SSB.

As we now show, the free fermion mapping also
works for a large class of dissipative perturbations
to Le, which can be solved exactly and analytically
under periodic boundary conditions. Here, we dis-
cuss the manifestation of the SW-SSB, making use
of the free fermion analytical solution of the per-
turbed Lindbladian in those cases. More specifically,
we show that, for all perturbing dissipators that can
be mapped to a free fermion model via the prescrip-
tion described in Section 3.3, the steady state either
stays invariant under the perturbation or leads to a
SW-SSB.

Before discussing the mapping of perturbative dis-
sipators to free fermion models, we first note that
there exist a large group of dissipators that preserve
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the strong symmetry and do not affect the steady
state of Lo. More concretely, from the steady state
in Eq. (26), we see that any perturbative dissipator
whose jump operator Ly 2; only involves a product
of Xy, on the even sites would not change the steady
state. We can write such perturbed Lindbladian ex-
plicitly as £, = L¢ + ’yX7{nL].}D[I~/X’{n“}]7 with the
jump operators EX’{WJ} given by

EXv{nl,j} = HX;;Jv (38)
14

where ng ; are parameters characterizing the pertur-
bation that take values ng; = 0 or 1. The jump
operator I~/2’j = X, in Eq. (27) provides an exam-
ple, although there are many more. Furthermore, it
is also straightforward to show that, if the jump op-
erator of the perturbation can be written as f);- =
HLX;“ + M; for any operator M;, then the actions
of Lpert,; and M; within the population sector (with
respect to the X, eigenbasis) are fully equivalent. We
thus focus on jump operators that explicitly involve
other Pauli operators.

We now consider possible dissipative perturbations
that can be mapped to a free fermion non-Hermitian
Hamiltonian under the correspondence p — |p) :=
Y o P(o)]o) in Section 3.3. In this case, it is straight-
forward to see that the jump operator can involve at
most two spin operators acting on nearest neighbors.
One can thus use this constraint along with the sym-
metry requirement to show that any jump operator
that could be mapped to a free fermion Hamiltonian
[after performing the Jordan-Wigner transformation
in the space spanned by |p)] should take the following
form:

Lypert,2j = (Z2j + @;Y25)(Z2j42 + BjY2j42),  (39)
which ensures that Lper2; pi;r)ermj corresponds
to a quadratic fermion Hamiltonian in the |p)
space. Moreover, we require the remaining term
of the dissipator %{L;ert72ijert72j, p} to also map
to a free fermion Hamiltonian, which means that
Ll vt oy Lpert,25 = (1+ o +Tm a; Xa5) (1 + |87 +
Im f3;X2;42) cannot involve a nontrivial contribution
from X5;X2;42. We thus prove that any perturbation
dissipator that can be mapped to free fermion dynam-
ics should have a jump operator of the following form:

Lpert,2j =Z2jZ2j42(1 + a; X25)
or ZojZaja(l + B Xaj42), (40)

where a; or 8; are arbitrary complex coefficients.

As shown in Section G, the effect of perturbation
generated by Eq. (40) on the steady state can always
be rewritten as a rescaling of the unperturbed Lind-
bladian as well as a simpler perturbation EZZij =
Zj—_2Z5;. Note that, for perturbations with the spe-
cific jump operators -Z/ZZ,2j = Zyj_2Z>;, the dual CZ

circuit does not change the form of the jump operator,
so that we have

~Ic =Le+ ’YZZ,2jD[I~’ZZ,2j]
Lo = Le + 222§D Zaj-2725], (41)

where the unperturbed Lindbladian L without the
dual CZ circuit is given by Eq. (22). As such, it
suffices to only consider the perturbation Lzz2; =
Zyj_2Z5; and its effect on the steady-state mixed-
state SPT order. Intriguingly, as far as the strong-
symmetry string order correlators are concerned, the
effect of this perturbation (in the original frame with-
out the CZ circuit) is equivalent to adding a pertur-
bation with the jump operator replaced by L ;1 =
Zgj,QXijlzgj [see Eq. (23)]

When the aforementioned perturbation preserves
translational invariance, i.e. when vyzz2; = vzz, we
can solve the free fermion non-Hermitian Hamiltonian
analytically. The perturbed Lindbladian can be writ-
ten as

Ly =Le+v22D[Lzz0;]. (42)

In this case, we can explicitly compute the Rényi-2
strong-string order parameter CISan, as well as the
connected correlator By in the perturbed state as

1 )Imnl @)

Cllnm = (Som ® 1)), = (1-5-2722

1

Biim =1 (427227 (44)
We thus see that any free-fermion-type perturbation
of the form given in Eq. (40) will lead to an exponen-
tially decaying strong-string order parameter, as well
as a finite connected correlator, signaling a strong-to-
weak SSB in the perturbed Lindbladian steady state.
We conjecture that strong-to-weak SSB is a generic
feature of Lindbladian steady states under weak local
perturbations (that have a nontrivial impact on the
steady state).

We would like to point out that the exactly solv-
able mapping only applies to certain types of pertur-
bations. For a more general type of perturbations, we
refer to Appendix H, where we discuss generic pertur-
bation theory which can capture the physics at small
perturbation strengths.

5 Clifford circuit realization

So far, we have discussed the steady states of a
dynamical open system modeled by a Lindbladian.
While there are numerous methods to simulate Lind-
bladian dynamics on a quantum computer or a quan-
tum simulator [66-68], here we propose to replicate
the essential physics via a local quantum channel in-
stead of trying to simulate the Lindbladian. Fur-
thermore, we construct a quantum channel that can
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be realized using Clifford gates, Pauli measurements,
and feedback, allowing us to simulate the quantum
dynamics efficiently on a classical computer. It is
straightforward to add operations such that the dy-
namics is no longer efficiently simulable on a classi-
cal computer. We note that all Clifford simulations
performed in this work were done using the Python
package stim [69].

Recall that the parent Lindbladian L consists of
the jump operators that stabilize the domain-wall
configurations (Lo 2;), decohere them (L; 2;_1), and
make their probabilities uniform (L2 2;—1). These ac-
tions can be realized by the quantum channel that we
now describe.

To stabilize the domain-wall configuration, we use
the following measurements and feedback. If j is even,
we measure Z;_1X;Z;1; if the measurement out-
come is —1, we apply the unitary X;, ;. This can
be written as a quantum channel with the following
Kraus representation:

E2j(p) = > KpunjpK] 5, (45)
pn==

Where K+ 2 = (]1 + ZQJ 1X2]Z2]+1) K_,Qj =
X2j+1(]]. ZQJ 1X2_7Z2]+1) and VRS {1 2,..., N}
The action of L; 251 and Ly 21 can be mimicked
by the following action. If j is odd, we measure Z;
and then apply the unitary Z;_1.X;Z; 1 regardless of
the measurement outcome, resultlng in the quantum
channel with a Kraus representation

E2j-1(p) = Z Ku,ijlpKZQj—l ’ (46)
p==%

where Ki,Qj—l = Zgj_ngj_1Z2j%(]]. + Z2j_1) for
j € {1,2,...,N}. Note that this channel can also
be realized by the following action without a mea-
surement, where we apply the unitary Zo;_2Xa;_125;
or Zsj_2Y2;_1Z2; with an equal probability when
je{l,2,...,N}.

With the above building blocks, we consider the
following channel:

N
Z 52] 1+82] ) (47)

J:1

and we consider the steady states of £¢ (i.e. £ applied
t times) when the number of steps ¢ — co. Note that
& has the desired Z5 x ZY symmetry. The channel &
can be realized by the following procedure. For each
step, pick a site j from 1,2,...,2N with an equal
probability and implement the aforementioned proto-
col corresponding to £; depending on j being even or
odd. &? corresponds to repeating the above procedure
t times, which is also the unit of the time step we use.

5.1 Mixing time

The first quantity we examine is the mixing time
of the (unperturbed) quantum channel €. As one
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Figure 7: (a) Growth of the string correlator C,”?nm as a

function of the time step ¢ for string length |m — n| = 28.
The initial state is |[+)®*" while the state approaches pc
as t — oo. Legend indicates the total system sizes 2N.
(b) A log-log plot of the proxy for the mixing time (time
taken for C’fnm to grow to i = 0.95 starting from the initial
state [+)®™) as a function of the number of qubits 2N for
various string lengths. The legend indicates the length of
the string |m — n|, and the black dashed line has a slope of
two described by time o« N2. We see that the curves for all
the shown string lengths approach a line parallel to the black
dashed line asymptotically.

can easily verify, pc is a steady state of £/=°° in the
(Sbras Sket, w) = (+1,+1,4+1) sector, whose strong-
string order parameter satisfies C}’ "nm = 1. The mix-
ing time is defined as the supremum, over all initial
states, of the time required for the system to approach
the/a steady state within a specified accuracy. Deter-
mining the supremum over all initial states is compu-
tationally difficult to do. Since the parent Lindbla-
dian maps to a “reaction-diffusion” process (see Sec-
tion 3.3) whose mixing time is proportional to N2, we
expect the same scaling for the mixing time for the
channel defined here. Since the mixing time reflects
how fast the system equilibrates, we instead use the
following proxy for mixing time. We start with an ini-
tial pure state |1y) = ®2N |[+), in which CF,,, = 0.

The repeated application of the channel € grows C}’ m
from 0 to 1. For a given threshold 7 that is close to 1,
we define the proxy mixing time to be the time (num—
ber of steps) that it takes for Cf, = to grow from 0 to
7. Note that the true mixing time does not depend on
an observable, however the proxy for the mixing time
here depends on the observable, which in our case is
C’fnm. Picking n = 0.95, in Fig. 7a, we plot Cfnm
as a function of time for system sizes ranging from
2N = 60 to 2N = 330 and for the end points of the
string being at n = 2[5 ] — 21 and m = 2[5 | + 7,
so [m —n| = 28. In Fig. 7b, we plot the mixing
time as a function of system size for various string
lengths. We fix n = 2|5 ] — 21 and vary m to ob-
tain strings of different lengths. For each system size
and string length, we average over 5000 samples and
consider open boundary conditions. We find that the
mixing time is approximately ~ N2 asymptotically,
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which can be understood by thinking of the distance
between the defects effectively undergoing a random
walk in 1d. Namely, each local channel element has a
probability to pick a defect and move it to the right
along the chain. For a pair of defects, the distance
between them shrinks or grows depending on which
defect is picked to move to the right. To approach
the steady state pc, the defects need to pair up and
annihilate, where the defects can be separated by a
distance of order N at late times. Because the stan-
dard deviation of the distance of a random walk scales
as the square root of time, we expect it to take time
~ N? to annihilate all defects on average. The ~ N2
mixing time indeed is one of the features of the parent
Lindbladian we discussed in Section 3.3, despite the
fact that the Lindbladian and the quantum channel
with open boundary conditions are gapped.

5.2 Steady state of perturbed quantum chan-
nels

Recall that we studied the steady-state properties of
the interpolated Lindbladian £, = (1—)\)£c+/\£~c for
X € [0,1], where L¢ is the parent Lindbladian of the
trivial SPT state p¢ obtained via the Ugy conjugation.
Here we also consider a similar interpolation achieved
by the following channel:

Ex=1-NE+ A, (48)

where € is the quantum channel of £ conjugated by
Ucz. Since Uchchz = Zj_lXij and UCZ com-
mutes with Z;, we can infer the actions of & in &
and the implementation protocol accordingly. More
specifically, the quantum channel £, corresponds ap-
plying € or € with a probability (I —2X) and A, re-
spectively, at each step. If we need to apply &, then
we just need to follow the procedure outlined for &
but replacing all Z;_, X;Z; by X; and vice versa. We
again are interested in the steady state of (€,)" when
t — oo, which can again be efficiently simulated on a
classical computer using Clifford simulation.

We examine various correlators of the steady state
of the perturbed channel £, to determine its phase.
First, we examine its Z35 x ZY mixed-state SPT or-
der via the string order parameters. We plot Cfnm
in Fig. 8 for a system of 2V = 100 qubits with open
boundary conditions for n = 11 and various m, where
the data is obtained by averaging over 9900 samples
for each string length and each . Here each sam-
ple is calculated by averaging the value of Cfnm in
the stabilizer state for 2.4 x 10° time steps after the
steady state has been reached. We find that the string
correlator Cfs:nm decays exponentially with the string
length for \ # 0, indicating that the steady state does
not possess nontrivial mixed-state SPT order. This is
again similar to the interpolated Lindbladian we stud-
ied in Section 4.

100 §

|m — n|

Figure 8: The string correlator C)nm as a function of |m —
n| for a closed chain of 100 qubits. The legend shows the
values of A\. For 0 < A < 1, its exponential decay to zero
indicates that the steady state does not have the mixed-state
SPT order. The error bars indicate the standard error in the
string correlator in our numerics. The large error bars around
Cfnm < 107* are due to the finite number of samples used
in our Clifford simulation.
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Figure 9: The Réyni-2 correlator By nm of the steady states
of £ for various A and system size 2N = 14. The legend
indicates the perturbation strength A\. The nonzero value of
Bil,nm, together with A ,;, = Aji,nm = 0, indicates that the
steady state exhibits SW-SSB. Note that the error bars of the
data are within the size of the symbols, and the A = 1.0 data
points are on top of the A = 0.0 data points.

As discussed previously, we expect that the destruc-
tion of the Z5 x Z mixed-state SPT order comes
from the strong symmetry Z5 being spontaneously
broken. While not shown in the figures, we confirm
this by calculating the Ag yy, correlator, finding that
it is exactly zero for all A.

To see if the strong symmetry is broken down to the
weak symmetry, we need to calculate the By, cor-
relator. To this end, we need to calculate the purity
Tr(p?) for the denominator and Tr(pZ, Zy pZn Zy,) for
the numerator. Since the Clifford simulation gener-
ates p = >, pi|Y) (1| by sampling a stabilizer state
|1h;) with probability p;, we can calculate the purity as
Tr(p®) = 32, ; pipi[(Wilv;)[? by averaging |(vi[;)[*
over realizations of two-copies of p. Likewise, quan-
tities like Tr(pApB) = Y, pip; (il Aliy) (5| Blai)
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can be calculated by averaging (i;|A|y;)(¢;|B|v;)
over realizations of two copies of p. The quantities
[ (i lth)[2 and (15 AJus;) (8| Blais) can e calculated
efficiently if |¢;) is a stabilizer state and A, B are
Pauli operators. This is shown in Section I, and we
outline the algorithm in Algorithm 1.

However, notice that, for the decohered cluster
state pc, the purity is Tr(p?) = 27V, This indicates
that, in order to obtain a fixed multiplicative accu-
racy for the purity, one needs the number of samples
to grow exponentially with N. We expect this would
also generally be the case for quantities like Tr(pApB)
and for steady states at nonzero A. Therefore, we only
compute Bip py for small sizes 2.

Fig. 9 shows a plot of the B correlator for a
closed chain of 14 qubits. For each A and value of
|m — n| in the plot, we average over between 2 x 10°
and 10° samples. We find that Br1,nm is nonzero for
0 < A < 1. While not shown in the figures, we also
calculate A1,y and find that A p, = 0 exactly.
This indicates that the steady state py for 0 < A < 1
indeed has SW-SSB.

5.3 Decay time

We have seen in Section 5.1 that the time scale for a
trivial state to reach the nontrivial mixed-state SPT
state pe scales as ~ N2 in system size. It is there-
fore interesting to examine the time scale for p¢ to
reach the SW-SSB steady state under the perturbed
quantum channel, and we characterize this “decay
time” via the string order parameter C’fnm. As shown
in Fig. 10a, Cfnm starts at one in p¢ and decays ex-
ponentially with time ¢. The exponential-decay form
allows us to extract the decay time scale by a linear fit
of In Cfnm. In Fig. 10b, we plot this decay time for a
string of length |m—n| = 38 and A = 0.1 as a function
of system size. Intriguingly, we numerically observe
that the decay time scales almost linearly in N. It
would be interesting to find a simple explanation for
this behavior.

5.4 Trajectory dynamics

The density matrix at each time step of the channel
can be understood as an average over various trajecto-
ries, corresponding to different probabilistic outcomes
up to that point in the channel’s history. Each of these
trajectories exhibits the reaction-diffusion dynamics
discussed in Section 3.3. In order to understand the
trajectories of the perturbed channel £y, we plot the
dynamics of defects on even sites. Specifically, we
simulate &), and at each time step we compute the
expectation value of X; for each even site i. When the
expectation value is —1 (denoting in black in Fig. 11),
we say that site ¢ has a defect. The dynamics are such
that defects are created and destroyed in pairs. We
also plot the defect density—the number of defects
divided by 2N—as a function of depth.

(a) 10° (b)  x103
2N
— 400 1.0
300 =
— 250 @0-8‘
g — 200 Z
931071 — 50| % 0.6
) — 120 =]
90 =
S 5041
v E A
0.2
10—2 r ‘nﬂ I I I I
3 4 100 200 300 400
t x10% 2N

Figure 10: (a) The destruction of the mixed-state SPT or-
der probed by Cfnm as a function of ¢ under the perturbed
channel £, with the initial state pc. We take A to be 0.1
and keep the string length fixed at |m —n| = 38. The legend
indicates the total system size 2/N. The exponential decay
of C,?nm enables us to extract the time scale via a linear fit
to In C,“?nm. (b) The extracted decay time for various system
sizes 2N. We observe that the decay time scales roughly
linearly in system size N.

As we see in the upper panel of Fig. 11, defects are
created in pairs and propagate probabilistically in a
single direction, namely toward the higher numbered
sites. Two defects can annihilate if they meet one an-
other, otherwise they continue to propagate. These
dynamics result in a nonzero average density of de-
fects at long times, as can be seen in the lower panel
of Fig. 11. The instability of the mixed-state SPT
order can be understood as this average density of
defects remaining finite for arbitrarily small values of
1 — A, which results in the destruction of the string
order.

6 Discussion

Focusing on the decohered cluster state, we examined
some of its characteristics as a mixed-state SPT or-
der, including the bulk-edge correspondence, nontriv-
ial string order, and the corresponding edge states via
the matrix-product density operators representation.
We then constructed a parent Lindbladian that hosts
the decohered cluster state as one of several steady
states. Through DMRG and mappings to exactly
solvable reaction-diffusion dynamics, we found that
the steady-state mixed-state SPT order is unstable to
arbitrary small symmetric perturbations, a stark dif-
ference from the pure state case. The instability is
characterized by the onset of strong-to-weak sponta-
neous symmetry breaking, which has no counterpart
in pure state physics. Based on the dual perspective
provided by Ucgyz conjugation, we were able to inter-
pret the destruction of SPT order as a consequence
of the proliferation of strong-string-order defects. On
the other hand, we found that SPT order is robust
against perturbations that generate only weak-string-
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Figure 11: We plot the dynamics of defects (top) and the
density of defects (bottom) for a single trajectory as a func-
tion of the depth of the channel £\ with A = 0.99 and with
periodic boundary conditions on 2N = 500 qubits. Black on
an even site 7 denotes an X; expectation value of —1.

order defects. We further designed a quantum chan-
nel that reproduces the key features of the interpo-
lated Lindbladian we studied. This channel can be
efficiently simulated using only Clifford gates, Pauli
measurements, and feedback. Using this method to
measure observables, we found qualitative agreement
with aforementioned results measured in the Lindbla-
dian framework via DMRG. In addition, the quantum
channel simulation confirms our expectation of the
mixing time scaling while also giving us an intriguing
decay time result.

Using the decohered cluster state as a test case, we
established the instability of the steady-state mixed-
state SPT phase in 1d and of its associated steady-
state degeneracy. In particular, the instability comes
about due to proliferation of point-like defect-pairs in
1d. These point-like defects must propagate a dis-
tance extensive in the system size to meet another
defect and annihilate with it. With a restriction to
local Lindbladians, or without the global information
of the defect locations, the best one can do to annihi-
late such defects is to make them wander randomly.
As pointed out in a recent work [18], one way to allevi-
ate this is by making the defect heralded. We expect
that the instability due to such point-like defect pro-
liferation is generic for mixed-state SPT order in 1d.

On the other hand, in 2d, the defects can be line-

like rather than point-like. In this case, defect loops
can annihilate by contracting to a point rather than

fusing with one another, the time-scale for which is
no longer extensive in system size. We therefore ex-
pect that higher dimensional generalizations of the de-
cohered cluster state—and perhaps steady-state SPT
order and the corresponding steady-state degeneracy
more generally—may be more stable to local symmet-
ric perturbations.

Another direction that warrants further study is the
generalization of the physics we discussed to bosonic
systems. For example, the spontaneous strong sym-
metry breaking down to nothing has been generalized
to bosonic open quantum systems, leading to a de-
generate steady-state manifold [13]. While we do not
expect that the SW-SSB would lead to additional de-
generacy other than the ones guaranteed by the strong
symmetry, it is still worth investigating if such a phe-
nomenon can be realized in a bosonic system, or even
by Gaussian states, which can be readily realized by
linear optics.

Our work provides a concrete example that helps
pave the way for classifying steady-state phases via
their parent Lindbladians [14] instead of the density
matrices themselves. One may have thought that
adding local symmetric perturbations to the parent
Lindbladian cannot lead to any instability. However,
we have provided a wide class of examples where this
is not the case. It therefore remains an open question
of how to construct all potential symmetric perturba-
tions under which the steady-state phases are guar-
anteed to be stable. Another natural extension of
our work is to investigate steady-state phases of other
types, including the cases of mixed-state phases of in-
trinsic topological orders or with symmetry enriched
intrinsic topological orders [33-35]. Another promis-
ing direction is to understand the mixed-state SPT
order or the transition to SW-SSB at the level of indi-
vidual quantum trajectories, and to examine whether
a particular choice of unraveling of the Lindbladian or
quantum channel provides an advantage towards this
understanding. For example, it was pointed out that
the presence of strong symmetry in the dynamics of
an open quantum system can lead to dissipative freez-
ing [70-73] on quantum trajectories. Examining how
this phenomenon interacts with the mixed-state SPT
and SW-SSB could provide us with a novel approach
to detect these phases.
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A A Lindbladian definition of mixed state phases

In this appendix, we show that p¢ is also a nontrivial SPT state according to the “fast-driving Lindbladian”
definitions of Refs. [8, 40], complementing the finite-depth quantum channel result obtained in Refs. [15, 16].
In Ref. [8], two mixed states are defined to be in the same phase if there are local Lindbladian evolutions which
can rapidly bring the two states close to each other. While Ref. [8] essentially implies that all the mixed states
are in the “trivial” phase in 1d if the symmetry of the Lindbladian evolution is weak, Ref. [40| demonstrates that
one can have nontrivial SPT states by requiring that the Lindbladian evolution respects the strong symmetry
of the system. Below, we review the definition of two states being in the same phase according to Refs. [8, 40].

Definition 1 (Fast Driving). Given two states pg and p1, we say that p; can be driven fast to pg if there exists
a geometrically local time-independent Lindbladian Ly such that

[e“%(po) = pu |, < poly(N)e ™

for some time t 2 polylog(N), where v = O(1) and the trace distance || X||; := TR[VXTX]. We denote it as

Lo
Po — pP1

Definition 2 (Lindbladian Phase of Matter). We say that py and p; are in the same phase if there exist
geometrically local symmetric time-independent Lindbladians Lo and Ly such that pg Lo, p1 and py £, 00-

Here, by a geometrically local Lindbladian, we refer to a Lindbladian that can be expressed as a sum of local
terms [8]:
L= Lx, |[Lxl,,~O01), swpllx]=X, [X|<k (49)
XeA

for some fixed constant k, where A denotes the lattice, and | X| refers to the diameter of the subset X. As noted
in Ref. [8], this definition may be generalized to quasi-local Lindbladians in certain contexts. The intuition
behind this definition is that, if one state can be reached by a log(V)-time evolution from another state, then
the long-range correlations in the two states must be similar. Furthermore, this rapid mixing condition implies
stability of local observables to local perturbations in the Lindbladian terms when away from the boundaries
of the phase [52, 53]. Moreover, it is a natural and physically motivated generalization of the Hamiltonian
definition of phases to open systems. Indeed, Ref. [8] demonstrates that this Lindbladian definition encompasses
that standard gapped-Hamiltonian phase of matter. Furthermore, it can be shown that it encompasses high-
temperature thermal phases using the Lindbladian of Refs. [74, 75], and this even applies to families of states
that are classically intractable to prepare [76, 77].

Compared to previous works using this definition [8, 53], we have removed the auxiliary system as it is not
required for this work. However, anything that satisfies this more restricted definition of phase must also satisfy
the definition of phase in Ref. [8]. We also note recent work in Ref. [78] where it has been shown that this
Lindbladian definition implies that two states are in the same phase if one can smoothly move between fixed
points without the “correlation length” for the mutual information diverging. Here by “correlation length”, we
mean the length scale over which the mutual information decays exponentially.

Here we demonstrate that the decohered cluster state pc cannot be in the trivial phase by the Coser and
Pérez-Garcia as per Defs. 1 and 2 if the Lindbladian respects a Z3 x Z¥ symmetry. To prove this, we first realize
that any state evolving under a local Lindbladian has an associated speed limit on the speed of information
propagation, known as the Lieb-Robinson velocity [55].

More formally, consider a local observable O 4, supported only on a region A. Let A(r) be an area of distance r
around A, and let £ 4(,y be the Lindbladian restricted to only terms that are in A(r). Assuming the Lindbladian
is a sum of local terms £ =}, L; and the strength of each local term is bounded as max; ||L;|| < J, we have

evtf/u‘

[e<"©a) = et 0)| < J0alIALI (50)

v
for constants v, p = O(1) from Ref. [52, Lemma 5.5] or Ref. [55]. In the case that the Lindbladian acts trivially
on parts of O4, we replace |A| on the right-hand side with the size of the region which £ acts nontrivially on
O4 ie. Ais now the set of sites where L;(04) # 0 Vi. Using this, we are able to prove the following theorem.
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Theorem 1. Under the Coser & Pérez-Garcia definition of phase of matter, as per Definitions 1 and 2, any
state p for which (Sg) = Tr(pS,) = Q(1) is not in the trivial phase, where

S, =0 (H U_,§i>> ® O, (51)

ieM
for |L — R| = Q(N), and M denotes the set of sites between L and R.

Proof. Note that, since the Lindbladian commutes with the strong symmetry [], Uél)7 the string part of the
order parameter remains invariant under the Lindbladian evolution because the bulk of the string is made of
symmetry operators Uél). The Lindbladian is therefore only acting nontrivially on the end parts of S;. Denote
L(r) and R(r) to be the regions within a distance r of the end points L, R, respectively. Applying Eq. (50) we
get

o5 (,) = i T (5, | = Oerta). 2

We note that, although S, acts over an O(N) area, due to the symmetry condition, it only acts nontrivially on
an O(1) area, hence |A| = O(1).

We now consider the expectation value of the string order parameter on any state in the trivial phase. By
the Coser & Pérez-Garcia definition of phase, we can write any state in the trivial phase as p = e**(py.iy) for an
appropriate Lindbladian, where py,y is a reference product state in the trivial phase and ¢ = O(log(N)). Now
consider

Tr [6£t(Ptriv)Sg] =Tr [ptrivecft(sg)}

(ch et )t (53)
<Tr |:ptriv6 L) TR (Sg)}JrO(e”t*‘”),

where we have applied Eq. (52) to reach the second line.

Since t = O(log(N)), we can choose a localized Lindbladian which contains the Lieb-Robinson light-cone by
choosing r = ¢|L — R| for ¢ < 1/2. Since we have assumed |L — R| = Q(N), we see that O(e?*=#") = O(e=#'N)
for some constant p’. Thus we can write

Tr [eL‘t (Ptriv)Sg] < Tr {ptrive(ﬁz(r)+£L(r>)t(sg):| + O(e—wN)
T T ’
=T [TrL(r) [ptriv}eﬁur> (Sg)TrLC(T) [ptriv]eLR(”t(Sg)} + 0(67H N)
T T ’
=Tr {TrL(T) [Periv]e“2) (Sg)} Tr [TrLc(T) [ptriv]eﬁR(r)t(Sg)} +0(e ).

To reach the second line, we have split the product state into a part supported on L(r) and its complement,
i t t t

and we have used that [,TL(T) and [,TR(T) have disjoint supports, hence eFLinTErm)t = eFLintefrm? . Since the

Lindbladian preserves the symmetry operator, we see that the endpoint operators have the same charge as in

the non-time-evolved case, hence we can write

t t
Tr [TFL(T) [Puiv]e v (Sg)] Tr [TrLC(w [Ptriv]eﬁm”t(sg)} =0
and thus
Tr [eﬁt<ptriv)8g] :O<6_M/N)'

The immediate consequence is that, for any state in the trivial phase, it cannot be the case that (S,) = Q(1)
as N increases.
O

B Fast destruction of strong-string order

In this appendix, we show the fast destruction of the strong-string order S, , = Z,, X541+ X;n—1Zy, for odd
n and m as defined in the main text in Eq. (16). The destruction of the strong-string order can be achieved by
a trace channel € = [[; 44 7; where T;(p) := Tr; [p]%. It is easy to check that £ indeed satisfies the Z5 x ZY
symmetry and is of depth one.
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Assume p is a nontrivial SPT state and denote o = E(p ) We would like to calculate (Spm)o = Tr[Sp.mo] =
Tr[ET(Sn.m)p]- Tt is easy to check that ’7;[(0) = Ty (O)—j, so we have £1(S,.m) = Spm/4 where S, is the
trivial string operator defined in Eq. (21) and the paragraph succeeding it. We therefore see that (Sp.m)s =
<§n7m> p/4 = 0, indicating that the strong-string order is being destroyed via a depth-one symmetric quantum
channel.

This result can also be generalized to the Lindbladian case. Consider the following trace Lindbladian: L7 :=
> jcoda(T; —1;). Note that

= T[T - (Ti-1)l = [] 0= )T +e1y)] =D e a—e )N (54)
A

j€odd jE€odd

where A denotes all the possible sets of j, |A| is the number of sites in the set A, and T is the trace channel on
the set A. Note that lim;_, ., e“*(p) = £(p) := 0. We have

e~ (p) — ol < Z( ) ~NEm L — e[ Ta ()

= 'Fl-e)YWN -V =1-1-e )N < Ne ' + O(N??) . (55)

Therefore, for a time t > alog N, [|e“!(p) — o|1 = O(N'~®). This implies that a nontrivial state p can be
driven fast to a trivial state o when o > 1. We therefore conclude that the mixed-state SPT order is hard to
build but easy to destroy.

C String order of p_

In this appendix, we will show that p_ has nontrivial string order under the same string order parameters as
pc- First recall that we may express p_ in the vectorized picture as

S I IL RN m

Next, observe that

A
—_—
. . K
kK’
even
where we have defined A = ¥=% mod N to be the distance between k and &’ within the even sublattice. Notice

2
that each term in the summand depends only on A due to translational invariance. Defining the tensor diagram

appearing in Eq. (57) to be Oa, we have

1
Tr[p,pi] - Nz Z Oa
kK’
N (58)
OAu
=0

N
A

where we have replaced the sum over k and k' with a sum over A and a multiplicity factor of N which accounts
for the different possible endpoints separated by A sites.

Accepted in {Yuantum 2025-10-20, click title to verify. Published under CC-BY 4.0. 26



Now, consider the numerator of the two-copy expectation value of the strong-string S2 -

... k/ e
1
TY[P—SmeU = N2 Z Z 4
kK’
even k m
K
1 (59)
- s(k)
== Z(—l) z z
N k,k' \’:@
even n k

1
= 37 2 (-1"W0s,

kK’
even

where we have defined s(k) to be 1 if n < k < m and 0 otherwise and used the fact that S5 pc = pc. This
sum is nearly the same as that appearing in Eq. (58), but some terms now appear with a minus sign. For a
particular choice of A, there will be |m — n| terms for which k lies between n and m and therefore for which

s(k) = 1. We can therefore write

N-1
1
Trlp-Spmpl] = 53 D (N = |m —n|) Oa — [m —n|Os
A0 (60)
N —2|m —n e
Combining Eq. (58) and Eq. (60), we find
N-1 N-1 -1
Trlp-p' ] D v S N Rt (61)
N —2|m —
= % —1las N — oo.

We can perform a similar calculation of the two-copy expectation value of the weak-string order parameter.

Consider
. o L
1
Tr[p_Sx[T/in_] =Nz Z X X X
k,k’ . .. o
X : (62)
=3z 2.0a
kK
even
=Trlp_p'],
so that
Trlp. SW ,t
rlp m?p_] _ (63)
Trlp-pl]

We can also calculate the expectation value of the 1-copy string order parameters. Again, using vectorized
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tensor network notation for the density matrix, we have

Ble=Sanl = k:even
keven

N Z s(k)

k even

N —2lm —
:%%I%N—M&

where we have once again defined s(k) to be 1if n < k < m and 0 otherwise and used the fact that S5, pc = pe.
Finally, we have

ﬂ[psm}zlk%ﬂ...m...M-»- VY

where we have again used the fact that SV pc = pc. We see that the density matrix p_ exhibits non-trivial
string order under the one- and two-copy string order parameters used to characterize the decohered cluster

state.

D Some details of DMRG

In this appendix, we provide some details behind how we obtain the steady states of the Lindbladians via
DMRG. First, we vectorize the density matrices by the following mapping:

o / /
pP= E psl,...,32N7S/1,..A7S/2N |515"'a32N> <515"'aS2N‘
8/1,8,2,...,3/21\/
81,85,.-,85 N
/ ! /
= E p31,...,82N,S/1,...,Sl2N |51351752a827'~~782N,52N>a (66)

81,82,...,82N
7 7 7
871,S0,-389

Note that we choose the s1, s, s2, 85, . . . , San, shy ordering of the qubits in the doubled Hilbert space as opposed
to s1,82,...,82N, 8%, S4, ..., shy ordering. This is done to preserve the locality of the vectorized Lindbladian L.
Using this mapping, we construct the vectorized Lindbladian L. and provide it as an input to the dmrg function
in ITensors with ishermitian = false argument. Setting this argument gives the eigenstate of the vectorized
Lindbladian that has the smallest real part of the eigenvalue. Since, for the steady state, we have Lp = 0, and
the eigenvalues of £ are nonnegative, the state obtained after DMRG has converged is one of the steady states.
To obtain the steady state in the syet = Spra = w = +1 sector, we project the output of DMRG into that sector
by calculating £ (1 + UK )((1 + UR) (1 + Usaa) |p), where

even even

Uset, = LIy Xoly IslyXely ... XonIons
Ubra =L11 I, Xy I3l3 14Xy ... IonXon: (67)

even

Uoda = X1 Xv/Iolor X3 X3 1yly ... Xon—1, XN,y IanTon -

To make sure that the output of DMRG, say |pout), is an eigenstate with a good enough numerical precision,
we also compute the variance of the vectorized Lindbladian L of the state |pout) as

<pout|LTL‘pout> - |<pout|]upout>‘2 s (68)

where (pout|pout) = 1. If |pout) is an eigenstate of L, then the variance should be 0. Thus calculating the
variance serves as a good check to ensure that we have an eigenstate of I, which typically has a value of about
10710 in our calculations.
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E Other perturbations
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Figure 12: (a) Rényi-1 strong-string correlator C,‘?nm as a function of the length of the string. C’,‘?nm — 0 with increasing |m—n)|
for any of the perturbations considered. The legend shows the perturbations that we consider. The numbers in the legend are
the perturbation strengths. These are the coefficients with which the perturbation is added to the superoperator (and not the
coefficient of the jump operators). For example, "0.05, Ly,,," corresponds to the Lindbladian £ = L¢ + 0.05 Zj D [Limp,;]-
(b) Rényi-2 strong-string correlator Crﬁnm as a function of the length of the string. Crﬁnm decays exponentially with |m — n|.
The curve for A = 1 is not visible within the limits of the plots because C,ﬁnm = 0. We see that it decays exponentially to
zero for all perturbations. (c) Rényi-2 weak-string correlator C,‘,’f’nm as a function of the length of the string. Cfff/nm remains
nonzero for all perturbations.
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Figure 13: B nm for various other perturbations that we have tried. We find that the correlator saturates to a nonzero
constant as |m — n| is increased indicating that the strong symmetry is broken. The legend indicates the perturbation strength
and the perturbation type. Similar to Fig. 12, the numbers in the legend indicate the coefficient with which the perturbed
superoperator is added to L¢ and not the coefficient of the jump operator.

In this appendix, we present the results for other symmetric perturbations that we have examined, which in-
clude Hamiltonian perturbations as well as Lindbladian perturbation. Specifically, we consider the Hamiltonian
perturbation H,, = Zj Z5jZ2;42 and the Lindbladian perturbation of the form Zj VoD [Lq,;], where the jump
operators L, ; can take one of the following (with a € {x, mp, zx, zz}):

Laj=Xoji1,  Lmpaj = |=) (+lo; @ =) (+tlojiar  Leay = XjXj1, Leoj = 2222542, (69)

and the sum is over all the allowed values of j. These perturbations are added separately with a small
perturbation strength to the parent Lindbladian Le. It is interesting to note that in the CZ dual pic-
ture, L, ; — f/w,j = Ly; = Z;—1X;Zj41 [see Eq. (23) in the main text], while L., ; stays invariant as
L..;— f/zm = ZojZ2j+2, so that those two perturbations generate identical strong string order correlators;
this agrees well with the numerical DMRG calculations, see Fig. 12 and the following discussions.

We calculate the steady state of the perturbed Lindbladian in the Syt = Spra = w = +1 symmetry sector
using DMRG. We then calculate the six string order parameters defined in Section 4.1 and the three connected
correlators defined in Section 4.2 to probe SW-SSB. We find that all the correlators indicate strong-to-weak
SSB on even sites, with some of the correlators plotted in Figs. 12 and 13. For these plots, the system size is
2N = 300 qubits, and the left end of the correlator for Cfnm, Cﬁ,nm is kept fixed at n = 101 while the right end
is varied in m € {103,105, ...,221}. For CIVI‘fnm, we fix n = 102 and vary m € {104, 106, ..., 222}; for Birnm,
we fix n = 140 and vary m € {142,144, ...,160}. We find that the connected correlators Ay n,m and Ayp py, are
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identically zero. Also, unlike the £, Lindbladian considered in Section 4.2, the By ., correlator is independent
of |m — n| for a generic perturbation as shown in Fig. 13. In conclusion, our numerical results suggest that
the steady-state mixed-state SPT state pc is generically unstable to SW-SSB (unless the perturbation only
introduces weak symmetry defects like the one in Section 4.3).

F  Finite-size scaling of string order parameters

The results of Sections 4.1 and 4.2 show that the steady-state mixed-state SPT order is unstable for any small
perturbation A > 0, leading to strong-to-weak SSB. In this appendix, we perform finite-size scaling of the
Rényi-1 strong-string order parameter Cfnm which further shows the scaling relation between the perturbation
strength and system size N. First, we show our scaling collapse result for the following Lindbladian:

N-1
Ly, =Lc+v2z Y D]ZajZajia] - (70)
j=1
(0) 0 e o) -
. 2N 1.00 ¢ o 2N
~ 1071 3 ° ® 128 ] ~ L g ° 128 ]
" S 207 s S
~ -2 | Ld of ©
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n = — °
& ) o wn = N
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1074 ‘ ‘ ‘ | * 0.00 t i ‘ ‘.“""
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P)/ZZ 1/vy ’YZZ 1/v,
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Figure 14: Scaling collapse of (a) Rényi-1 C,‘?nm and (b) Rényi-2 Cij nm strong string correlators of the steady state of £,,,.
We fix the end points n and m to be N/2 and 3N/2, respectively. Here we find v; =1 in (a) and vo = 1.16 in (b) from the
scaling collapse.

For a range of system sizes that vary from 2N = 32 to 2N = 512 and perturbation strengths vzz < 0.06,
we calculate the strong-string order parameters Cfnm and CISLmn, where n = N/2 and m = 3N/2 so the string
length is [n — m| = N. We use the following scaling ansatz:

V22 v Y27 v
Cinjaanja =F (HW(QN)U ) : Ciinjaan =G (H’YZZ(QN)U 2) : (71)

for some function F. We find good data collapse for v; = 1 as shown in Fig. 14a, which also shows that F(x)
decays exponentially with . Note that here we simply try v; = 1 and find good collapse rather than fitting the
data to a function and finding the value of v; for which the fit is the best. For the Rényi-2 correlator, Cﬁ,nm,
we fit a sixth degree polynomial and find the value of v5 that minimizes the residual error of the fit. Doing
so gives us the optimal value of 5 = 1.16. and we find that the data collapses for this value of vo as shown
in Fig. 14b.

We perform a similar analysis for the interpolated Lindbladian £y in Eq. (33), and we employ the scaling
ansatz

Conpaanse =F (MENY), Cfiwjaange =9 (A2N)™) (72)

Again we find an excellent collapse for 4, = 1 as shown in Fig. 14a without any fitting. For C’ISL nm> W again

minimize the residual error in fitting a sixth degree polynomial to the data to determine the optimal value of
vy at which the collapse happens. We find the optimal value of v5 to be 1.19, and the data collapses reasonably
well as shown in Fig. 14b.

G Free fermion solution to the Lindbladian dynamics with ZZ perturbation

As mentioned in the main text, dynamics generated by the parent Lindbladian as well as a certain class
of perturbations can be exactly solved by the mapping to a non-Hermitian free fermion Hamiltonian. In
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Figure 15: Scaling collapse of (a) Rényi-1 C’fnm and (b) Rényi-2 Clj nm strong string correlators of the steady state of L.
We fix the end points n and m to be N/2 and 3N/2, respectively. Here we find v1 = 1 in (a) and v2 = 1.19 in (b).

this appendix, we discuss in more detail the solution and its implications for mixing times and various order
parameters.
We consider the following Lindbladian acting on all the even sites:

N
Leven = Leven,js (73)
j=1
Leoven,j = (1 = N)vineD[Z2j Zoj2(1 — Xo5)/2]
+ (1= MNyn-D[Z2j-222;(1 — X35)/2]
+ A’?g’jD[Zgj,QZgj]. (74)

Our goal is to solve for the spectrum of Leyen- To achieve this, we first note that, since the Lindbladian has
a weak symmetry generated by Xo; for all j (which is a subgroup of the strong symmetry Z3), the dynamics
generated by the Lindbladian is decoupled between the Xo; basis populations (i.e., the diagonal part) versus the
coherences (i.e., the off-diagonal part) of the density matrix. Therefore, we can exactly map the action of the
Lindbladian to a non-Hermitian Hamiltonian acting on the vectors spanned by the corresponding basis states to
the X5; population or the coherence sectors. For example, focusing on the population sector that also hosts the
even-parity steady state, we consider the following mapping (introducing the X basis states Xo;|+)o; = £|%)2;,
and we use [¢) to distinguish the mapped state from the pure state wavefunction of the original system):

)2+ = )5 =)= = 11);, (75)

in which case the Lindbladian equation of motion can be mapped to a linear equation of motion of the state
vector |p:):

8t,Di& - Levenpt = 8t|pt) - Meven|pt) . (76)

Note that the equation above takes a form similar to the standard Schrédinger equation, but with a non-
Hermitian dynamical generator (which in this case is given by the non-Hermitian operator iMoeoyen). The
generator Meyen of non-Hermitian dynamics is given by

N
Meven = § Mevemj
Jj=1

N
—(1=2) v Mo +ne M) + Mo j Mz, (77)
=
which can be written in terms of the spin raising and lowering operators 5 = [1);(1| = (6;) as
Mo =6561 + 06505, — 667 (78)
M ;=667 ,+676,,-6]6;, (79)
MZZJ (&11 + A]tl)(A; + A;) - L (80)
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It is interesting to note that the non-Hermitian Hamiltonian Mgyen, describes a one-dimensional spin chain that
only involves quadratic terms acting on nearest-neighbor sites, which can be mapped to a free fermion non-
Hermitian Hamiltonian via the standard Jordan-Wigner (JW) transformation. More concretely, introducing
fermion operators via the JW prescription as

67 = e“fz;: f?ﬁfj’ A;r — f]Te*”ZZ: ﬁfe, (81)
we obtain
Mo == Fifl = fifiv— £l (82)
M j==fifl +Fific—fl1, (83)
Mzz;=(fl_, = fi-)(fi + f)) - 1. (84)

The spectrum of the free fermion non-Hermitian Hamiltonian Mgyen can be generally computed by solving for
its right eigenmodes (¢, which are the solutions to the following eigenvalue equation:

[Meven, Be.+] = Eo.+ 50+ (85)

Here, we make use of the fact that the eigenvalues of Meyen come in pairs v, = —VZ_7 as Myen 18 invariant
under the anti-unitary transformation consisting of the combination of Hermitian conjugation and reflection of
the one-dimensional chain fj — f N4+1—j. Without loss of generality, we require Re&; ;. > 0.

If the lattice is translationally invariant, we can take v2 = 42 ; = 1 and n +n_, = 1 without loss of generality.
The eigenvalue equation Eq. (85) can then be solved analytically by Fourier transforming the real space free
fermion to momentum space. After some algebra, we obtain

Ehx =—i(ns —ne)(1—XN)sink £ (1 + X —cosk + Acosk) , (86)
with the corresponding right eigenmode operators given by
R k 4 k s
Bk + o sin §fk — 1A cos §f1k' (87)
The steady state as defined by Meyen|pt—o0) = 0 can thus be written as
Cje pt ft
prsoc) = e2ie 1 vac), (38)
where the coefficients Cj; can be expressed as
1 ixcosE
C.) = — 2 lk(]—é). 89
je N g sin% € ( )
For a chain with even number of sites, we have k = £ 5, :I:%T, ey i%w, and the above sum over k can be
evaluated explicitly as
N .
2\ S~ cos 2=l pgin Gm=DG=0 o
C’jé = ﬁ Z 2 i 2m—1 = (90)
= sin =57
= A0je — 1] sgn(j — £). (91)

Note that, in the unperturbed case (A = 0), the steady state is |pt—o0) = |vac). We also note that the steady state
solution given by Eq. (91) agrees with the results in Ref. [47], which considered the specific case with n_, = ..
However, Ref. [47] did not consider the case with bidirectional hoppings in the unperturbed Lindbladian, and to
the best of our knowledge, previous works did not compute the correlators in this non-Hermitian free fermion
problem, which we show below.

As shown above, the steady state structure in fact does not depend on the directionality of hopping (as
parametrized by n_, /n.). Transforming the fermion operators back into the spin ones, we have

+ £—1

P &7 —52)6,
[prosoo) = €2t 71 LlnmyinComty |y (92)

We can further compute all two-body correlators making use of the solution in Eq. (88), as

0 n>m
(pt—MX)‘(frTL - f’rl)(fm + fjn)|pt—>00) — % n=m (93)
(pt~>00|pt~>oo) AN 1-) m—n—1
T+ (1?\) n<m
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G.1 Mixing time

We note that the full Lindbladian spectrum in the population sector can be generated by Eq. (86). The Lindblad
equation of motion for the coherences in the Xy; basis can be mapped to a similar non-Hermitian Hamiltonian
Eq. (77) by a modified mapping, which also corresponds to a non-Hermitian free fermion Hamiltonian, and
we expect the coherences to decay faster compared to the minimal decay rate in the population sector. We
can thus directly compute the spectral (Lindbladian) gap A, i.e. the smallest real part of the Lindbladian
eigenvalues, via the smallest real part of the free fermion non-Hermitian Hamiltonian eigenvalues Re&, > 0.
From Eq. (86), we can calculate the Lindbladian gap as

m m
Ar(N) :Regk:i¥m+ =1 — o8 & + A(2 + cos N) (94)

In the large-system-size limit, the spectral gap of the unperturbed Lindbladian with A = 0 thus scales as
N—=oo: Ar(A=0)~N"2 (95)

We note that this also sets a lower bound on the mixing time scaling of the open boundary Lindbladian in the
thermodynamic limit, as in the open-boundary-conditions case, relaxation dynamics in the bulk is agnostic to
the boundary conditions.

G.2 Connected correlators & strong-string order parameter

It is worth noting that, when the Lindbladian steady state only involves populations in the Xy; basis, then the
correlators Ap nm, A1 nm as defined in the main text must be trivially zero.

Further, we can directly use the wavefunction in the mapping Eq. (75) to compute the Rényi-2 correlators
and the Rényi-2 strong string order parameters, as by definition, the Rényi-2 expectation value of an operator
O can be written in terms of |p) as

T T ’
(0w o), =g = H0 (96)

and expectation averages (p|O|p)/(p|p) of the mapped wavefunction can be computed using the free fermion
state by Wick’s theorem. As an example, we consider

and one can straightforwardly show that (Z,,®Z,)) = 0 for all even n and any steady state with only populations
in the Xy; basis, so that we have B nm = (ZnZm ® Z,,Zy,)). From Egs. (75) and (92), we thus have

which can be rewritten in terms of the fermion operators as

I~ F)TIS (=26 f) (f + F1)I0) 4N
Bu,m = (plp) 1+ N %9)

We can also compute the two-copy strong symmetry order parameter, defined in Eq. (19), as

(PITT, (L= 2fL fo)lp) (1 - A) e
(plp) L+A '

H Overview of perturbation theory

As mentioned in Section 4.4 of the main text, the exactly solvable mapping only applies to certain kinds of
perturbations. In this appendix, we discuss a general perturbation theory which can capture the physics of
sufficiently small perturbations that cannot be exactly solved by the procedure of Section 4.4. In particular,
we will start from the CZ dual of the parent Lindbladian Lc and add a perturbation Lpers which is a linear
combination of the dissipators formed by the jump operators shown in Eq. (27) with a small perturbation
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strength. Referring to Section 3.2 of the main text, we define p) = jc as the density matrix of the unperturbed
state with 2N qubits, where j¢ is the density matrix defined in Eq. (26):

p8=®%®|+>( ® & (3 H+X (101)

ic€odd JjEeven ZEOdd jE€even

For simplicity, we only consider up to the first order in perturbation theory. Note that each jump operator
of Eq. (27), when acting on pY defined in Eq. (101), will either leave pJ unchanged or give the following matrices:

= ]%m Q) Fu, (102)

méeodd ne€even
where 7 < j, and
p [0 %H FiXe mA22) -
(1) (~hn = 52~ 2 Xo, n=20,2]

The above perturbation process can be mapped to an intuitive “particle hopping” picture, where the particles
are defect sites with Z; 1 X;Z;;1 = —1. The pj (p{ ;) has zero (two) defect sites with Z; 1 X;Z;11 = —1, and
can be mapped to a classical state with zero (two) particles. More specifically, we use the notation |-) to denote
a classical basis state [c.f. Eq. (75)]. We map the original problem with 2N qubits to a chain of hard-core bosons
with N sites, such that the density matrix in the original problem of qubits is mapped to the classical states in
the hard-core boson problem as follows:

N
o) . p?ﬁu,j)z[ R o»}@u)i@u)j- (104)

1=1,l%#i,j

Py = |vac) =

I®-

Here |0); (]1);) describes the classical state where no (one) boson sits on site ¢ of the hard-core boson chain.
The density matrix p§ defined in Eq. (101) is mapped to the classical state with no bosons on the chain, which
we denote as |vac). The density matrix pgj in Eq. (102) is mapped to a classical state |, j) that describes the
state with two bosons on sites (i, j) on the chain of hard-core bosons.

After mapping to the particle hopping picture, the perturbed dynamics can be captured by the Markovian
transition matrix P = Py + AP,. The unperturbed transition matrix Py corresponds to £y and consists of
processes in which one of the two bosons in a classical state |i,j) hops rightwards. For example, it can take
i, 7) to |i,j + 1). The perturbation to the transition matrix, AP,, corresponds to Lperi. The perturbation AP,
leads to two new effects in addition to the effects produced by Py. The first effect is that it can generate a pair
of bosons at sites ¢, out of |vac) [i.e. it can take the classical state from |vac) to the state |i,5)]. The second
effect is that it can lead to the simultaneous hopping of two bosons sitting on sites (i,j) to sites (p, q), where
i #pand j # ¢. In other words, it takes one classical state |, j) to another classical state |p, q).

We further denote the steady state of the unperturbed transition matrix, i.e, the right eigenvector of Py
with eigenvalue zero, as |Ry), so that Py|Ry) = 0. Taking the first-order perturbed right eigenvector as |R) =
|Ro) + A|R1), we have

(Po + APp)([Ro) + A[Ry)) = 0. (105)

To leading order in A\, we have
PolR1) + PplRo) =0 = |R))=—P; PylRo) , (106)

where P, ! is the pseudoinverse of Py.
The steady state of the transition matrix P of the hard-core boson hopping problem can then be described
by
I€) = (co,c1,2,¢1,3,- - CN=1,N) (107)

where ¢y is the coefficient of the vacuum state |vac), ¢; 2 is the coefficient of the state |1,2), ¢1 3 is the coefficient
of the state |1,3), etc... These coefficients are normalized to one according to

N(N=1)/2+1
Z C; :co—i-Zci,j =1. (108)
i=0 i
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After solving for the steady states of the perturbed particle hopping problem, we can determine the steady
state of the original problem defined on 2N qubits via

@) = pe=copd+ D iyl - (109)

,J

Here pz captures the steady state in the presence of perturbation Lpers on top of pf = pe. It is easy to check
that Tr(pz) = 1 under the normalization condition we considered.

One can then compute the string order parameters in the perturbed steady state up to first order in the
perturbation. Consider the strong-string operator S2 . shown in Eq. (16), which acts on the original model of
qubits as an example:

k€even

with n and m odd, n < k < m, and k even. Since we are working in the CZ dual picture, we consider the CZ

dual of the string operator, S . 82 is defined as

ng = U(szssmUCZ = U(TJZZ7L< ® Xk>ZmUCZ

n<k<m,
k even (111)
= Zn< (%9 Zk_lkakH)Zm - R X
n<k<m, n<k<m, k even

k even

S

where Ucy is given in Eq. (25). It is easy to check that S5,p0 = p§. Similarly, we have S5, 0%, = —p? for

n
n<2<m<2jor2i<n<2j<m,and Sfmpgj = p?,j otherwise. Given the above, we can compute the

string order parameters C’fnm = (S5..), defined in Eq. (15) as

~ =~ Tr S;Lgm c =
Cloim = (Sim)o = W = T[Sy (cop) + 1o s+ erspls+- )/ Trlpd =1-2 > ey, (112)
¢ (i.5)€C

where Z(i,j)e( sums over all the cases that satisfy n < 2i < m < 2j or 2i < n < 2j < m. Note that we
have used the normalization condition for c¢o and c; ; given in Eq. (108). Thus, given a perturbation Lpert, we
can determine the perturbation to the transition matrix, P,. We can then calculate the coeflicients cy and c¢; ;
efficiently numerically. Plugging these coefficients into Eq. (112) gives us the string correlator up to first order
in perturbation theory.

| Stabilizer-state calculations

In this appendix, we briefly outline the algorithm to calculate quantities like |(¢|¢)|?> and (| A|p)(¢|B|y) for
stabilizer states 1)) and |¢) and Pauli operators A and B.

Assume the stabilizer states [¢)) and |¢) are stabilized by the stabilizers generated by (gi1,---,g,) and
(h1,-+ ,hy), respectively. We then have |[)(¢| = [[/_, (I + g;). We therefore see that |(1|¢)|? =
(¢ TTi—1 (I +g;)|#), which is the probability of measuring g1, ... g, on |¢) with all +1 outcomes. We therefore
also see that, if A is a Pauli operator, A[t)) := [¢) is also a stabilizer state. So (| A|p)(B|AlY) = |()]¢)]|? can
be calculated accordingly.

We now describe how to compute (1| A |¢) (¢| B [4)). Consider (1| A|¢) (4|1)), where |1) = B|ip) is still a
stabilizer state, and A = BA. We must therefore compute (u| P |v) (v|u) for stabilizer states u,v and a Pauli
operator P. Note that (u| P |v) (v|u) = (u| 5(14P) |[v) (v|u) —(u| (1= P) |[v) (v|u). Again, assume the stabilizers
of |v) are generated by g;, then (u| £(1 £ P)|v) (v|u) is the probability of measuring g; - - - g, P with outcomes
all +1 for g; but outcomes +1 for P. However, note that, for a stabilizer state |¢), the probability difference
between the measurement outcome +1 and —1 is exactly (¥|P|y).

This yields the following procedure (see Algorithm 1). The idea is to force the state |u) into a +1 eigenstate
of each stabilizer generator of |v), while keeping track of the probabilities of |u) being in such an eigenstate.
Then, we can simply compute the expectation value of P in |u). To calculate |(u|v)|?, we can simply take P = I.
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Algorithm 1 Procedure to compute (u| P |v) {(v|u)

1 p+1

2: for h a stabilizer generator of v do
3 m < (u| h|u)

4 if m = —1 then

5: return 0

6: else if m =0 then

7 P+ p/2

8 Postselect u onto the +1 eigenstate of h
9: return p - (u| P |u)

Note that in Algorithm 1, there are three possible branches for m: m = —1 (the if branch), m = 0 (the else
if branch), and m =1 (the else branch). The else branch is not included in the pseudocode for Algorithm 1
because it is redundant. The else condition (m = 1) would proceed as p < p and postselect u onto the +1
eigenstate of h. But if m = 1, then v is already in the +1 eigenstate of h, thus making the else condition
redundant.
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